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Abstract

In this paper, we investigate the k-Hankel Gabor transform on R? in some prob-
lems of time—frequency analysis. Firstly, we present the main theorems of Harmonic
analysis as Plancherel’s, Lieb’s and inversion formulas for this transform. Next, we
formulate some novel uncertainty principles including the Heisenberg and logarith-
mic uncertainty principles, Benedick—Amrein—Berthier’s uncertainty principle, local
uncertainty principles and Shapiro’s uncertainty principle. In sequel, we introduce the
localization operators associated with the k-Hankel Gabor transform on R? and we
develop corresponding theory. In particular we study their trace class properties and
we prove that they are in the Schatten—von Neumann.

Keywords k-Hankel transform on R - k-Hankel Gabor transform on R¢ -
Heisenberg’s uncertainty principles - Logarithmic uncertainty principles - Shapiro’s
uncertainty principles - Time—frequency concentration
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1 Introduction

The classical Fourier transform F, initially defined on L!(R?), extends to an isometry
of L?(R¥) and it commutes with the rotation group. Recently, Ben Said et al. [5] gave
in a foundation of the deformation theory of the classical situation, by constructing a
generalization Fy 4 of the Fourier transform, commuting with finite Coxeter groups.
The deformation parameters consists of a real parameter a > 0 coming from the
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interpolation of the minimal unitary representations of two different reductive groups
and a parameter k coming from Dunkl’s theory of differential difference operators [21].
As it turned out, the unitary operator F , includes some known integral transforms
as special cases:

Dunkl transform k—0 Fourier transform

22 34
% -2
fk,a {5]
a—1
(k,a: general) \

k-Hankel k—0 Hankel transform
- _—
transform |5 (37]

We pin down that F 1 has a rich structure, as much as the Dunkl transform, and
recently has been gaining a lot of attention (see, e.g., [6,7,11,16,29,35,44-46,48,49]).
We shall call the generalized Fourier transform F | the k-Hankel transform and we
will simply denote it by Fy.

The Heisenberg’s uncertainty principle is one of the premier inequalities in quan-
tum mechanics governing the uncertainty in knowing the position and the momentum
of a moving particle simultaneously. That is, a precise knowledge of the position
(momentum) leads to a diluted knowledge of the momentum (position). Motivated by
‘quantum mechanics’, in 1946 the physicist Gabor defined elementary time—frequency
atoms as waveforms that have a minimal spread in a time—frequency plane [26].
To measure time—frequency ‘information’ content, he proposed decomposing signals
over these elementary atomic waveforms. By showing that such decompositions are
closely related to our sensitivity to sounds, and that they exhibit important structures in
speech and music recordings, Gabor demonstrated the importance of localized time—
frequency signal processing. The Gabor transformation has been found to be very
useful in many physical and engineering applications, including wave propagation,
signal processing and quantum optics [10]. For more details on the Gabor transform
and its basic properties, we refer the reader to [17]. We may also refer to [30] where
the author extends Gabor theory to the setup of locally compact abelian groups, and
to [62] for the Gabor transform on Gelfand pairs. We note also that the notion of the
Gabor transform for strong hypergroups was first introduced by Czaja and Gigante
[13].

Motivated by the previous works, in [49] we have extend the Gabor transform to the
setup of the minimal unitary representation of the conformal group O(d + 1, 1), and
then we have investigate for this transform the general theory of reproducing kernels
theory.

The purpose of the present paper is twofold. On one hand, we want to study many
versions of quantitative uncertainty principles for the k-Hankel Gabor transform. On
the other hand we want to study the localization operators associated with this trans-
form.
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Roughly speaking, the uncertainty principle states that a non-zero integrable func-
tion f and its Fourier transform F( f), cannot both be sharply localized. To make
such a principle concrete, many classical qualitative uncertainty principles (Hardy,
Cowling-Price, Morgan, Beurling and Miyachi, etc), state that f and F(f) cannot
both have arbitrarily rapid Gaussian decay, unless f is identically zero.

It is worth mentioning that quantitative uncertainty principles have a long and
rich history; we refer the reader to the survey [25], the book [32] and the references
[2,4,20,36,42,43,56,57,59,60,66] for numerous versions of uncertainty principles for
the Fourier transform in different settings.

In the Euclidean case, the notion of the quantitative uncertainty principles for
the Gabor transform was first introduced by Wilczok [64]. Later on, similar results
appeared for several extended Gabor transforms in different setups (see, e.g.,
[3.8,23,24,40,41]).

Time—frequency localization operators are a mathematical tool to define a restriction
of functions to aregion in time—frequency plane that is compatible with the uncertainty
principle and to extract time—frequency features. In the classical setting, this notion
have been introduced and studied by Daubechies [14,15], Ramanathan and Topiwala
[54], developed in the paper [33] by He and Wong, and detailed in the book [65] by
Wong. Recently, the localization operators have found many applications to time—
frequency analysis, the theory of differential equations, quantum mechanics and they
are now extensively investigated as an important mathematical tool in signal analysis
and other applications [9,12,18,19,31,63,65]. Next, this subject has been extended for
the generalized integral transforms (see [1,28,45,46,48] and others).

Keeping in view the fact that the theory of localization operators associated with the
k-Hankel Gabor transforms is yet to be investigated exclusively, our second endeavour
is to introduce the localization operators associated with the k-Hankel Gabor transform
on R? and to develop the corresponding theory.

The objectives of this study are mentioned below:

e To prove a new inversion formula for the k-Hankel Gabor transform on R¢.

e To derive several versions of the Heisenberg uncertainty principle via different
techniques including generalized entropy, the contraction semigroup method of
the homogeneous integral transform and others.

e To study the concentration-based uncertainty principles, including the Benedick—
Amrein—Berthier, Shapiro’s and the local-type uncertainty principles for the k-
Hankel Gabor transform on R¢.

e To study some weighted uncertainty, including Pitt’s and Beckner’s inequalities,
pertaining to the k-Hankel Gabor transform on R¢.

e To investigate the theory of localization operators in the setting of k-Hankel Gabor
transform on RY.

The remaining part of the paper is organized as follows. In Sect.2, we recall the
main results about the harmonic analysis associated with the k-Hankel transform
on R?. Section3 deals with the k-Hankel Gabor transform on R¢. More precisely
we review some properties as the Plancherel’s and Lieb’s formulas and we prove
a new inversion formula for this transform. Section4 deals to derive many variants
of Heisenberg’s inequalities for the proposed transform. In Sect.5, we present two
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concentration uncertainty principles for the k-Hankel Gabor transform on R? such as
Benedick—Amrein—Berthier’s uncertainty principle and local uncertainty principles.
Section 6 is devoted to prove the Shapiro uncertainty principle for the k-Hankel Gabor
transform on R?. In Sect.7, we derive two weighted uncertainty principles for the
k-Hankel Gabor transform on R?. Towards the culmination, in last Section, we study
the localization operators theory in the setting of k-Hankel Gabor transform on R?. In
particular the boundedness and compactness of proposed operators are investigated in
the Schatten classes.

2 Preliminaries

This section gives an introduction to the theory of k-Hankel transform on R?, the gener-
alized translation operators and and Schatten—von Neumann classes. Main references
are [5-7,65].

2.1 The k-Hankel transform

Let R denotes the Euclidean space with {e;, i = 1,...,d} as the Hamel basis and
(,) as the scalar product. For any non-trivial vector & € R, let o, denotes be the
reflection in the hyperplane H, C R? orthogonal to «. That s,

a, x)
o
ller| |2

2.1

oy(x) =x—=2

Afinite set R C R?\{0} is called aroot system if R (| Re = {+a} and 04 (R) = R
for all @ € R. For a given root system R the reflections oy, @ € R, generate a finite
group W C O(d), called the reflection group associated with R. In what follows, we

define a positive root system R, = {oz €R (o, B) > 0} for some B belongs to

Rd\U H,. Also, we assume that (o, ) =2 forall o € R;.
oER

A function k : R — C is called a multiplicity function if it is invariant under the
action of the associated reflection group W.
For typographical convenience, we fix some notations as under:

e For @ € Ry, the sum over k(«) is denoted by (k). That is,

(ky =" kia). (2.2)

a€R+

e Let A denotes the weight function

M) = 11xI7 T e, )14, (2.3)

aER,

which is W-invariant and homogeneous of degree 2(k) — 1.
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e Let dj denotes the constant given by

dy = (fsd_. )Lk(x)do(x))il,

where do denotes the Lebesgue surface measure on the unit sphere S~
Denote dyi(x) := A (x)dx.

For p € [1, oo], let p’ denotes the conjugate exponent of p.

L,’: R, 1 < p < oo, the space of measurable functions on R¥ such that

1

||f||L]f(Rd) = </Rd |f(x)|pd)/k(x))p <oo, if 1<p<oo,

f 1 Loeray = ess sup | f(x)| < oo.
xeRd

For p = 2, we provide this space with the scalar product

o9z = [ F0RR )
R4
In this paper we assume that & is a non-negative multiplicity function satisfying
2ky +d > 2.

For f € L k(Rd ), the k-Hankel transform Fy is defined by

1
Fe(HR) = —/ F@)Bi(x, Mdye(x), forall o € RY, 24
Ck JRd
where CQW +d—1)
o= [ ey = EEEEED, @5)
R? dy
and the kernel B (x, y) is obtained via the following proposition.
Proposition 2.1 (i) Suppose thatd = 1 and k > % We have
B x) = ot (2y/1Ax]) = 7 (24/7x]) 26)
k(A X) = J2k—1 X %2k + 1)]2k+1 xl). .

Here

oo

ju@ =T@+D(5) =T+ Y #%(g)zm @7

m=0

denotes the normalized Bessel function of index «.
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(i1) Suppose that d > 2. In the polar coordinates x = rw and y = s, the kernel
By (x, y) is given by

d—1
Bix.y) = (k) + 5V (1145 (V2rs (T (@) ) .

here Vi, is the Dunkl intertwining operator defined as follow, if h is a continuous
g op
function on Rd,

Vih(x) = /dh(z)dux(z), x e R? (2.8)
R

where iy is a positive probability measure on R4, with support in the closed ball
B4(0, ||x]]) of center 0 and radius ||x||. (See [55]).

Some of the basic properties of the kernel By are assembled in the following proposi-
tion.

Proposition 2.2 (i) For z,t € C? and for all » > 0, we have
By (z, t) = Bi(t, 2); Bi(z,0) = 1 and By (Az, 1) = Bi(z, At).
(i) For all x, y € R¢ we have
IBi(x, y)I < 1. (2.9)

We note that the previous inequality implies that the k-Hankel transform is bounded
on the space L ,1 (R?), and for all f in L ,i (R?) we have

1
Pk (P Lge ey < aIIfIILi(Rd). (2.10)

Remark 2.3 When f(x) = F(||x||) is a radial function on R and belongs to L,i (RY),
we have

Vi e RY, F()0) = BT E) IEND. 2.11)

where F, is the deformed Hankel transform of one variable defined by

Fp6) = 1 +1> / Yy (2092)r 0 Nar @212)

for a function v defined on R . Here, j, is the normalized Bessel function given by
2.7).

Some fundamental properties of the k-Hankel transform are given in the following
proposition, whose proof can be found in [5].
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Proposition 2.4 (i) (Plancherel’s theorem for Fi). The k-Hankel transform
f = Fr(f) is an isometric isomorphism on L%(Rd ) and we have

/ | f (@) Pdye(x) = / \Fi (SR Py, (2.13)
Rd ]Rd
(ii) (Parseval’s formula for F). For all f, g in L3(RY) we have

[R FEg™dy(x) = /R ST ) ye(3), (2.14)

(iii) Inversion formula. We have

=T (2.15)

2.2 Generalized translation operator
Definition 2.5 ([7]) Let x € R?. We define the generalized translation operator

f = 1o f on L,%(Rd) by
Fi(tx f) = B, ) Fie (f)- (2.16)

Itis useful to have a class of functions in which (2.16) holds pointwise. One such class
is given by the generalized Wigner space Wy (R?) given by

Wi (RY) = {f e LIRY) : F(f) e L,lc(]Rd)}.

