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Abstract
We are interested in the asymptotic behavior, as ¢ tends to 400, of finite energy
solutions and entropy solutions u,, of nonlinear parabolic problems whose model is

up — Apu+gw)Vul? = in(0,7T) x Q,
u(0, x) = up(x) in , 0.1
u(t,x) =0 on (0, 7T) x 02

where @ € R¥ is a bounded open set, N > 3, ugp € L! (£2) is a nonnegative initial
data, while g : R — R is a real function in C!(R) which satisfies sign condition with
positive derivative and p is a nonnegative measure independent on time which does
not charge sets of null p-capacity.

Keywords Asymptotic behavior - Natural growth term - Nonlinear parabolic
operators - Measure data - p-capacity
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Résumé

Comportement asymptotique des solutions pour des opérateurs paraboliques non
linéaire avec un terme de croissance naturelle et une donnée mesure. Nous somme
interessés au comportement asymptotique, quant ¢ tend vers 400, des solutions énergé-
tiques finies et des solutions entropiques u,, des problémes paraboliques non linéaires
dont le modele est (0.1) ou 2 C R est un ouvert borné, N > 3, ug € LI(Q) est
une donnée initiale non négative, tandis que g : R +— R est une fonction réelle de
classe C!(R) qui satisfait la condition du signe avec une dérivée positive et 11 est une
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mesure non négative indépendante du temps qui ne prend pas en charge les parties de
p-capacité nulle.
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1 Introduction

Let © € RY be a bounded open set, N > 3, this paper is devoted to the study of
the asymptotic behaviour of solutions for nonlinear parabolic equations (1.1) under
Leray-Lions assumptions and in the context of Entropy/Renormalized solutions with
measures: for a review on classical results, see for instance [1,55,98] (see also [36,39,
51,54,61,68,75] for more details). More recently, asymptotic behaviour of weak finite
energy solutions (weak solutions at least) was studied in [64] for a general class of
quasilinear parabolic problems with lower order term u|Vu |2 (depending on |Vu|) and
with L!-data, in [2,77] for Radon measure data without any natural growth term and
in [4,79,80,82] for existence and nonexistence results when u is a general, possibly
singular, Radon measure. Let emphasize that the study of the asymptotic behavior
of solutions is strictly related to several comparison principles between subsolutions
and supersolutions inspired by [56], applied for Cauchy problems [75] and developed
for elliptic and parabolic viscous Hamilton—Jacobi equations in [28]. Moreover, if
we consider p is a Radon measure which does not depend on time, we shall prove
that, under suitable assumptions, the entropy solutions, which exist and are unique
as in [48], of such problems converge to the stationary solution. In other words, we
investigate the asymptotic behavior, with respect to the time variable #, of finite energy
solutions and of entropy solutions for nonlinear parabolic equations

ur — Apu 4+ gw)|Vul? = in(0,7T) x Q,
u(0, x) = ugp(x) in €, (1.1)
u(t,x)=0 in(0,7) x 0Q2

where p does not depend on time (u € M(2)) and T > 0. The dynamics of the
solutions of (1.1) is governed by two completing effects, namely those resulting from
the “p-Laplace” term —A ,u and those corresponding to the “natural growth” term
g()|VulP. Our aim is to figure out whether one of the two terms effects rules the
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asymptotic behavior, according to the bounded Radon measure u© € M (£2) when the
initial data ug € L' (). Since the nonlinear term g(u)|Vu|? belongs to L' (Q), it acts
as an absorption term for nonnegative solutions. It is already known that Gagliardo—
Nirenberg estimates are used to get compactness results and large time behaviour on
the solutions u and its gradients Vu forq < g, = p— NL+1 and that the parabolic term

u; becomes element of L* (0, T; W1 (Q)) for s’ = % (see [51,54,77], we also
refer to [4,79] for more precise informations). In particular, if p € (1,2 — ﬁ) and the

initial data decays sufficiently regular like L or L'(£2), the existence and uniqueness
Np4p—

of solutions can’t be established since, if p < 2— N+r1 then TIN < 1, this implies
that, in order to obtain the existence of a solution for p close to 1, it is necessary to go
out of the framework of classical Sobolev spaces (see [47, Example 2.16] that can be
easily extended to the parabolic case). For the very singular measure (resp. the initial
singular data), there are two effective parts Mo (Q) and M (Q) (respectively, Mo (£2)
and M (€2)), as already noticed in [34,53], and the picture is more complicated. In
this paper, we consider just elements u in M(£2) (absolutely continuous measures
which does not depend on time), more precisely, if we consider a measure p without
time variable ¢, i.e., there exits a bounded Radon measure v on €2 such that, for every
Borel set B C Qand 0 < fp, 11 < T, we have u(B x (tg, t1)) = (t1 — 19)(B) (see
Theorems 2.2 and 2.3 ). Recall that problems with local quadratic term with respect
to the gradient (of the type g(u)qu|2) and for sufficiently smooth data (i € L! Q)
and nonnegative initial datum, asymptotic behavior results have been proved in [64],
the case when u is absolutely continuous with respect to the p-capacity and g = 0
is investigated in [81] and the case where w is general, under extra linear conditions
on the operator and using duality solution u in L%(0,T; H(} (2)), is treated in [82].
Finally in [83] problem (1.1) is studied under some assumptions adopted in the present
paper with g = 0, uq lies in L'(£2) and for changing-sign measure data (without sign
condition on w). As already pointed out in this last paper, the extension to general
measure data and natural growth term seems to be not always possible. In order to
get compactness results stated in [2, Proposition 5.2], we assume for instance that
u(t,x) € CO, T; LY(Q)NLI0, T: Wé’q (£2)), in this case solutions u (¢, x) satisfies
the following estimates

Mt x) | migy <C. ¥l<m<p—1+L vi.x)eo.
N (12)

N
IVu(t, s =C, Vliss<p-— Nol V(. x) € Q.

Thus the aim of our work is to investigate the link between capacities, asymptotic
behavior of entropy solutions u(z, x) as ¢ tends to infinity and the term measure p €
Mo(€2) which allows, or which is needed, to have solutions in some appropriate
sense. In fact, the main point is the relationship between the possibility to find a
limit function of the entropy solutions of problems (1.1) using stability properties of
these sequences, as they naturally arise, when one tries to solve (1.1) by comparing
the solutions u (¢, x) with subsolutions and supersolutions. For example, letting (f;,)
and ug be the standard approximations of f and ug constructed by convolution, and
consider the approximating problems
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(un): — Apuy + &) Vuy|? =y in (0, T) x Q,

. . (1.3)
up (0, x) = ug(x)in Q, u,(t,x) =0in (0, T) x R,

where u, = f, — div(G) with G € L ()N, we have to study the possibility to
find a solution of the corresponding elliptic problem as limit of a subsequence (u,) of
solutions of (1.1) as 7, n tend to infinity. We are going to see that, regardless of any other
assumption of g(s) except for (2.14)—(2.15), a compactness result on sequences (u,)
is always available. On the other hand, if may happen that u and u are, respectively, a
subsolution and supersolution of (1.1), then ¥ < u < u. Precisely, we prove that if ug
is assumed to be in L (), a necessary and sufficient condition to pass to the limit in
(1.3) and to get a solution of (1.1) is the sign condition of g(s) and the positiveness of
&' (s). Inparticular, if g € Mo(£2) the assumption g’(s) > Oimplies thatif u1, u; are,
respectively, the subsolution and supersolution, then #; < u» and the whole sequence
u(T, x) converges to v in L'(£2) where v is the solution of the corresponding elliptic
(stationary) problem. Let us recall that this kind of comparison results of solutions
plays a crucial role in the existence theory for nonlinear equations with integrable
and measure data. As for elliptic initial boundary value problems, these calculations
are studied in [30] in the case of dual data u € H () (recall that u € H~ ()
if and only if f = div(G) where G € L2()") and natural term with quadratic
growth condition, these techniques have been adapted by [63] for parabolic problems.
Here we generalize these results to the case of measures under the assumptions that
the sequence (u,) converges to 1 in what is called the narrow topology of measures
and satisfies a sort of decomposition result with respect to the elliptic (parabolic) p-
capacity, loosely speaking, the first part of 1 is an element of L' () and the second part
is a divergentiel form of vector fields of L” ()N . These requirements are satisfied, for
instance, by elements of M (£2) and also by approximations ,, constructed through
convolution. Moreover, we present, in Appendix, an asymptotic result using a specific
approximation on the data, based on the notion of G-convergence of operators and
measure data in duality form, and we prove that regularity of solutions and assumptions
on a, g and p are actually necessary in some sense to get an asymptotic result since
the G-convergence of the data may be false if u, is only assumed to converge to u in
LP(,T; WOl "P(Q)) without other convergence of the momenta. As consequence of
these remarks, we are led to the problem of finding a suitable definition of solutions of
(1.1) which may provide asymptotic behavior and stability properties at the same time,
and this is why we choose to set our results in the framework of the so-called entropy
solutions. Let us recall that the definition of entropy solutions was given in [38] in the
context of elliptic equations and then adapted to the parabolic problems in [94], while
in the theory of boundary value problems with measure data it has often used in order to
get existence and uniqueness of solutions, see [24—27] for Sobolev spaces and [16,70]
for generalized Sobolev spaces (Orlicz spaces). Finally, an extension of this framework
has been given in [48] in the case of diffuse measure data and in [4,79] for singular
measures. We follow the approach of this last papers, using this notion of solutions,
when dealing with © € M (£2) and showing how the entropy formulation emphasize
the asymptotic behavior properties mentioned above by selecting sub, super and stable
entropy solutions. We would like to emphasize that the asymptotic results obtained
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in the present paper could be classified in the blowing-up, fractional or variational
inequality theories, see [5,8,86].

The paper is organized as follows. In Sect. 2 we state some basic notions and
tools. Section 3 is devoted to the parabolic problem in finite energy sense with a
smooth right-hand side and with absorbing lower order term, where in this case we
show comparison results with respect to the weak formulation. These results allow
us to obtain in, Theorem 3.1, an asymptotic behaviour result in L! (2) with finite
energy solutions for right-hand measures. In Sect. 4, we perform the analysis of the
parabolic problem (1.1) in entropy sense with again appropriate sub and super-entropy
solutions in determined spaces. By Comparison lemma and Potential analysis (“heat
Kernel techniques”) we deduce in, Theorem 4.4, a general asymptotic result of entropy
solutions for parabolic equations (1.1). Section 5 (Appendix) ends the paper with the
treatment of a model example of monotone operators with a specific “homogeneity”
by using G-convergence properties.

