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Abstract

We study the continuity in weighted Fourier—Lebesgue spaces for a class of pseu-
dodifferential operators, whose symbol has finite Fourier—Lebesgue regularity with
respect to x and satisfies a quasi-homogeneous decay of derivatives with respect to
the & variable. Applications to Fourier—Lebesgue microlocal regularity of linear and
nonlinear partial differential equations are given.

Keywords Microlocal analysis - Pseudodifferential operators - Fourier—Lebesgue
spaces
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1 Introduction

In [13] we studied inhomogeneuos local and microlocal propagation of singularities
of generalized Fourier—Lebesgue type for a class of semilinear partial differential
equations (shortly written PDE); other results on the topic may be found in [6,18,
19]. The present paper is a natural continuation of the same subject, where Fourier—
Lebesgue microlocal regularity for nonlinear PDE is considered. To introduce the
problem, let us first consider the following general equation

F(x,0%)ger =0, 1)
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where 7 is a finite set of multi-indices « € Z'}, F(x,¢) € C®(R" x CMis a
nonlinear function of x € R” and ¢ = (¢%)ye7 € CV. In order to study the regularity
of solutions of (1), we can move the investigation to the linearized equations obtained
from differentiation with respect to x;

E (x,0%u)gez0%0y;u = ——(x,0"u)gez, j=1,...,n
8@'0{ J ax4
ael J

Notice that the regularity of the coefficients ay(x) = ;?;—i(x, 9Pu) pez depends on
some a priori smoothness of the solution # = u(x) and the nonlinear function F (x, ¢).
This naturally leads to the study of linear PDE whose coefficients have only limited
regularity, in our case they will belong to some generalized Fourier-Lebesgue space.

Results about local and microlocal regularity for semilinear and nonlinear PDE in
Sobolev and Besov framework may be found in [7,12].

Failing of any symbolic calculus for pseudodifferential operators with symbols
a(x, &) with limited smoothness in x, one needs to refer to paradifferential calculus of
Bony-Meyer [2,17] or decompose the non smooth symbols according to the general
technique introduced by M.Taylor in [23, Proposition 1.3 B]; here we will follow
this second approach. By the way both methods rely on the dyadic decomposition
of distributions, based on a partition of the frequency space Rg by means of suitable
family of crowns, see again Bony [2].

In this paper we consider a natural framework where such a decomposition method
can be adapted, namely we deal with symbols which exhibit a behavior at infinity of
quasi-homogeneous type, called in the following quasi-homogeneous symbols. When
the behavior of symbols at infinity does not satisfy any kind of homogeneity, the dyadic
decomposition method seems to fail.

In general the technique of Taylor quoted above splits the symbols a(x, §) with
limited smoothness in x into

a(x, &) = a"(x, &) +a’(x, £). (2)

While a®(x, £) keeps the same regularity of a(x, &), with a slightly improved decay
at infinitive, a#(x, &) is a smooth symbols of type (1, §), with § > 0.

From Sugimoto—Tomita [21], it is known that, in general, pseudodifferential oper-
ators with symbol in S?’ s» are not bounded on modulation spaces M?¢ as long as
0 < 8 < 1and g # 2. Since the Fourier-Lebesgue and modulation spaces are locally
the same, see [14] for details, it follows from [21] that the operators a*(x, D) are
generally unbounded on Fourier-Lebesgue spaces, when the exponent is different of
2. We are able to avoid this difficulty by carefully analyzing the behavior of the term
a#(x, &) as described in the next Sects. 5, 6.

In the first section all the main results of the paper are presented. The proofs are
postponed in the subsequent sections. Precisely in Sect. 3 a generalization to the
quasi-homogeneous framework of the characterization of Fourier—Lebesgue spaces,
by means of dyadic decomposition is detailed. Section 4 is completely devoted to
the proof of Thoerem 1. The symbolic calculus of pseudodifferential operators with
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smooth symbols is developed in Sect. 5, while Sect. 6 is devoted to the generalization
of the Taylor splitting technique. In the last section we study the microlocal behavior
of pseudodifferential operators with smooth symbols, jointly with their applications
to nonlinear PDE.

2 Main results
2.1 Notation
In this preliminary section we give the main definitions and notation most frequently

used in the paper. R and N are respectively the sets of strictly positive real and integer
numbers. For M = (i, ..., un) € R’i, & € R" we define:

1/2
(E)m = (1 + ISI?W) (M — weight), 3)
where )
|13 = Z &% (M — norm). )
j=1

Fort > 0and a € Z'}, we set

tl/M%‘ = (tl/l/vlgl tl/l/vngn);

(a,1/M) : Za]/Mj9 (3)
‘= min Wu;, *:= max
s lfjfnuj 12 1</<nMJ

We call u, and p* respectively the minimum and the maximum order of (£) y; further-
more, we will refer to («, 1/M) as the M-order of . Inthe case of M = (1,..., 1),
(4) reduces to the Euclidean norm |&|, and the M-weight (3) reduces to the standard
homogeneous weight (£) = (1 + |&|%)1/2.

The following properties can be easily proved, see [8] and the references therein.

Lemma 1 For any M € R'}, there exists a suitable positive constant C such that the
following hold for any & € R":

1 x
E(é)“* < (&)m < C(&E)", Polynomial growth; (6)
& +nlu < C{EIm + Inlm}, M — sub-additivity; (7
1M gy = t1E |y, 1 > 0, M — homogeneity. ®)

For ¢ in the space of rapidly decreasing functions S(R"), the Fourier transform is
defined by ¢(&) = Fp(&) = [e ™ Sp(x)dx,x - & = Z;;] xj&j; i = Fu, defined
by (it, ¢) = (u, ¢A>), is its analogous in the dual space of tempered distributions S’ (R™)
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2.2 Pseudodifferential operators with symbols in Fourier-Lebesgue spaces

Definition1 For s € R and p € [1, 400] we denote by ]—'LQM the class of all

u € §’'(R") such that i is a measurable function in R” and (-)},i € L?(R"). ngM,
endowed with the natural norm

lallzrr = 1yl ©)

is a Banach space, said M-homogeneous Fourier—Lebesgue space of order s and
exponent p.

Notice that for p = 2, Plancherel’s Theorem yields that F L?y y reduces to the
M-homogeneous Sobolev space of order s, see [8] for details; in this case F Lf, M
inherits from L2 (R") the structure of Hilbert space, with inner product (u, v) FL2, =
() YD) g2 |

Inthecase M = (1,...,1), F Lsp’ 1 reduces to the homogeneous Fourier-Lebesgue
space F Lf and, in particular, we set FL? := F Lg .

The pseudodifferential operator a(x, D) with symbol a(x, &) € S’ (R?") and stan-
dard Kohn—Nirenberg quantization is the bounded linear map

a(x, D) : SR") — S'(R")

u— alx, Dux) = Qn)™" [e*Salx, &)uE)dE, (10)

where the integral above must be understood in the distributional sense.
We introduce here some classes of symbols a(x, §), of M-homogeneous type, with
limited Fourier—Lebesgue smoothness with respect to the space variable x.

Definition2 For m,r € R, § € [0,1], p € [1,40o0] and N € N, we denote by
fo’MSX’,M(N) the set of a(x, &) € S’ (R?") such that for all « € 7! with |a| < N,
the map & — aga(., &) is measurable in R” with values in ]—'Lf’M NFL' and satisfies
for any & € R” the following estimates

”a?a("s)”]-‘LI < c(gy;&%a,l/m’ o

mf(a,l/MH»zS(rfM"Tq)

logat, Oz = ClE)y , (12)

where C is a suitable positive constant and ¢ is the conjugate exponent of p.

When § = 0, we will write for shortness L/, Sy (N).
The first result concerns with the Fourier—Lebesgue boundedness of pseudodiffer-
ential operators with symbol in F Lf S s(N).

Theorem 1 Consider p € [1,+00], q its conjugate exponent, r > uan’ 8 € [0, 1],

meR N>n+1landa(x, &) € fo,MS;”,I’B(N). Then for all s satisfying

(8—1)<r— " ><s<r
Mxq
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the pseudodifferential operator a(x, D) extends to a bounded operator

a(x,D): FL!,, = FLY . (13)

If 8 < 1 then the above continuity property holds true also for s =r.

The proof is given in the next Sect.4.

Remark 1 Observe that in the case of § = 0, the above result was already proved in
[13, Proposition 6], where a much more general setting than the framework of M-
homogeneous symbols was considered and very weak growth conditions on symbols
with respect to & were assumed.

2.3 M-homogeneous smooth symbols

Smooth symbols satisfying M-quasi-homogenous decay of derivatives at infinity are
useful for the study of microlocal propagation of singularities for pseudodifferential
operators with non smooth symbols and nonlinear PDE.

Definition3 Form € R and § € [0, 1], SX}[,S is the class of the functions a(x, &) €
C°(R?") such that for all &, BeZ ,andx, & € R”

—(a, 1/ M)+8(B,1/M
8208a(x, £) < Caple)y, ©V/MHTEIM, (14)

for a suitable constant Cy g.

In the following, we set for shortness Sy := Suy,0. Notice that for any § € [0, 1]

we have (1) S} s = S7°°, where ST denotes the set of the functions a(x, §) €
meR ’

2
C°°(R"") such that for all © > O and «, B € Z',
0¢0fa(x, &) < Cuaple) ™, x.£eR", (15)

for a suitable positive constant C;, ¢ g.

We recall that a pseudodifferential operator a(x, D) with symbol a(x, &) € S~
is smoothing, namely it extends as a linear bounded operator from S’ (R") (£'(R")) to
P@R") (S(R™)), where P(R") and £'(R") are respectively the space of smooth func-
tions polynomially bounded together with their derivatives and the space of compactly
supported distributions.

As long as 0 < § < us/u*, for the M-homogeneous classes SA’",I’S a complete
symbolic calculus is available, see e.g. Garello-Morando [9,10] for details.

Pseudodifferential operators with symbolin § /(‘),, are known to be locally bounded on
Fourier—Lebesgue spaces F Lg y foralls e Rand 1 < p < +o0, see e.g. Tachizawa
[22] and Rochberg—Tachizawa [20]. For continuity of Fourier Integral Operators on
Fourier-Lebesgue spaces see [4]. On the other hand, by easily adapting the arguments
used in the homogeneous case M = (1, ..., 1) by Sugimoto—Tomita [21], it is known
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that pseudodifferential operators with symbol in 51(3/1, s are not locally bounded on
ngM,aslongaSO <§<landp #2.

For this reason we introduce suitable subclasses of M-homogeneous symbols in
SX’,I’ 5> 0 € [0, 1], whose related pseudodifferential operators are (locally) well-behaved
on weighted Fourier—Lebesgue spaces. These symbols will naturally come into play
in the splitting method presented in Sect. 6 and used in Sect. 7 to derive local and
microlocal Fourier—Lebesgue regularity of linear PDE with non smooth coefficients.

In view of such applications, it is useful that the vector M = (uq, ..., i,) has
strictly positive integer components. Let us assume it for the rest of Sect. 2, unless
otherwise explicitly stated.

In the following 7, := max{z, 0}, [¢] := max{n € Z;n < t} are respectively the
positive part and the integer part of t € R.

Definition4 For m € R, § € [0, 1] and k > O we denote by ST/I,S,K the class of all
functions a(x, £) € C*®(R*") such that for o, 8 € 7 and x, & e R"

|3$ a(x %_)| <Caﬁ(§>m (o, 1/ MY+8((B,1/M) K)+

|9 9fa(x, &)1 < Capl€)ly

£ (B, 1/M) #«, (16)

@M iog (14 (£)5,), if (B, 1/M)=1x, (17)

holds with some positive constant Cy g.

Remark 2 1t is easy to see that for any ¥ > 0, the symbol class S7} .5, defined above
is included in SI'(’,I s forallm e R and § € [0, 1] (notice in partlcular that S™ Mok =
S 0= =Sy whateverisk > 0). Compared to Definition 3, symbols in Sy s « dlsplay a
better behav1or face to the growth at infinity of derivatives; the loss of decay 6 (8, 1/ M),
connected to the x derivatives when § > 0, does not occur when the M- order of 8 is
less than «; for the subsequent derivatives the loss is decreased of the fixed amount «.

Since for M = (w1, ..., 1y), with positive integer components, the M-order of
any multi-index o € Z/} is a rational number, we notice that symbol derivatives never
exhibit the “logarithmic growth” (17) for an irrational ¥ > 0.

Theorem 2 Assume that
k> [n/ue] +1 (18)

Then forall p € [1, +00] a pseudodifferential operator with symbol a(x, &) € Sy s ..,
satisfying the localization condition

suppa(-,§) C K, V& eR", (19)
for a suitable compact set KK C R", extends as a linear bounded operator

a(x,D): FL! . v — FLY ., VseR, if0<5<1, (20)
a(x, D) : fLs+mMefLiM, Vs >0, if 6=1. 21

The proof of Theorem 2 is postponed to Sect. 5.3.
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Taking § = 0, we directly obtain the boundedness property (20), for any pseudod-
ifferential operator with symbol in S7;.