Proposition 2.6 ([7]). The following statements hold true.
(i) Let f be in L%(Rd), we have

”Txf”L%(Rd) = ”f”L%(Rd), Vx € Rd-
(ii) For all f in W¢(R%) we have
1
o f(y) = o fRd Bi(x, £)Bi(y, ) Fc ()E)dye(), Vx,y e R

(iii) For all f in L,%(Rd) and for all x, y € R?, we have

T f(y) = 1y (/) (x). (2.17)
Atthe moment an explicit formula for the generalized translation operators is known

only in the following two cases.
1% case([6]): d = 1 and W = Z,. For all f € C(R) we have

T f(y) = / f@4def @), (2.18)
R
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here
Ki(x, y, 2)|z|*1dz, if xy #0,
el (2) = { dbx(2), if y =0,

where Ky (x, y, z) is supported on

WIxl = VIyD? < Izl < WIxl+VIyD)?

and is given by

Ki(x.y.2) = K3 ' VIxl Iy VizD Ve, v, 2). (2.19)
where
ww%m:lb+—ig@i—PmmmmmW—q
4 (4(k) +2d —2)
sgn(xz) 5
— = 4kA(z], |x], —1
A0 1 od =3 AL D~ 1]
sgn(yz) 2
— = 4kA —1 2.20
G0 1 2d = | HAGLL D 1]} @20
1
A, v, w) = 2\/ﬁ(u+v—w), for u, v, w € RY (2.21)
and Kék ~!is the positive kernel given by
2k—3
K510 r(2k) {[w+v? =] [w? - @]}
B u,v,w) = 24(k)+2d*2F(2k— %)F(%) (uvw)4k72
(2.22)

for ju —v] < w < u 4+ vand Kékil(u, v, w) = 0 elsewhere.
The previous explicit formula implies the L?”-boundedness of rf f . More precisely,
we have.

Proposition 2.7 ([6]) Forall f € L,’; (R), 1 < p < o0, there exists a positive constant
Ay such that

VyeR, It fllpe < Al fllp - (2.23)
2™ cqse: ([7]) For all radial function f in Wi (R¢) and for all x, y € R¢, we have
I+ (k)
VAT (432 + (k)

! X 2 d+2(k)—4 y
W[/;beMH+¢WH—<JHMHHﬂK1+%ﬂ;ﬁ~»u)O-—u) P,

T}'f(x) =
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with fo the function on [0, oo) given by f(x) = fo(||x||) and Vj is the Dunkl inter-
twining given by (2.8).

Several essential properties of 7, f is established for f being radial functions. This
is collected in the following proposition ([7]). Let L,f’ rad (Rd ) stands for the subspace

of radial functions in LY (R9).
Proposition 2.8 (i) Let f be in L}” ad (Rd) and nonnegative. Then we have

VyeRY 1,f>0, t,feLi(R?

and

/ Ty f()dyi(x) = / f ) dyi(x). (2.24)
R4 R4
(i) Let f be in L,f)md(Rd), 1 < p < oo, we have

¥y eRY Ity fllpp gy < 1111 1pray- (2.25)

By means of the generalized translation operator, the generalized convolution prod-
uct is defined on the space L,%(Rd ) by:

1
VxeRY, faglx)= —/ T f (e dyr(y). (2.26)
Ck JRd

We close the notion of the generalized convolution product by giving the following
results which play a significant role in the next sections.

Proposition 2.9 ([46]) (i) For f € L} (R?) and g € L} (RY) we have
Fi(f *x 8) = Fr(HFk(f). (2.27)

(ii) Let f, g € L,%(]Rd). Then f %, g € L%(Rd) if and only if Fi (f)Fr(g) belongs
to L,%(Rd), and in this case we have

Fie(f *x 8) = Fi()) Fi(8). (2.28)

An immediate consequence of Proposition 2.9 ii) and Plancherel’s formula (2.13) that
will be used in the next section is the following.

Proposition 2.10 ([46]) Let f and g be in L%(Rd). Then, we have

/R N g0 Pdy(x) = /R FDEPIF@)E)Pdyi(€) (229)

where both sides are finite or infinite.
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2.3 Schatten-von Neumann classes

We denote by B(L%(Rd )) the space of bounded operators from L,% (R?) into itself.

Definition 2.11 (1) The singular values (s,(A)),en of a compact operator A in
B(L,%(Rd)) are by definition the eigenvalues of the positive self-adjoint opera-

tor |A] = vV A*A.

(2) For 1 < p < oo, the Schatten class S, is defined as the space of all compact
operators whose singular values lie in /”(N). The space S, is equipped with the
norm

1Alls, = (Y aan”)". (2.30)

n=1

Remark 2.12 We note that S, is the space of Hilbert—Schmidt operators, while S; is
the space of trace class operators.

Definition 2.13 The trace of an operator A in S is defined by

o0

tr(A) = D (Avn, vn) 12 (231

n=1
where (v,), is an orthonormal basis of L,%(Rd ).
Remark 2.14 If A is positive, then
tr(A) = ||Alls;- (2.32)

Moreover, a compact operator A acting on L,% (R9) is of Hilbert—Schmidet if the positive
operator A* A is in the space of trace class Sj. In this case,

o0
1Al = 1AII5, = IA"Alls, = (A% A) = 3 11Avall]3 . (2.33)
n=1
where (v,,), is an orthonormal basis of L,%(Rd ).

Definition 2.15 Define S, := B(L%(Rd)) equipped with the norm,

A5, = sup 1AV 2 o) (2.34)

veL%(Rd):llvHL%(Rd):l

3 k-Hankel Gabor transform

The aim of this section is to survey and revisit some results for the k-Hankel Gabor
transform on R studied in [49].
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Forl < p <oo,letL Zk (R2d) be the space of measurable functions f on R24 such
that

P
11 2g, sy = (fR [ )P dpsr, y)) <00, l=p<oo

esssup | f(x, y)| < oo,
(x.y)eR*

I Lge gaa) -

where d i (x, y) = dyr(x)dyr(y).

Definition 3.1 For any function % in Limd(Rd) and any v € RY, we define the
modulation of 4 by v as :

v = Fi( i (1h1%), (3.1

k

L,V E R4, are the k-Hankel translation operators.

where T

Remark 3.2 (i) Using the positivity of the generalized translation operator on radial
functions given by Proposition 2.8, we see that the formula (3.1) is well defined.
(ii) Using Plancherel’s formula (2.13) and relation (2.24), we get for all 4 in
L%,rad (Rd)
”hU”Li(Rd) = ”h”Li(Rd)' (3.2)
We consider the family iy ,(x), v,y € R4 defined by
hyv(x) = r;‘hv(x), x € RY.
We note that we have

d
Vy,veRY, ||hy,v||L£(Rd) = ||h||L£(Rd)' (3.3)

Definition 3.3 Let /2 be in L ,,,(R?). For a function f in L;(R?) we define its k-
Hankel Gabor transform by

1
Gr( )y, v) = —/ S hyy ()dyr(x), 3.4
Ck JRd
which can also be written in the form

Gr ()3, v) = f s b (D). (3.5)

Remark 3.4 By a standard computation it is easy to see that, for every f € L,% (RY)
and A in L,%’md (RY), for all A > 0 and for all (y, v) € R?, we have

Gh, (F0) = Gh(H) (3. 40). (3.6)
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where

1 X
Vi>0, VxeRY, gx):= Wgt).
2

Proposition 3.5 For f in L%(Rd) and h in L%qmd(Rd) we have

||gh(f)||Loo (RM) = _k”f”Llf(Rd)”h”L,%(Rd)' (3.7

Proposition 3.6 (Plancherel’s formula) Let h be in L%’m d(Rd). Then, for all f in
L%(Rd), we have
G, (Dll13, @y = Ik

A1 (3.8)

2 rd 2 pdy”
e TR

As in the classical case, the continuous k-Hankel Gabor transform preserves the
orthogonality relation. However, we have the following result.

Corollary 3.7 Let h be in Li,md(Rd). Then, for all f, g in L%(Rd), we have

/ G ()G (&) . V(3. v) = 111} g, / FEORE (). (39)

Proposition 3.8 Let h be in Lk md(Rd). Then for any f be in Li(Rd) and any p
belongs to [2, 00), we have

ZJ
||g1;, (f)”L,’Zk(]RM) p ||f||L2 Rd)”h”LZ (R4)* (3.10)
Proof Using Propositions 3.5 and 3.6 the result follows by applying the Riesz—Thorin
interpolation theorem. O
By simple calculations we prove the following:

Lemma3.9 Leth € L7, ,(RY) (L (RY), then for any f € L (R?), we have

k,ra

F(GhH ) © = FHE kP @) (3.11)

Henceforth, the function # will denote an arbitrary nonzero element in L,% rad (RY).
Now, we will prove a new inversion formula for the k-Hankel Gabor transform on
R4,

Theorem 3.10 (L% inversion formula). Let h be in (L%’md RHN L,f"(]Rd)) such that
||h||Lf(Rd) = 1. Then, for any function f in L,%(Rd), we have

1
fox) = — f f Gh (). v)Thhy ()i (v, y) (3.12)
Ck JB,y(0,n) JRE
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in L%(Rd) and satisfies
nli)néo [f— fn”L%(Rd) =0.
Here B;(0, n) is the open ball of R? of center 0 and radius n.

For proof this theorem we need the following Lemmas.

Lemma 3.11 Let h be as above. For any positive integer n define the two functions
1
Gn(x) := —f By (€. )| Fie(hy)(©) Py ()dyi (€), forx € RY,
By (0,n) JRA
and

Hy(8) = / Fln) @) Pdy(v), foré e RY.
B4(0,n)

Then we have
G, € L}RY), H,eLIRHYNLEMRY), and Fi(G,) = H,.

Proof Using the Cauchy—Schwarz inequality we obtain

2
vaerl 16,00 = 5([ anw) [ | [ seomaa©rae] ano)
K~ JBg(0,n) By (0,n)

=c / Bue. 0\ F ) © Py )| anw).