2 Preliminaries

As already outlined, the asymptotic behaviour of solutions to (1.1) is determined not
only by the exponent p of the nonlinear terms —A ,u and |Vu|? but also by the sign
condition of g, size N and shape of the initial and source conditions. In the present
section, we attempt to describe this variety of different effects of this terms, imposing
particular Leray—Lions assumptions on a. In order to present our results in the most
transparent form, we divide this section into subsections.

2.1 Notations

Given a real Banach space V, we will denote by C*°(RR; V) the space of functions
u : R — V which are infinitely many times differentiable (according to the definition
of Fréchet differentiability in Banach spaces) and by C°(RR; V) the space of func-
tions in C*°(R; V) having compact support. For a, b in R, C2°([a, b]; V) will be the
space of restrictions to [a, b] of functions of C2°(R; V') and C([a, b]; V') the space of
continuous functions from [a, b] into V. Then for 1 < p < 400, L?(a, b; V) is the
space of measurable functions u : [a, b] — V such that

b P
||u||Lp<a,b;V)=(/ ||u||5dz) oo,
a

while L*(a, b; V) is the space of measurable functions such that

llull oo a,b;vy = sup-ess [lufly < +o0.
[a.b]

Of course both spaces are meant to be quotiented, as usual, with respect to the almost
everywhere equivalence. The reader can find a presentation of these topics in [46]. Let
us recall that, for 1 < p < oo, L?(a, b; V) is a Banach space, moreoverif 1 < p < oo
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and V'’ (the dual space of V) is separable, then the dual space of L?(a, b; V) can be
identified with L?' (a, b; V). Now, given a function u in L? (a, b; V), it is possible to
define a time derivative of u in the space of vector valued distributions D’ (a, b; V),
which is the space of linear continuous functions from CJ°(a, b) into V (see [97]). In
fact, the definition is the following

b
) == [ dr vy e can)

where the equality is meant in V. If u belongs to C!(a, b; V) this definition clearly
coincides with the Fréchet-derivative of u. In the following, when u; is said to belong
to the space L9 (a, b; V) (\7 being a Banach space) this means that there exists a
function z in LY (a, b; V) N D (a, b; V) such that

b
(s, ) = —/ uypdt = (z,¢) V€ C(a,b).

Let u € LP(a,b; V) be such that u; belongs to L”,(a, b; V'), then u belongs to
C([a, b]; V). This result also allows to deduce, for functions « and v enjoying these
properties, the integration by parts formula

b b
/ (v, ug)dr +/ (u, vp)dt = (u(b), v(b)) — (u(a), v(a)) 2.1

where here (-, -) is the duality between V and V’. Note that (2.1) makes sense, its proof
relies on the fact that C2°([a, b]; V') is dense in the space of functions u € L? (a, b; V)
such that u; belongs to LP/(a, b; V') endowed with the norm |[u|l = ||lullLrq.p:v) +
||”t||Lp/(a,b;V/) together with the fact that (2.1) is true for u, v in C°([a, b]; V). We
will see in the next section a possible extensions of these spaces in the context of
parabolic initial boundary value problems with generalized divergence form operators.
Finally, for a real number r, we denote by r* := max{r, 0} its positive part and by
r~ := max{—r, 0} its negative part. The letter C will denote generic positive constants,
which do not depend on ¢t and may vary from line to line during computations.

2.2 Capacity

The concept of capacity is indispensable to an understanding of local behavior prop-
erties of functions in a Sobolev space. In a sense, capacity takes the place of measure
in Egorov and Lusin type theorems for Sobolev functions. Various capacity estimates
also play a decisive role in studies of partial differential equations. We develop here
the variational connection with the elliptic (resp. parabolic) Sobolev spaces, in partic-
ular, we assume that u is p-admissible with respect to the measure u if obtained by
du(x) = w(x)dx (resp. du(t, x) = w(t, x)dxdt) (we refer to [54,100] for elliptic
(p, n)-capacity and [49,84] for parabolic (p, w)-capacity).



Asymptotic behavior of solutions for nonlinear parabolic... 1295

Definition 2.1 Suppose that K is a compact subset of 2. Let
Wo(K, Q) ={ueCX(Q):u>1lonk}

and define

K.Q = inf VulPdp.
cap, ;. ( ) ueror}K»Q)/Q| udn

Further, if U C Q is an open set

cap, ,(U, ) = Kcsgpcg cap, , (K, €2),
K compact

and finally, for an arbitrary set £ C @

cap‘,,,ﬂ(E, Q) = Ecigfcgcapp,ﬂ(U, Q).

U open

The number cap », M(E , 2)v[0, oo] is called the (variational) (p, p)-capacity of the
condenser (E, £2), clearly cap, ,(E, Q) < +ooif E C €2. There is no ambiguity in
having two different definitions for the (p, w)-capacity of a condenser (K, 2) when
K is compact that they give the same number cap, , (K, €2), see [54, Theorem 2.2].
Using an extension in time, we observe that the set Wy (K, €2) in the definition above
can be replaced by the larger sets
{WO(K,Q):{ueCSO(Q):uzla.e.inK}, 2.2)
W(K,Q) ={fueW:u>1lae.in K} ’

where W = {u € L?(0, T; WOI”’(SZ; w) N LA(Q)), u; € LY (0, T; (Wé’p(Q; w) N

2 / : : —
L-(2)))} endowed with its natural norm |u|lw = ||u||Lp(0’T;W(},p(Q;M) +

””f”LP’(o,T;(W(}"’(Q;u)mLz(Q))’) without affecting cap, ,(K, Q). Indeed, let u €

W(K, Q); we may clearly assume that inf ¥ = 4o00. Then choosing characteristic
function xg such that xx = 0 on Q\K and xx = 1 in neighborhood of K, if
¢ € C3°(Q) is a sequence of smooth functions with compact support on Q such that
¢© > Xk, then

cap, (K, Q) < /Q Iolwx.o. 2.3)

It is also useful to observe that if U C Q is an open set, the parabolic (p, ©)-capacity
is such that

cap, ,(U, Q) = inf {[lullwk,0)}-
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Then for any Borel set B C Q, we can define

cap,, (B, Q) = inf {cap,, ,(U), B S U < Q}.

Let us state some further results about parabolic p-capacity; the first one is the char-
acterization of the relationship between sets of zero parabolic capacity and sections
of the parabolic cylinder with both zero £V -measure sets and zero parabolic (p, t)-
capacity sets, while the second one shows that any function in W(K, Q) admits a
cap ,-quasi continuous representative. Let us recall that a function u is called cap,, -
quasi continuous if for every € > 0 there exists an open set Fe, with cap,(Fe) < €
and such that u| g\ , (the restriction of u to Q \ F¢) is continuous in Q \ F,. As usual,
a property will be said to hold cap,, ,,-quasi everywhere if it holds everywhere except
on a set of zero capacity. The third one states that measures in M (Q) which does not
depend on time coincides with measures in €2.

Theorem 2.2 Let B be a Borel set in Q2 and let ty € (0, T). One has
cap, ,({to} x B) =0 if and only if meas o(B) = 0. 2.4

Proof See [49, Theorem 2.15]. O

Notice that, by virtue of Theorem 2.2, if a measure is concentrated on a section
{to} x 2, it does not charge sets of zero parabolic capacity if and only if it belongs to
LY(Q).

Theorem 2.3 Let B C 2 be a Borel set, and 0 <ty < t; < T. Then we have
capp’ﬂ((to, t1) x B) =0 ifand only ifcapp’M(B) =0. 2.5)

Proof See [49, Theorem 2.16]. O

Hence from now on, we shall identify measures in My (Q) and M (2) and for
more simplicity we will denotes cap , instead of cap,, , and W instead of W(K, Q).

2.3 Leray-Lions operators

Let 2 be a bounded open subset of RY, N > 2, with smooth boundary, we will denote

by 92 its lateral surface, p and p’ be two real numbers with % + # = 1. In what

follows, |¢| and ¢ - ¢’ will denote respectively the Euclidean norm of a vector ¢ € RV
and the scalar product between ¢ and ¢’ € RV. Letthena : @ x RN +— RN be a
Carathéodory function (i.e. measurable with respect to x for every fixed ¢ in RY and
continuous with respect to ¢ for almost every fixed x in €2) such that the following
assumptions hold true

a(x,0) -t >alfl? a>0, (2.6)
la(x, o)l < BlgI1P~" B >0, 2.7)
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(a(x, ) —a(x,m)- (& —n) >0 (2.8)

for every ¢, n in RN (¢ # n) and almost every x in 2. Thanks to (2.6)—(2.8),
it is possible to define on the space WS”’(Q) and LP(0, T; WS”’(Q)) the oper-
ator A(u) = —div(a(x, Vu)), which then maps Wol’p(Q) into W_l’P/(Q)) and
LP(0, T; Wy'P () into L' (0, T; W17 (Q) where A is bounded and coercive. Given
fin LY o, T, W‘l’pl(Q)) and ug in L2(), by a weak solution of

u; —divia(x,Vu)) = f inQ:=(0,T) x R,
u=0 on X :=(0,T) x 092, 2.9)
u(0) = ug in 2,

we mean a function u in L? (0, T; W17 (2)) which satisfies the equation (2.9) in the
sense of distributions, that is

—/ uyr@ dxdt —i—/ a(x,Vu) - Vo dxdt
0 0
T
:/ (fyo)rdt Yy e C(0,T), Vo € C°(RQ) (2.10)
0

where (-, -) denotes the duality between WOl "P(Q) and w—Lr (£2). As aconsequence of
equation (2.10) we deduce that u, (which initially only belongs to D’ (0, T'; WO1 P(Q)))
in fact belongs to LY O, T; W_l’p/(Q)) and it follows that

T T
/ (ug, v)dt —I—/ a(x,Vu) - Vv dxdt = / (f,v)dt Yve LP(,T, Wé’p(Q)).
0 ] 0

Moreover from the injection result previously mentioned, if p > 1\%_41\:2 then u belongs to

C([0, T1; L3()), which gives a meaning to the initial condition u(0) (i.e. u(0) = ug
in L2(2)). Nevertheless, even if p < 13—3\_’2, it is possible to find a weak solution u of
(2.9) which belongs to C ([0, T']; L2()) as stated in the following classical result by
J. Leray and J.-Louis Lions.

Theorem 2.4 Let (2.6)~(2.8) hold true, and let f be in LP' (0, T; W—1P(Q)). Then
there exists a weak solution u in L? (0, T, W(}’p(Q)) N C([0, T1; L*(2)) of problem
(2.9).