The following result concerning the Fourier multipliers readily follows from
Holder’s inequaltity.

Proposition 1 Let a tempered distribution a(§) € S'(R") satisfy

&)y "a6) € LR

for m € R. Then the Fourier multiplier a(D) extends as a linear bounded operator
from FLY Mto]-'Lf’M,forallpe [1, +oc] and s € R.

s+m,
2.4 Microlocal propagation of Fourier-Lebesgue singularities

Consider a vector M = (i1, ..., uy) € N" and set T°R” := R" x (R"\{0}).
We say that a set I'yy C R"\{0} is M-conic, if t'/M& e I'y for any & € I'yy and
t > 0.

Definition5 For s € R, p € [1,40c], u € S'(R"), we say that (xo, £°) € T°R"
does not belong to the M-conic wave front set W F Lr,u if there exist ¢ € Cgo (R™),

¢ (x9) # 0, and a symbol ¥ (§) € s9 satisfying ¥ (§) = 1 on I'yy N{|€|pm > €0}, for
suitable M-conic neighborhood I'yy C R"\{0} of & Oand 0 < gy < €9, such that

Y (D)(pu) € FL, ;. (22)

We say in this case that u is F Lf . — microlocally regular at the point (xo, £%) and
we writeu € FLY , (x0, £°).

We say that u € S’(R") belongs to F Lf, M.1oc (X0) if there exists a smooth function
¢ € C3°(R") satisfying ¢ (xo) # O such that

p
¢u € FLg .

Remark 3 In view of Definition 1, it is easy to verify that u € F Lsp’ M.mel (X0, g9y if
and only if

Xeo.Ty ()P € LP(R™), (23)

where ¢ and Iy are considered as in Definition 5 and xg,,r,, is the characteristic
function of I'yy N {|&|ym > &0}

Definition 6 We say that a symbol a(x,&) € S§; 5 is microlocally M-elliptic at

(x0, £%) € T°R" if there exist an open neighborhood U of x( and an M-conic open
neighborhood I, of EO such that for ¢y > 0, pg > 0:

la(x, )| = co(€)yy, (.6 €U x Ty, [Elm > po. (24)
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Moreover the characteristic set of a(x, &) is Char(a) C T°R" defined by
(x0, &%) € T°R"\Char(a) < a is microlocally M-elliptic at (xo, £°).  (25)

Theorem3 For 0 < § < us/u* k > [n/us]l +1, m € R, a(x, &) € S;{,’I,&K and
u € §'(R"), the following inclusions

WF]_—LgM(a(x, D)u) C WFfo+m,M(u) C WF]_—LgM(a(x, D)u) U Char(a)

hold true for every s € R and p € [1, 400].
The proof of Theorem 3 will be given in Sect. 7.3.

2.5 Linear PDE with non smooth coefficients

In this section we discuss the M-homogeneous Fourier—Lebesgue microlocal regular-
ity for linear PDE of the type

a(x, D)u = Z ca(x)D%u = f(x), (26)

(o, 1/M)<1

where DY := (—i)!%13%, while the coefficients c, as well as the source f in the right-
hand side, are assumed to have suitable local M-homogeneous Fourier-Lebesgue
regularity.'

Let (xo, £%) € T°R", p € [1, 400l and r > Man + [ML*] + 1 (where g is the conju-
gate exponent of p) be given. We make on a(x, D) in (26) the following assumptions:
(i) cq € ]-‘Lﬁ M.1oc(X0) for (a, 1/M) < 1;

(i) ap (xo, 50) # 0, where ap(x, &) :== > cu(x)&Y is the M-principal symbol of
a(x, D). e

Arguing on continuity and M-homogeneity in & of ay (x, &), it is easy to prove that,

for suitable open neighborhood U C R" of xp and open M-conic neighborhood

Iy C R™M\{0} of &°

ay(x, &) #0, for(x,€) e U x Iy. Q7)

Theorem 4 Consider (xo, £%) € T°R”, p € [1, +00] and q its conjugate exponent,
n
Mxq

r >

+ [/;—’* +1and 0 < § < py/u*. Assume moreover that

1+(5—1)<r—
Mxq

n><s§r+1. (28)

! Without loss of generality, we assume that derivatives involved in the expression of the linear partial
differential operator a(x, D) in the left-hand side of (26) have M-order not larger than one, since for any
finite set A of multi-indices @ € Z'|_ it is always possible selecting a vector M = (u, ..., Hn) € R so
that (o, 1/M) < 1 forall @ € A.
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Letu € FL? .
s—zS(r—m

feFLY |y ma®0,E%). Thenu € FLY /1 (x0, %), that is

) p (x0) be a solution of the equation (26), with given source

WFfLﬁM (u) C WFFLLLM(f) U Char(a). 29)

The proof of Theorem 4 is postponed to Sect. 7.4. We end up by illustrating a simple
application of Theorem 4.
Example. Consider the linear partial differential operator in R>

P(x, D) = c(x)dy, +idy, — 02

X2°

(30)

where

ki k2

X X
c(x) = L2 m MR g (x| H(xy), x = (x1,%2) € R?,
k! kp!

being H(t) = X(0,00)(¢) the Heaviside function, ki, k; some positive integers and
ay, ap positive real numbers.
It tends out that ¢ € L' (R?) and a direct computation gives:

1

2
(Cll + i%‘l)kl-i—l (a2 + igz)k2+1 ’ S = (glv ";:2) e R~

) =

Let us consider the vector M = (1,2) and the related M-weight function (§)y :=
(1 +&7 +85D12

Forany p € [1, +oo]andr > 2/q +3, % + é = 1, one easily proves, for a suitable
constant C = C(ay, ap, k1, kp, 1)

c
I DR (I R

Eyle®l = a

thusc € F Lﬁ M(RZ), provided that k1, k> satisfy
ki >r—1/q and ky >2r —1/q. 3D

Then, under condition (31), the symbol P(x, &) = ic(x)&; — & + 3;22 of the operator
P(x, D) defined in (30) belongs to fo,MSIIVI’ cf. Definition 2.

Let us set £2 := R*\R2. Since |P(x,&)[> = c?(x)&} + (—& + £5), the char-
acteristic set of P is just Char(P) = 2 x {(&1,&) € R2\{(0,0)} : & = &2}
(cf. Definition 6) or, equivalently, P is microlocally M-elliptic at a point (xg, £%) =
(x0,1, %02, £, £)) € T°R? if and only if

x0.1 >0, x02>0 or & # (&)
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Applying Theorem 4, for any such a point (xo, £) we have

ueFLY 5 (x0)
s—5(r—2 [;M,loc s = ue FLY 11 (%0, 8°).
P(x, Dyu € FLE | gy mar (%0, 67)

aslongas0<5<1/2and1+(5—1)(r_§) <s<r+l

2.6 Quasi-linear PDE

In the last two sections, we consider few applications to the study of M-homogeneous
Fourier—Lebesgue singularities of solutions to certain classes of nonlinear PDEs.
Let us start with the M-quasi-linear equations. Namely consider

Z ag(x, DPu)g 1 <1 D%u = f(x), (32)
(a,1/M)<1

where a, = aq (x, DPu) are given suitably regular functions of x and partial deriva-
tives of the unknown u with M-order (8, 1/M) less than or equal to 1 — €, for a given
0 < € < 1, and where the source f = f(x) is sufficiently smooth.
We define the M -principal part of the differential operator in the left-hand side of
(32) by
Au(x.E.0) = Y aa(x, 0E, (33)

(a,1/M)=1

where x,& € R, ¢ = (p)p,1/M)<1—€ € CN, N = N(e) = #{B € Z'j_
(B,1/M) < 1 — €}. It is moreover assumed that a, is not identically zero for at
least one multi-index « with (o, 1/M) = 1.

Let us take a point (xg, & ) € T°R"; we make on the equation (32) the following
assumptions:

(a) for all a e Z'| satisfying {(a, 1/M) < 1, the coefficients ay(x, ) are locally
smooth with respect to x and entire analytic with respect to ¢ uniformly in x; that
is, for some open neighborhood Uy of xg

ap(x,0) = Yy (X)(7,  agy € C¥(Wp), £ €CN,  (34)

N
yeZy

where forany g € Z" , y € Zﬁ and suitable ¢y g > 0, sup |8f?aa,y(x)| < Cq,pry
xelUp
and the expansion F1(¢) := ) X,¢” defines an entire analytic function;
yeZﬁ
(b) (32)ismicrolocally M -elliptic at (xo, £€°), thatis the M-principal part (33) satisfies,
for some I'y; M-conic neighborhood of £°,

Ap(x,€,0) #0, for (x,&) € Uyx Iy, ¢ eCV. (35)
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Under the previous assumptions, we may prove the following

Theorem5 Let p € [1, +oo]r>—+[ ]—i—l ——|———1 0<e<1and

(x0, &%) € T°R”" be given, consider the quasi-linear M- homogeneous PDE (32),
satisfying assumptions (a) and (b). For any s such that

r—|—1+8<r— n)—efsfr—l—l, (36)
Mg
with 1
0<éd< and O<8<—*, 37
— /’L*
Mxq
consider u € FL” (x0) a solution to (32) with source term
578(rfu’;q),M, oc

0y.
f G}-Lf_LM’mC](XOvé );

thenu € FLY ;o (x0, £°).

Proof From (36) and the other assumptions on r, in view of Proposition 1 (see also [13,
Proposition 8]) and [13, Corollary 2], from u € FL” 5 ( ) (xp) it follows
5= /t*q

Lloc
that
DPu e FL?

s— (S(r ﬁ) 1+€,M loc

(x0) = FL 4y 100 (X0),

as long as (B8,1/M) < 1 — €, hence a4 (-, Dﬁu)(ﬂ,l/MBl_E € fo,M,loc(XO) for
(@, 1/M) < 1.

Notice that conditions (37) ensure that § belongs to the interval ]0, % [ as required
by Theorem 4, see Remark 4 below. Notice also that, for r satisfying the condition

required by Theorem 5, (6 — 1) (r — —) +1<r4+1+96 (r - ﬂ) — €. Hence
the range of s in (36) is included in the range of s in the statement of Theorem 4.

Therefore, we are in the position to apply Theorem 4 to the symbol

Au, €)= Y an(x, DPuyg a<1-cE°, (38)

(a,1/M)<1

which is of the type involved in (26) and, in particular, is microlocally M -elliptic at
(x0, SO) in the sense of (27). This shows the result. O

Remark 4 According to the proof, we underline that in the statement of Theorem 5 the
assumption (b) could be relaxed to the weaker assumption that the symbol (38) of the
linear operator, which is obtained by making explicit the expression of the operator in
the left-hand side of (32) at the given solution # = u(x), is microlocally M-elliptic at
(x0, €%) in the sense of (27).
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Concerning the assumptions (37) on §, we note that “—jﬁ e

if and only if

u*q
is strictly smaller than £ e .Since 0 < € < 1 and

r< 4 e otherwise
Weq s

M*KI

s /t q
_n_
Mg

Assummg in particular r > -*— 4+ M—e and taking, in the statement of Theorem 5,
s=r+1 and the best (that is blggest) amount of microlocal regularity of «, quantified

by § = —5—, we obtain
I g

u > 1, in principle r > -~ + [ ] + 1 could be either smaller or greater than

+ —e therefore the two assumptlons on § in (37) cannot be unified.

fEFLY yma@0. 6% = uw € FL yy a0, §°) (39)

for any solution u to the equation (32) belonging a priori to .7-'Lf’+1_6’M,10C (x0).

N

Assume now r < ILLKI + l‘j—e and set again s = r + 1 in the statement of The-

orem 5; since r_l > ZI, in this case the value j cannot be attained by
Hxq Hxq

S ]O, % [ and we get that (39) remains true for any solution belonging a priori

to FL?

(xo) for any positive § < %

r+1— 6( Mq)Mloc

Remark 5 As in the case of linear PDEs (see e.g. Theorem 7), also in the framework
of quasi-linear PDEs the result of Theorem 5 can be stated for a M-homogeneous
quasi-linear equation of arbitrary positive order m, namely

Z ag(x, DPu) g1 a0y <m—e Du = f(x), (40)
(o, 1/M)<m

withm > 0 and 0 < € < m. In this case, the range (36) of s will be replaced by

r+m+a(r_ n)—efsfr-l-m 1)

Hxq

with § satisfying (37), and the result becomes

feFLl a0 = ueFL, | (x0.£%)

for any solution u € FL” (xp) of (40).
(r— n ) M ,loc

5=8 nxq )’

2.7 Nonlinear PDE

Let us consider now the fully nonlinear equation

F(x, D%u)a,1/my<1 = f(x), (42)
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where F(x, ¢) is locally smooth with respect to x € R” and entire analytic in { €
CN, uniformly in x. Namely, for N = #{«a € Z’}r s A, ﬁ) < 1} and some open
neighborhood Uy of xg,

F(x,0)= Y ¢, (0)¢", ¢, € C®(Up), ¢ eCV, (43)

M
yeLy

where forany g € Z" ,y € Zﬁ and some positive ag, A, > Ay Y is entire analytic

yezl
in CY and sup [30c, (x)| < aghy.
xely
Let the equation (42) be microlocally M-elliptic at (xo, £%) € T°R", that is the
linearized M-principal symbol Ay (x, &,¢) := > gTF(x, £)EY satisfies
(1/M)=1 “
oF o
Y. (L E* O for (x,£) € Up x I'w, (44)

(a,1/M)=1 e

for I'y; a suitable M-conic neighborhood of &.