By (0,n)

Therefore by Fubini’s theorem, the relations (2.9), (2.13), (2.15), (3.1) and Proposition
2.9

2
, BiG, x)|~7:k(hv)(§)|2d}’k($)‘ dyr(V)dyy(x)

|F (1 Fi ()P () Py (x)d i (v)

IA

f G () Pdyi (x) < C / /
R? Ba(0,n)
f ol

B4(0,n)

RrRd

= C/ / [k 1h1* (&) Pdyk (v)dyi (&)

By (0,n) JR4
<C r i 2H dvely
B /Bd(On) L(]Rd) vlhl LE®RY) 7e(v)

IA

C/ ||r |h|? ||L’>C(Rd)d]/k(l)) < 00.
B4 (0,n)
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Now we will prove that H,, € L}( (RY N LY (R%). Indeed, from (3.1) we have

VE e RY, |Hn<s>|=\ / |Fi () (§)Pdyi (v)
B4 (0,n)
A2 E)dye(v)
B4(0,n)

/ P ©dn)

ki712 _ 2
f; TEBPO)y) = 1A g, < oo

IA

Thus H, belongs to L,fo(Rd).
On the other hand, by Fubini’s theorem and the relation (2.24), we have

1l = [ IH®ldn® = | | Fe)©)Pdye)|dy(©)
£ R? R 1S By(0.n)
= ([, P @dn@)ano)
R4

B4(0,n)
< ||h|)? dyr(v) < oo.
< 1A g, /B,,(o,m )

Hence H,, belongs to L}((Rd ). Finally, using Fubini’s theorem we obtain

VyeR!, FlHHG) = & /,1 Hy(§)Bi (&, »dyi(§)

= é By (&, y) | Fic () &) Pdye W) dy ()
R4 By (0,n)

=i [ B IR O 0n© = Gu0)
By(0,n) JRA

Lemma 3.12 Let h be as above. For any positive integer n the function
1
Gu(x) := —/ / Bi(&, )| Fi(h) )Py (E)dyi(v), x e R?
Ck JB;(0,n) JRE

can be written

Gn(x>=/ hy 51 by (Ddy(v), x € RY.
B4(0,n)
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Proof From Proposition 2.9 we have

vrer G-t [ Be(E. )| (1) (©) Py 0)d v ©)
B4 (0,n) JR4

FF ) P () dye(v)
B4(0,n)

= hy *p by (X)dyg(v).
B4(0,n)
O

Lemma3.13 Let h be in L ,,,(RY) N L (RY). Then, for any function f in Ly(RY),
we have

Jon=Gn* f. (3.13)

Proof We have

vrerl =1 [ [ ghnometh .y
Ba(0,n) JRY
= [ (G )@dno

B4(0,n)

= S hy s by () dye(v)
By(0,n)

=4 X F )Ry st hy(d e (v, y)
B4(0,n) R4

= 1/ ffff@)(/

a R4 B;(0,n)
_ 1 fR G0

Ck

= [k Ga(x).

o ()7 0) ) ()

On the follow we justify the use of Fubini’s theorem in the last sequence of equalities
observe that

f / ok F O (e (v, )| = / |f By By ()l ye ().
Bq(0.n) JRY Bq(0,n)

1
Ck

Now, using Proposition 2.9 and hypothesis on & we see that &, x; h, € L,%(Rd). Next
using Young’s inequality and Parseval’s theorem we obtain

[1f *k hy *¢ hv||L§°(Rd) = ||f||L£(Rd)||hv *k hV“L,%(Rd)

< C||f||L%(Rd)||h||L%(Rd)||h”Llf°(Rd)
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and
f L f oy I (Ol (0)
B;(0,n)
sc(f a0 ) 1L gy I3 e ey
ByO.m) L7 (RY) L;(RY) L ®RD
The proof is complete. O

Proof of Theorem 3.10 1t follows from Proposition 2.10, Lemmas 3.11 and 3.13 that
frn € L3(RY) and

VEER!, Fi(f)€) = Hy(EFi()E).

By this, the Plancherel formula (2.13), the fact that H,, — 1 pointwise as n — 0o,
and the dominated convergence theorem, it follows that

1 = Fall}3 gy = fR FNE = Hi®Fe(HEPdyi(®)

_ /ﬂ; D@ — Hy @) Pdn (&) — 0

as n — oo which achieves the proof. O

Remark 3.14 Let h be in L%,m d (RY). We proceed as in [13], we define the modulation

of h by v otherwise, as follow:

My (h) = Fi( Th (1 Fi(m)|2). (3.14)

Subsequently, we define the generalized Gabor transform V’,‘l as follow:
2 1 k :
V(y,v) e R* V(A v) = o Ad )Ty (Mu() Wdye(x) = e My(h)(y). (3.15)

It is clear that
k
Vi =G5 - (3.16)

Thus, by involving Plancherel’s formula (2.13), we derive that the two integral trans-
forms are equivalent and then all results proved for one are valuables for the second.
So, I reclame that all results proved in [49] and in this paper for the k-Hankel Gabor
transform Q’;l are valuables for the integral transform V;l and it is suffice to replace & by
Fi(h) to derive the analogues results. Finally, I note and I insist that any adaptation of
results proved for the k-Hankel Gabor transform g’,; in the context of the transforma-
tion V’;l is a plagiarism (in particular results proved in [49] and in the current paper),
since I mentioned that the two transformations coincide modulo the formulas (3.16)
and (2.13).
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4 Heisenberg type uncertainty principles

Recall that the window function /2 in G}, is a non trivial radial function in L7 (R?).

4.1 A generalized Heisenberg uncertainty principle

Let us recall the Heisenberg uncertainty principle for the k-Hankel transform Fj.
Proposition 4.1 (See[5,35]) For s,t > 0, there exists a positive constant Ci(s, 1),
such that for every f € L (Rd) the following inequality holds

:+t
L3(R9)

a+t
LI(RI)

EHR%

X 11" f

> Ci(s, t)”f”LZ(Rd) 4.1)

Fors,t = 1, Cr(s, 1) = (BH4= Ak)d—1) 5

Theorem 4.2 (Heisenberg’s uncertainty principle for gk) Let s,t > 0. For every f
belongs to Lz(Rd) we have

(L, wirgnootanon) ™ ([ ePiEeerame)
> (Ce(s. ) I ;;;Rd) IIfIIf%(Rd). 4.2)

Here Ci (s, t) is the same constant as in Proposition 4.1.

Proof Let us consider the non-trivial case where both integrals on the left hand side
of (4.2) are finite. Fixing v arbitrary, Heisenberg’s inequality (4.1) gives

s

( [ v i@, v))(é)dek(s)) ( [, w116k, v>|2dyk(y))
= (@) [ 180 Pan)

Integrating over v with respect to the measure dyx (v), and using Cauchy—Schwarz’s
inequality, we obtain

( [, TP IFG N @) P, v)) ( L 111650 Py, u))
> (C.0)” [ 195N Pdnety.

Further, using the fact that

/ IEIP 1GNP, v) = IR, / IEIZ1F (N EPdye(®),
R Rd
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we deduce that

||h||;z*;Rd) ( / ||s||2v|fk(f)<s>|2duk(§>> i ( A L IVIPIGL N 6 v) Pl (. v))

> (Cis, l)) |Gn f (v, V)P (v, v) = (Cis, l)) IR12, I
R2d

2 Rd) Lz(]Rd
This proves the result. O

Proposition 4.3 (Nash’s uncertainty principle for g’;l) For every s > 0, there exists a
positive constant C(k, s) such that, for all f € L,%(Rd), we have

1112z 1 1] 2 ey = Clks )| 1107 WIPGE P (4.3)

"
L7, (RX)

Proof It is clear that the relation (4.3) holds if f = 0. Assume that 0 # f € L?(R9)
and let R > 0. From Plancherel’s formula (3.8) we have

2 2 _ k 2
VI 2 g .12 gy = IGHCOI gy

= ||1132d<o,R>g§,<f)||iik(ﬂw> 110 = Ly 0.0)9 (NI, @y
where
Baa(0, R) = {(v.v) € B* |0, )]l < R},
By (3.7), we have

||]lB2d(0,R)gl}€1(f)||%;2Lk(]R2d) S 2 ||h||L2(Rd) ”f”LZ(Rd) / ]lBZd(O,R)dI'Lk(ya V)

IA

]Rd) ”f”LZ ]Rd)

On the other hand,

(1 = 1,00, R>>g,,<f>||L2 @ SR 2‘

(1= 1,y0.8) ||(y, iG]

L2 (RZd)

<R B, I gk(f)

L2 (RZd)
It follows then
2 2 4(k)+2d—-2 2 2
VT gty 1 32 gy < CRAE2NRIT 0 1172

+R—23‘

oG]

L2 (de)
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Minimizing over R > 0 the right hand side of the above inequality gives

4s 4s
2 2 Ky F2d+25—2 IRy F2d+25—2
I 2 112 gy < C e RIS A1
4 I§<k)214d2_4 2
3 (k)+2d+2s—
NIERO¥AT) (44)
L3, (RX)
The desired result follows immediately from (4.4). O

4.2 Heisenberg uncertainty principles via the k-entropy

Let p be a probability density function on R??, i.e. a nonnegative measurable function
on R? satisfying

f p(y,vdur(y,v) = 1.
RZd

Following Shannon [58], the k-entropy of a probability density function p on R?? is
defined by

Ex(p) = — / In(p(y, v))p (v, V)d stk (3, V).
RZd

Henceforth, we extend the definition of the k-entropy of a nonnegative measurable
function p on R?¢ whenever the previous integral on the right hand side is well defined.

The aim of this part is to study the localization of the k-entropy of the k-Hankel
Gabor transform. Indeed, we have the following result.

Proposition 4.4 Forall f € L7(R?), we have

||f||L?(Rd)||h||L2(Rd)
Ek<|gi<f>|2>z—2||f||i%(Rd)||h||§%(Rd)ln( ‘ ) @s)

Ck

Proof Assume that | £ 2 e, Il 2 ey = cx. By (3.7),

1
IGh 0= 1 gcany Vol gy = 1 (4.6)

In particular Ek(|g’,;( f )|2) > (. Next, let us drop the above assumption, and let

¢ : Land Vo= h

T 7l 2 ey

Then, ¢, ¥ € Ly(RY) and [l 3 ey 1V 1l 2 ety = e
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Therefore, Ek(|gf§, (#)|*) = 0. Moreover,

k _ Ck ‘
Gy @ =1 Pl h”Lg(Rd)ghm,
which implies
: 1L 1 2y Il 2
Ec(19y @)) = N IG5 () + 26 In(— 501 ED)

2 2
1712 g 1 =

Using the fact that Ek(|g{; (#)[?) > 0, we deduce that

112 ety 11 2
Ek(|g§(f>|2>z—2||f||ig(Rd)||h||i£(Rd)1n( ‘ ).

Ck
O

Using the k-entropy of the k-Hankel Gabor transform, we can obtain another version
of the Heisenberg uncertainty principle for g’;,.

Theorem 4.5 Let p,q > 0. Then for every f € L,%(Rd) we have
_q_ -
1ok 2 ptaq a1k 2 pt+q
Y19, (H) s T d i (y, v) I I91G, () e vI7d i (y, v)
R2d R2d

> Mp.g (O F 1732 ) 1172 e

where

M, @< a1 Pq n pq(di)? o
e prtig it Q) +d=D(p+q)  \ TR p L ‘

Proof For every positive real numbers ¢, p, g, let nf’ v be the function defined on R2¢

by
Lyl
k . pq(di)? eXp( i )
M p,g O V) = T 2w d Qltd—D (g
L=/ (E—) a

By simple computation, we see that

k —
/]RZd nt,p,q(y9 V)dl/‘k(% V) - 1
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In particular, the measure da,k!p’q (y,v) = nf,p,q (v, v)d i (y, v) is a probability mea-
sure on R?¢. Since the function ¢ () = ¢ In(¢) is convex over (0, c0), then by using
Jensen’s inequality for convex functions we get

k 2 k 2
/ Ighk(f)(y,v)l n Ighk(f)(y,v)l dok, (3.v) 20,
B2 1N g (¥, V) Ni.p.g (Vs V) T

which implies in terms of k-entropy that

pq(di)? 2 2
Ex(IG5 ()P +1n - el I W FEYRON /1 [
1—-.(2<k)-1i)-d I)F(Z(k)-;—d 1) L (RY) LZ(R)
1 Qk)+d—1)(p+q) P )
stn(e P ) I g 172 e,

1
+—/ U1 + IV DIGECH (. ) Py, v).
t Jr2d

Assume that ||f||L§(Rd) ”h”L%(Rd) = ci. Then, by Proposition 4.4 we get
/Rmuwup + IV IDIGH ). v) Py, v)

pq(di)? ( (2<k>+d—1><n+zn> )
zt|ln = — —In|(¢ P4 ct.
( (F(2<k)-|];d I)F(Z(k%‘&]-d 1)

However, the expression

pq(dp)? ( <2<k>w—1)u+q>> )
t|In — — —Inlz Iz fors
( (F(Z(H:d 1)F(2(k)+d 1)

q

attains its upper bound at

pq P4 (di)? B 1)
: :

o= |
oTEr ((Z(k) +d—-D(p+qg) n F(2<k>;d71)1“(2<");"*1

and consequently

UYIP + IV IDIGE () s WIPd i (y, v) = Cp g (k)ct,
RZ{I

where
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Qky+d—D(p+q)
rq

Cpq (k) =

2
pq pq (dy) )) _ 1) .