Proof See [61,62]. O

Remark 2.5 The equation appearing in (2.9) can be considered both in the space of
vector valued distributions, as we said before in (2.10), and in the space of distributions
in Q, thatis

T
—f i dxdt+/ alx, Vi) - V¢ dxdt:f (f. ) Ve eCP(0,T) x Q).
0 at 0 0
Q.11
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2.4 Entropy solutions

In order to obtain existence and asymptotic results, an entropy formulation is proposed,
it is very close to the one which has been introduced for the elliptic case in [38]. In
the case where a(x, Vu) does not depend on ¢, existence and uniqueness of entropy
solutions have been proved, using semigroup theory in [17], this formulation gives a
solution for problem (2.9) when f € L(Q).

Definition 2.6 For f € LI(Q), up € LY() and © an open bounded set of RV, we
define an entropy solution of (2.9) as a function u € C(0, T'; L'(€2)) such that for all
k>0,Tr(u) e LP,T; Wé’p(Q)) and

T
f@)k(u—w)m dx—/ Oclito — 9(0)) dx+/ (0. el — @) di
& @ 0 (2.12)

+/ a(x,Vu) - VTiy(u — ¢) dxdt < / fTi(u — @) dxdt
0 0

where O (s) = f(j Ty (t)dt is the primitive of the truncation function Ty (s) for all
k > 0 and for every ¢ € LP(0, T; W(}*”(Q)) NL>®(Q)NC([0, T]; L' ()) such that
g € LP(0,T; WP (Q)).

Then we have the following result.

Theorem 2.7 Let Q2 be an open bounded set of RN, f € L'(Q), up € L'(Q) and a
satisfies (2.6)—(2.8), then there exists one entropy solution of problem (2.9).

We consider now the nonlinear equation (1.1) with initial condition u¢ in LY(Q)
and right-hand side as a smooth measure p on €2 which is absolutely continuous with
respect to the p-capacity associated with the operator —div(a(x, Vu)). We extend the
previous notion of entropy solution, which is a generalization of Definition 2.6, given
in [94]. To this end, we define

E={peLlO,T; Wy, (2)NL¥Q)
such that ¢, € L”' (0, T; W=7 (Q)) + L' (Q)}. (2.13)

According to [85], one has E C C([0, T']; LY(Q)).

Since we would like to have g(u)|Vu|? belongs to L'(Q) and |Vu| € Lp/(Q), we
thus say that (1.1) is a nonlinear parabolic problem with lower order term depending
on |Vu| (with power-like nonlinearity with respect to |Vu|), we shall consider the
following assumptions on the real C'-function g(s)

g(s)s >0 Vs eR, (2.14)
g (s)>0 VseR, (2.15)

and we denote by u = u(t, x) the corresponding solutions to the parabolic problem

(1.1).
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Definition 2.8 Under hypothesis (2.6)—(2.8) and (2.14)—(2.15), if ug € LY(Q), u e
Mo(R2) and (f, —div(G)) is a decomposition of u according to the p-capacity, an
entropy solution of (1.1) is a measurable function u such that

)| Vu|? € LY(Q) forall p > 1, (2.16)
Te(u) € LP(0, T; Wy'P () forall k > 0, 2.17)

tel0,T] / Ok — @)(t, x) dx
Q
(2.18)

is (a.e. equal to) a continuous function, and for all k > 0 and every ¢ € E

T
/Q Ol — @)(T, x)dx — /Q Or(uo(x) — (0, x))dx + /0 (0r. Telu — @))dt
—i—/ a(x,Vu) - VT (u — ¢)dxdt + / gw)|\Vu|P Ty (u — @)dxdt
¢ 0

< / fTi(u — ¢p)dxdt +/ G -VTi(u —@)dxdt.
0 0

(2.19)

Remark thatin (2.19), we denote by (-, -) the duality product between w-Lr () +
L'() and W(} P (Q) N L%°() and the definition chosen of entropy solutions uses an
inequality instead of an equality, this is a standard choice for entropy solutions because
it’s sufficient to obtain the uniqueness (in the case when a does not depend on u and
nw e L! (Q) for example, see [94]), and makes the proof of existence quite easier (there
is no need to prove the strong convergence of gradient of the approximate solutions).

3 Case of finite energy solutions (Results and comments)

In this section we state a comparison principle result for the first energy solutions
and an asymptotic behaviour theorem which allows us to reconstruct a limit function
from the knowledge of its parabolic extension. The proofs are sketched, since they
are partially identical to those given in [64,81] when the cases LY o, T; w—Lp' (),
L'(Q) and measure as data are treated. Indeed as we said in the previous section
all relevant properties (for regular measures) can be extended to general (singular)
measures, see [82]. We begin with a potential theorem which will be used in the proof
of the main result, let us recall that p* denotes the Sobolev conjugate exponent of p,
p

thatis p* = N—ivp, and the limit function of functions u (¢, x) in L' () will be denoted

as usual by v(x).

Theorem 3.1 Let u € Mo(R2) be anonnegative measure independent of the variable t,
ug € LY(Q) be a nonnegative initial function, u(t, x) be the weak solution of problem
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(1.1) and v(x) the weak solution of the corresponding elliptic problem

—div(a(x, Vv)) + g) Vvl = n  in Q,

3.1
v=20 on 0Q2. 3-D

Then

lim u(T,x)=v(x)in L'(Q). (3.2)
T—+o00

Moreover, if @ € My(S2) be independent on t and ug € L'(Q) “without sign”
assumptions, the result holds true, at least, in LP" ().

Remark 3.2 (i) Recall that v is an entropy solution of the boundary value problem (3.1)
if v is finite a.e., its truncated function T} (v) € W(}’p (€2) and it holds

/a(x,Vv)-VTk(v—go)dx—i—/ g(v)|Vv|de§/ Tr(v—@)du (3.3)
Q Q Q

for every ¢ € Wol’p(SZ) N L°°(2) and for all k > 0.

(ii) Observe that v(x) is a solution of (1.1) with itself as initial data, being v(x)
independent of 7.

(iii) The convergence of solutions u(f, x) to v(x) could be stronger than the one
obtained under the assumptions of Theorem 3.1.

(iv) Thanks to the sign condition of u and g we have both u(¢, x) and v(x) are
nonnegative (it’s sufficient to take Ty (u ™) as test function in (1.1) (resp. in (3.1)) and
using the sign of ug to deduce that u~(f, x) = 0 a.e. in Q (resp. v_(x) = 0 a.e. in
Q)).

(v) Depending on the regularity of the data, the convergence in norm to the stationary
solution can be improved, for example if u € LY(2) with g > %, the convergence of
u(t, x) in (3.2) is at least x-weakly in L°°(2) and a.e. in Q.

Now, let us state the following definition of subsolutions and supersolutions of
problem (1.1) that will be useful in the sequel to prove the comparison result cited
above.

Definition 3.3 We say that z € L?(0,T; WO1 "P(Q)) is a subsolution (resp. w €

LP,T; Wol’p(Q)) is a supersolution) of problem (1.1) if g(z)|Vz|? € L'(0) (resp.
g(w)|Vw|? € L'(Q)) and

27— Apz+g@IVzlP <puin Q@ =(0,T) x Q, G.4)
2(0,x) <up(x)inQ, z(t,x) <0on (0,T) x 9%, '
w, — Apw+gw)|Vwl? > nin Q =(0,T) x Q, (3.5)
w(0, x) > uo(x) inQ, w(,x)>0o0n(0,7T) x I, '
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in the weak sense, i.e., z(#, x) (resp. w(¢, x)) satisfies
T
/ (21, @)dt —I—/ Vz - Vedxdt +/ g()|Vz|Ppdxdt < / pdu 3.6)
0 0 0 0

T
<resp./ (wt,(p)dt—i—/ Vw~Vg0dxdt+/ gw)|Vw|? pdxdt 2/ godu) 3.7
0 0 0 0

forevery ¢ € LP(0, T; Wol’p(Q)) N L*°(Q) with ¢ > 0 a.e.in Q.

According with results in literature, we are able to state and prove an (elliptic-
parabolic versions) of comparison lemma that will play a key role in the proof of
Theorem 3.1. It concerns the particular case for entropy sub and super solutions
with restriction on the sign of the data (nonnegative measures) and that imply the
uniqueness of solutions for problem (1.1) (i.e. solutions of (1.1) turn out to be, respec-
tively, subsolutions and supersolutions in the sense of Definition 3.3). Recall that
results about comparison principle for weak sub\super solutions of nonlinear elliptic—
parabolic problems with lower order terms was mainly devoted to cases in which
solutions are smooth (say for instance continuous) with lower order terms which has,
at most, a power growth with respect to the gradient; more specially for Hamiltonian
Carathéodory functions H(x, ¢) : € X RY —» R (resp., H(t, x, ¢) with respect to
the time variable ¢). Let us mention (in the elliptic framework) the pioneering work
of Barles and Murat [30, Theorem 1.1, Theorem 2.3 and Theorem 3.1] where general
structure conditions on the lower order term were given to ensure that the comparison
principle holds. Moreover, as it was observed on that paper, the method (called “lin-
earized” approach) relies on a change of unknown to reduce the problem to the former
good situation (transformed problem). Recall also that, in [30], see also [20,35], the
authors considers u = 0 or u € H~'(), in this cases, the proof consists in mak-
ing a change of variable # = ¢(v) in the model equation where ¢ is a C-function
in R with ¢’ > 0 and proving that the transformed equation satisfies the structure
condition. This ideas was refined in [21] and a slightly improvement of the condition
of [30] is proved for data small enough. A different kind of comparison principle is
proved in [18] for lower order term with quadratic growth with respect the last vari-
able of the form g(u)|Vu|? for some nonnegative continuous function g in (0, +00).
In that paper, the authors imposed an integrability condition at zero (this result also
handles the case that g is singular); however, their techniques require strongly that
the lower order function and the differential operator do not depend on x and some
further extensions where done in [9—12]. We stress that, even when p = 2 and for
sufficiently smooth solutions, the comparison principle is not trivial without assuming
suitable assumptions, see [7,57] for 1 < p < 2. In the case p > 2, the comparison
principle is more difficult since the operator turns out to be nonlinear and degenerate.
There are a little results in the literature giving comparison principles when p > 2
(except, the new papers of T. Leonori and his co-authors in [63,65-67], and the paper
of A. Porretta [87] where some model examples are contained when the lower order
term has precisely the growth as |Vu|?). A rather general structure conditions on
the lower order functions which imply the comparison principle for weak solutions,
when p > 2, was alternatively used either the approach of Barles and Murat [30],
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based on a linearization principle coupled with change of variable v = ¢(u) with
¢ is a C3-monotone function such that ¢’ # 0, this approach mostly relying on the
linearization of the operator (it suggests to use the fundamental work [50] to get a
weight estimates on |Vu|?~2 for a useful linearization, and this is a key-point in order
to get the comparison principle). We refer the reader to [67] for a totally description of
this approach under general regularity conditions and for different issues. In this last
paper, different choices of lower order terms are considered which allow to observe
interesting phenomena compared with other possible choice of data, see [67, Theo-
rem 1.1, Theorem 1.2, Theorem 1.3]. Observe that, based on a “convexity” argument,
the result of [67, Theorem 1.3] applies in particular to the stationary case of (1.1) when
@ > 0. Then, it is remarkable that conditions of [67] extends our limiting case |Vu|?
to the case |Vul? withl < g < p—1,p—1 <¢g < pand g > p. The proof of
[67, Theorem 1.1] follows the approach of [30] and can be applied, with care, to our
problem, on the other hand [67, Theorem 1.3] uses a “convexity”” approach needed to
prove the stationary comparison Lemma 3.5 of problem (3.1). Finally, in order to deal
with problem (1.1), we are devoted a special attention to handle the elliptic case, so the
extension of time-dependent comparison principle can be easily deduced in the con-
text of parabolic operators. Note that, in this last framework, it is necessary to modify
the structure conditions given in [67, Sections 1,2] by using the ideas already men-
tioned and suggested by Barles and Murat at the end of their work [30, Section 3.3],
especially, the change of the structure condition using the conjugate exponent p’ and
the specific choice of “exponential-type” test functions in Taylor formula for both a
and the lower order term, and then it is easy to get similar results for problems like
(1.1). According to the stationary results, we stress that a version of comparison (and
a uniqueness as a byproduct) result specially devoted to the model problem