Theorem 6 Assume that equation (42) is microlocally M-elliptic at (xq, £°) € T°R™.

Forl < p < +4o0o,r > ﬁ + [%] +1,0<68 < % letu € fol)l,r+l,loc(x0) be a
solution to (42), satisfying in addition
p :
axju efLM,r+1—5(r—JTq),10c(x0)’ j=1,...,n. 45)
If moreover the forcing term satisfies
0 f € FLY 1y 10,80, j=1,....n, (46)
we obtain
deju € FLY | 4y na (0,60, j=1.....n. (47)
Proof Foreach j =1, ..., n, we differentiate (42) with respect to x; finding that iju

must solve the linearized equation

OF 4 . OF 4
Z —, DPu) g1/ my<1 D0y ;u = 0y, f — —(x, DPu) g 1/my<1. (48)
J J ax,
(a,1/M)y<1 ¢ J

From Theorems 2 and [13, Corollary 2], u € F LZM +1.loc (x0) yields that

oF

¢ DPw)ga/mem € FLY, (0o (x0).
aga T
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Because of hypotheses (45), (46), for each j = 1, ..., n, Theorem 4 applies to 9, U,

as a solution of the equation (48) (which is microlocally M-elliptic at (xo, & 9) in view
of (44)), taking s = r + 1. This proves the result. O

Lemma2 For every M € R, s € R, 1 < p < 400, assume that u,8x_l.u IS
fo,M(Rn) forall j = 1,...,n. Then u € FL” y (R, The same is still

M
ST%,
+M*

true if the Fourier—Lebesgue spaces F Lf’ u @R, F L? M(R”) are replaced by

s+1E
"
FL vt mer X0, §°), foJr%’M’mcl(xo, £9) at a given point (xo, £°) € T°R".
Proof Let us argue for simplicity in the case of the spaces F L f » (R™), the microlocal
case being completely analogous.

Notice that u € FL5+%’M(R”) is equivalent to (D)’,fj/“*u € FL} ;(R"). By
using the known properties of the Fourier transform, we may rewrite (D)ﬂ* /e

form

u in the

n
(DY u = (DY P4 Y Ay (D) (D),
j=1

where A; (D) is the Fourier multiplier with symbol (E)“M* / “tzéfuj _1, that is

_ ot —2 2 =1 )
Ay = F (@ g =1

. *_2 ;-1 Ly .
Since (£)4; =2 ; i e SZ[*/ Wkl the result follows at once from Proposi-

tion 1. O

As a straightforward application of the previous lemma, the following consequence
of Theorem 6 can be proved.

Corollary 1 Under the same assumptions of Theorem 6 we have that u €
p 0
]:Lr+1+;:—1,M,mcl(xo’E )-
Remark 6 Notice that if (r — %) = 1 then any u € FLI, \; . (x0) rightly
satisfies (45).
Thus 9y;u € fLerrlf%,M,]oc(xO) - ]:L§4,r+1—5(r—/7q),1oc(x0) being px/pj <

1 < (r—L>8 for each j = 1,...,n. Notice that for r > - + I \we can
Mxq Mxq M

find 6* €]0, /™[ such that <r — JTq) 8 > 1: it suffices to choose an arbitrary

5 e r_IL , % [. Hence, applying Theorem 6 with such a §* we conclude that if
g

r> uan + Z—: and the right-hand side f of equation (42) obeys to condition (46) at a
point (xo, £°) € T°R”", then every solution u € FL” | .\ (xo) to such an equation
satisfies condition (47); in particular u € F Lf 125 A omel (x0, SO).

“* ’ £
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3 Dyadic decomposition

In the following we will provide a useful characterization of M-homogeneous Fourier—
Lebesgue spaces, based on a quasi-homogenous dyadic partition of unity.
Namely for fixed K > 1 we set

cMf={eeR" : Eln < K},
1 (49)
eyt =g eRr": Ezh—l < gy < K", h=0,1,....

It is clear that the crowns (shells) C }1:4 ’K, for h > —1, provide a covering of R”. For the
sequel of our analysis, a fundamental property of this covering is that the number of
overlapping crowns does not increase with the index /; precisely there exists a positive
number Ng = No(K) such that

ke =g, for|p—gql> No. (50)
Consider now a real-valued function @ = @ (r) € C*°([0, +-o0[) satisfying

0<d()<1, V>0,
1 (51)

D()=1 forOftfﬁ, D(t)=0 fort> K,

and define the sequence {(ph};;”il in C*°(R") by setting for & € R”

0-16) = D& ). %@%=¢<§%)—¢(%¥),h:QL““ 52)

It is easy to check that the sequence {¢;,};° _, defined above enjoys the following
properties:

supp ¢, < CZIW’K, for h > —1; (53)
o0
Z on(€) =1, forall & e R"; (54)
h=—1
o0
Z up =u, with convergencein S'(R"), (55)
h=—1

where it is set uj, := ¢ (D)u, forh > —1.
As a consequence of (50), for any fixed & € R” the sum in (54) reduces to a finite
number of terms independently of the choice of & itself. Namely, for some positive
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integers Ny independent of & and hg = ho(§) > —1, we have

00 ho+No ~ _
S @ = Y en(®). where ko = ho€) == max{~1,ho — No).  (56)

h=-1 h=hg

The sequence {go;,}h__l above introduced is referred to as a M-homogeneous
dyadic partition of unity, and the expansion in the left-hand side of (55) will be
called M-homogeneous dyadic decomposition of u € S'(R"); in the homogeneous
case M = (1, ..., 1), such a decomposition reduces to the classical Littlewood—Paley
decomposition of u, cf. for example [1].

Proposition2 For M = (i1, ..., uy) € R, s € Rand p € [1. 4 oo], a distribution
u € 8'(R") belongs to the space fLS”’M if and only if

e LP(R™),  forall h > —1, (57)
and
+oo
Y 2MPlanly, < 4o (58)
h=-—1

Under the above assumptions,

+o0 1/p
( > 2“”’||ﬁh||£,,) (59)

h=—1

provides a norm in F L v equivalent to (9).
For p = +o0, condmon (58) (as well as the norm (59)) must be suitably modified.

Proof Let us first observe that the M-weight (-) is equivalent to 2" on the support
of ¢p,; indeed

1< Eu<A+KHY2  foré esuppo_1;
(60)

1
th EVm < (A +4K2H'22" for & € suppyy and h > 0,

being K the positive constant involved in (51).
For p € [1, 400, it is enough arguing on smooth functions u € S(R") in view of
density of S(R") in F Lﬁ - For & € R", from (54), (56) we derive

o0 ho+No ho+No P
Yo lm@P =Y e®PEE” < @@ = | Y en@®Iae)|
h=-1 /’L=ﬁ() h=/;0
ho+No 61
<Crnop Y onEPEE)|” = Cny.p Z [ih (817,

h=ho h=-1
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where hg = ho(§), hg = ho(€) are the integers in (56) and Cy,,, > 1 depends only
on Ny and p. Hence, multiplying each side of (61) by (é);ﬁ, making use of (60) and
integrating on R”, it yields

o0

o
hp 1~ hp 1~
Do 2P < Ml < Copr Y 2P lEnP,
h=-1 M h=—1

C‘v,p,K

for a suitable constant Cy , ¢ > 1 depending only on s, p and K. This proves the
statement of Proposition 2, for | < p < +o0.

In the absence of the density of S(R") in F L;”O , let us now argue directly. Thus
for arbitrary u € FL{), and every h > —1, writing

(). (62)

we get u; € L>(R"), since (-)},u € L>(R") and, in view of (60) and (53),
N

Csx, ¥ R", 63
€, = Csx §e (63)

where the constant Cy, g depends only on s and K. From (62) and (63)
2Mun®)l < CoxllullFrz,, VEER!, h=—1,

follows at once and implies (58) with p = +oc0.
Conversely, let us suppose that u € S’(R") satisfies (57), (58). From (50), (55) and
(60) we get for an arbitrary £ > —1 and every & € Céw K.

400 £+No £+Ny
(EWEE) < Y HEIE = Y [E @] < Cox Y 2Mun@)
h=—1 h={—Ny h={—Ny
< Gk @No+ 1) sup 2% [ Lo~

h>—1

noticing that u belongs to 7L, and satisfies

lullFr2, < Csk(2No+ 1) sup 2% [[i@]| .
’ h>—1

The proof is complete. O

Remark 7 Arguing along the same lines followed in the proof of estimates (63), one
can prove the following estimates for the derivatives of functions ¢ for all v € Z]
a positive constant C,, exists such that

ID{gn(&)| < C,27" UM g e R h=—1,0,1,.... (64)
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Notice also that, in view of (60), estimates (64) can be stated in the equivalent form

IDYen ()] < Co(6) ™M, VEEeR", h=-1,01,....

Along the same arguments of Bony [2], one can show the following
Proposition3 Let M = (1, ..., uy) € RY and p € [1. + ool.

(i) Fors € R, let {uh};{i’il be a sequence of distributions uy, € S'(R") satisfying the
following conditions:

(a) there exists a constant K > 1 such that
suppuy < C;IM’K, forall h > —1;

(b)

+00
> 2@y, < +oo (65)
h=—1

(with obvious modification for p = +00).

+00

Thenu = ) uj € .7-"Lf A Where the series is convergent in S'(R™). Moreover,
h=-—1 ’

for some positive constant C p k depending only on s, p, K,

+o0 1/p

h o~

lullFrr, = Cspx ( > 2 Pnuhnip) , (66)
' h=-—1

(1) If s > 0, the same result stated in (i) is still valid when a distribution sequence
{”h};{iil satisfies the condition (b) and

(a’) there exists a constant K > 1 such that
suppiiy € B)"® = (g e R" ¢ |g|y < K2"M), forall h > —1,

instead of (a) (notice that B%K = Ciwl‘K).

4 Proof of Theorem 1

Following closely the arguments in Coifmann—Meyer [3], see also Garello-Morando
[7], one proves that every zero order symbol in F Lf MS/?,, 5 (V) can be expanded into
a series of “elementary terms”.

Lemma3 Forp € [1, +oo], r > ML*q (being q the conjugate exponentof p), N > n+1
positive integer and § € [0, 1], let a(x,§) € fLrpyMSg,M(N). Then there exist a
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sequence {ci}rezn C Ry satisfying > ¢ < 400 such that
keZ

a(x, &) =Y crar(x, &), (67)

keZ

with absolute convergence in L (R" x R™).
More precisely for each k € 7"

+00
ar(x, &) = Y di()Y (), (68)

h=—1

with suitable sequences {dk} ~inFL ! ﬂ]—"Lp M and {wh }hf 1 in C§°(R™), obeying
for some positive constants C Hand K > 1 the following conditions:

@ lldllFp < H, ||d,’;||ﬂ,, < tha(r_m>forallh =-1,0,...;

(b) suppt/fh cel® n=-1,0,.
(©) 8%y f (&) < c2=(@l/Mh, Vé € R”, || < N.

In view of (50) and condition (b) above, the expansions in the right-hand side of (68)
has only finitely many nonzero terms at each point (x, £). Conditions (a)-(c) above
also imply that ax (x, &) defined by (68) belongs to ]—'Lf’MSgM(N) for each k € Z".
A symbol of the form (68) will be referred to as an elementary symbol.

The proof of Theorem 1 follows the same arguments as in [9]. Without loss of
generality, we may reduce to prove the statement of the theorem in the case of a
symbol a(x, &) € fo,MS/OW,S(N)' Also, because of Lemma 3, it will be enough to
show the result in the case when a(x, &) is an elementary symbol, namely

+00
ax, &)= Y di(x)yn(&),

h=-—1

where the sequences {dh} e and {wh} n—_1 Obey the assumptions (a)—(c).
In view of Lemma 3 there holds

+o0
a(x, Dyu(x) = Y dy(x)up(x), Yu € SR"), (69)
h=-—1

where
up = Yp(D)u, h=-1,0,.... (70)
Let{@e¢}¢>—1bean M-homogeneous dyadic partition of unity; then we may decompose

(69) as follows

+o0  +0
a(x, Dyu(x) = Z Z dpe(up(x) = Tu(x) + Tou(x) + Tzu(x), (71)

h=—1t=—1



1202 G. Garello et al.

where it is set

+o00  h—Ny

T =) Y dne@un), (72)
h=Ng—1t=—1
400 h+No—1

Tu(x):= Y > dpe@up(x) (4 :=max{—1,h = No+1}), (73)
h=—1 {=¢,
+oo0  £—Np

Tyu(x) = Y Y dpex)up(x), (74)
€=Nop—1 h=-1
with sufficiently large integer Ny > 0, and
dne:=@(D)dp, h,t=-1,0,.... (75)
The proof of Theorem 1 follows from combining the following continuity results
concerning the different operators 71, 7>, T3.
Henceforth, the following general notation will be adopted: for every pair of Banach

spaces X, Y, we will write || T || x— y to mean the operator norm of every linear bounded
operator T from X into Y.