1
P ((2<k) +d—1)(p+q) n F(Z(k)-;d_l)l_,(z(k)_;_d_l

Therefore, forevery f € L%(Rd)andh € L,%’md(Rd) such that ||f||L§(Rd)||h||L§(Rd) =
ck, we get

/ ||y||P|gﬁ<f)(y,v>|2duk(y,v)+/ II1GE (F) 3, WP (y, v) = Cp g (k)ct.
R24 R2d

Now, for every A > 0, the dilates f; and & 1 belong to L%(Rd ). Then, by substituting
f by fi and h by h% and using the fact that

”f)»”L]%(Rd)”h%”L%(Rd) = ||f||L%(Rd)”h”L%(Rd) = Ck,
the above inequality gives
/ IYIIPIGE | () P (y. v)
R2d x
+de V191G, (£, W) Pdpic(y, v) = Cpg ().
R %

Using (3.6), we deduce that

M’/ Iy I1P1Gk (£ vy ) Pd i (y, v)
RZd

1A /R IIIGEN G Py, v) = Cpy .

In particular, the inequality holds at the point

—1

pf Iy IPIGE (F) (v, v)Pd i (y, v)
RZd

A=
q / Iv1GE () (v v) P e (v, v)
RZd
which implies that

P
ptq

( / IV IPIGE () 3 v) P (. v)) ( f IWNIGE () (v v) P (v v))
RM RZd

> M, 4 (k)ct,
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where
g
pf’ ‘iqP q
M, (k) = Cp (k) —T—
p.qg (k) p.q (k) P
_ 2k +d—1 exp pq n pq(dy)? .
prtig e Q) +d = D(p+q)  rERIEL P

Now, the general formula follows from above by substituting f by cx f/{|| f|l L,%(Rd)}
and & by h/||h||L£(Rd). O

Remark 4.6 When p = g = 2, we get

[1vgicn)|

AT

2 2d 2 2d
L2, (R2) L2, (R2)

_ 2(k)—|—d—1< 24

2Ry +d—T
2 2
h .

4.3 LP-Heisenberg’s uncertainty principle

In this subsection we will establish a general from of L”-Heisenberg’s uncertainty
principle.
Fort > 0, we set

Ty(y,v) i= e MOWIE (g y) e RM

By simple calculations it is easy to check that for every 1 < g < oo, there exists a
positive constant C such that

_ 2(k)+d—1
el gaey = C17 7. 4.7)

Lemma4.7 Letl < p <2and0 < a < Z(kétf_l, where p’ denotes the conjugate

exponent of p. Then, there exists a positive constant C such that, for all f € L,%(Rd)
andt > 0,

v gkn o
= Cllll ™ [ f [z, + SIS o] 48)

Proof Inequality (4.8) holds whenever || ||y||“f||Lz(Rd) +ye £ = 00. Let

| Li”(Rd)
us assume that

” ||y||af||L%(Rd) + H ||Y||af||LG(]Rd) < 0.
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Fors > 0, let fy = 1p,0,5)f and f* = f — f;. Since

LD = s~ Iy FOIL

we deduce from Proposition 3.8 that

" k
H Ft gh (]IBQ(O,S)f)‘ Lﬁ; ®4) — ”Ft ”LfL’}(RZtl) ‘gh (]lgg(omf)‘ Lﬁ; (R2d)
2—p/
»
=< Cr ||h||L]%(Rd) ‘135(0.3)‘](‘ L]%(Rd)
2—p/
=

/ —
Ckp N a”h”L%(Rd) I ||Y||af||Lf(Rd) .

On the other hand, by (3.7) and Holder’s inequality

|

Iy gﬁ (]le<o.s)f)

k
< Iy ||L£; (R2) ”gh (]lem.s)f)H

/
Lf, (R2) Les (RM)

1
< 2y 1T gy gy | g ]
1 _
< &Ml N Wy oy [V, 137y 1T 20y

A simple calculation shows that there exists a positive constant C such that

2(k)+d—1
—a BT
||y|| ]]'B 0,s 2p :CS 4
H dOD || 27 (rd)
Therefore,
IT: Gh) }L/'f,k @2y = IT: G (o) Ll () +[r G |L£’k ®2)
Z*f" P CEY SN
< Cs™¢ ”h”Lz(]R") Ckp I ”y””f”Lz(Rd) + o’ 2|y HL/’I;\ (R2) I ”y””f”Li’)(JR“) .
4 . . . . .
Choosing s = (ci) 2R+d-1 2 and using (4.7), we obtain the desired inequality. O

Theorem4.8 Let 1 < p <2,0 < a < w{)z;p‘,i_l and b > 0. Then, there exists a

positive constant C such that for all f € L,%(Rd ), we have

b b
k atb a a a+b
95Dy oy = VMR, [ 1917 gy + 110911 20
4b ok a+b
) / . 4.9
1o w7 (4.9)

Proof Inequality (4.9) holds whenever G (f) = 0. Assume that G5 (f) # 0. Let

l<p<2ad0 <a < %p‘f_]. Let us assume that b < % From the previous

lemma, for all # > 0, we have
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g = 0] g -0
9]y any = [T By gy | =108y
< Cllll 2yt [ £ | 2 g
a k
S 2z | + |0 =TGRy o
On the other hand,

1-T)G ‘ , =t2th P ?Pa-r 0|46k ‘ , .
[0 =TG50 ]y oy = [0 01D A =T I GD] o
Since (1 — e™*)u~2 is bounded for u > 0 if b < 4, we obtain

k -2
|9y gany = Cllbzayt ™ [ 300
a 2b 4b ok
I 2o g ] + €2 G I G| 7
from which, optimizing in ¢, we obtain (4.9) for 0 < a < 2<k)2;fi*] and b < %

Next, we assume that b > % Foru > 0and b’ < % < b, we have ut?’ <14 u4b,

which is for u = ||(y, v)||/¢ becomes
4’ 4b
(Il(y, V)II> 14 <Il(y, V)II)  foralle > 0.
e €
It follows that
4’ ok
(161 Gy
< A H k ‘ / 40’ —b) H 4b ok ‘ / _
=D Ly oy 8 16 DIy o
Optimizing in &, we obtain that there exist a positive constant C:
4b' ok
[1G 1 An] Ly e
e :
S T Y [T [
= G 1y oy 1O NGD
Together with (4.9) for b’, we get the result for b > % O

Corollary4.9 Let 0 < a < 2<kH4'd_l and b > 0. There exists a positive constant C

such that, for all f € L,%(Rd), we have




41 Page 26 of 58 H. Mejjaoli

—a _b_
1A 1zzcqey < CUAISrgay [0 F | gy + 151 £ D | ™

tz+h
L2 (RZd)

16w gl o)

(4.10)

Proof The statement follows from Theorem 4.8 with p = 2 and Plancherel’s formula
(3.8). O

5 Concentration uncertainty principles for the k-Hankel Gabor
transforms

In this Section, we derive some concentration uncertainty principles for the k-Hankel
Gabor transforms as an analog of the Benedick—Amrein—Berthier and local uncertainty
principles in the time—frequency analysis.

5.1 Benedick-Amrein-Berthier’s uncertainty principle

Recently Johansen in [35] has proved the Benedicks-Amrein-Berthier uncertainty
principle for the k-Hankel transform which states that if £1 and E; are two subsets of
R? with finite measure, then there exist a positive constant Cx(E1, E3) such that for
any f € L7(RY)

/ |f<z)|2dyk(r)sck(E1,Ez){ f Lf O Pdy(t) + f |fk(f)<5)|2dyk@)}.
R4 ]Rd\El ]Rd\Ez
3.1

In this Section, our primary interest is to establish the Benedick—Amrein—Berthier’s
uncertainty principle for the k-Hankel Gabor transforms by employing the inequality
(5.1). In this direction, we have the following main theorem.

Theorem 5.1 For any arbitrary function f € L,%(Rd), we have the following uncer-
tainty inequality

2
/ f \gﬁ(fxy,v)] dpe(y, v) + k11, d/ |Fie () @) Pdyi (&)
RI\E; JRE Le@®% RI\E,

IIhII Rd)llflle Ré)
Ck(El,Ez)

(5.2)

where Cr(E1, E>) the constant given in relation (5.1).

Proof Since for all v € R4, g’,;(f)(., V) € L,%(Rd), whenever f € L%(Rd), SO we can
replace the function f appearing in (5.1) with g’;,( (., v) to get

2
[ Jgnoomf ano <
R4



Time-frequency analysis associated with the... Page 27 of 58 41

2
e[ fenomf ano
RA\E|

o
RI\E,

By integrating (5.3) with respect to the measure dy,(v), we obtain

Fe g (5)]2dyk<s)} : (5.3)

2
L, [ lasnomf auo <
R JRA
2
Ck(El,Ez){/ /\g’,;m(y,v)\ dur(y.v)
RI\E| JR

+/ f Fe [ D0 | © Pducs, v)}.
RI\E, JR4

Using Lemma 3.9 together with Plancherel’s formula (3.8), the above inequality
becomes

2
L., L lsoo ol auo.
1
I8 gy L1 g

F VTEIR2 @) PduE,
+/Rd\E2 /Rdl k(FIE) Ty hIZE)N d i (5, v) = CEr By

which further implies

2
L. [ |gnoom| dimo.m
RI\E; JRE

+ / P DEP { f r5|h|2<s>dyk<v>}dyk<s) >
RI\E, R4

||h||L2(Rd)||f||L2(Rd)
Cy(E1, E2)

Thus using the fact that h € L ., (R?) () L{°(R?), Lemma 3.9 and relation (2.24)
we obtain

2
L[ lebonom| dimo.m
RI\E| JR4

11 2 11125
+||h||Lz<Rd>/\ B dy(e) = —) LD
Ey

Ck(El, Ej)

which is the desired Benedick—Amrein—Berthier’s uncertainty principle for the k-
Hankel Gabor transforms. O

Theorem 5.1 allows as to obtain a general form of Heisenberg-type uncertainty
inequality for the k-Hankel Gabor transforms.
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Corollary 5.2 Let p, g > 0. Then there exist a positive constant Cy(p, q) such that for
any arbitrary function f € L%(Rd ), we have the following uncertainty inequality

2 3
(/R IIP7 |G| iy, v))

2
(/Rd||$||2‘f|fk<f><s)|2dyk<5)) > Ce(p, D2 g L1173

Proof et p,g > O and let f € L,%(Rd). Take E1 = E, = B;(0, 1) the unit ball in
R?. Then by (5.2)

/Bg(o,l) /Rd

2
Gh OV dualy. ) + 11812 o /B o FHNOPdn®
a\Vs

11 gy 112
- k)

Here C (k) := Cr(Eq, Ey).
It follows that

fR FIRSAGLES v)\ dpui(y, v) + 11117 Rd)f EIP1Fe () () Pdyic(€)

I 1
- C(k)

Now replacing f by f, and & by hl, we get by (3.6)

/ PIREAGE xv)) dpug(y,v) + 220 g 2 / IE1P1 7 ()08 Pd i (€)

L}(RY)
A1 ) 117

>
- Ck)

L}(RY)

Thus

AZ"/ IR ATIS v)\ dpg(y. v>+r2q\|hlle(Rd)f E1P1F ()@ Pdy(®)

14113 g 117

>
- C(k)

L}(RY)

The desired result follows by minimizing the right hand side over A > 0. O

5.2 Local-type uncertainty principles

We begin this subsection by recalling the local uncertainty principle for the k-Hankel
transforms.
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Proposition 5.3 ([27]) Let E be a subset of R such that

0 < w(E) = [ dye(x) < o0.
E
For0 < s < M, there exist a positive constant €(k, s) such that for any
f e L3(RY)

2

f IFeDE P dyi®) = €, ) (BT 2] f120 0 (5:4)
E k

The main objective of this Subsection is to establish the local uncertainty principles
for the k-Hankel Gabor transforms in arbitrary space dimensions by employing the
previous inequality.