—Au+gw)|Vul> = finQ (3.8)

where f belongs to H~'(Q) and g : R > R is C!-function such that g(0) = 0,
g'(w) > 0 for all u € R, see [30, Theorem 2.6 and Remark 2.7], was proved for
(weak) solutions u € H'(S2) such that g(u)|Vu|> € L'() using the convexity of the
function fot g(x)dx and a specific structure condition of the form

1
gyl - 2. 28lx!| - Zwx|? > 0ae x €Q,
(3.9)

for all u € R, for every x € R" with x # 0, for some n > 0 and some continu-
ous function z : R +— R such that exp (—% fot z(s)ds) e L®R) N LY(R) (these
conditions are satisfied, for instance, with z = 2g). By using this argument, an ellip-
tic comparison principle result has been proved by Leonori & Petitta, [64, Lemma
2.2], for unbounded entropy sub and supersolutions with no restrictions on the sign
of the datum and adapted to the parabolic case with general nonnegative data in [64,
Lemma 2.3] for problems of the form

ur — Au+ulVul|* = fin Q (3.10)
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with L!-data that do not depend on time, while the lower order term satisfies a structure
condition as in (3.9). Their result is proved by looking for an inequality solved by the
difference between the bounded parts of the sub and supersolutions and by using the
linearization of the lower order term inspired by the ideas of [30]. Let us recall that
this is a typical approach for singular operators (i.e. p < 2); however, it does not
seem that the case of general Leray—Lions operators (i.e. degenerate) can be treated
in such a nice way since the invertibility does not make sense for nonlinear operators.
An interesting particular case where a similar result may proved is the case where a
does not depend on the solution and satisfies

(ax,8)—ax,n)-C—-n=ylE—nl y>0 (3.11)

for almost every x € Q and for all ¢, n in RY (this is, for example, the case of the
p-Laplace operator for p > 2), which can be extended to the model example

—div(a(x, Vu)) + g)|Vul? = f(x) in Q 3.12)

where g satisfies the assumptions (2.14)—(2.15). In this case the maximum principle
holds in WL-2(Q) N L®() provided that for some n > 0

a1 4

v n

ab

3t >0ae.x €, VweR, Vy e RY (3.13)

where

a(x,¢) = ¢ (alx, ¢ (v)Vv),

"

1
b(x,0) = —%(v)a(x, ¢'(v)Vv) - Vo + mg(go(v))lgo/(v)Vvlp —f()
(3.14)

and v is the solution of the transformed equation obtained, for convenient, by change
of function u = ¢(v) satisfying a structure condition, this equation has the form

— div (a(x, ¢ (V) V) + b(x, ¢'(v)Vv) = f in Q. (3.15)

In this case the computations follows along the lines of those of [64, Theorem 1.2],
we just specify the choice of a specific test function using S(¢) = exp(—a¢p ) for
some constants & > 0 and k > 0 where k depends only on p. This result allows us to
propose a different approach to prove Lemma 3.5 and to deduce a natural extension
to the parabolic case. We give now the comparison principle, proved in [67] as a main
result and stated here as a Lemma, which concern general Hamiltonian equations,
namely

— Apu+H(x,u,Vu)=F € W7 (Q) in Q. (3.16)
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Lemma 3.4 Assume that H is a C'-function which satisfies growth conditions and
/

that F belongs to W~ 1P (Q). Assume moreover that, for every € > 0, there exists C¢

which satisfies

SCelg =P A+ =) Vs <t 3.17)

fork > 0, x € Q ¢, n € RY and for {s,%} € [—M,M] where M =
max (”ul”LOO(Q), ||M2||LOO(Q)). If uy and uy belong to WP (Q) N L®(Q) and are,
respectively, a subsolution and a supersolution of (3.16) such that (u; — uz)™ €

W,'P(R), then
Uy <upae. in. (3.18)

Proof See [67, Theorem 1.3]. O

Observe that condition (3.17) implies that H (x, s, ¢) is nondecreasing in s; on the
other hand if H is independent of s, it implies that H (x, 0) < 0. This later case applies
in particular to the model problem (3.12) when f € L'(Q) and f is nonnegative. More
generality, Lemma 3.4 can be applied to the equation —A ,u + g(u)|Vu|? = 11 where
g is nondecreasing, u € Mo(2) with u > Oand g € [p — 1, p] (see [67, Corollary
3.1], the limiting case ¢ = p — 1 is quite delicate but it is admitted since the properties
of the character g may give a contribution for this limit case). This choice, that has
been mainly inspired by [95], uses both an argument via linearization and a method
that exploits a sort of convexity of the Hamiltonian term with respect to the gradient.
Recall that the two approaches (i.e. [63] and [67]) are, in some sense, complementary
since the first one (“the linearization™) works in the case 1 < p < 2 while the second
one (the “convexity”) deals with p > 2. Of course, the only case in which both of
them are in force is when p = 2. The proof of the following lemma, except for its very
beginning and the use of a measure as data instead of just Lebesgue function is similar
to the proof of [67, Theorem 1.3] by assuming that g(x) > 0 and there is no loss in
assumption the positivity of g. In fact, let us consider sop := inf{s € R : g(s) = 0};
if 5o > —o0, then s¢ is a subsolution since p > 0 and so %1 := max(uy, s¢) is still
a subsolution. Since g(uz) > 0 implies uy > sp, it would still hold that ] < u; at
0K2. Therefore, we could replace u; with & for which g(;) > 0 and, by proving
up > uy, we still deduce up > uy. Thus, in the following, we can and we will assume
that g(u) > 0 a.e. in Q.

Lemma 3.5 Assume that p € Mo(2) be a nonnegative measure. If uy, uy belong to
WP (Q) N L®(Q) and are, respectively, the entropy subsolution and supersolution
of problem

—div(a(x, Vu)) + gu)|Vul? = nin Q
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where g is a continuous nondecreasing function such that (2.14)—(2.15) holds and
such that (u1 —up)™ € Wol’p(Q). Then

up <upae. in. (3.19)

In particular, (3.19) has at most one (entropy) solution in Wé’p(Q) N L®°(Q).

Proof 1st approach (Convexity method). Let us now explain how the proof of [63]
has to be modified in the present framework by following the ideas of [67, Theorem
1.3]. In order to do it, we recall the definitions of u and u» in (3.1) and we focus on
the one related to the entropy subsolution 1, we consider u§ = (1 — €)u; — ek with
€€ (0, 1)andk > |lu| ||z(q) (inorder to getu] < u)and we multiply its inequality
by (1 —€)?~!. By taking into account its difference with the second inequality solved
by u>, we get

—div(a(x, Vu()) +div(a(x, Vuz)) < g(u2)|Vuo|”

€ ek | Vus |?
—<1_6>P1g(—”i+6 )‘ iy (3.20)
— €

1—¢

recalling this inequality and defining m. = ess-supg (u] — u2). We want to conclude
that (uﬁ — up — k)™ = 0, then, we suppose, by contradiction, that m. > 0. Since

w = (u§ —uz —k)* belongs to Wol’p(Q) NL>®(K), (u§ —uz — k)™ can be used as a
test function in the above inequality, with k € (0, m.), obtaining

/ (a(x, Vui) —a(x, Vuz)) VW —uy —k)tdx
Q

€ k V €
5/ (g(uz)IVlep—(l—E)P_lg (ﬂ) ‘ﬂ
Q

1—¢ 1—¢

p
) W§ —up — k)Tdx.
(3.21)

Now, let us fix k > M = max(|lu1llr~ (), lu2llL=)). Then, for every s <t we get

t>—M,andsot < % € [-M, M]. We assume g is nondecreasing and, without

loss of generality, to be positive. So that, for every € > 0 and for any s < ¢, we get

k
g) <gn) <g (tf ; ) (3.22)

because —M <t < % (due to k > M). Then, we deduce that

€N P
gu)|Via|P — (1 — )P g (ﬂ) (—W”l')

1—c¢ 1—c¢

t+ek Vus|?
5g< +_Z>[|Vuz|p—' “ ] (3.23)

1 1—c¢
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Using a convexity argument (recall that p > 2), we obtain

[Vu§|\* |Vuy — Vu§|\*
IVup|P < (1 —=6) T8 +6 — V8 e (0,1). (3.24)

Then, choosing § > 0 such that

1
1—¢

(1-8r!=

and using the fact that g(s) > 0 for all s € R, we finally obtain

t+ €k |Vu§|?
g(1_€>[|w2|f’— T < Vi — Val?