Lemma4 Forall s € R, Ty extends to a linear bounded operator
Ty : FLY yy — FLY (76)
and there exists a positive constant C = Cy, , such that

Tz rpr =< C sup |ldpllFp (77)
s,\M s,\M h>—1

Proof Taking No > 0 sufficiently large, we find a suitable 7 > 1 such that
suppm gC;:/I’T, for —1<€<h— Ny and h > Ny — 1.

Then in view of Proposition 3 (i), for every s € R a positive constant C = Cy , exists
such that

h—Ny p
sh o .
17w, <C > 273" dyoun|
M h>No—1 =1 Lp
on the other hand
h—Ny h—Ny h—No

D dpoun = Qm)™ Y dpgx ity = Q)" Y gudy * i
=1 =1 =1
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hence Young’s inequality yields

h—Ny h—No
S dneun| =@ Y gudi| Nl
=—1 Lpr =—1 Ll
and, in view of (54),
h—Ny h—No
> ey / 3 ou®)ld(©)lds < / |dn(©)ldE = |yl
l=—1 Ll {=—1

Combining the preceding estimates and thanks to Lemma 3 and Proposition 2 we get

p

h o~
||T1u||7_-Lp < C(sup ||dh||le> E 25 p|uh|IL7,,
h>—1

h>Ny—1

P
< | sup lldpllzpr) Null,
(hz_l 7 ‘7:L§,M

This ends the proof of lemma. O
Lemma5 Foralls > (6§ — 1) (r — ﬂ) T» extends to a linear bounded operator
T,:FL", — FL? 78
2 sM sH(1— 8)(r_uiq) M ( )
and there exists a positive constant C = Cy,_ p,r,s such that
—§(r——\n
1Tall ez, et < ¢ sup 27 0E Yyl )

+(1— 6)(r7u*q) h>—1
Proof Taking Ny > O sufficiently large, we find a suitable 7 > 1 such that
suppdycun C{E ¢ 1€l = T2}, for ey <€<h+No—1, h=—1 (80)

and where ¢;, := max{—1,h — Nog + 1}. From Proposition 3 (ii), for s > (§ —
1) (r — ﬂ) we get

- 5) ))h hNo—1 4
s r—-t- p
T2l » Z > dueun|

H—(I—B)(r—ﬁ),M h>— 0=t Lp
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and again from Young’s inequality

h+No—1 h+No—1 h+Np—1
o . . . —
E dpeup|| < 2m) E dpe * itpllLr < (27) E ldn, el llunllp s
=0, I» =0, =0,

< ¢ < h+ Ng — 1 is bounded

thus, since the number of indices £ such that ¢
independently of / one has

P
1Tl
s+(176)(r—r*q),M
)4
h+No—1
s+(l —_ V)np — R
<Cc) 2 2(~7)) > lidn.ellr lldnll
h>—1 =g,
h+No—1
s+(1 Wr—-"=))hp, ~ 7
< Cho.p Z »(r=3t7)) Na@ll? > lidnell],
h>—1 =g,
. 5( . )h h+No—1 o
hp n—hp | ~ hpn—0(r—747 )hp
= Cny,p Z 25hP 2~ g p“”h”il orhpy Txq Z ||dh,f||€p~
h>—1 =ty
Notice also that Holder’s inequality yields
1/q ,
nh_
il = /MK @0 (E)|dE < il /MK dg ) < Cliylr2ma,
c, c,
hence
_mhp .
27w iy ), < Cllanlly,
Moreover, for a suitable constant Cy, > 0 depending only on N,
h < Cny28, for £, <€ <h+ Ny—1.
Hence we get
h+No—1
—§(r—-"")\h ~
2rhp2 (f /,L*q) )4 Z ”dh,@”ip
=Ly
h+Ny—1
—8(r—-"—)hp 0py
< Chp.r.p2 (=3t7) > 2P dp el
=ty
~ —8 r— hp ~
CN()r 14 ( M*q) ”dh”]_—Lp C No,r,p p’



Microlocal regularity of nonlinear PDE in quasi-homogeneous. .. 1205

where

H:= sup 2“3("W)h||dh||ﬂp : 1)
h>-1 M

and, in view of Proposition 2,

“+o00
P ~ hp e~ 1P ~ P
I T2ull?, » < CrorpH? Y 2Nl < Chg,pors HY Il
s+(175)(r7ﬁ>,M h——1 s.M
This ends the proof of Lemma 5. O

Remark8 Since for 0 < 5 < Land r > -2 we have s + (I — 8) (r— #"—q) > s,

as an immediate consequence of Lemma 5, we get the boundedness of 73 as a linear
operator 7> : FLfM — .FLfM.

Lemma 6 Forall s < r, T3 extends to a linear bounded operator

Ts: FL? L? 82
317 s+G=1(r—727 ). M = Pl (82)

Hxq

and there exists a positive constant C = Cy, p , such that

—§(r——"\n
T30l 71 ~FLr, =Csup 2 (=5q) ldnllgrr - (83)
s,M h>—1 rM

J’+(6*1)(V*ﬁ),M

Moreover for 0 < § < 1 and arbitrary ¢ > 0, T3 extends to a linear bounded operator

. p P
T3 FLY ooz~ FLu (84)

and there exists a positive constant C = Cy p . such that:

76<r7L)h
1751 £ r p <C sup?2 wa )\ dpllgpe (85)
]:Ls+5r—(a—1)lqu.Mﬁ’7:Lr.M hzf)l FLy

Proof Let us prove the first statement. For Ny > 0 sufficiently large we have

suppmgcg, for£ > Nop—1, —1 <h <{— Ny.
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Hence Proposition 3 and Young’s inequality imply, for finite p > 1,

£—Ny — NO
slp _ sep
”T3””fL" =C Z 27| 3" dygun| =C Z 25 | N dy g iy
£=No—1 h=-1 Lp  t=No—1 h=—1 Lp
£—Nyp
l
<C Z 25tr ( 3 ||dhe||Lp||uh||Ll>
{=Np—1 h=—1
+oo /€—Ng p
s—r)Arl 7 ~
=Cy (Z 26=ntyr ||dh,z||u||uh||g>
{=No—1\h=—-1

(86)
(with obvious modifications in the case of p = 400); on the other hand, condition (a)
and Proposition 2 yield

+00 s ; .\
Z 2P \\dy e}, < H2 <r_m)p , forh > —1,
=1

hence
2 \dnellLr < H2‘5<“Tw)h, for £ > —1, (87)

where H is the constant in (81).
Combining (86), (87) and using Bernstein’s inequality

— ~
2w upllpr < Cllunlize (88)

we get

& 8(r—52 )h '
ITsull gy < CHP Z P AR AN ||u7,||L1>

h=—1

=Ny— 1(

=N p

— CHP Z ( 2“”<‘h>2<“>hz‘3(*‘u'iq)hzwzu'lqhn@ng)

0=Nyg—1 \h=—1

=Ny . p
(Z gttt “*q))hz‘ﬂq”u@nﬂ)

h=—1

= CH? Z

{=Nop—1

+o00 - P
< CHP Z (Z Z(S—r)(f—h)z(s-i-(é—l)(r—#:q))h”@”LP) .

t=Ny—1 \h=—1

The last quantity above is the general term of the discrete convolution of the sequences

_ +(6—1) k.~
b= M yon 1, = {z(s (7)) N1 Lo Yo No—1-
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Since b € ¢!, for s < r, discrete Young’s inequality and Proposition 2 yield

< CHPbllgleler < CHP 3 2l 00058)P ze,
(>—1

IT5ull,, <

< CH”|lul| z;» .
s+(a—|>(r—L),M

Hxq
This proves the first continuity property (82) together with estimate (83).
Let us now prove the second statement of Lemma 6, so we assume that § € [0, 1[.
For an arbitrary ¢ > 0 similar arguments to those used above give the following
estimate

£—Nyp P
ITsully, <€ Z 2| Ny x i
=Np—1 h=—1 Ly
{—Ny p
<c Z 2 (7 ldn. el @l
=Ny—1 h=—1
+o0 £—No b
=c > (X 2ttt el

t=No—1 \h=—1

+oo /6Ny Pla si—n,
—&h hpArep 7 -~
<Cc > (D> 2 > 252y 117 N7
{=No—1 \h=—1 h=-1
+o0  £—Np
hparep i 1P 1 1P
<Cep Y Y 2P Pldn ] Nanll]
{=No—1h=—1
+00
h £
=Cep 2 3" 2Py )] T
h=—1 {>h+No

(89)
where in the last quantity above the summation index order was interchanged.
Again from condition (a) and Proposition 2

¢ §(r—-2 hp
Z 2 p”dhvf'l[L’P =G, l’”dh”]-'LfM <C,pH"2 ( “*‘1> ,
£>h+No '

with H defined in (81). Using the above to estimate the right-hand side of (89),
Bernstein’s inequality (88) and Proposition 2 we obtain
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+00

hpAS(r—252 )hp ~
ITsullzyp < CroepH? oo P’ =ia) 2117
h=—1
= <+3 (6=1)-2 )h
e+8r—0—=1) 7~ Jhp , ~
<CrepH? Y 2 wsa )P @7
h=-—1
<CrpaHp||””]_—Lp .
e+8r—(6=1) g .M
This completes the proof of the continuity (84) together with estimate (85). O

Remark 9 Let us collect some observations concerning Lemma 6.
We first notice that for s < r the boundedness of 73 as a linear operator 73 :
F Lf’ u = F Lg  follows as an immediate consequence of (82), since F Lg u =
LP
SH(6— 1)(r—)ﬁq) M
Regarding the second part of Lemma 6 (see (84)), we notice that the Fourier-

Lebesgue esponent ¢ 4 5r — (6 — 1) L, with any positive ¢, is a little more restrictive

for § and r under the assumptions of Lemma 6.

than the one that should be recovered from the exponent s + (§ — 1) (r — ﬂ) in the
first part of the Lemma, in the limiting case as s — 7.

Notice eventually that when 0 < ¢ < (1 —4) <r — ;L_q) is considered in the second
part of the statement of Lemma 6, then € + 6r — (§ — 1)— < r. Hence we get the

boundedness of T3, as a linear operator 73 : fLr = ]—"Lr y-aslongas0 <48 <1,
as an immediate consequence of the boundedness (84).

5 Calculus for pseudodifferential operators with smooth symbols

In this section we investigate the properties of pseudodifferential operators with M-
homogeneous smooth symbols introduced in Sect. 2.3.

At first notice that, despite M-weight (3) is not smooth in R”, for an arbitrary vector

= (1, ..., uy) € R, one can always find an equivalent weight which is also a
smooth symbol in the class § 1}/1

More precisely, in view of [11, Proposition 2.9], the following proposition holds
true.

Proposition 4 For any vector M = (i1, ..., uy) € R} there exists a symbol m =
wm (&) € S) | independent of x,which is equivalent to the M-weight (3), in the sense
that a positive constant C exists such that

1
oM E) = (Elm = Cru(§), V&€ R™. (90)

In view of the subsequent analysis, it is worth noticing that in the case when the vector
M has positive integer components, in Proposition 4 we can take my (§) = (§) y.
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5.1 Symbolic calculusin § M 5.k
The symbolic calculus can be developed for classes S 5 . thus pseudodifferential
operators with symbol in S} ; - form a self-contained sub- algebra of the algebra of
operators with symbols in SX}I soform € R,k > 0and 0 < 8 < py/pu*. The main
properties of symbolc calculus are summarized in the following result.

Proposition5 (i) Form,m’ € R,k > 0and$, 8’ € [0, 1], considera(x, &) € SMSK,
b(x,§) € SM s 05V €L} Then
(0,1/M)+8(v,1/M)

da(x, &) e SMSK N (ab)(x, €) € s;ﬂgx{mk o1

(ii) Let {m J} o be a sequence of real numbers satisfying:

mj>mjy;, j=0,1,... and lim m; =—00 (92)
' ' j—+o0o

and {aj}+°° be a sequence of symbols aj(x,§) € S;}%  Jor each integer j > 0.
Then there exists a unique (up to a remainder in S~>) symbol a(x, &) € S7° M5k
such that
a— Z aj € S"Af,”vs’l(, for all integers N > 0. (93)
Jj<N
(iii) Leta(x, &) and b(x, &) be two symbols as in (i), and assume that 0 < 8 < /™.
Then the product c(x, D) := a(x, D)b(x D) is a pseudodifferential operator with
symbol ¢(x, &) = (aftb)(x,&) € S;{f:;,’,’ o Where 8" := max({8, 8'}; moreover this
symbol satisfies

|| *

atb — Z (=9 Béaaab ST,IJ%T — (/=8N , for all integers N > 0.
|| <N o!