Theorem 5.4 Let E be a subset of R? with finite measure 0 < y(E) < oo and let
0<s < M Forany f € L,%(Rd), we have

C(k, ) (y (E)) 75T
2
A1 g

2 k 2
L i [gno] a6

where €(k, s) the constant given in Proposition 5.3.

/E |Fe(F) @) Py () <

Proof Let v € R?. Since G (f)(.,v) € L}(RY), whenever f € L}(R?), so we can
replace the function f appearing in (5.4) with g’;,( (., v) to get

Fe|Gr(H|[©) 2de($) <
[ A fginen]e

2

€k, ) (e CENTTTT (Y11 G (AW gy forall v € RE - (5.6)

For explicit expression of (5.6), we shall integrate this inequality with respect to the
measure dyx(v) to get

/E/Rd ‘fk [g];‘l(f)(., u)] (S)‘zduk(g, b <

2

€lh,) ((ENTHT [ 111G ) Pty v

which together with Lemma 3.9 gives

/ / () E P hRE) dye@)dy(v) <
E JR4

Clhs) (a(E)THTT /R PG G P duy. ). 5)
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Using the hypothesis on /4, inequality (5.7) reduces to

11172 e, fE IFi(N)EP dyi(§) <

2s

C(k, s) (yx(E)) 2@+ /de 1> |Gh () (3, ) Pd e (y, v).

Or equivalently,

A2,
/ I [GE ) 0 v) P (v, v) = CLIN
“ C(k, s) (Y (E)) Zh+d=T
2k)y+d—1
fE|fk<f>(s>|2dyk(s), 0<s< <>+ 55
This completes the proof of (5.5). q

Let E be a subset of R?. We define the Paley—Wiener space P W (E) as follow:
PWi(E) = [f e L2RY) : supp Fi(f) C E] .

Involving Plancherel’s formula (2.13), definition of the Paley—Wiener space P Wy (E)
and the previous theorem we obtain the following:

Corollary 5.5 Let E be a subset of R with finite measure 0 < w(E) < oo. Let
0<s < %. For any f € PWi(E), we have

2s
C(k, s)(yx (E)) 20+
2
1A

2
fR |GG )| drir. v, (5.9)

where E(k, s) the constant given in Proposition 5.3.

2

By interchanging the roles of f and F(f) in Proposition 5.3, we get the following:

Corollary 5.6 Let F be a subset of R? with finite measure 0 < y(F) < oo.
For0 <t < % and for any f € L,%(Rd), we have

2i

/ SO dy) < € ) (N T (NI Fel DlDogays (5.10)
F k

where €(k, t) the constant given in Proposition 5.3.

Involving Corollary 5.6 and using similar ideas given in the proof of Theorem 5.4, we
prove the following.
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Corollary 5.7 Let F be a subset of R with finite measure 0 < y(F) < oo. Let
0<t< M. Forany f € L%(Rd), we have

2 t
/Rd/F ‘Q]h((f)(y, v)‘ dpr(y,v) = Q:(k,l‘)(]/k(F))2(k)2+d—l||h||iz(Rd)
/Rd EIP 1P ()@ dyi(€), 5.11)

where E(k, t) the constant given in Proposition 5.3.

Let F be a subset of R?. We define the generalized Paley—Wiener space G P W (F)
as follow:

GPW,(F) :={feL ®Y) :¥v e RY, supp Gk (f)(., v)CF]

Applying Plancherel’s formula (3.8), definition of generalized Paley—Wiener space
G P W (F) and the previous corollary we obtain the following:

Corollary 5.8 Let E and F be two subsets of R with finite measures
0 < w(E), ve(F) <oo. Let0 < s,t < M.
i) For any f € GPWy(F), we have

112 gy = €O DG (F) T f IEI 1F (NG P dye(). (5.12)
R4
ii) For any f € PWi(E) [ GPWi(F), we have

IIfIIH’]Rd) < (€. 1) €k, 5)? (Vk(E)Vk(F))““’ !

(/ ||5||2’|fk<f><s>|2dyk<s>) (/ [yl
]Rd ]RZd

where E(k, t) the constant given in Proposition 5.3.

. 2 3
(NG| iy, v)) ,
(5.13)

Our next endeavour is to obtain another version of Heisenberg-type uncertainty
inequality for the k-Hankel Gabor transforms in arbitrary space dimensions.

Theorem5.9 Let0 < p < M and g > 0. Then for any f € L,%(]Rd), we have

171152 ey = Cks 20 [11117 G () g:"GRM) | 1§19 Fie ()] g?fRd) (5.14)
where
4
r+q
Clk, p. q) = Cp) [(5)# + (%)ﬁ].

(di 2(k)+d—1)) 2K +d ll\hllzz(Rd)
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2(k)+d—1
-2

Proof Let0 < p < ,q > 0andr > 0. Then

1712ty = POy = fB |Fi (NP dye ()

4 (0,r)
g
BS(0

a\Ys

: IFe(N)E)Pdn(®), (5.15)

where B, (0, r) denotes the ball of R? of center 0 and radius r.
From Theorem 5.4 and by simple calculation, we have

¢k,
/ IFe()E)Pdn(E) < ®r) r??
B4(0,r)

P
(i 20K) +d = 1) Tl )

2
L, 1P |ghno ] duo. (5.16)

Moreover it is easy to see that

/ Fe() @) Pdy®) < r / IEIPUE ) EPdy®).  (5.17)
B5(0,r) R

Combining the relations (5.15), (5.16) and (5.17), we get

&(k, p)
11172 oy = - 2 72| ||y||P\g’,;<f)||iik(R2d)

(dk (2(k) +d — 1)) 20+ ||h||L%(Rd)
+r T IENT PN gy

We choose

g @(K) +d — )T R, H1317Gh (Olliz, @y | 7™
r= ’
pe(k, p) [ TIE119 (12
we obtain the desired inequality. O

We apply the same arguments that used in [47] we derive the following local
uncertainty principles for the k-Hankel Gabor transform on R¢.
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Theorem 5.10 We assume that h € Lk md(Rd). Let 1 < p <2 a > 0anda

measurable subset T C R satisfying 0 < ui(T) = / dui(x,y) < oo. Then for
T

all f € L2(RY), we have

2a
Ci(a, h, k) (i (T)) T+
[ 1l g gty + 1S £l 20 gy | 0 <@ < ZEREEL,
1 _ 2(k)+d—1 2(k)+d—1 2 sd1
- 2ap’ 2ap’ -
117G gy < G2 GaCD P gy g NI @ > 2555
1
Ca(a, h. k) (i (T)) >
1
[\|f||L2(Rd)|||\y|| f||Lz(Rd)+|\f||zz,,(Rd \|||y||“f||zi,,(w,)], a = 255
where
1,2,2“)‘&2’ T
Cila,hk)=c; ’ (di (24K >+d—1—2ap)>2 T2 gy
, 2(k)+d—1 L 1Rl 2 ga
_ 2ap % m 37 Ly RY)
Ca(a, h, k) = (2p’a (k)= d+1) (Z(k d—1 —1) 4’ (C(a, p, k)2 I s
Cs(a, h, k) = 1(m) ’ IIhlle(Rd)
k
and d 2 2(k)—d+1
)+d—1 +
(% Zap)(’”’z,m )
C(a, p.k) = (5.18)

2ap diT'(2)

Applying Theorem 5.10 and using the same arguments that used in [47], we obtain
another version of the Heisenberg’s uncertainty principle for the k-Hankel Gabor
transform on R<.

Theorem 5.11 We assume that h € Lk md(Rd). Leta,b > 0and 1 < p < 2. Then
forall f € L,%(Rd), we have

b
. . Ja+b
clw,b,h,k)[uHyH“fHL;(W)+\|Hyu“fHL;p(Rd,]
b 4a+17 2(k)+d—1
[[11Ge, PG, () oy 059 T
bp
2(12)“4 2(k)+d—1 4(I<)+Z(}—Z+I)p’
ap a 2ap’
AT Ca(a.b.h.k) Hf\Isz @i, INF]] 2t
Mk 4{k)+2d—2
2 p 2(k)+d—1
[[11Ge, wIPGL ()] zgf”ugzj)*”' . a> <>2; .
1 1 Zu+l7
Ja £ 2 2 a 2
Cs(a, b, h, k) [nfan(R,,)Hn)H Al @y + 11120 [ 11y1e 71| Z,W}
b m+b __ 2(k)+d—1
111G, WIPGE ()] oty a=2EL
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where

NECE 2 2 b

Ci(a,b,h, k) = [(4 )4u+b +(4a)4a+b]17 (Cl(a h, k)(%)zmmq)“ + ,
4(k)+2d—-2 V+2d—2 bp' 1

Cy(a,b,h, k) = [(4(k = 5 ) HE+2d= 2+bp’ +(—)4 1+2d=2+p |’

<((F( GEVE 1))2)(C2(a, N k))p )m’

4d2T (2(k)+d)

_1.)\2 b
b\ 24 2anb L (F(z(kHd 1)) ', 2a+b
Ci(a,b, h, k) = [(5) %55 + (1) 27T ]» ((m)z Cs(a, h, k))

and Cj(a, h, k), j =1 — 3, the constants given in Theorem 5.10.

Corollary 5.12 We assume that 0 = h € Lk md(Rd). Let a,b > 0. Then for all
f e L,%(Rd), we have

b
Cy(a.,b,h.k) Fa+b
L [Huyn"fHLk(Rl + (111 £t g
@ 2(k)+d—1
e vl Q,,(f)l\““’w), 0<a< 2L
k)4+d—1 ﬁ
Ca(a,b,hk) m 2Fd—1+
, Ty (IIf\IL4(RJ' [[11y1e waw )
AN 2y = * 204d— 2k)+d—1
TR+ td—
e wIPGWOll TR a > Hodol
| b
C3(a,b.h.k) i 1 at
1711 12@d) |:”fHLZ(]Rd)H [yl fHL 2(Rd) + HfHL"(Rd)H [yl fHL‘k‘(Rd):|
2a 2(k)+d—1
[ IPG, Lﬁ:’;RM), = ULl

We close this subsection by the following local uncertainty principle version:

Theorem 5.13 (Faris-Price’s uncertainty principle for gﬁ ) Let , p be two real num-
bers such that 0 < n < 2(k) +d — 1 and p > 1. Then, there is a positive constant
Ck(n, p) such that for every function f in Li(Rd) and for every measurable subset

T C R sych that 0 < pui(T) := / dui(y,v) < oo, we have
T
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( /T IG5 (. v>|1’duk<y,v>>" < Ce1. p) (ui(T)) 77T

4(k)+2d—2
Y+Hd—14+n)(p+1)
[N GRO 5 oy ™

(2(k)+d2 1k+n)d(p+l)7(4(k)+2d72)
Qk)+d—1+n)(p+1)
(1l z eVl 2 ey )

Proof One can assume that || f| LR = 12| L2RY = JCk, then for every positive
real number s > 1, we have

k k k
”gh (f) ”Lﬁk (T) =< “gh (f)lBZd(O,s) ”sz (T) + ”gh (f)lBEd(O,s) ”Llp% (T)»
where By4(0, s) denotes the ball of R of radius s given by

Baa(0,5) == {0, v) e R+ || vl =5

However, by Holder’s inequality and (3.7) we get for every n € (0, 2(k) +d — 1)

1
||gl;;(f)132d(0.s)||L,’ik () = (/RM IGX (), 1P LBy 0.5) (s W17 (v, v)d i (, V)) !