< Ce|Vuy — V[P~ (1 + |ug — uf)). (3.25)

In order to estimate the right hand side, we have

f CelVuy — Vu§|Pdx
Q
< / C. (|w2|!’—2vu2 - |vu§|P—2vu§) - (Vuy — VuS)dx
Q
< f C. (|Vu2|p_2Vu2 - |Vuf|”_2Vu§> VW —uy —k)tdx
Q
< CG/ V@S — u) P~ W — uz — o) *dx
Q

+C, f IV (u§ — uz|P (u — uz — €)Fdx. (3.26)
Q
Using a classical inequality and young inequalities, we get
1
—f [Vw|Pdx SCef |w|pdx+C€/ [Vw|Pwdx (3.27)
2 Ja Ax Q

where Ay = {x € Q 1 uj —ur > k}N{x € Q: Vuj # Vuy} and we still denote
by C¢ possibly different constants depending on €. Since w < m¢ — k, by choosing
k sufficiently close to m., the last term can be absorbed in the left-hand side and we
deduce

1
— [ |Vw|Pdx < C. |lw|Pdx (3.28)
4 Jo A
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which implies, by Poincaré-Sobolev inequality (where p* denotes the Sobolev conju-
gate of p if p < N or any number greater than p if p > N)

lwl? . Al T (3.29)

p p
! ey = Ce /Ak|w| dx = Cclw]

LPY(Q)

Since |Ag| — 0 as k — me, we conclude that (u§ — uz — k)T = 0 for some k < me,
getting a contradiction with the definition of m. This concludes the verification of the
proof of [67, Theorem 1.3] withg = p

2nd approach (Linearized method). The idea of the proof is to make the change

of function u = ¢(v) where ¢ is a C2-function in R with ¢/ > 0. Using 7 (U) where

y€E WO1 P(Q)N L®() as a test function in the variational formulation of (3.1) yields
the equation

¢"(v)
¢'(v)

—div(¢’(V)a(x, ¢’ (V)Vv)) — a(x, ' (W)Vv) - Vo

1
3.30
¢'(v) 3.30)

We now have to choose a function ¢ such that (3.30) is true and satisfying the structure
condition of Lemma 3.4. Since

a(x, ) = ¢ (ax, ¢ (v)¢),

9" () ) 1 ) (3.31)
b , : .
== PO

It is sufficient to prove that for some n > 0

b

Jdv

ab|? 11
>0 with — +— = 1. (3.32)
PP

We actually use the function ¢ defined by

W =L (—kAv+l> (3.33)
) = ——log| e . )

where we first fix A > 0 and then choose k > 0 large enough (recall that u; and u;
are assumed to be bounded). Thus we only need the range of ¢ to cover [-M, M]
with M = max (||u1 L), llua ”LOO(Q)) This is the case if k large enough, and more

precisely if k > M4, We compute a ,by setting x = ¢’ (v)¢, to get

a(x,§) = ¢'(Walx, x),

4 1 (3.34)
b(x. () = — ‘;(())a( 06+ s g @I
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Then, we have

ab "N’
) = ("’—) Walx, x) ¢ —
v (4

+¢ (@)xI” + p%;g(w(vmxw—l

"

@"(v)

Wg(tp(v))lxlp

- - ("’—) Wate. 0 -t — 2 e (ownixl?
@ ¢'(v)

(p p—]
+rx —(p,(v)zg(w(v))lxl

- (%) Wa(x, )¢ + &' @) x|”
¢’ (v

"(v)
@' (v)?

[Pxee)ix "™ = glp@nixl]. (3.35)

In order to obtain an expression in the “old” variable u = ¢(v), it is convenient to
introduce the function @ defined by

w=¢ o !, ie, ou) =wlp®)=¢ ). (3.36)

After some straightforward computations, see [30, page 86], this formula becomes

ab 1
o0 = oo = o wat 0 x
+0' @) el = g@lx ] +gwixr. 33D

An analogous computation yields

b L0 W)
- — p—1 _ 2\
ag(x,;“) pg)lx| Zw(u)x- (3.38)
Since u = ¢(v) = —%log (e_kA“ + %) and w (1) = ¢'(v), we have
o) =k — . (3.39)

In order to compare u; and u, which both belong to L°°(2) with ||u;||z=~Q) < M
fori = 1, 2, it is enough to prove that, for some n > 0

ab  |ab|”
a__'_ >0ae.xeQ, VueR, |ul <M, Vyx e RV, (3.40)
v

Cle
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Again using the fact that u; and u; belong to L°°(£2), we get the estimate

[pxg(u)lxl”_1 - g(u)lxlp] = pg)lx|” —gw)|x|” = (p—Dg)x|” >0
(3.41)

if x #0,¢g > 0and p > 1, this coincides with conditions of the result of [67] for
p > 1butwith g nonincreasing (in order to use the convexity property of g). Therefore
assumption of [63, Theorem 1.2] is fulfilled and the proof is complete. O

Finally, recall that, in order to prove the comparison principle in Lemmas 3.5, dif-
ferent techniques have been developed. Let us mention, among the others, the results
that have been proved by using the monotone “rearrangement” technique (see for
instance [23] and references cited therein) or by means of “viscosity” solutions (see
[22,40] and their references). Our second problem, that have been mainly inspired by
[74,88], see also [90], and used in [64,87—89] to get some regularity results on elliptic
and parabolic problems with absorption, uses an argument via “Hopf” transformation.
Recall that in that papers, which extends the results for “absolutely continuous” mea-
sures to more general “singular” measures, the authors give an alternative proof of
existence and uniqueness for large/explosive solutions, i.e., solutions which blow up
uniformly at the boundary, as well as to solve nonlinear equations (with absorption)
in unbounded domains using the notion of elliptic—parabolic capacity. This kind of
phenomena due to absorption terms has been investigated for semilinear evolution
problems of the form

ur — Au+lu'u=puin 0, T) x ,

u(t,x) =00n(0,7) x 902, u(t,x)=upin Q,
which does not always have a solution for any measure p on Q and any initial data
uo € LY(Q) or in Mp(L2), see [90]. Again, under the assumption that g € L(R) it
is possible to prove the existence of a solution for any measure u¢ as singular initial
data, more precisely

u — Apu 4 gw)|Vul? = fin (0,T) x Q,
u(t,x) =00n(0,7) x 02, wu(t,x) =upin 2,

where ug = ug + up with uj € L'(Q) and ug is concentrated on a set of zero p-
capacity (i.e. uy = uo L E with meas(E)=0), for example, iy can be considered
as 0y, (x) in space dimension N > 2, see [90, Section 6], but the result should be
justified rigorously. The case where the p-Laplace operator is replaced by a nonlinear
divergence type operator has been proved in [34] (see also references therein for more
details about these topics), recall that in that papers the authors interested just on
compactness results but not on asymptotic results. Based on these ideas and on the
comparison result of Lemma 3.5, we will show that the same change of variable cannot
be done, but it can be replaced with the use of “exponential-type” test functions, whose
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gR—=R CY(R)/g’'(s)>0

5 g(s)s>0 g(u)

5]

=

g

3

’ el
L‘a G(S):Of g(r)dr
]

o0

a

<

e oo —G(r)

w(s):(pfl){ln 571n< [ eF-1) dT)}

v G

with p:=1p " L:R—R C2(R)/(¢ 1) (s)>0

Fig.1 The diagram of the change of unknown

role is again to get rid of the natural growth term. Now, if u is a nonnegative measure
in Mp(2) and g : R + R is a continuous nonincreasing function, non identically
zero, satisfying (2.14)—(2.15), the last proof of Lemma 3.5 can be properly adapted
to the case of nondegenerate parabolic equations (1.1) set in W and the computations
follow along the lines of those above. Here we propose another method to prove the
comparison principle for parabolic problems (1.1) showing how the entropy solutions
emphasize a (determined) exponential formulation by performing the “Hopf-Cole”
transformation of (1.1) by means of “exponential” test functions and a “standard”
change of unknown. More precisely, we will show that w; < w, a.e. in Q where w; =
Y (ui),i = 1,2, obtained by change of variable function v that we will specify later.

Lemma 3.6 Let u(l), u% S LI(Q) such that 0 < u(l) < u(z) and let © € Mo(2) be a
nonnegative measure, g satisfies (2.14)—~(2.15). If u; and uy belong to W N L*°(Q)
and are, respectively, the subsolution and supersolution of problem (1.1). Then

uy <upae.inQ Vte 0,7T). (3.42)

Proof We start by considering the change of unknown w = ¥ () where ¢ : R — R

is defined by
+oo _G(1)
V) =(p-1) [m S—In < f eﬂ(1’1>dr):| with
S

+o00 G(1) K
S = / e Pr-Ndr, G(s) = / g(t)dr. (3.43)
0 0
Observe that ¥ is a C!-function satisfying
/
(s)8(s)
(p— D0/ (9) = /(s — L),
p (3.44)

¥(0) = 0 and ¥/ (0) = pT_l.

We show that elementary computations lead to the comparison principle result for
solutions of (1.1), the main tool we are going to use is the existence of a transformed
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problem satisfied by w = ¥ (u). Precisely, let

ax,s,0) =¥ (p(s)" 'a <x, W(/i(s))) where

o = ¥~ ! is a continuous increasing function.

Since ¥’ and p are continuous, @ is a Carathéodory function on  x R x RV - RY
and satisfies

o o p—l 3 ’
ax,s, ) =y (ps)P a (x, 1V(,(J(S))) ‘

=w’<p<s)>1’a(x £ ) 3

YD) Y (p(s)
/ ;|
p =a|¢|P, 3.45
z ay/ (o))" | oS | = alel (3.45)
and
ld(x,s. 0)] = w’(ms»"‘a(x, wi(s))) < BlelP~" (3.46)

Now, remark that by assumption (2.8)
(E(X, s, ;) - Zi(-x’ s, 77)) (é‘ - 77)

_ / p—1 ¢
<‘” (e (x’ W(p(s»)
! p-1 il _
Yi(p(s)) a(x, 1//’(,0(s)))>(§ 1)

— / )4 ;‘ )
vieen (“ <x’ ¥ (p(s)
~( 5a0w)) (7o~ wmm)

V' (p(s)) V'(p(s) ¥ (p(s)

since ¥'(p(s))? > 0. This means that @ satisfies assumptions (2.6)~(2.8) with the
same constants « and S. Let us look for the function H of the form

~ - g2(p(s)) , _1 ‘ ¢ |F
H(x,s, ¢) = ,8,0)- 0|1 — —=———"— P
(x,s,6) =a(x,s, ) C[ ﬂw’(,o(s))} + Y (o) g(p(s)) 7o)
observe that
p
Hx.s. P 4w (o(s))P! ‘ ¢ (O B
(x,5,8) = alg|" + v (p(s)" " g(p(s)) TG w,(p(s))lé“l alt|

(3.47)
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Beingu = p(w) and Vu = %, it transforms into the following relation between
aand @

Ax, w, Vw) = ¥ )P a(x, Vu), (3.48)

this means (in the sense of distributions) that
—div(a(x, w, Vw))
= —div(y' ()’ a(x, Vu))
= —y' ()’ div(a(x, Vu)) — (p — DY )Py wa(x, Vu) - Vu
=)’ [ —u — gw)|Vul’] — ' w)Pa(x, Vu) - Vu
v ()P~ g (u)

+T
= uy' @P " =y )P uy — )P gw)| Vul?