%94

Proof (i): From estimates (16), (17), it is very easy to check that for any multi-index
0 el

a(x,&) € Sy 5, implies Bsa(x £) e SMail/M>’

hence we can limit the proof of (i) to 6 = 0 and an arbitrary v € Z" , v # 0.

Leta, B € Zi be arbitrary multi-indices and assume, for the first, that (8, 1/M) #
k;if (v + B, 1/M) # k, we then get
(@, 1/M)+8((v+B,1/M)—k)

0¢8P (30a) (x, )] < Coapl€)y o
(a, 1/M)+8(v, 1/ M)+8((B,1/M)— ©5)

< Coapl&)y ,

in view of (16) and the sub-additivity inequality (x 4+ y)+ < x4 + y4.
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Assume now that (v + 8, 1/M) = «; then

1629 (82a) (x. )| < Coap(®)y @M log(1 + (£)3)), (96)

in view of (17). Since (v+ B8, 1/M) = k and (B, 1 /M) # « imply (B, 1 /M) < « and
(v, 1/M) > 0, then

§(v,1/M (v, 1/M)+38((B,1/M)—
log(1 + (§)4) = Cup @)™ = iy, MmO

which, combined with (96), leads again to (95).
Assume now that (8, 1/M) = k. Since also (v, 1/M) > 0, from (16) we get

—(a,1/M)+8((v+B,1/M)—
19207 (87a) (x, )] < Coaplg)y /A=

—(a, Nl
< C) g pl&)yy @VMTWIM 1001 4 (6)5)),

because ((v + B, 1/M) — k), = (v+ B,1/M) —k = (v, 1/M) and we also use the
trivial inequality
log2 < log(1 + (£)3,), V& eR". (97)

The preceding calculations show that dya(x, £) € Sﬁ;’?i"’l/ M)

Similar trivial, while overloading, arguments can be used to prove the second state-
ment of (i) concerning the product of symbols.
(ii) It is known from the symbolic calculus in classes SX,’,, s> ¢f. [10, Proposition 2.3],

that for a sequence of symbols {a j};ﬁf’), obeying the assumptions made in (ii), there

exists a(x, &) € S;"j) 5> which is unique up to a remainder in S~ such that

a— Z aj € SIT,I”VS, for all integers N > 0. (98)
Jj<N

It remains to check that a(x, &) actually belongs to SX,’IO s> namely its derivatives
satisfy inequalities (16), (17). In view of (98), for any positive integer N, the symbol
a(x, &) can be represented in the form

a(x,§) =ayn(x,&) + Ry(x,§), (99)
whereay :== ) ajeRy € ST,,N(S.
j<N ’
Since jEToo m; = —oo, forall o, B € Z} aninteger Ny g > 0 can be found such

that

MmN, +8(B, 1/M) <mo+8((B, 1/M) — i)y, if (B, 1/M) #«,

. (100)
MmN, 4 + 8k < myg, if (B,1/M) =«,

hence let a be represented in form (99) with N = Ny g (from the above inequalities
Ny, g can be chosen independent of «, as a matter of fact). Since {m ;} is decreasing,



Microlocal regularity of nonlinear PDE in quasi-homogeneous. .. 1211

froma; € SX;{S’K for every j > 0, we deduce at once that ay, , € SAm/105 . As for the

remainder Ry, ,, from Ry, , € S M IS 1nequa11tles (100) and (97), we deduce

No,p— (ot 1/M)+8(B,1/M)
19208 Ry, , (¥, €)1 < Cap(&)yy ™
—(a, 1/ M)+ ((B,1/M)— .
- C&yﬁ(é)?& (% / )+ ((.3 / ) K)+’ lf (ﬂ,l/M> #I{,
= —(a,1/M .
CL @)y M log(1 + ()3, if (B.1/M) =«

From (99) with N = N, g and estimates above, we deduce

92 0la(x. £)] < 192 0lan, ,(x. &)] + 1920 Ry, , (x. £)]
Cy )y~ MmO g g1 M) £k,
c;’,g<s>’" Tl og(1 4 (£)3,). i (B, 1/M) =k

and, because of the arbitatriness of & and B, this shows that a € S} M.S.4c

(iii) By still referring to the symbolic calculus in classes S%; .5 cf [10, Proposition
2.5], it is known that the product of two pseudodifferential operators a(x, D) and
b(x, D) with symbols like in the statement (iii) is again a pseud0d1fferent1al operator
¢(x, D) = a(x, D)b(x, D) with symbol c¢(x, §) = (afh)(x, &) € Sm%’,’,' ,if0 <8 <
s/ L5 moreover, such a symbol satisfies

a .
cx.&)— Y “ ) T 8fa(x, £)0Tb(x, &) € Syt TN N s 1 (101
la|<N !

To end up, it sufficient applying statements (i) and (ii) above to the sequence {ck},f;’(‘j
of symbols

_ ik
ck(x.8) =Y (a") Ya(x,£)0%b(x, ), k=0,1,....

lo|=k

m+m’—(1/p* =8/ )k
M 8//

integers k > 0. Since the sequence {mk} %y oforders my :=m—+m'—(1/u*—8"/ s )k
is decreasmg, inview of 0 < & < s/ u 1t follows from (ii) that a symbol ¢(x, &) €

SX’/IE',',' exists such that the same as (101) holds true with ¢(x, &) instead of c(x, &);

moreover, from uniqueness of ¢(x, &) (up to a symbol in S™°°), it also follows that

c(x, &) —c(x, &) € ST, hence the symbol c(x, &) actually belongs to SX,’,J:S’,'/Z .o

From statement (i) it is immediately seen that cx(x, &) € S for all

5.2 Parametrix of an elliptic operator with symbol in S} 5.k
In order to perform the analysis of local and microlocal propagation of singularities
of PDE on M-Fourier-Lebesgue spaces, cf. Sect. 7, this section is devoted to the
construction of the parametrix of a M-elliptic operator with symbol in S7 M5k
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We first recall the notion of M -elliptic symbol, we are going to deal with, see [9,10].

Definition 7 We say thata(x, §) € S;‘”L s> or the related operator a(x, D), is M-elliptic
if there are constants ¢op > 0 and R > 1 satisfying

la(x, £) > col€)ry, V(x,&) e R*™, |&|y > R. (102)

Proposition6 Form € R,k > 0and0 < § < s/ u*, let the symbola(x, &) € S,’(,’,,SVK

be M-elliptic. Then there exists b(x, &) € S;,Img . such that b(x, D) is a parametrix of
the operator a(x, D), i.e.

b(x, D)a(x, D) = I +1(x, D), a(x,D)b(x,D)=1+r(x, D),  (103)

where 1 is the identity operator and [(x, D), r(x, D) are pseudodifferential operators
with symbols l(x, &), r(x, &) € ST

Proof The proof follows the standard arguments employed in construcing the
parametrix of an elliptic operator, see e.g. [5].

The first step consists to define a symbol by (x, &) to be the inverse of a(x, &), for
sufficiently large &, that is

bo(x, &) := ()" F ((6);,"a(x, &), (104)

with some function F = F(z) € C*(C) satisfying F(z) = 1/z for |z| > ¢o and where
co is the positive constant from (102). From the symbolic calculus in the framework of
Si1.5 (cf. [10]), itis easily shown that by (x, §) € S/_w”'g and p| (x, &) := (atthy) (x, &) —
le ST,,:S(I/ W81 where, according to the notation introduced in Proposition 5-(iii),
attbg stands for the symbols of the product a(x, D)by(x, D).

Then an operator b(x, D) satisfying the second identity in (103) (that is a right-
parametrix of a(x, D)) is defined as b(x, D) := by(x, D)p(x, D) and where p(x, D)

+oo .
is given by the Neumann-type series p(x, D) = > ,0{ (x, D); more precisely, p(x, D)

is the pseudodifferential operator with symbol associated to the sequence of symbols
pj(x, &) € SA_,,(’(IS/ W =3/1mJ recursively defined by

po:=1 and p;:= p18pj_1, for j =1,2,.... (105)

Since the sequence of orders —(1/u* — §/u4)j tends to —oo, once again in view of
the symbolic calculus in S]‘f,lo’a (cf. [10]), a symbol p(x, &) € SR/I,B such that

o — Z pj € SA_,I(’(IS/M*_(S/M*)N, for all integers N > 1, (106)
j<N

is defined uniquely, up to symbols in S~°°.
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One can finally show that b(x, D), constructed as above, is a (two sided) parametrix
of a(x, D), see e.g. [5, Ch. 4] for more details.

In view of Proposition 5, to end up it is sufficient to show that the symbol
bo(x,&) € S;/"g, defined in (104), actually belongs to SA_,I"S .- that is its derivatives
satisfy estimates (16), (17). Since these estimates only require a more specific behav-
ior of x—derivatives, compared to a generic symbol in S35, we may reduce to check

their validity for x —derivatives alone. Because (& )&ma(x, &) e Sg,l 50> WE are going

to only treat the case of a symbol a(x, &) € S?,I St
For an arbitrary nonzero multi-index 8 # 0, from Faa di Bruno’s formula, we first

recover
Id

00000, O <Y G > 19 atx ). 19 alx. )1, (107)
k=l gl tpl=p

where Cy is a suitable positive constant depending only on £ > 0 (notice that the
function F is bounded in C together with all its derivatives), and where, for each
integer k satisfying 1 < k < |B], the second sum in the right-hand side above is
extended over all systems {8, ..., 8%} of nonzero multi-indices g7 (j = 1, ..., k)
such that B! + - - + gk = B.

To apply estimates (16), (17), different cases must be considered separately.

Let us first assume that (8, 1/ M) # k. Since a € S/?/l,s,;«’ we have

198 a(x, )] = CHEP T or 19 atx, £)] = C;log(1 + (€),), (108)

for_all integers 1 < k < |B] and 1 < j < k, according to whether (,Bj, 1/M) # k or
(B, 1/M) =k, and suitable_: constants C; > 0.

If(B,1/M) <« then (B/,1/M) <k forall j =1,...,kandevery 1 <k <|B]|,
and

3 A/ M)—
108bo(x. £)] < Cp = Cple) i P1/M=0+

follows at once from (107) and (108), with suitable Cg > 0.
Assume now (B, 1/M) > «, so that, for a given integer 1 < k < |B| and an

arbitrary system (B',.... 85 of multi-indices satisfying B+ ...+ gk = B, itcould
be either (87, 1/M) # «x or (87, 1/M) = k for different indices j = 1, ..., k;uptoa
reordering of its elements, let {81, .. ., B5) be split into the sub-systems {8, ..., BX}

and {BK*+1, ..., BK} (for an integer k” with 1 < k' < k) such that (87, 1/M) # « for
all1 < j <k’ and (B¢, 1/M) =k forall K’ + 1 < € < k.2 In such a case, from (107)
and (108) we get

1Bl /
5 1 _ K1 _
|35b0(x,§)| < § Cy § <§)1\/{1((ﬂ [M)—=k)4+-+{(B 1/ M)—K)+}
k=1 gly..4pk=p (109)

x (log(1 + (€))7 .

2 Of course when k = 1 then only (/31, 1/M) = (B,1/M) > k can occur.
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Under the previous assumptions, it can be shown that

(B /M) — 1)+ -+ (B 1/M) — 1) < (B, 1/M) — k)4,

where we have set 8/ := B! +--- + ¥ Suppose (8, 1/M) < « (thus (8, 1/M) —
k)4 = 0); since (B, 1/M) > k, we have

S{U(BY 1/ M) =) 4 +-+((BX 1/ M)— k—k'

< (€)= (10g(1 4 (8)3)) T = (log1 + 8)3) " (110)

SUB, 1/ M)— S(B.1/M)—
SCﬂ,k,k’(%_)/y([w /M)=r) Ecﬂ,k,k’@:)ﬂ,(](ﬂ /M) K)+.

Suppose now (8, 1/M) > « (hence ({8',1/M) — )+ = (B',1/M) — k). Since
(B,1/M) > (B, 1/M), we get

SIUBY 1/ MY—i) g +-+((BF 1/ M)— k=K'

< (@70 (log(1 4+ (8)3) "
= 377 (log (1 + (©)3) iy

8 "1/ M)— 1/MY— (' 1M
fcﬁ,ﬁ/,k)k/@)[é“ﬁ /M)=i)+((B,1/M)—(B',1/M))}

S((B.1/M)—
= Cﬂ,ﬂ’,k,k’(g)ﬂ/([(ﬂ =0 = cp.p ki (&)

8B/ M) —K)

M .