1

<IN [;‘ - ( /R LGOI 1,00 ()17 (5 ) v)) '

1
< (e (T)TPT GE (00 I ‘(Ru)

< @) TP |11y, I"GE () || Rm) [ 1 I sy0.5) ||L2 R
On the other hand by simple calculation we see that

(UCRDIRG VHTORY FReen

< F(ﬁ) g2tk +d—1-n
“\2diJQKk)+d —1—n)C Q) +d—1)

Thus we get

_L

1G5 L0 7 o < € (T))*wiw s )
h BuOILY, (1) = (Hk 2/ Td—1— n)I‘(2(k)+d—1)

20k)+d—1—1 k P*'
s g D23 @y

On the other hand, and again by Holder’s inequality and Relation (3.7), we deduce
that
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1

p—1 2 >
k k ) k = ’
”gh (f)lBgd(O,x)”Lﬁk(T) < th (f)llllofk (R2) (/]RZ" |gh () (y,v)|rHt lBi'd(on)(y’ w17y, v)dpuk(y, U))

1

1 I
< (i (7)) 705D ( / 1GH ()3 ) P15, 0,5 (v V)i (., v))
R2

[1+1

2 (de)c '+l

= (Mk(T))"‘"+‘> [, wI"Gh ()

Hence, for every n € (0,2(k) +d — 1),

1
P

2 (R2d
Ly R

( /T 1G5 () (v, WIPd e (y, v>> "< )T |10, PG ()

])+] %
LZ (RZ/}) .

-1
=T +1
o — r(ﬂ) 2Ky Fd—T+7 2 2(k)+pd—l+r;
0=\ 24V rd—1-nrek td—D M +d—1—1

1
(ISRl e3] ey

r(ﬁ) P W1y )
VAT pramTa=n) ° | e

In particular the inequality holds for

and therefore

. % , r( 42—«1 l) QEFd—T+m(p+D
Pdui(y T
(/T\gh(fxy, v)| dm(w)) < (ux(1)) 7777 <2dk (2<k>+d717wr(2(k>+d71)>

2

4(k)+2d—2 I E e

" Ii¢ v)\l"gk ) ooy ((2(k) +d — 1 —n\ 05T
Y, h L3, (®24) 2

<2(k)+d—1+r/>
2y +d—1—n)"

6 Shapiro’s dispersion theorem

In this section we will assume that /4 is a fixed function in Lk a d(Rd) such that
The proof of the statement bellow requires the following notation:

° Let Py, be the orthogonal projection from Lik (R??) onto the space g’,; (L%(Rd )) C
Mk (RZd )
e Let Py be the orthogonal projection from Lik (R??) onto the subspace of function
in Lik (RM) supported in the subset U C R% where 0 < wr(U) < oo.
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Definition 6.1 Let0 < ¢ < 1 and U C R?? be a measurable subset. For fe L,%(Rd),
we say that g’,; (f) is e-concentrated on U if

9]

<e|gh

5 =<
L2 (U°)

2 2dy
L3, (R2)

where U° is the complement of U in R%.

Proposition 6.2 Let (¢,),cn be an orthonormal sequence in L,%(Rd) and U be a

measurable subset of R*? such that pi(U) < oo. For every nonempty finite subset
& C N, we have

< Mk (2U ) .
lelk (®2) Ck

3 (1 o AD

nef

Proof Since (¢n),cn i an orthonormal sequence in L,%(Rd), by (3.8) we deduce that

((]’;l (‘p"))neN is an orthonormal sequence in Lik (R?4). Moreover, since the operator
Py Py, is of Hilbert—Schmidt type, then, by (2.33) and (2.31), it is easy to see that

> _(PuG(gn). Gh(@n) 12, e2a)

ne&

= Y _(PuPyPuGl(¢n). Gh(@n) 13, e2a)

ne€

<tr(Py Py Pp)
= || Py Pill%s-

Further, proceeding as in [40] and involving [ [49], Inequality (5.1)], we get

U
1Py Pallgs < YO
Ck
Thus,
U
Y (PuGhon, Gz, ony < 5. ©.1)
ne& k

On the other hand, by Cauchy—Schwarz’s inequality we have for every n € &,

(PuGy(@n). G (@n) 13, 21

= 1= (PycGy(en). G (om)) 12 w2e)

v

1= yeGyenllzz, @)
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In particular, by relation (6.1), we obtain

> (1= 110eG (o)l iz, o)

ne&

< > (PuG(en). Ghlon) 12, ) <

nef

wi(U)
5
Ck

O

Next, we shall use Proposition 6.2 to prove that if the k-Hankel Gabor transform
of an orthonormal sequence is e-concentrated on a given centered ball in R>¢, then a
such sequence is necessary finite

Proposition 6.3 Let € and § be two positive real numbers such that 0 < ¢ < 1. Let
& C N be a nonempty subset and (¢n),c¢ be an orthonormal sequence in L,%(Rd). If;
foreveryn € &, g’;l (@) is e-concentrated on the ball

B24(0,8) := {(y,v) € R¥ 1 ||(y, v)]| <8},
then the set £ is finite and

(F(Z(k)-fz—d—l))2
(kY +d — 1)2T (k) + d)(1 — ¢)

Card < 4(k>+2d—2. 6.2
ard(&) =< e (6.2)

Proof Let M C & be a nonempty finite subset, then by Proposition 6.2, we deduce
that

i (B24(0, 8))
Z (1 - ||1l32d(0,5)cg];,(§0n)IIL;Lk(RZd)> < — (6.3)
nem ck
However, for every n € M, we have
”ILBM(O,(S)"gﬁ((pn)”Lf‘k ®2y < & and (6.4)
(F(Z(k);d_l)) 4(k)+2d—2
k(B2 (0, 8)) = sHk)+2d =2 (6.5)

4dIT (2(k) + d)
Hence, by combining relations (6.3), (6.4) and (2.5), we deduce that

(F(Z(k)-fz—d—l))2
(kY +d — 1))2T' (k) +d)(1 — &)

Card < 4(k)+2d—2,
ard(M) = 753

which means that £ is finite and satisfies relation (6.2). m|
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For a positive real number p, the generalized p time—frequency dispersion of
G} (f) is defined by

2 ’
Pr(Gh() = (/de”(y’ WIP |G 0| dunty, v)) .

Corollary 6.4 Let A and p be two positive real numbers. Let £ C N be a nonempty
subset and (¢n),cc be an orthonormal sequence in L%(Rd ). Assume that for every
neé,

op(Gf(on) < A.
Then & is finite and
Card(E) < M (k, p) A¥RI+2d=2

8)+4d—d (1"(2<k>¥2”"1)>2
(T k) +d—1))>T (k) +d)"

where M'(k, p) =2

Proof Since p,,(g’,; (¢n)) < A forevery n € &, it follows

(6.6)

SN

1
/ 5 G (o) (o V) Pdpk (v, v) < —zpp,’i(gﬁ(w)) <
B5,(0.427) (AZF>

1
The inequality (6.6) means that for every n € &, g’;l (¢n) 18 z-concentrated in the ball

2
B4(0, A27). According to Proposition 6.3, we deduce that £ is finite and
Card(€) < M'(k, p)A* 2072,
[m}

Lemma 6.5 Let p be a positive real number. If (¢n),cn is an orthonormal sequence
in L,%(Rd), then there exists jo € Z such that

PP (GK (9n)) = 2P0~V vpeN.

Proof Involving uncertainty inequality (4.3), the assumptions || /|| L2RY) = 1 and the

fact that (¢,),cn 1S an orthonormal sequence in L,%(Rd), we infer that there exist a
positive constant C1 (k, p) such that

Pk
Pp (gh((Pn)) > —C%(k, ) .
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Moreover it is easy to see that there exists jo € Z such that

1 > 2P(jo—1)'
C2(k, p)

Thus the desired result is proved. O

Theorem 6.6 (Shapiro’s dispersion theorem for Qﬁ) Let (¢n),en be an orthonormal
sequence in Li(Rd). For every positive real numbers p and for every nonempty finite
subset £ C N, we have

> (e Ghe)”

1 3 Mot 4P
=3 (28<k)+4d—3M/(k p)> (Card(&)) " #W+27=2 (6.7)

Proof Forevery j € Z, let
_ . k J=1 ~j
Pi={neN : pGhen e, 20].

Then, for every n € P},

2 .
[ 10012 gh e v diaey ) <27
R2d

That is the sequence (¢n)nep; satisfies the conditions of Corollary 6.4, and therefore
P; is finite with
Card(P;j) < M'(k, p)24K1+2d=2)] (6.8)

Form € Z, m > jy, wedenote by Q,, := Um . Pj. According to (6.8), we have
j=Jo

4k)+2d -2
Mk, )22 20—

Card (Q,,) = Z Card(P;) < :

J=Jo

M (k. p)2*t+2d-1 '
Now, if Card(&) > ( p)3 24 +2d=2)jo then we can choose an integer

m > jo such that

, 4(k)+2d—1 / 4(k)+2d—1
M'(k, p)2 24Dk _ Card(&) < M'(k, p)2 @k} +2d-2m

3 3
(6.9)

Thus, by (6.9), we get

Z (pl’(gﬁ(‘/)n)))p > %2%—1”

nef
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P
1 1+ g5 3 e
= 5 (Card(§)) 4“‘”2"2<z8<k>+4d—3M’(k,p)) '

M/(k, p)24(k)+2d—1
3

Finally, if Card (&) < 2@k)+2d=2)jo then

_
§ : k p Go=1) I 3 TWF2d=2

: (o0 Ghtonn)” = Card(@207 = (Card(ey) " = (WW '
ne

m}

Remark 6.7 By taking Card(€) = 1, relation (6.7) appears as a general version of
Heisenberg—Pauli-Weyl inequality for the k-Hankel Gabor transform including the
pM dispersion.

Corollary 6.8 Let p > 0and let (¢,), N be an orthonormal sequence in L,% (RY). Then
forevery EC N

2

L/ZLk (de)

> (H [HIIACS:
nef
P
1 3 +2d—2 4o B
Z E (M’(k, p)212(k)+6d—5> (Card(&)) " #H==2 (6.10)

2

2 ok
oo [EREATS
L2, (R2)

Proof The result is an immediate consequence of Theorem 6.6 together with the fact
that

G, I =27 wIP + 1y l1P).

O

The dispersion inequality (6.10) implies that there is no infinite sequence (¢;),c¢e
in L,%(Rd) such that both sequences

INBIREATS:

and || I1y115 6} g)

L%, (R L2, (R¥)
are bounded. More precisely:

Corollary 6.9 Let p > 0 and let (¢,),cn be an orthonormal sequence in L,%(Rd). For
every £ C N, we have

2

L2, (R)

1 3 T »
= 4 (M/(k, p)212(k)+6d5) (Card(&)) *®+24-2 (6.11)

2 P
1y112 G} (@n)

sup (H 11£ G o)

neé Ly, R
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In particular,
2 2
2 Sk 2 Sk
sup ([]11v118 G (@) + || 1115 G o) = o0
neIE) (H nifn L3, (R2) n'on L2, (R2)

Theorem 6.10 (Shapiro’s Umbrella theorem for gﬁ) Let £ C N be a nonempty subset
and (¢,),cc be an orthonormal sequence in L,%(Rd). If there is a positive function
g € L2 (R*) such that

Gk (@) (v V)| < gy, v)
for every n € £ and for almost every (y, v) € R??, then € is finite.

Proof Following the idea of Malinnikova [39], for every 0 < ¢ < 1, there is a subset
Ag e C R?¢ such that

uk(Ag,a)zinf{Mk(U):/U Ig(y,V)lzduk(y,V)fsz},
and
/ 180 WP duk(y. v) = 2.
AS .