—a(x,w, Vw) - Vw |:1 — _g(u) :|

BY' (1)

= 1y’ )P — ' @) uy — H(x, w, Vw)
=y (ew)? " — ¥ (p(w)P 2y (wyu, — H(x, w, V)
=y (ew)? ™" — ¢ (p(w)P 2w, — H(x, w, Vuw). (3.49)

a(x,Vu)-Vu

We found that w is a solution in W N L*°(Q) solving

W(p(w))p_zw[ —div(@(x, w, Vw)) + ﬁ(x, w, Vw)
=y’ (pw))?~"in (0, T) x Q, (3.50)
wy(t,x) =00n (0, T) x 02, w,(0,x) =¥ (uo(x)) = wo(x) in Q.

Indeed, one can fix n € W N L*°(Q) and use
to find that

w/(:)],_l = w,(p(zj)),,_l as test function

t
/ p—2 n
/0 <1/’ P oy >dt “
/ alx,w,Vw) - Vndxdt B)
o V(p(w)r!

1) d(x,w, Vw) - Vw
o W (pw)r-11?

PNI(x, w, Vw)

/Q v (p(w))rP—1

= / undxdt. (E)
o

¥ (p ()P (p(w))p' (wyndxdi  (C)

ndxdt (D)
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Precisely, the term [(C) + (D)] is equal to (were we recall the definition of H )

]
[V (p(w)P~ 1129/ (p(w))

X |:5(x, w, Vw) - Vw |:—1/f’(p(w))” +

go) Y (p(w))P~! ]
B

+ 9 ()P~ (o (w)) H (x, w, w)}

and after simplification of equal terms

[(C) + (D)]
0 P

= - [t//’(p(w))zl"g(p(w)) ’l
[0/ (p(w) P~ 129 (p(w) W (pw)
+¢/(p(w))d(x, w, Vw) - Vw

, Vw [P glpw)alx, w, Vw) - Vw
U (o) g (p(w)) ‘ Toot| - ; ]
By assumptions on @, the term in square brackets is nonnegative, this implies that
the term [(C) + (D)] is nonnegative if 1 is nonnegative.
We want to show that u; < uj a.e.in Q when uy, u, are defined as in Figure 1. Thus,

as just proved, we are able to choose 7 = (11 — uz)™ (which is nonnegative ) as a test
function in the difference between the weak formulations solved by w; and w, to get

/t< (w1); (uy — I/lz)+>dt +/ <a(X, wi, ijl) _ Zi(x, ws, Vw2])>
o \¥ (p(wy)) o \ ¥ (p(wy))? Y (p(w2))?
-V(uyp — u2)Tdxdt (3.51)

5/ w(uy — up)tdxdt,
o

wy wy )

this implies (recall the definition of @ and the fact that u, = W = Vo)

t
/ ((ur — u2)s, (uy — up)™)dt +/ (a(x,Vuy) —a(x, Vuz)) - V(uy — up) " dxdt
0 & (3.52)
5/ w(uy — up)tdxdt.
0

Now, if p is sufficiently small, we apply the integration by parts and (2.8) obtaining

) 2
/ o —w) O, / [ =)0 , (3.53)
Q 2 Q 2
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and so, since (u] — u>) T (0) = 0, it follows that for every fixed0 <t <T
ui(t,x) <wup(t,x)ae. in Q. (3.54)

m}

Proof of Theorem 3.1 We check that the result is true in the case where © € M (2)

and uq smooth; let us fix p, p* such that p > 1 and p* = NN—‘"p, and let us consider,

as in the previous proof, the structure of the change of variable

T 6w
w(t,x) =y, x)=(p-—1) [ln S — ln/ e ﬂ<P1>dt]

with G(s) = /S g(rydr (3.55)
0

where ¢ ~! : R — Risa continuous function defined on R and satisfying W) >
0 for any s € R. Let w be the solution of the following associated problem

¥ (p(w)P 2w, — div(@(x, w, Vw))

+HGx, w, Vw) = u'(p(w)P~!  in(0,T) x Q,
w(0, x) = Y (uo(x)) in €2,
w(t,x)=0 on (0,7T) x 0€2.

(3.56)

_ G
Since g is increasing, then g ¢ L'(R) and so e” #¢7-D e L!(R), therefore the func-
tional function s — ¥ (s) is an increasing continuous function on R; in particular it is
a bijection over the real axis and it is well-defined. So by Leray—Lions theorem there

exists a unique variational solution w € L?(0, T W(;’p(Q)) NC(0, T; L*(2)) such
that w, € LP(0, T; W=7 (Q)) and w(t, x) = 0, that is

T
f W' (pw)P 2w, p)dt + / d(x, w, Vw) - Vodxdt
0 0

+/Ql7(x,w,Vw)<p=/Q¢’(p(w))”_1<pdu

forallp € LP(0, T; Wy P ()NL¥(Q)NC(0, T; L' (Q)) withg, € LP (0, T; W17
(€2)). Letus define u,, and w,, as solutions of the following initial boundary value prob-
lems

(un)r — div(a(x, up)) + gn)|Vup? = p in (0, 7T) x R,
un(x,0) = ug(x) = min(nv(x), uo) in Q, (3.57)
Un(1,x) =0 on (0, T) x 92,
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¥ (o (Wa))P 2 (wy); — div(@(x, wy, Vwy))

+H(x, wy, Vwy) = 1 (p(wy))P~! in(0,7) x Q, (3.58)
wy (0, x) = Y (ug(x)) in Q, '
w,(t,x) =0 on (0, T) x 0L2.

Recall that, since u,, and w,, are in C(0, T'; L'(£2)), then u,, (0, x) and w,, (0, x) belong
to L'(£2) and are well defined. Moreover by virtue of the asymptotic results of [64,81]
and the decomposition of i, i.e., u = f—div(G) where f € L'(Q)and G € L” ()N
wehave u,, (¢, x) converges, as ¢ tends to 400, to v(x) € LY (£2). Now, using properties
of ¥ (recalling that v is a Lipschitz continuous function), we get

tl@wlﬂ(un(h X)) = ¥ (v(x)) in L7 (). (3.59)
Up to subsequences
wy,(t, x) - w(x) a.e.in Q (3.60)

being w(x) solution of the corresponding elliptic problem of (3.58). Now, since
u,(t,x) < u(t,x)and wy(t,x) < w(t, x) then by using the proof of Lemma 3.6
with test functions ¢ = (w — w,,), we deduce

/ l(w — wy)*(1)dx < / l(wo — wi)*(0)dx, (3.61)
Q Q

then there exists € > 0 such that for n large enough

lw— wn”L2(Q) < %’
c (3.62)
lw =Yg = 5 + 1Y n) — )2 <€

and then up to subsequences and using the fact that ¢ is continuous

Y(u,(t,x)) = ¥(v(x)) ae.in Q, u,(t,x) — v(x)a.e.in Q (3.63)

then u (¢, x) = v(x) a.e. in Q. Thanks to the classical results of Potential theory, see
[41,81], and under suitable assumptions on the data, that is, 0 < u(f, x) < u(z, x)
where u(t, x) is the heat potential (which coincides with supersolutions) associated to
the problem

iy —div(a(x, ) + g@ |Vl = inRY x (0,7),

;/7(0, )C) = ﬁo(x) in RN (364)

where i is the trivial extension of ug at 0 outside €2, provided that % (¢, x) converges
to U(x) in L1(§2) where T(x) is the solution of the corresponding elliptic heat equation.
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Due to the Vitali’s lemma and the unicity of the limit, we deduce that u (¢, x) converges
to v(x) in L' (). o

4 Case of entropy solutions (Main result and proof)

In this section, we will prove an asymptotic behaviour result which concern entropy
solutions of problems (1.1) in the case where the term measure does not depend
on time. First observe that entropy solutions of problems (1.1) are solutions of the
corresponding elliptic problem.

Proposition 4.1 Let u € My(R2) be independent on time and let v be the entropy
solution of the elliptic problem (3.1). Then v is the unique solution of the parabolic
problem (1.1) with ug = v, in the entropy sense introduced in Definition 2.8, for any
fixed T > 0.

Proof First of all, let us suppose that ug, v € L2(2); we have to check that v is an
entropy solution of problem (1.1), to do that we can use the variational formulation
(2.19) and choosing Ty (v — ¢) as test function to obtain

T
/ (v, T (v — @))dt + / a(x,Vv) - VT (v — ¢)dxdt
0 o
+ [ sIvolr o - pdxdr < [ 1 - oran. @1
o o

Through the integration by parts, we have

T
/0 (vr, Te(v — @)
T
_ /Q Ou(v — ¢)(T)dx — fQ (o — (0))dx + /0 (@1, Te(v — @)t
= /Q(u() —(0)dx + w (k) “4.2)

where Oy (s) indicates the primitive function of 7y (s) and w (k) denotes a nonnegative
quantity which vanishes as k diverges, while

/ Ti(v —p)du = / (v —p)dp+ wk). 4.3)
(0] 0
Using [47, Theorem 2.33, Theorem 10.1], we deduce
/ a(x, Vv) - VT (v — @)dxdt + / gW)|VuIP T (v — @)dxdt
0 o

_ / odig (0)dt 4.4)
0
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where ) is a diffuse measure in M (€2) which converges to p in the narrow topology
of measures, see [91,92]. Thus, recalling that v is bounded continuous, and using the
dominated convergence theorem, we get

/ a(x,Vv) - VT (v — @)dxdt + f gW)|VuIP T (v — @)dxdt
0 )
_ / vdp + (k). @.5)
]

Gathering together all these facts, we have that v is an entropy solution of (1.1) having
itself as initial data. O

Proposition 4.1 allows us to deduce that the entropy solution u of problem (1.1)
belongs to C(0, T; L'(R2)) for any fixed T > 0. Indeed w = u — v uniquely solves
problem (1.1) with ugp — v as initial datum and p = 0 in the entropy sense, and so
w e C(0, T; L' (R)), this is due to a result of [85] since w turns out to be an entropy
solution in the sense of the definition given in [94]. Therefore, as we said before, for
fixed u and ug € L'(€2) one can uniquely determine u and v, solutions of the above
problems defined for any time 7" > 0. Let us give the following definition relative to
the sub/super solutions formulated as in Definition 2.8.

Definition 4.2 A functionu € C(0, T; LY(Q)) is an entropy supersolution of (1.1) if

gw)|VulP € LI(Q) forevery p > 1, Ty (u) € LP(0, T} WS’P(S'Z)) forall kK > 0 and
if

/ Okl — p)(T)dx — / O iy — 9(0))dx
Q Q

T
+'/0 <(plv Tk(Z - (p))w—l,p/(g)‘w(;vp(g)dt
+/ a(x, Vu) - VI (u — ¢)dxdt +f g |VulPTi(u — p)dxdt
Q Q

> /Q Te(u — p)du 4.6)

for any ¢ € LP(0, T; Wé*”(sz)) N L®(Q) N C(0, T; LY(Q)) with ¢, € LP (0, T;
wLr(Q)), while 7 is an entropy subsolution if —u is an entropy supersolution
solution.