In the boarder cases of a system {8, ..., 5} where either (87, 1/M) # « for all j
or (B7,1/M) = « for all j,3 all preceding arguments can be repeated, by formally
taking k' = kin (110) or B/ = 0 and k’ = 0 in (111) respectively; thus we end up with
the same estimates as above. Using (110), (111) in the right-hand side of (109) leads
to

B A/ M)y—
10Bbo(x, £)] < Cp()o P/

5.3 Continuity of pseudodifferential operators with symbols in Sﬂ, 5.k
Throughout the rest of this section, we assume that M € R’} has all integer compo-
nents. The Fourier-Lebesgue continuity of pseudodifferential operators with symbols
in S}l",ly 5. 1s recovered as a consequence of Theorem 1.

Taking advantage from growing estimates (16), (17), we first analyze the relations
between smooth local symbols of type S /’(f, 5.« and symbols of limited Fourier—
Lebesgue smoothness introduced in Sect. 2.2.

Proposition7 For M = (uq,...,un) € N, m € R, § € [0,1] and k > 0, let the
symbol a(x, &) € Sy s . satisfy the localization condition (19) for some compact set

3 Notice that, under (8, 1/M) > «, this second case can only occur when k& > 2.



Microlocal regularity of nonlinear PDE in quasi-homogeneous. .. 1215

IC C R". The for all integers N > 0 and multi-indices a € 7", there exists a postive
constant Cy y xc such that:

N —(a, S(N— .
(N 192a (. )] < Coyicl€)yy @MWV i N £k, (112)

(MNEan. )] < Can @)y @™ logl + )3, if N=k, (113)

where a(n, &) is the partial Fourier transform of a(x, €) with respect to x:

am, &) :=a(, 5)n), V(&) e R,

Proof For an arbitrary integer N > 0 we estimate

my=Cyv Y. Il VneR", (114)
(B.1/M) <N

with some positive constant Cy > 0 (independent of M), hence for any « € Z'}

mylgam.el<cy Y. IPagamel=cy Y. 18fa¢an. ©)]
(B, 1/M)<N (B.1/M)=<N
=Cy Z

/e—""'Xafaga(x,s)dx <Cyv Y. /}waaga(x,gndx.
(B,1/M)<N (B.1/M)<N

Thus, we end up by using estimates (16), (17) under the integral sign above. O

Remark 10 Notice that estimates (113) are satisfied only when « > 0 is an integer
number.

As a consequence of Proposition 7 we get the proof of Theorem 2

Proof of Theorem 2 For « satisfying (18), consider the estimates (112), (113) of a(n, &)
with N = N, := [n/us]+1.Forsure, estimates (113) cannot occur, since N, is smaller
than «, whereas estimates (112) reduce to

08a(n. )] < Can,ic®)yy @My Yae) eR. (115

On the other hand, the left inequality in (6) yields
)y = Clmy ™Mo, W e R

from which, (-)&N* e L' (R") follows, since j15x Ny > n. Then integrating in R’; both
sides of (115) leads to

16¢at, ©)llrpr < Canct)y ™, veeRr", (116)
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which are just estimates (11).
For an arbitrary integer r > 0, we consider again estimates (112), (113) of a(n, &)
with N = N, :=r + [n/u«] + 1. Notice that from (18)

Ny —k < Ny —[n/us]—1=r, hence (N, —k)y <ry=r.

Then (112), (113) lead to

N N, —{a,1/M)+8 .

(M 102a (1. &) < Can, ity €)@ if N, # &,
A N, —{a,1 .

()4 102a(n. )] < Coun,ictn)yy " )y @M log(1 + (£)3,). otherwise,

where N, = [n/u] + 1 as before. Then using the trivial estimate
log(1+ (§)}) < Cr(£)y;, VE R (117)

and integrating in R} both sides of inequalities above gives

—(a,1 38
l0ga(n O)llg < Canpxc@)y @M veEer 19

which are nothing else estimates (12) with p = 1 (so ¢ = +00). Together with (116),
estimates above prove that a(x, £) € F Ll’ MSJ’(’,,’ s (), for all integer numbers r > 0
and N > 0 arbitrarily large.

Then applying to a(x, &) the result of Theorem 1 with p = 1 and an arbitrary
integer » > 0 shows that a(x, D) fulfils the boundedness in (20) with p = 1.

Now we are going to prove that the same symbol a(x, &) also belongs to the class
FL(N) with an arbitrary integer number r > 1/, and N > 0 arbitrarily large,
so as to apply again Theorem 1 to a(x, D) with p = +o0. To do so, it is enough
considering once again estimates (112) for a(n, &) with an arbitrary integer N = r >
k; noticing that, under the assumption (18),

F—k <r—n/ue hence (r—k)y < (r—n/u)s =r —n/ps,

estimates (112) just reduce to
l0gaC, &) F1x, < Copicle)yy @My g e Y, (119)
3 M 7 M

which are exactly estimates (12) with p = +o0o (the number of & —derivatives which
these estimates apply to can be chosen here arbitrarily large). So, as announced before,
Theorem 1 can be applied to make the conclusion that the boundedness property (20)
holds true for a(x, D) with p = 400 and an arbitrary integer r > «, and this shows
that a(x, D) also exhibits the boundedness in (20) with p = +o0.

To recover (20) with an arbitrary summability exponent 1 < p < +o0 it is then
enough to argue by complex interpolation through Riesz-Thorin’s Theorem. O
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Remark 11 Let us remark that assumption (19) on the x support of the symbol a(x, &)
amounts to say that the continuous prolongement of a(x, D) on F LS +m, y takes values

in F Lﬁ y only locally, see the next Definition 8.

6 Decomposition of M-Fourier-Lebesgue symbols

As in the preceding Sect. 5, we will assume later on that vector M = (uy, ..., ty)
has strictly positive integer components.
Form,r e R, p € [1, +00], § € [0, 1], we set

o0
FLL S s = ﬂ FLL S s(N)
N=I1

and F Lp uSy =F Lf uSH w.0- In order to develop a regularity theory of M-elliptic
linear PDEs with M- homogeneous Fourier—Lebesgue coefficients, in the absence of
a symbolic calculus for pseudodifferential operators with Fourier—Lebesgue symbols
(in particular the lack of a parametrix of an M -elliptic operator with non smooth coeffi-
cients), following the approach of Taylor [23, §1.3], we introduce here a decomposition
of a M-Fourier-Lebesgue symbol a(x, §) € F Lf, Sy as the sum of two terms: one
is a M-homogeneous smooth symbol in S}; 5 and the other is still a Fourier-Lebesgue
symbol of lower order, decreased from m by a positive quantity proportional to §,
where 0 < § < 1 is given, while arbitrary.

Such a decomposition is made by applying to the symbol a(x, &) a suitable “cut-
off” Fourier multiplier, “splitting in the frequency space the (nonsmooth) coefficients
of a(x, &) as a sum of two contributions”.

Let us first consider a C*°—function ¢ such that q)(é) 1 for &Yy < 1 and

$(&) = Ofor () > 2. Witha givene > 0, we set ¢ (e £) = ¢>(g’"1§1 gﬁgn)

and let ¢ (8ﬁ D) denote the associated Fourier multiplier.
The following M-homogeneous version of [23, Lemma 1.3.A], shows the behavior

of ¢ (8% D) on M-homogeneous Fourier—Lebesgue spaces.
Lemma?7 Let p € [1, 4+00] and ¢ > 0 be arbitrarily fixed.

(i) For every B € 7 and r € R, the Fourier multiplier Dﬁqﬁ(eﬁD) extends as a

bounded linear operator Dﬂqﬁ(sﬁ D) : FLf’M — ]:Lf,M and there is a positive
constant Cg, independent of ¢, such that:

1 (g L
||Dﬁ¢(eMD)u||foM < Cge (ﬂ’M>||u||}-LfM, VueFL! (120)

(ii) Forallr € Randt > 0, the Fourier multiplier I — ¢(8ﬁ D) (where I denotes the
1
identity operator) extends as a bounded linear operator [ — ¢ (e M D) : ]:Lf’M —
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F Lf_t y and there exists a constant C; > 0, independent of ¢, such that:
L
lu— ¢ Dyullpr < Cie'llullppr . YueFLL s (121)

(iii) Ifr > 2o, where % + é — 1, and B € 7, then DP¢(e"/M D) and I — ¢ (¥ D)
extend as bounded linear operators Dﬁq&(sl/MD), I — qb(s% D) : fo,M —

FL' and there are constants C,.g and C,, independent of ¢, such that:

~(B1mm—o-2)

IDP¢ (™ Dyull g1 < Cr pe el e
. n
if (B, 1/M) #r_u_*q’

DG (M Dyul| £11 < Crlogh/d(1 +e*1)||ullng; ; (122)
if B M) =r =

€1 PR
lu =W Dyullpyr < Cre' " mi ull gy . Yue FLL .

Proof (i): From the properties of function ¢, one can readily show that for any g € Z/}
there exists a constant Cg > 0 such that:

EBp(eME)| < Cpe™BUM | e R, Ve €]0, 1],

Then estimate (120) follows at once from Holder’s inequality.
(i1): Similarly as for (i), for # > 0, one can find a positive constant C; such that:

|(€) (L= Me)| < Cre’, VEER", Ve €0, 1],

then estimate (121) follows once again from Holder’s inequality.

(iii): The extension of D# ¢(8ﬁ D)and I — ¢(8ﬁ D) as linear bounded operators
from F Lf ytoF L' follows at once from a combination of the continuity properties

stated in (i), (ii) and the fact that the space F Lf, yyisimbeddedinto FL! whenr > -

Mg
For (B, 1/M) <r — u%q’ we directly have

1D (6" M Dy pp1 = / 1£8 16/ M E) ()| dE

and 0 < ¢ < 1 implies |§ﬁ|¢(81/Mé) < (é)ﬁg’l/m. Combining the above and since
(VM e L asr — (B,1/M) > 7 Holder’s inequality yields

IDP¢ ("M Dyull 1 < Crppllull zrr -
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1/q
where C, g p := <f Wdé) . The above formulais (122) for (8, 1/M) <

n
r — .
Hxq

For (B, 1/ M) >r — ﬂ we first write

+00
P> e Meyi,

h=-—1

IDPg ™ Dyull g1 = : (123)

Ll
where, for every integer h > —1, we setuy, = ¢y, being {gy, }Z°=71 the dyadic partition
of unity introduced in Sect. 3.

Since ¢ (¢'/Mg)ia;, = 0, as long as the integer & > 0 satisfies 2e ! < %2”_1 (that
is h > log, (4K /¢)), cf. (49), (51), from (123),0 < ¢ <1,

E8] < (&8 1M) <y g2hBIM) - for £ e MK (124)
with a constant Ck g > 0 independent of 4, and Holder’s inequality, it follows

[log, (4K /e)]

IDPp ™MDyl < Y / €7 | (e M &) un (€)1d&
h=-1 C;’”'k
[log, (4K /)]
scep 3 20U [ mee
h=—1 C}}lw'k
[log, (4K /)]
—cep 3 20 [ MEEm@EE (o
h=—1 cik
1/q
[log, (4K /)]
scep 3 2| [2EL 2vaa
h=—1 C;’”'k

[log, (4K /&)]

ho |~k
< Ck.Bnp E 2% 12" | e,
h=-—1

where we used f d§ < Cy, K,,,Zhui*, for a constant C, g, independent of &, and
CM k

itis set Cg gn,p := Ck ﬁC* Ko and o := (B, 1/M) — (r — M—) Hence, we use

discrete Holder’s inequality with conjugate exponents (p, ¢) and the characterization

of M-homogeneous Fourier—-Lebesgue spaces provided by Proposition 2 to end up
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with
[log, (4K /e)] 1/q
IDPg &M Dyl < Crponp | Do 20| Mullgye o (126)
h=—1 '
and
[log, (4K /&)] [log, (4K /8)]
2hoq — poq([log (4K /)]) 2—0q([log (4K /e)]—h)
R 2 127

< (4K /e)°1Cyq = Ck 0,98 74,

where Co g 1= ) 2794J is convergent, as o > 0, and Ck ,0,q :=4KCs 4 is indepen-
Jjz0
dent of ¢. Inequality (122); for (8, 1/M) > r — uan follows from combining (126),
(127).
To prove (122),, we repeat the arguments leading to (123)—(126) where (8, 1/ M) =
r— /t’_:q (that is o = 0), use discrete Holder’s inequality and Proposition 2, to get:

[log, (4K /)]

IDPpE M Dyull 1 < Cxrmp Y. 12" nlILr
h=-—1

[log, 4K /6)] \ /4

<Ckoap | 2 1| lulgpr, (128)
h=—1 '

= 1
= Ckrmp 2+ [log, 4K /2)]) /4 lull g,
< Ciruplog A+ e Dllull g .