Hence, according to the hypothesis, for every n € £ we have
k 2 2
[l oo diron <

Age

and by Proposition 6.2, we get Card(£)(1 — ) < ur(Age). O

7 Weighted inequalities for the k-Hankel Gabor transform

The Pitt inequality in the k-Hankel setting expresses a fundamental relationship
between a sufficiently smooth function and the corresponding k-Hankel transform.
This subject was studied by Gorbacheyv et all in [29], where the authors have given the
Sharp Pitt’s inequality and logarithmic uncertainty principle for k-Hankel transform
on RY. More precisely they proved that, for every f € S(RY) € L2(RY)

/R JNENITHFN @ Pdy@)

2k) +d — 1

. , (7.1)

< Cr(n) fR 1P f () Pdye(x), 0 < & <
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where

- 2
Cr(d) = [W

5 )
and I" denotes the well known Euler’s Gamma function.
The first main objective of this section is to formulate an analogue of Pitt’s inequality
(7.1) for the k-Hankel Gabor transform.

2(k)+d—1-21 72
I )} (7.2)

Theorem 7.1 For any arbitrary f € S(RY) C L%(Rd), the Pitt inequality for the
k-Hankel Gabor transform is given by:

11172 e, /R ) IEN7|F (N ) dyi®)

2(k) +d —1
< G /R IPIGS 0P, 022 < 20 03
where Ci (X)) is given by (7.2).
Proof As a consequence of the inequality (7.1), we can write
|, VeI Aig e vie Fanee)
< Ci(3) /R PGNP dn ). forallv e R (7.4)

which upon integration with respect to the Haar measure dyy (v) yields
//||f||*2*|fk[g’;l<f><.,v)](&)lzduk@,v)
R4 JRY
= CG(A) /de Y 117G (). V)|2d,uk(y, v). (1.5)
Invoking Lemma 3.9, we can express the inequality (7.5) in the following manner:
L, [ 5@ Petn @ ducce. v
R4 JR4
< C(3) /R 131PHGH (N )Py v).
Equivalently, we have
f ||$||—”|fk<f>(s>|2{/ r5|h|2<s>dyk<v>}dyk<s>
R4 R4

<C(M) /R Iy 112 |GE A ) Pdi (v, v)
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Using the hypothesis on /4, the relation (2.24) becomes

117 g / 1§17 F(HE [dn®)
< Gk fR PG 00 du (. v) (7.6)

which establishes the Pitt inequality for the k-Hankel Gabor transform. O

Remark 7.2 For A = 0, equality holds in (7.3), which is in consonance with the
Plancherel formula (3.8).

The k-Hankel Beckner’s inequality [29] is given by

fRd log Iyl 1f (" Pdyi(y) +/ log |I€ || 17 (f) (&) Pdyi(€) =

2r<—+d1) / | £ Pdw(®), (1.7)

for all f € S(R?). This inequality is related to the Heisenberg’s uncertainty princi-
ple and for that reason it is often referred as the logarithmic uncertainty principle.
Considerable attention has been paid to this inequality for its various generalizations,
improvements, analogues, and their applications [35]. The second main objective of
this section is to formulate an analogue of Beckner’s inequality (7.7) for the k-Hankel
Gabor transform.

Theorem 7.3 For any function f € S(RY), the following inequality holds:

/R 02 IVINGL (NG, WPy, v) + 1R g, f log €] | Fx ()@ dyi (&)
r(i
= 2wty 1 2 ) 11 2 gy
(7.8)

Proof We replace f in (7.7) with g’,;(f)(., V), so that

fRd log |1y (16, (f)(y. v) Pdyi(y) +fRd log [I£ 1 |[FlGh (/) (. I dn(®) =

r d-1 2
2# /]Rd |Q§(f)(y, V)| “dyi(y), forall v e R

(7.9)
Integrating (7.9) with respect to the measure dyx(v), we obtain

fdelogHyn|g’;,<f>(y,v)|2duk(y,v)+f / log 1] | FRlGE () (o wIE) [ dps (E, v)

¢

EZW/ |gh(f)(yv V)} dug(y, v).

(7.10)
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Using Plancherel’s formula (3.8), we get

A-w log [1y11 1GF (F)(ys v)Pdpk (v, ”>+A log 111 |F[GE (F) (o WIE) Pd e (€, v)

F( 2(k) d]
= zﬁ\lhlle(Rd)llf||L2(R(,)

(7.11)
We shall now simplify the second integral of (7.11). By using Lemma 3.9 and relation
(2.24) we infer that

/R , log &Il | PG () W) P (&, v)
= / ( / log 11| 7[Gf (/) (. I©) | dy(® )dye v)
R4 R4

= ( /R Jog [I§1117 (A @ Pdyi(®) ) 1A g (7.12)

Plugging the estimate (7.12) in (7.11) gives the desired inequality for the k-Hankel
Gabor transforms as

/R log||y|||gh<f)(y,v>|2duk<y v)+||h||Lz(Rd) / log [[€]1 1 7% (/) (&) Pdyi(§) =

F(
lﬂ(ﬁ||h||L2(Rd)||f||Lz(Rd)

2

The previous inequality is the desired Beckner’s uncertainty principle for the k-Hankel
Gabor transform. O

We now present an alternate proof of Theorem 7.3. The strategy of the proof is
obtained from the k-Hankel Pitt’s inequality (7.3).

Proof of Theorem 7.3 For every 0 < A < 2<k>"2’d_1, we define

S0 = 1Al g, / 18117 Fe(HE)[Pdye®)

~Ci() /R VIGO0 dp(y. ). (7.13)
On differentiating (7.13) with respect to A, we obtain
S = =211All g, / 16117 log &1 |7 (£)(©)*dn(®)
—2Ck(%) /R I loglIyING, (O (3. v Pd iy, v) (7.14)

—C,Q(A)/ VPGS o) P o v,
RZd
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where
, (M) r’ (M)
€100 = =260 (R, + e ) (7.15)
For A = 0, equation (7.15) yields
F/(Z(k)'f’d—l)
Ci(0) = —4—5 12— (7.16)
F(z(szrd L

By virtue of k-Hankel Pitt’s inequality (7.3), it follows that S(A) < 0, for all A belongs
to [0 W) and

SO = lhI1 g0, / |[F(HE)dy(€) — Cr(0) / Gk (N ) Pd (v, v)
= 111 gy L1 gy = AN 2 g 111135 0y = O
Therefore we deduce that

S’ (0T =1 S@)

A—0t A

<0.

Equivalently we have

=201A1172 g f log €11 |7k ()| dyi(€)
~2Ck(0) fR 1oglIyI11G5 () (. ) Pd iy, v)

2
—C(0) /de G () ()| i (y, v) < 0. (7.17)
Applying Plancherel’s formula (3.8) and the obtained estimate (7.16) of C ,/( (0), we get

2||h||Lz(Rd)/ log [1£11 |7k ()@ |"dni€) — 2/R log [1¥11 |5 (/) (v v)[*dpg (v, v)

F(()+d 1)

—s kIl
r (2R,

12 (Rd)llfllLZ ]R‘l) <0

or equivalently,
/ tog Y11 |95 () s ) Pdmg (v, v) + 11A112 ) / log 1§11 1Fi (/) (&) dyi (&)
R2d k R4

(2t
> 22 I g 112 g

This completes the second proof of Theorem 7.3. O
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Corollary 7.4 Let h € L} ,,,(RY) (M L*(RY) such that 1Al 2 ey = 1. For any
function f € S(RY), the following inequality holds:

12 172
{/ DI G0 0 i, ) {/ IEIPIFCN @ Pdn@))
R2d o
/(2(k>-§2-d—1) ,
F(T+dl))||f||%w).

> exp (2

Proof Using Jensen’s inequality in (7.8) and the fact that ||A]| L2Rd) = 1, we obtain an

analogue of the classical Heisenberg’s uncertainty inequality for the k-Hankel Gabor
transforms as

Gk 2 F 2 1/2
log{f ||Y||2Mdﬂvk(y,v)/ ||£\|2Mdms>}
R2d Rd

||f||L2(Rd ||f||L2]Rd)
HAGIRN 12 ]-' 2 12
=og| [ P B0 4 1 4 1og { [, neip B 4y )
R2d ||f||L2 ®?) ||f||L2 ®%)
g, (N, F 2
2/ log [yl Mduk(y,v)%—/ log ||£]] de(é)
R ||f||L,2<(]Rd> R4 ||f||Lz ®4)
F/(Z(k);d—l )
F(Z(k)gd—l) ’
which upon simplification with yields the result. O

Remark 7.5 1) Using the approximation identity

M@y, —i—z/m ! dr (7.18)
I'Gz) Bz 27 0o (22722 —1) ’

we infer

GEELT 20 +d -1,
exp|:2r( %d 1)]~( 3 )" for2(k)+d —1>1, (7.19)

which is the constant of the Heisenberg uncertainty principle for the k-Hankel Gabor
transform given in Theorem 4.2.

i) Proceeding as above in logarithmic uncertainty inequality (7.7) we deduce the
following Heisenberg uncertainty inequality

1 1
([ meirorano) ] [ grEoere)
R4 R4

Y+d—1
> exp 2“—) / |f ()P dye (). (7.20)
F( +d 1) Rd
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iii) Using the approximation relation (7.18) we deduce that the constant in the
right-hand side of (7.20),

I (2tktd=1 2K 4 d —1\2
exp|:2( 2 )m<<)+ > for 2(k) +d — 1> 1

r (2Rt )

which is the constant of the Heisenberg uncertainty principle for the k-Hankel trans-
form given in Proposition 4.1.

8 Localization operators associated to the continuous k-Hankel
Gabor transform

Definition 8.1 Let u, v be measurable even functions on R?, o be measurable function
on R we define the two-Gabor localization operator, associated to the continuous
k-Hankel Gabor transform on R¢, noted by L, (o), on L%(Rd), by

1
Lan(@)(0) = — fR oG (N0 v, (), x B @)

It is often more convenient to interpret the definition of £, , (o) in a weak sense,
that s, for f in L2(R?) and g in L}(R?),

(L@ (). 8) 35y = fR o GEN0WGR0 Vdk, Y. (82)
Proposition 8.2 The adjoint of linear operator
Luv(0) : LiRY) — LF(RY)
is Lou(@) : Ly(RY) — LE(RY).

Proof For all f in L,% (R?) and g in L,%(Rd) it immediately follows from (8.2)

(Luw©@)(): &) 2y = /RM o (3, MGy (/) (3, V)G (&) (v, V)i (y, v)

= /R _aGIG @ (GG )iy v)

= (/:v,u(a)(g)v f>L§(Rd) =(f, /:'v,u(a)(g))L%(Rd)'

Thus we get
Ly, (0) = Lyu(0). (8.3)
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In what follows, such operator £, ,(o) will be named localization operator for the
sake of simplicity.
In the rest of this section we assume that u# and v belong to L%’m d(Rd ) such that

”u”L%(Rd) = ”v”L,%(Rd) =1

8.1 Boundedness for £, ,(0) on S
The main result of this subsection is to prove that the linear operators
Luw(0): iR — LiRY)

are bounded for all symbols o € L,’ik (RM), 1 < p < oo. We first consider this
problem for o in L Lk (R%4) and next in Lffk (R%4) and we then conclude by using
interpolation theory.