By Lemma 3.6, we easily deduce the following result.

Lemma 4.3 Let u and u be, separately, an entropy supersolution and an entropy sub-
solution of problem (1.1) and let u be the unique entropy solution of the same problem.
Then u < u < . In addition, if u and i are continuous with values in L' (), then we
have that u(t, x) < u(t,x) <u(t,x) a.e. in 2 for every fixed t.

Proof Observe that, if the function u (resp. u) is a limit of regular solutions of
approximating problems (1.3) with smooth data u, = f, — div(G), where f,
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is a sequence of smooth functions that converges to f in L'(£2), and initial data
un (0, x) = Uy = min(ug, u) (resp. u, (0, x) = U = max(ug, u)). Thanks to the sta-
bility results of [48,94], we have u < u (resp. ' < u) where i is an entropy solution of
problem (1.1) with u(0, x) = u(0) = u, (resp. u(0, x) = u(0) = up) as initial data.
Therefore, by Lemma 3.6, we get u(t, x) < u(t, x) < u(t, x) for every fixedt > 0.0

Now we can state our main result.

Theorem 4.4 Let i € My(Q) be independent on time t, let u(t,x) be an entropy
solution of problem (1.1) with ug € L'(2) as initial data, and let v(x) be the entropy
solution of the corresponding elliptic problem (3.1). Then

lim u(T,x)=v(x)in L'(Q). 4.7)
T—+o0

Remark 4.5 1t is also expected that u (7', x) converges toward a renormalized solution
with a correction in the form of extra definition resulting from w, this remark is
supported by what is already known from renormalized solutions in the theory of
nonlinear parabolic problems with measures, see [2,3,47,71,77,78] and references
therein.

Proof of Theorem 4.4 We split the proof in few steps.

Step 1. The case ug = 0 and p > 0. It can be easily seen that, for a parameter
T > 0, both u(z, x) and u' (¢, x) = u(t + t, x) are entropy solutions of problem (1.1)
with, respectively, 0 and u(7, x) > 0 as initial datum. Moreover from Lemma 4.3 we
deduce that u(r + 7, x) > u(t, x) for t, 7 > 0. On the other hand, recall that u is
a monotone nondecreasing function in 7 and so it converges to a function v almost
everywhere in 2 and in LY(), using also Proposition 4.1 we get u(f, x) < v(x).
Recalling that u is obtained as limit of regular solutions with smooth data 1, we can
define u;, as the solutions of

wh (1, %) — div(a(r, Vul)) + gl Vug|? = p, i 0, 1) x
uy, (0, x) = u,(t, x) in Q, 4.8)
u, =0 on (0, 1) x 0L2.

We take advantage of the change of variable t = T —t to deduce that u solves a similar
nonlinear parabolic problem. In particular if u > 0, g satisfies (2.14)—(2.15) and by
classical comparison results one has that u(z, x) is decreasing in time. Moreover, by
comparison principle, we have that u” is increasing with respect to n and, again by
the comparison result of Lemma 4.3, we have that, for fixed t € (0, 1)

ut(0,x) <u(t,x) = u(r +1,x) <u(r+1,x) =u""0, x), (4.9)
W, x)<u"(t,x)=u+1t,x)<u(r,x)=u""'(1,x), (4.10)

and so its limit & does not depend on time and is solution of elliptic problem (3.1).
This concludes using a similar argument that the limit of #* does not depend on time.
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Thus, using u;, (which also does not depend on time) in (4.8) and integrating by parts,
we obtain

/ O (" — ) (1)dx — / O (" — ) (0)dx
Q Q

1
+/0 (@t, Ty (uy — ¢)>W*1-1’/(Q),W01‘p($2)dt
—i—/ a(x,Vuy) - VTi(u, — @)dxdt
0

+/ gun) | Vuun|P Tie(un — @)dxdt < / Ti(un — @)d . (4.11)
0 0

It follows from the passage to the limit on 7, using monotone convergence theorem
that

/Q®n(w(x) —e()dx — /Q Ok (w(x) — ¢(0))dx

1
+\/0 ((pt’ Tk(w - (p)>W—l,p’(Q)’WOIvI7(Q)dt

1
+/0 (Wi Te(w = @)1 g o oydt =0 (4.12)

and so w(x) = v(x). If u has no sign we can reason separately with ™ and ™
obtaining (4.12) and then using the formulation (4.2) to conclude (see Step.4). If v
is the entropy solution of problem (3.1), we proved in Proposition 4.1 that v is also
the entropy solution of the initial boundary value problem (1.1) with v itself as initial
datum. Therefore, by comparison Lemma 4.3,if 0 < uy < v, we have that the solution
u(t, x) of (1.1) converges to v in LY(Q) as tends to infinity; using the fact that u (¢, x)
is an entropy solution for parabolic problem with homogeneous initial data, while v
is a nonnegative entropy solution with itself as initial data.

Step 2. The case ug = Av, . > 1, and i > 0. Now, let us take u, (¢, x) the solution
of problem (1.1) with up = Av as initial datum for some A > 1 and again u > O.
Hence, since Av does not depend on time, we have that it is an entropy solution of the
parabolic problem (1.1). Using the fact that v is a subsolution of the same problem, we
found that v(x) < u;(f, x) < Av(x) a.e.in 2 for all positive time ¢ (applying again the
comparison Lemma 4.3). In order to get u; (t + 7, x) < u, (¢, x) forallz,t > Oa.e.in
2, we use the fact that the datum p does not depend on time and we apply the compar-
ison result also between u; (f + t, x), which is the solution with uo = u, (t, x) where
T is a positive parameter, and u; (¢, x) the solution with uy = Av as initial data. Which
yields, by virtue of this final monotonicity result, that there exists a function v > v such
that u, (¢, x) converges to v a.e. in 2 as ¢ tends to infinity. Clearly v does not depend on
t and we can develop the same argument used before to prove the passage to the limit
in the approximating entropy formulation, and so, by uniqueness, we can obtain that
v = v. So, we have proved that the result holds for the solution starting from uy = v
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as initial datum with & > 1 and u > 0. Since we proved before that the result holds
true also for the solution starting from uy = 0, then, again applying the comparison
argument, we can conclude in the same way that the convergence to v holds true for
solutions starting from ug such that 0 < up < Av as initial datum for fixed A > 1.

Step 3. The case 0 < ug € LI(SZ) and > 0. In order to deal with this case, we
adapt a suitable idea of [99] (called Harnack inequality). Namely, if u 7 0, thenv > 0
(which implies that Av tends to 400 in @ as A diverges). Without loss of generality
we can suppose i 7~ 0 (the case u = 0 is the easier one and it can be proved as in
[81]). Let us denote, henceforth, by u( , the monotone nondecreasing family (with
respect to A) of functions such that up , = min(ug, Av). Indeed, we have, as before
for every fixed A > 1, u, (¢, x), the entropy solution of problem (1.1) with ug, as
initial datum, converges to v a.e. in 2 as t tends to infinity. As a consequence of the
standard compactness argument, we also have that Ty (u;, (¢, x)) converges to Ty (v)
weakly in Wol’p (£2) as r diverges and for every fixed k > 0. Therefore, thanks to
Lebesgue theorem, we can easily check that u( , converges to ug in LY(Q) as A tends
to infinity. We claim that, using a stability result for entropy/renormalized solutions
of the nonlinear problem (1.1), see [3,78], that Tj (u, (¢, x)) converges to Ty (u)(t, x)
strongly in L7 (0, T; WS’P(Q)) as A tends to infinity. Because z) = u — u; solves the
problem (1.1) with ug — ug ; as initial datum, then z;, turns out, see [48,94], to be a
renormalized/entropy solution of the same problem, so that

/ Ol — 1) (1)dx < / O (o — o1 )dx (4.13)
Q Q

for every k,t > 0 . Dividing the above inequality by k and passing to the limit as k
tends to 0, we obtain

(e, ) — s (t, )1 gy < o) — o, ()l L1 g 4.14)
for every t > 0. We then deduce

lu(t, x) —v) L) < lu@, x) —un(@t, g + lua@, x) — vl -
(4.15)

Now, frc_>m the fact that the estimate in (4.14) is uniform in # for every fixed €, we can
choose A, large enough, and reads as follows

€
lur, x) —uz ol < 3 4.16)

for every ¢+ > 0. Indeed, as a consequence of the result proved above, there exists 7
such that

s (t, %) — vl 1) < % for every 1 > 7, 4.17)
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which in turn concludes the proof of the result in the case of nonnegative data . and
initial datum u.

Step 4. The case where u € My(S2) is independent on t and ugy € LY(Q) without
sign assumptions. We consider again the function z(¢, x) = u(¢, x) — v(x); thanks to
Proposition 4.1 it turns out to solve problem (1.1) with ¢ — v as initial data and u = 0,
and so, if either ug < v or up > v then the result is true since z(¢, x) tends to zero in
L7 (Q),ast diverges, thanks to what we proved above (the same does not seem to work
in the case of convergence in L' () because of technical difficulties that arise if trying
to generalize comparison Lemma 3.6). Now, if «® and u® solve problem (1.1) with,
respectively, max(ug, v) and min(ug, v) as initial data, then, by a consequence of the
comparison result, we have u®(t, x) < u(t,x) <u®(,x)ae. in Q for any ¢, which
concludes the proof, atleast in Lr (), since the result holds true for both #® and ®. 0
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5 Appendix (In connection with G-convergence)

In this section, we shall study, following an idea of [81], the connection between the G-
convergence of a sequence (#;).~¢ and the asymptotic behaviour of the corresponding
solutions u, (¢, x) relative to the operators A : u +— div(a(x, u¢);~0) whenu, (0, x) =
ug(x) = 0in Q. We prove a convergence result for entropy solutions of a nonlinear
parabolic problem with nonnegative measure u € Mg (£2) with & # 0 using the theory
of G-convergence [6,19,42,72,76,81]. To this aim, let us consider the following initial
boundary value problem

(u)r — div(a(x, ue)) + guo)luc|? = pein @ = (0,7) x Q,

5.1
u(0,x) =0in 2, wu.(t,x) =00n(0,T) x 082 G-

where 7' > 0 is any positive constant and © € M(2) (u # 0) is a Radon measure
with bounded variation which does not charge the sets of zero p-capacity and which
does not depend on the time variable ¢ (in accordance with the definition given in
Theorem 2.3).