The proof of inequality (122)3 follows along the same arguments used above. We
resort once again to Proposition 2 and Holder’s inequality to get

(1= Y w,

h=-—1

1T — ¢ "™MD)ull g = (1 — g™ Na), =

Ll
< Y I —eE Myl
h>10g2(ﬁ)
1— /M, R
< Z H( ¢(8r )) Xn 1) Lo
<'>M L4

h>log2(ﬁ)

where for an integer & > —1, xj, is the characteristic function of C,]:/[’K and we use
(1 — ¢ MYy, = 0 for K21 < 1/, cf. (49), (51). Arguing as in the proof of



Microlocal regularity of nonlinear PDE in quasi-homogeneous. .. 1221

Proposition 2 yields
I yanlle < Crp2 " anlle, V= —1,

with positive constant C, ;, depending only on r and p. Using again the properties of
functions ¢ and ¢j,’s, we also get, for any 7 > —1,
(1—p(e'/Mg))

q
o /CM Ge

< Cr,qz_rhq /M K dg = Cr,[i,ﬂ*,K,;zzh(_rq+n/M*)
C B

h

” (1 =™ xn
(

5

a 1
dg& < ——d
5= /c”” &) :

h

(with obvious modifications in the case of ¢ = oo, that is p = 1); here and later on,
Cr.p. ..k ,n Will denote some positive constant, depending only on r, p, 14, K and
the dimension #, that may be different from an occurrence to another.

Using the above inequalities in the previous estimate of the L!—norm of (I —
@ ("M .))ii, together with Holder’s inequality and Proposition 2, we end up with

h(—r+-1 ~
1= MDYl ppr < Croppokn Y 2" i) 27y Lo
h>log2(ﬁ)

1/q

h(— hp (1~
= CrpKon Z hiratn/iy Z 2 p”uh”ip
) h>—1

1/p

h>log2(2,l(£

1\t Va
C(—rg+n/ s
= CropuKon <m> D ottran/u )) loell e, |

>0
P
= Crpu ke P llullzpe
M,r
since the geometric series y 2b(=rgtn/i) jg convergent for » > /LLq' O
>0 *
Remark 12 As already noticed in the proof of the above Lemma 7, for r > uan the

continuity of the operator D¢ (e ﬁ D) from F Lf AN L' readily follows from the
continuity of the same operator in 7L f i and the validity of the continuous imbedding

of F Lfy ) into F L'; combining the above with the inequality (120) also gives the
following continuity estimate

N

L -
IDP¢ (e Dyull i < Cpe™ P ullppp . Vu e FLL .

Notice however that inequalities (122); » provide an improvement of the continuity

estimate above, as they give a sharper control of the norm of D¢ (¢ w D), with respect
to ¢, as a linear bounded operator in L(F Lf’ w F LY.
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Remark 13 In the case of r > -, applying statement (ii) of Lemma 7 with 0 < ¢ <

g’
r— ILL*({ and taking account of F Lf, uy CF L', with continuous imbedding, yields
that .
L p
lu —p(e™ Dyull g1 < C;8’||u||]_-waM, YueFL, y. (129)

holds true with some positive constant C;, independent of ¢. Notice, however, that the
endpoint case t = r — MLq (corresponding to statement (iii) of Lemma 7) cannot be
reached by treating it along the same arguments used to prove statement (ii) above;

indeed, in general, FL”, , isnotimbedded in FL' (that is (-)_ﬁ ¢ L9).

M*q’M

Let a(x, &) belong to fLﬁMSﬁ and take § €]0, 1]; we define

a(x. &)= ) G279 Dy)alx, )gn (&), (130)
h=-—1
and set
a'(x, &) == a(x, &) —a*(x,8). (131)

As a consequence of Lemma 7, one can prove the following result, which will play a
fundamental role in the analysis made in Sect. 7.4.

Proposition 8 Forr > ML*Q andm € R, leta(x, &) € fo’MS,’(’,I and take an arbitrary
6 €]0, 1]. Then

#
a’(x,€) € Sy 5.0

L
Hxq

n
—5(’—m)

m
. . i I4
where k = r ; moreover a“(x, &) € ]:Lr,MSM,a

Proof For arbitrary o, € Z", from Leibniz’s rule we get
IDEDga* . &)l 711

+00
=y (‘;‘) > IDE¢ % D)DE " a-, &)l 51 |DLen ()]

vse  h=-l (132)
ho+No
= o B o a—v v
_Z(v) > IDE @M D)D" a(, )l p11 [ Dign )],
v=e h=h

whe{e, for~every$ € R”, the integers Ny > 0 (independent of &), hg = ho(§) > —1
and hg = ho(&€) are the same as considered in (50), (56).

On the other hand, because r > urTq’ applying tou = Dg‘_”a(~, &) the inequalities
(122); » with & = 27"% and using estimates (12) and (64), we get for 1 > —1 and

EEC}I}/['K
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_8h — — —
ID¢ @75 D)DE™Va (- &) 511 < Cr g2 PO DEVa ., ) 5pp

(a—=v,1/M)+6((B,1/M)—ic)

< Crapol&)y LA (B M) # x,
IDES@H DYDY a(, &)l ppr < €, log" (1 +2") | DY at, &)l pyy,

< Crawlog"d(1+ (E)3)(E) Y

< Cralog(l + (€)M e (8, 1/M) =k,

(a—v,1/M)

and

(v,1/M)

D ¢n(§)] < Co(§)y .

with suitable positive constants C; g, Cy o ,v» Cr, Cr o,v, C\, independent of 4. Then
summing the above inequalities over all #’s such that ﬁo < h < hg + Ny, from (132)
it follows that

IDEDEa (-, )l 1 < Caplg)yy @VMTPIITO i g 1My £k,
IDEDEa* (-, &)l L1 < Cap®)yy @M log(l +(6)3p. if (B.1/M) =«.
(133)

from which a” (x, &) € ST M.s.x follows at once, recalling that F L' is imbedded in the
space of bounded continuous functions in R”.

As regards to symbol a%(x, £) defined in (131), applying inequalities (121) with
t = 0, together with estimates (12) and (64), and using similar arguments as above,
for all integers > —l and & € C,/:/[’K we find

a O
| Dga (,g)llfoM
ho+No

<> > ( )n(l ¢@ "M D)(DE al el ppr 1D 0n (&)

VU p=py

ho+No

< D CanlDEal.&)lgpr 1D 01 (E)]

v=o h:ii()

<Z Z Cau m (a—v,1/M) @_) (v, 1/M) _Ca@)nﬁz—(, )’

with positive constants Cy, ), Ca ,» Co iIndependent of /; similarly, replacing (12) with

(11) and (121) with (122)3 (with & = 27"%) in the above estimates, we find
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IDga (-, &)l Fp
ho+No

-y Z (i‘>||(1—¢(2‘h5/MD))(D§‘”a(wé))||fL1|Dv‘ph(‘§)|
V=« h=,
h0+N0 —hé(r—i)
<33 2 VTR DE A )y 1D 0 ©)]
VEC p—jy
h n
Y S e U e gy
M M
VEC =y
m—=§ r—m (a,1/M)
< Ca(g)M ( ) ’

where the numerical constants involved above are independent of /. The above inequal-

(-3t o
ities yields a”(x, & eF Lf mSu 3( ! *q), because of the arbitrariness of /4 and that
the C;:/I’K’s cover R”. O

7 Microlocal properties

In order to study the microlocal propagation of weighted Fourier—Lebesgue sin-
gularities for PDEs, this section is devoted to define local/microlocal versions of
M -Fourier-Lebesgue spaces as well as M-homogeneous smooth symbols previously
introduced in Sects. 3, 5, and to collect some basic tools and a few results needed at
this purpose.

7.1 Local and microlocal function spaces

While the main focus of this paper is on M-homogeneous Fourier—Lebesgue spaces,
in this section we define general scales of function spaces, where the microlocal propa-
gation of singularities of pseudodifferential operators with M-homogeneous symbols,
as defined in Sect. 5, will be then studied.
Let us consider a one-parameter family {X}ser of Banach spaces X, s € R, such
that
SR C X C X; ¢ S'(R"), with continuous embedding, (134)

for arbitrary s < ¢. Following Taylor [23], we say that { X }scRr is a M -microlocal scale
provided that there exists a constant ky > O such thatforallm € R, § € [0, 1[,k > g
anda(x,§) € Sy 5  satisfying (19) for some compact K C R", the pseudodifferential
operator a(x, D) extends to a linear bounded operator

a(x,D) : Xy — X, VseR (135)
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In view of Theorem 2, it is clear that for every p € [1, +00] the M-homogeneous
Fourier-Lebesgue spaces {F Lﬁ mser constitute a M-microlocal scale, according
to definition above; in this case the threshold «g considered above is given by ko =
[7/ 4]+ 1. Other examples of M-microlocal spaces are provided by M-homogeneous
Sobolev and Holder spaces studied in [10].4

In order to allow the microlocal analysis performed in subsequent Sect. 7.2, the
following local and microlocal counterparts of spaces X, s € R, are given.

Definition8 Let s € R, xo € R” and £ € R™\{0}. We say that a distribution u €
S’(R") belongs to the local space Xj 1oc(x0) if there exists a function ¢ € CG°(R"),
satisfying ¢ (xo) # 0, such that

du € X;. (136)

We say that u € S’(R") belongs to the microlocal space Xs mel (X0, & 0) provided that
there exist a function ¢ € C§°(R"), satisfying ¢ (xo) # 0, and a symbol ¥ (§) € Ky
satisfying ¥ (§) = 1 on I'yy N {|€|y > &o} for suitable M-conic neighborhood Iy C
R™\{0} of £” and 0 < &g < |£°|y7, such that

YV (D)(pu) € X;. 137)
Under the same assumptions as above, we also write
xo ¢ Xy — singsupp (#) and (xo, f;‘o) ¢ WFx, (u) (138)

respectively.

In the case X* = F Lg -+ it s clear that Definition 8 reduces to Definition 5.

It can be easily proved that Xy — singsupp (u) is a closed subset of R” and is called
the X —singular support of the distribution u, whereas W Fy, (1) is a closed subset
of T°R", M — conic with respect to the & variable, and is called the X —wave front
set of u. The previous notions are natural generalizations of the classical notions of
singular support and wave front set of a distribution introduced by Hérmander [15],
see also [16].

Let 71 be the canonical projection of T°R” onto R”, that is 7| (x, §) = x. Arguing
as in the classical case, one can prove the following.

Proposition 9 ifu € Xy mei(xo, £°), with (xo, %) € T°R™, then, forany ¢ € CS°(R™),
such that ¢(xo) # 0, ou € mclXy mer(xo, éo). Moreover, we have:

Xy — singsupp(u) = w1 (W Fy, (u)).
7.2 Microlocal symbol classes

We introduce now microlocal counterparts of the smooth symbol classes given in
Definitions 3, 4 and studied in Sect. 5.

4 Actually for M-homogeneous Sobolev and Hélder spaces, the continuity property (135) is extended to all
pseudodifferential operators with symbol in S% s> without the need of the more restrictive decay conditions
in Definition 4 and of the locality condition (19), see [10, Theorem 3.3 and Corollary 3.4].
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Definition 9 let U be an open subset of R” and 1)y  R"\{0} an open M -conic set. For
m e R,8 [0, 1]andx > 0; wesay thata € S’ (R*") belongs to Sy 5 (resp.to Sur.s.«)
microlocally on U x I'y if ajyxry, € C®(U x I'y) and for all a, B € 7' there
exists Cy g > 0 such that (14) (resp. (16), (17)) holds true for all (x,&) € U x I'y.
We will write in this case a € mclS”A},,B(U x Iy) (resp. a € mclS,’(,’,)S‘K(U x I'yp)).

For (x¢, £%) € T°R", we set

mel Sy s o (0. 8% = () melSyy 5o (U x Ti), (139)
U, Ty

where the union in the right-hand side is taken over all of the open neighborhoods
U C R" of xo and the open M-conic neighborhoods Iy, < R"\{0} of £°.

With the above stated notation, we say that a € S’ (R") is microlocally regularizing
onU x I'y ifajyxr, € C®°WU x I'y) and for every u > O and all , B € Z1 a
positive constant C;, o g > 0 is found in such a way that:

|0g0fa(x, &)] < Cpap(l+1ENT", V(x,€) €U x Iy, (140)

Let us denote by mclS™°(U x I'y) the set of all microlocally regularizing symbols
on U x I'y. For (xq, %) € T°R", we set:

mel S~ (xg, £%) = U mclS™WU x Ty); (141)
U, Ty

it is easily seen that mclS™%°(U x I'y) = ﬂm>0 mclS;,I"’g(U x Iy) forall § € [0, 1]
and M € N", and a similar identity holds for mcl S~ (xo, 50).

Itis immediate to check that symbols in mclS;{fM (UxTIy), mel Sy 5(xo, £9) behave
according to the same rules of “global” symbols, collected in Proposition 5. More-
over SX,’M(’K) - mclSI’\”,M(’K)(U x I'y) C mclSj’{fI’a(’K)(xo, £9) hold true, whenever
(x0, & 0y € T°R", U is an open neighborhood of xo and I'ys is an open M -conic neigh-
borhood of £°. A slight modification of the arguments used to prove Proposition 6,
see also [10, Proposition 4.4], leads to the following microlocal counterpart.