Proposition 8.3 Ler o be in LLk (de), then the localization operator L, (o) is in
Soo and we have

1
Luw(0)lsy < g”U”L}Lk(RMy (8.4)

Proof For every functions f and g in L,%(]Rd), we have from the relations (8.2) and
(3.7),

(L (@) (), 8) 2| = /R oG IIGE NG IIGEE) () d iy v)

A

k k
= ||gu(f)||Lz<;€(R2d) ”gv(g)”Lﬁ'}(de) ”G”L}Lk(RM)

IA

g”f”LJ%(Rd)”g”Lz(Rd)HGHLL/((RM)'
Thus,
1
Luv(0)]lsy < g”OHL}Lk(RZd)'

O

Proposition 8.4 Let o be in L;’f;C (R24), then the localization operator Ly(0) is in
Soo and we have

Luw(0)lsy < ||0||L,33{(R2d)-

Proof For all functions f and g in L7 (R?), we have from Holder’s inequality

(Lan(@)(): ) 2m0)| < /R 1o IGEO GG @) O v)dpi(y. v)
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< N0 L35 w2y 195 ()1 23, ey 195 a3, (e
Using Plancherel’s formula for g’; and gﬁ, given by the relation (3.8), we get
|<£u,v(0)(f)’ g>L%(Rd)| = ||f||L%(Rd)||g||L]§(]Rd) ||U||Lﬁ<]>((]R2d)'
Thus,

||£u,v(6)||Soo = ”U”Lﬁi(Rz")‘

We can now associate a localization operator
2 md 2 od
Lyy(0) Ly(R) - Ly (RY)

to every symbol o in Lﬁk (R%4), 1 < p < oo and prove that £, (o) is in Ss. The
precise result is the following theorem.

Theorem 8.5 Let o be in Lﬁk (R??), 1 < p < oo. Then there exists a unique bounded
linear operator

Lyy(0): LERY) — LI(RY),

such that

1
||£u,v(U)||Soo = _Z”O“Lllik(RZd)'
P

Ck
Proof Let f be in L,%(Rd ). We consider the following operator
T: L, R* N LY R™) - Ly([RY),
given by
(o) = Lyv(@)(f)-
Then by Proposition 8.3 and Proposition 8.4

1
T30 = 211z, (85)

and
||T((7)||L]%(]Rd) = “f“L%(Rd)HG”L,ofk(RZd)' (8.6)
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Therefore, by (8.5), (8.6) and the Riesz—Thorin interpolation theorem (see [ [61],
Theorem 2] and [ [65], Theorem 2.11]), 7 may be uniquely extended to a linear
operator on Lﬁk (RM ), 1 < p < oo and we have

1

||£u,v(0’)(f)||L%(Rd) = ||T(U)||L%(Rd) = _%”f“L%(R‘I)HU”L,’ik(Rz‘l)' (8.7)
c
k

Since (8.7) is true for arbitrary functions f in L%(Rd ), then we obtain the desired
result. ]

8.2 Schatten-von Neumann properties for £, ,(0)

The main result of this subsection is to prove that, the localization operator
Lyy(0): LIRY) — LI(RY)
is in the Schatten class S),.

Proposition 8.6 Let o be in L}ik (R24), then the localization operator Lyy(o)isin S
and we have

1
1Luv(@)s, < %”U”L}%(Rz“’)'

Proof Let {¢;, j = 1,2...} be an orthonormal basis for L%(Rd). Then by (8.2),
Fubini’s theorem, Parseval’s identity and the relations (3.4) and (8.3), we have

=S}

D NLun@ @I ey = D_(Lu©@) ), Lun (@)@ 13z,
j=1

Jj=1

o0
1 | . T (Vb)) v ) ;
=43 /R 00 D@5 1,130 s @B, T, 2y Ak )
&

=z fR Lo v)le&_,-, ) 2@y (L0 @)V, 87) 12 ey d itk (v, V)

J
=4 s OO VUL (@) vyt ) 2y d ik (v, V).

2
Ck

Thus, from (8.3) and (8.4), we get

o0

D MLun @ @Iz g,

j=1

<1/ 0.0 O ILE @5 dita (v, v) < ]2 (8.8)
) s s s — < Q. .

= C,% R2d oly,v u,v o Seo My, v Ci o L}Lk(RZd)

So, by (8.8) and Proposition 2.8 in the book [65], by Wong
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Lyy(0): LIRY) — LI(RY)
is in the Hilbert-Schmidt class S and hence compact. O

Proposition 8.7 Let o be a symbol in Lﬂk (R24), 1 < p < oo. Then the localization
operator L, (o) is compact.

Proof Let o be in Lﬁk (RM) and let (oy),eny be a sequence of functions in
L}Lk (éR;d N L,‘fz(RZd) such that 0, — o in Lﬁk (R%) as n — oo. Then by Theo-
rem 8.

1
||£u,v(0n) - Eu,v(0)||Soo = _2||Un - U”Lﬁk(de)'
P
C
k

Hence L, ,(0n) = Ly,y(0) in Se as n — 00. On the other hand, as by Proposition
8.6, Ly, y(0y,) is in S7 hence compact, it follows that £,, (o) is compact. O

Theorem 8.8 Let o be in L), (R*). Then L,,,(0) : L{RY) — LE(RY) is in Sy and
we have

~ 1
2121, < Vun@ls < 5l o0, (8.9)
where G is given by
Y(y,v) e RZd, G (y,v) = (Lyv(0) u,,, U),,V>L%(Rd)~

Proof Since o is in L}, (R*?), by Proposition 8.6, £, ,(c) is in S, then from the
canonical form for compact operators given in [65, Theorem 2.2], there exists an
orthonormal basis {¢;, j = 1,2...} for the orthogonal complement of the kernel of
the operator £, , (o), consisting of eigenvectors of |£, ,(0)| and {¢;, j =1,2...}
an orthonormal set in L,%(Rd ), such that

Luw@)(f) =D si(f 6 12y 05 (8.10)

j=1

where sj, j = 1,2... are the positive singular values of £, , (o) corresponding to
¢;. Then, we get

1Luw(@lls =D 5j =D (Luw(@)@)): 0)) 2 gay-
j=1

j=1
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Thus, by Fubini’s theorem, Cauchy—Schwarz’s inequality, Bessel inequality, relations
(3.4) and (3.3), we get

oo

1Luw(@)llsi = Y {Luw(©@) (@) ¢5) 12 Ray

j=1
= Z/D;{M o(y, V)g],j(tbj)(y, v)mduk(y, )
j=1

1

IA

1
o0 2 [o¢) 2
/R ORI (Z [ACHIEN v>|2) (Z 1G5 (00, v>|2) dpx(y, v)

Jj=l1 Jj=l1

1
p /RM lo (y, Il M’\,,,”L%(Rd)” vy, ”L,%(]Rd)d,uk(ys V)

A

1
—= ||O .
=2 I ”L}ik(RM)

Thus
1
||£Ll,v(0)||S| = _||U||L1 (RZd)
Ck

We now prove that £, , (o) satisfies the first member of (8.9). It is easy to see that &
belongs to L,lc(Rd ), and using formula (8.10), we get

G0l = (L@, 0,0 20

o0
= ‘ZSj( L ‘f’j)L,%(Rd)(‘/’ja Uy,v>L§(Rd)
j=1

l o0
52%(’ 7N L}(RY)

j=1

2

3

+ )( Uys 95 L2 (RY)
Then from Fubini’s theorem, we obtain
1 o0
~ 2
/RM 15 vl (y, v) < 5 Z (/Rd ty e $5) 12y Pdpic(y. v)
/ Vs @ L2(Rd)| dl-’Lk(ys V))
Thus using Plancherel’s formula for g’;, gﬁ, we get
o0
o ) d ’ =< £
/de 1 (s Wldp(y, v) < ¢ Z_j RNLun(@)lls;-

The proof is completed. O
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Corollary 8.9 Foro in L}Lk (R24), we have the following trace formula
1
r(Lan©@) = = [ oGuvlv,u, ) peadiGn ). B.11)
¢ JrAM k

Proof Let {¢;, j = 1,2...} be an orthonormal basis for L%(Rd). From Theorem 8.8,
the localization operator £, ,(c) belongs to S, then by the definition of the trace
given by the relation (2.31), Fubini’s theorem and Parseval’s identity, we have

o]

1r(Lyv(0)) = Z(ﬁu,v(a)@j)» D)) 12 rd)
= % Z/ oy, V@) Uy, ) 12Ray (D)5 v,v,u>L,§(Rd)d“"(y’ v)

=4 f o (y, v)Z (@ ty) 200y B V) 2 e A1k (Y. V)
- 1
- CI% ‘/ﬂéZdG(yv V)<Uy,.,,uy,,)]_]%(Rd)dﬂk(y, V),

and the proof is completed. O

In the following we give the main result of this subsection.

Corollary 8.10 Let o be in L1, (R?4), 1 < p < oo. Then, the localization operator
Ly(0): LZ(RY) — LI(RY)

is in S, and we have

1

1Luv(@)s, < —AIIUIILgk(de).
P
Ck

Proof The result follows from Proposition 8.4, Theorem 8.8 and by interpolation (see
[65, Theorem 2.10 and Theorem 2.11]). O

Remark 8.11 If u = v and if o is a real valued and nonnegative function in L }L L (de)
then

Lyv(0): LR — LI(RY)

is a positive operator. So, by (2.32) and Corollary 8.9

Luw ()]s, = fdeU(y’ V)Huy,vHi%(Rd)dﬂk(y» V). (8.12)
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Now we state a result concerning the trace of products of localization operators.

Corollary 8.12 Let o1 and oy be any real-valued and non-negative functions in
L}Lk (R24). We assume that u = v and u is a function in L,% (R?) such that ||u| |L§(Rd) =
1. Then, the localization operators L, ,(01), Ly (02) are positive trace class opera-
tors and

[(2uston Lusn)'|| = r(Lusion) Lunion)”
< (tr (E,w(a])))n (tr (Eu,u(dz))>n
=| ﬁu,v(ol)Hzl [0

n
s
for any natural number n.
Proof By Theorem 1 in the paper [38] by Liu we know that if A and B are in the trace
class S1 and are positive operators, then
n n
VneN, tr(AB)" < (tr(A)) (tr(B)) .

So, if we take A = L, ,(01), B = L,,,,(02) and we invoke the previous remark,
the desired result is obtained and the proof is completed. O
Remark 8.13 i) When W = Zg , all results of this paper for the k-Hankel Gabor
transform transform g’,; are true if we replace the hypothesis % radial by

h:i=h®...Qhy,

where the functions #;,i = 1, ..., d are even functions on R.

ii) We note that we have studied these types of time-frequency analysis problems
and others for some integral transforms as the Dunkl Gabor transform on R, the
(k, a)-generalized wavelet transform on RY, the deformed Hankel Gabor transform
on R, the generalized Stockwell transforms and others integral transforms. (See as
examples [51-53]).

9 Perspectives

In [49], we have studied the concentration operator L;,(U) associated with the k-
Hankel Gabor transform defined as

1
LaO(HG) = = /U Gr () (x,v) Tihy (0)d i (x, v), y € RY,

where U is a subset of R?? with finite measure. We have proved that this operator is
bounded, compact, even trace class and self-adjoint operator with spectral represen-
tation:
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U U 2 d
, € Ly (RY),
" >L,§(Rd) ve- S e LiBD

Ly =Y @) (f.v

n=1

where {s,(U)}>2 | are the positive eigenvalues arranged in a nonincreasing manner

and {v,? }72, is the corresponding orthonormal set of eigenfunctions. Thus, using

eigenfunctions and eigenvalues of the concentration operator L, (U ), we have proved
a characterization of functions that are time-frequency concentrated in U, and we
obtain approximation inequalities for such functions using a finite linear combina-
tion of eigenfunctions, since they are maximally time-frequency-concentrated in the
region of interest. As perspective, involving the concentration operator £, (U) and
the e-concentration of the k-Hankel Gabor transform, we will latter prove an uncer-
tainty principle of Donoho-Stark type. Moreover, we will study functions whose
time-frequency content are concentrated in a compact region in phase space using
time-frequency localization operators as a main tool. We claim to obtain approxima-
tion inequalities for such functions using a finite linear combination of eigenfunctions
of these operators, as well as a local Gabor system covering the region of interest.
These would allow the construction of modified time-frequency dictionaries concen-
trated in the region. The results presented in the perspective section are pre-published
[50].
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