Proposition 10 (Microlocal parametrix) Assume that 0 < § < p,/u* and k > 0 and
leta(x, &) € SA’",M_’K be microlocally M-elliptic at (xo, £°) € T°R™. Then there exist

symbols b(x, €),c(x, &) € S;,,'"S,K such that
c(x,D)ya(x,D)=1+1(x,D) and a(x, D)b(x,D) =1+ r(x, D), (142)

and l(x, &), r(x, &) € melS™ > (xg, EO).

The notion of microlocal M -ellipticity, as well as the characteristic set, see Definition 6,
can be readily extended to non-smooth M-homogeneous symbols (as, in principle, it
only needs that the symbol a(x, &) be a continuous function, at least for sufficiently

large &€); in particular, microlocally M -elliptic symbols in F'L f uS - with sufficiently
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large r > 0, must be considered later on. For a symbol a(x, &) € F Lf’ MSX,’[, with
uL*q’ p € [1, +o0] and % + ql =1, forevery 0 < § < 1 let the symbol a*(x, &)
and a”(x, &) be defined as in (130), (131).

The following result can be proved along the same lines of the proof of [10, Propo-
sition 7.3].

r >

Proposition 11 If a(x,§) € ]—'Lf‘MS,’(’,,, m € R, is microlocally M-elliptic at
(x0, &%) € T°R", then a®(x,&) € S 5. (With i as in the statement of Proposi-
tion 8) is also microlocally M-elliptic at (xg, £°) for any 0 < 8§ < 1.

7.3 Microlocal continuity and regularity results

Let {X}scr be a M-microlocal scale as defined in Sect. 7.1. The following microlocal
counterpart of the boundedness property (135) and microlocal X —regularity follow
along the same lines of the proof of [10, Theorem 5.4 and Theorem 6.1].

Proposition 12 For 0 < § < p./u*, k > ko, m € R and (xq, £°) € T°R", assume
that a(x, &) € S;,IO’S N melSyy 5 (xo, £9). Then for all s € R

U € Xypmmel(x0,£%) = a(x, D)u € Xy ma(xo, £°). (143)

Proposition13 For 0 < 8§ < us/u* « > kg, m € R, let a(x, &) € S;”,M’K be
microlocally M-elliptic at (xo, £°) € T°R". Then for all s € R

ueS'RY and a(x, D)u € Xymai(x0,8%) = 1 € Xpmmalxo, £). (144)

Resorting on the notions of M-homogeneous wave front set of a distribution and
characteristic set of a symbol, the results of the above propositions can be also restated
in the following

Corollary 2 For 0 < 6 < py/p* k > ko, m € R, a(x, &) € Sy 5 andu € S'(R"),
the following inclusions

WFx, (a(x, D)yu)y C WFx,,, (u) C WFx (a(x, D)u) U Char(a)

hold true for every s € R.

As particular case of Corollary 2 we obtain the result in Theorem 3

7.4 Proof of Theorem 4

This section is devoted to the proof of Theorem 4 concerning the microlocal prop-
agation of Fourier—Lebesgue singularities of the linear PDE (26). As it will be seen
below, the statement of Theorem 4 can be deduced as an immediate consequence of a
more general result concerning a suitable class of pseudodifferential operators.
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Since the coefficients ¢, in the equation (26) belong to F Lr M 1oc (X0), it fol-
lows that the localized symbol ay(x, &) := ¢(x)a(x, &) belongs to the symbol class
}"Lf’MSl = fo,MSM,O’ for some function ¢ € Cy°(R") supported on a suffi-
ciently small compact neighborhood of xq and satisfying ¢ (xp) 7# O (see Definition 2);
moreover, by exploiting the M-homogeneity in & of the M -principal part of a(x, &), the
localized symbol ay (x, £) amounts to be microlocally M-elliptic at (xo, £%) according
to Definition 6.

It is also clear that, by a locality argument, for any u € S’(R")

ag(x, D)u = ay(x, D)(Yu), (145)
where ¥ € C;°(R") is some cut-off function, depending only on ¢, that satisfies
0<vy <1, and Y =1, on suppo. (146)

It tends out that only the identity (145) will be really exploited in the subsequent
analysis; thus the symbol of a differential operator of the type considered in (26), with
point-wise local M-homogeneous Fourier—Lebesgue coefficients, can be replaced with
any symbol a(x, &) of positive order m and local Fourier—Lebesgue coefficients at
some point xp, namely

ag(x, &) e .7-'Lp wShs forsome ¢ € Co°(R") satisfying ¢ (xo) #0,  (147)

so that the related pseudodifferential operator a(x, D) be properly supported: while
locality does not hold for a general symbol in F Lp 1 Shy (unless it is a polynomial in
& variable ), identity (145) is still true whenever a(x D) is properly supported (see [1]
for the definition and properties of a properly supported operator). For shortness here
below we write a(x, &) € F Lf’ MSX}I (xp) to mean that condition (147) is satisfied by

a(x,§).

Theorem 7 For (xg, £%) € T°R", p € [1, +o00] and r > - i [ ] + 1, where q is

the conjugate exponent of p, leta(x, &) € .7-'Lp 1Sy (x0) be microlocally M -elliptic
at (xo, £%) with positive order m, such that a(x, D) is properly supported. For all

0<8 < us/u* andm—i—((S—l)(r—ﬂ)<s§r+mwehave

= uengM’mCl(xo,go). (148)
and a(x, D)u e]—"LP . M.mel (X0 £%)

Proof Let us set f := a(x, D)u foru € FL” (xp). Since a(x, D) is
saS(rfM:q),M,loc

properly supported, suitable smooth functions ¢ € C;°(R") and ¥ satisfying (145)

and (146) can be found, supported on such a sufficiently small neighborhood of xg

that yu € FL" 6( . ) y and ap(x,§) € foMS”A,’,, cf. Definition 8 and (147).
S riu*q ’ '
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Following the decomposition method illustrated in Sect. 6, for 0 < § < pu,/u* let

Y
ah(x,8) €SIy 5 and ab(x, &) € FLY S () be defined as in (130), (131),

with a4 instead of @ and where k = r — ﬁ, hence u satisfies the equation

af(x. DY(Wu) = ¢ f — aly(x. D)(Yru).

n

m—=8|r——_—
Becausea,, (x, &) € FLL /Sy, ; ( “*"),wu € fo_S(r_L
m
¢ f) belongs to F Lf_m, M.me1 (X0, §0) (cf. Proposition 9), for the range of s belonging
as prescribed in the statement of Theorem 7 (notice in particular that from 0 < § <
s/ * < 1 even the endpoint s = r + m is allowed), one can apply Theorem 1 to

find

, whereas f (soalso
),M

al(x, DY(Yu) € FLY 1o (0. €9

hence, because k > [n/us]+ 1, applying Theorem 3 to az (x, &) yields that {ru, hence
u, belongs to F Lﬁ M,mcl(xo’ & 0), which ends the proof. O

Itis worth noticing that the result of Theorem 7 can be restated in terms of characteristic
set of a symbol and Fourier—Lebesgue wave front set of a distribution as in the next
result.

Proposition 14 Let r, m, p, s and § satisfy the same conditions as in Theorem 7. Then
fora(x, &) Efo,MSﬂ andu € FL? we have

xfé(rfM"Tq),M
WF}—Lf_M(u) C WF]_—LLW,M(a(x, D)u) U Char(a).

The statement of Theorem 7, as well as Proposition 14, applies in particular to the
linear PDE (26) considered at the beginning of this section, thus Theorem 4 is proved.

References

1. Alinhac, S., Gérard, P.: Pseudo-differential operators and the Nash—Moser theorem, viii+168. Graduate
Studies in Mathematics, vol. 82, American Mathematical Society, Providence, RI (2007)

2. Bony, J.-M.: Calcul symbolique et propagation des singularités pour les équations aux dérivées par-
tielles non linéaires. Ann. Sci. Ecole Norm. Sup. (4) 14(2), 209-246 (1981)

3. Coifmann, R., Meyer, R.: Au dela des opérateurs pseudo-différentiels, i+185, Soc. Math. de France 57
(1978)

4. Cordero, E., Nicola, F., Rodino, L.: Boundedness of Fourier integral operators on FL? spaces. Trans.
Am. Math. Soc. 361(11), 6049-6071 (2009)

5. Folland, G.B.: Lectures on partial differential equations, ii+160 pp, Tata Institute of Fundamental
Research Lectures on Mathematics and Physics, vol. 70. Springer, Berlin, Published for the Tata
Institute of Fundamental Research, Bombay (1983)

6. Garello, G.: Pseudodifferential operators with symbols in weighted function spaces of quasi-
subadditive type. Oper. Theory Adv. Appl. 126, 133-138 (2001)



1230

G. Garello et al.

7.

8.

10.

11.

12.

13.

14.

15.
16.

17.
18.

20.

21.

22.

23.

Publ

Garello, G., Morando, A.: LP —boundedness for pseudodifferential operators with non smooth symbols
and applications. Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. 8(8), 461-503 (2005)

Garello, G., Morando, A.: Continuity in quasi-homogeneous Sobolev spaces for pseudodifferential
operators with Besov symbols. Operator Theory: Advances and Applications, vol. 172. Birkhiduser,
Basel, pp. 161-172 (2006)

. Garello, G., Morando, A.: Regularity for quasi-elliptic pseudo-differential operators with symbols in

Holder classes. Operator Theory: Advances and Applications, vol. 189. Birkhduser, Basel, pp. 247-264
(2008)

Garello, G., Morando, A.: LP—microlocal regularity for pseudodifferential operators of quasi-
homogeneous type. Complex Var. Elliptic. Equ. 54, 779-794 (2009)

Garello, G., Morando, A.: LP microlocal properties for vector weighted pseudodifferential operators
with smooth symbols. Fourier analysis, Trends Math. Birkhéduser/Springer, Cham, pp. 133-148 (2014)
Garello, G., Morando, A.: Microlocal regularity of Besov type for solutions to quasi-elliptic nonlinear
partial differential equations. Pseudo-differential operators and generalized functions, Oper. Theory
Adv. Appl., vol. 245. Birkhduser/Springer, Cham, pp. 79-94 (2015)

Garello, G., Morando, A.: Inhomogeneous microlocal propagation of singularities in Fourier—Lebesgue
spaces. J. Pseudo-Differ. Oper. Appl. 9(1), 47-93 (2018)

Grochenig, K.: Foundations of Time-Frequency Analysis, Applied and Numerical Harmonic Analysis.
Birkhduser Boston, Boston (2001)

Hormander, L.: Linear Partial Differential Operators. Springer, Berlin (1963)

Hormander, L.: Lectures on Nonlinear Hyperbolic Differential Equations. Mathématiques & Applica-
tions (Berlin), vol. 26. Springer, Berlin (1997)

Meyer, Y.: Remarques sur un théoréme de J. M. Bony. Rend. Circ. Mat. Palermo 1(2), 1-20 (1981)
Pilipovié, S., Teofanov, N., Toft, J.: Micro-local analysis in Fourier—Lebesgue and modulation spaces:
part IL. J. Pseudo-Ditfer. Oper. Appl. 1(3), 341-376 (2010)

. Pilipovi¢, S., Teofanov, N., Toft, J.: Micro-local analysis with Fourier—Lebesgue spaces. J. Fourier

Anal. Appl. Part I 17(3), 374-407 (2011)

Rochberg, R., Tachizawa, K.: Pseudodifferential operators, Gabor frames, and local trigonometric
bases. Gabor Analysis and algorithms. Appl. Numer. Harmon. Anal., Birkhéuser Boston, Boston, MA,
pp. 171-192 (1998)

Sugimoto, M., Tomita, N.: A counterexample for boundedness of pseudo-differential operators on
modulation spaces. Proc. Am. Math. Soc. 5, 1681-1690 (2008)

Tachizawa, K.: The bounededness of pseudodifferential operators on modulation spaces. Math. Nachr.
168, 263-277 (1994)

Taylor, M.E.: Psedodifferential Operators and Nonlinear PDE, Progress in Mathematics, vol. 100.
Birkhduser Boston, Boston (1991)

isher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps

and institutional affiliations.



	Microlocal regularity of nonlinear PDE in quasi-homogeneous Fourier–Lebesgue spaces
	Abstract
	1 Introduction
	2 Main results
	2.1 Notation
	2.2 Pseudodifferential operators with symbols in Fourier–Lebesgue spaces
	2.3 M-homogeneous smooth symbols
	2.4 Microlocal propagation of Fourier–Lebesgue singularities
	2.5 Linear PDE with non smooth coefficients
	2.6 Quasi-linear PDE
	2.7 Nonlinear PDE

	3 Dyadic decomposition
	4 Proof of Theorem 1
	5 Calculus for pseudodifferential operators with smooth symbols
	5.1 Symbolic calculus in SmM,δ,κ
	5.2 Parametrix of an elliptic operator with symbol in SmM,δ,κ
	5.3 Continuity of pseudodifferential operators with symbols in SmM,δ,κ

	6 Decomposition of M-Fourier–Lebesgue symbols
	7 Microlocal properties
	7.1 Local and microlocal function spaces
	7.2 Microlocal symbol classes
	7.3 Microlocal continuity and regularity results
	7.4 Proof of Theorem 4

	References