Theorem 5.1 Let u, € Mo(2) be a measure such that ju; # 0. Let u;(t, x) (t > 0)
be the entropy solution of parabolic problem (5.1) corresponding to |1 and v, (x) the
entropy solution of the following corresponding elliptic problem

—div(a(x, vo)) + g(wo)|ve |V = e in L2,

5.2
u; =0 on 082. (5-2)
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Then, we have

lim lim u;(t,x) = lim v;(x) = 400 a.e. in Q.
T—>00T - 00 T—>00

Proof First, note that u; (0, x) = u(f)(x) = 0 (this condition is essential in order to

deal with some difficulties) and suppose that . € WP (Q) (independent of time),
we have

JTRS W_l"’,(SZ) if and only if u = —div(G) with G € L'",(Q)N. (5.3)

Then for u© = p; where

e it £ =0,
He = er—diviG) it f=0

with f >0 e L(Q) and G € L? (Q)V. We have

T
/ <(uf)[,<p)dt+/ a(x,Vur)~V<pdxdt+/ g(u)|Vur|Podxdt
0 0 0o

= r/ G - Vodxdt 5.4
0

for every ¢ € LP(0, T; Wy’ (Q)) N L®(Q) such that ¢, € LP' (0, T; W7 ()
and ¢(T, x) = 0. Hence, for ¢ = u,, (5.4) becomes

T
/ ((ug)r, ug)dt +/ a(x, Vur) - Vucdxdt +/ g(ue)|Vur|Pu dxdt
0 0 Q

= r/ G - Vu.dxdt. (5.5)
0
Moreover, by (2.6) we have

T
/ <(uf)z,ur)dt+a/ IVuzIpdxdt+/ gu)|Vue|Pu dxdt
0 ¢ 0 (5.6)

<t [ G- Vurdrdt = t1GN gy I Vueligy
0

and then, using the integration by parts and assumptions (2.14) (recall that u§(0) = 0)
we get

[ (DF )
o dera | IVudlldxdi <TIGl Ly @l Vi 57
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Now, since u; #* 0 and the fact that the first term is nonnegative, we can divide the
above expression by 7|[Vu/||» oy, getting
p—1

1 W
—</ |Vur|pdxdt>] - / vi-5
T \Jo 0 TrT

Therefore, we have that —“— is bounded in L? (0, T'; Wol’p (£2)), and so there exist a
-1
function u € L?(0, T, Wg P (£2)) and a subsequence, such that, up to subsequences,

“r_ weakly convergesin L” (0, T} Wol’p (2)) (and then a.e.) to u as t tends to infinity.

71
So, it is enough to prove that u > 0 almost everywhere on Q to conclude the proof.

To this aim, for every T > 0, let us define

p V4
dth) = ”G”LP’(Q)N-

(5.8)

1 1
a:(x,¢) = ;a <x, T p-1 ;) (for the p—Laplacian, we have a; = a) 5.9)

and then we can easily check that such an operator satisfies assumptions (2.6)—(2.8)

(with the same constants o and B). Now, —“— satisfies the parabolic problem
=T
1
T < i ) —div<a, x, V()
1 /)t Tp]
1 1 P
+g(1’”—1 ( ue )) ‘L'l’—]V( g > =u in(0,7T)xQ,
rpT TPl (5.10)
M{ (O’X):O in Q,
7T
r(1,x)=0 on (0,7T) x 082
rr-l

in a variational sense. Indeed, for every ¢ € L? (0, T; WOl P (€)) N L*®(Q) such that
@ € LY (0, T; W=7 (Q)) and ¢(T, x) = 0, we have

T
/ ((ue)e, @) dt + / a; [ x,V uf - Vodxdt +/ gu)|Vu|Ppdxdt
0 0 T 0

=/ G - Vodxdt. (5.11)
0

Moreover, thanks to [6, Theorem 3.1], we have that the family of operators (a;) G-
converges in the class of Leray—Lions operators, that is, there exists a Carathéodory
function a satisfying assumptions (2.6)—(2.8), and a sequence of indices 7 = 7 (k)
(called t again) such that

ar(x,Vuz) —>  a(x,Vug). (5.12)

G-converges
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So, because of that, being u the weak limit of —“— in L?(0, T; Wol’p(Q)), we get
rp-l

that

5T T)—> 00

a (xf v < - )) —~ G(x, Vu) weakly in L” (Q)V. (5.13)
Therefore, using this result in (5.10), we have

T
/ (uys, @)dt +/ a(x, Vu) - Vodxdt —i—/ g)|Vu|Ppdxdt = / G - Vodxdt
0 0 0 0
(5.14)

for every ¢ € LP(0, T; Wy’ (Q)) N L®(Q) such that ¢, € LP' (0, T; W7/ (Q))
and ¢(T, x) = 0; and so, u is a variational solution of problem

u; —div(a(x, Vu)) + gw)|Vul? =n in(0,T) x Q,
u@,x)=0 in Q, (5.15)
u(t,x) =0 on (0,7) x 0L2.

Then, recalling that © # 0 and using a suitable Harnack type result adapted to parabolic
inequalities [99], we deduce that u(¢, x) > O a.e.on Q. Now, if u € M(R2), we have

e if f=0,
o= er —divG) iff#£0

where f € L'(Q) a nonnegative function and G € Lp/(Q)N (see [26]), we can
suppose, without loss of generality, that u; = t xg — div(G) for a suitable set £ C Q
of positive measure; indeed, f, being nonidentically zero, it turns out to be strictly
bounded away from zero on a suitable £ C €2, and so there exists a constant C such
that f > C xg, and then, once we proved our result for such a ,, we can easily prove
the statement by applying again a comparison argument. Now, reasoning analogously

as above we deduce that —%— solves the parabolic problem

=1

1
tl’l( e > —diV(dr (x,V( e )>>
=1/ T p-1
1 1 P
o (77 (7)) v ()
TPl TPl

= xp — +div(G) in Q,
“r_(0,x) =01in £,
“r_(t,x) =00n(0,T) x 3L

Pl

-1

(5.16)
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Moreover
1 . . i
xg — —div(G) —> xp stronly in W~ "7 (Q) as T — oo. 5.17)
T

Therefore, since the G-convergence is stable under such type of convergence of data,

we have, that the weak limit u of —“— in L”(0, T; Wol’p(Q)) solves
=T

ur —div(a(x, Vu)) + g@)|Vul? = xp  in Q0 =(0,T) x L,
u0,x) =0 in Q, (5.18)
u(t,x) =0 on (0, T) x 0€2,

and so we deduce, as above, that u(¢, x) > 0 a.e.on Q = (0, T) x 2, which implies
that u, goes to infinity as 7 and 7 tends to infinity and then we conclude the result of
Theorem 5.1. ]

References

1. Arosio, A.: Asymptotic behavior as t — +00 of solutions of linear parabolic equations with discon-
tinuous coefficients in a bounded domain. Commun. Part. Differ. Equ. 4(7), 769-794 (1979)

2. Abdellaoui, M., Azroul, E.: Renormalized solutions for nonlinear parabolic equations with general
measure data. Electron. J. Differ. Equ. No. 132, 1-21 (2018)

3. Abdellaoui, M.: On some nonlinear elliptic and parabolic problems with general measure data. Ph.D.
Thesis, Fez, (2018)

4. Abdellaoui, M., Azroul, E.: Non-stability result of entropy solutions for nonlinear parabolic problems
with singular measures. E. J. Elliptic Parabol. Equ. 5(1), 1-26 (2019)

5. Abdellaoui, M., Azroul, E.: Renormalized solutions to nonlinear parabolic problems with blowing
up coefficients and general measure data. Ricerche di Matematica 68(2), 745-767 (2019)

6. Abdellaoui, M., Azroul, E.: Homogenization of a nonlinear parabolic problem corresponding to a
Leray-Lions monotone operator with right-hand side measure. SeMA J. (2019). https://doi.org/10.
1007/s40324-019-00197-8

7. Alvino, A., Betta, F., Mercaldo, A.: Comparison principle for some classes of nonlinear elliptic
equations. J. Differ. Equ. 249, 3279-3290 (2010)

8. Azroul, E., Benkirane, A., Srati, M.: Introduction to fractional Orlicz—Sobolev spaces. (2018). arXiv
preprint arXiv:1807.11753

9. Arcoya, D., de Coster, C., Jeanjean, L., Tanaka, K.: Remarks on the uniqueness for quasilinear elliptic
equations with quadratic growth conditions. J. Math. Anal. Appl. 420(1), 772-780 (2014)

10. Arcoya, D., de Coster, C., Jeanjean, L., Tanaka, K.: Continuum of solutions for an elliptic problem
with critical growth in the gradient. J. Funct. Anal. 268(8), 2298-2335 (2015)

11. Arcoya, D., Carmona, J., Martinez-Aparicio, PJ.: Gelf and type quasilinear elliptic problems with
quadratic gradient terms. Ann. Inst. H. Poincaré Anal. Non Linéaire 31(2), 249-265 (2014)

12. Arcoya, D., Carmona, J., Martinez-Aparicio, P.J.: Comparison principle for elliptic equations in diver-
gence with singular lower order terms having natural growth. Commun. Contemp. Math. 1650013,
11 (2016)

13. Abdellaoui, B., Dall’Aglio, A., Peral, I.: Some remarks on elliptic problems with critical growth in
the gradient. J. Differ. Equ. 222, 21-62 (2006)

14. Abdellaoui, B., Dall’Aglio, A., Peral, I.: Regularity and nonuniqueness results for parabolic problems
arising in some physical models, having natural growth in the gradient. J. de Mathématiques Pures
et Appliquées 90, 242-269 (2008)


https://doi.org/10.1007/s40324-019-00197-8
https://doi.org/10.1007/s40324-019-00197-8
http://arxiv.org/abs/1807.11753

1326

M. Abdellaoui

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

34.

35.

36.
37.

38.

39.

40.

41.

. Abdellaoui, B., Dall’ Aglio, A., Peral, I., Segura de Le6n, S.: Global existence for Nonlinear parabolic

problems with measure data- Applications to non-uniqueness for parabolic problems with critical
gradient terms. Adv. Nonlinear Stud. 11, 733-780 (2011)

Azroul, E., Hjiaj, H., Touzani, A.: Existence and regularity of entropy solutions for strongly nonlinear
p(x)-elliptic equations. Electron. J. Differ. Equ. 68, 1-27 (2013)

Andreu, F., Mazén, J.M., Segura De Léon, S., Toledo, J.: Existence and uniqueness for a degenerate
parabolic equation with L' data. Trans. Am. Math. Soc. 351(1), 285-306 (1999)

Arcoya, D., Segura de Ledn, S.: Uniqueness of solutions for some elliptic equations with a quadratic
gradient term. ESAIM Control Optim. Calc. Var. 16(2), 327-336 (2010)

Braides, A.: Convergence for Beginners. vol. 22 of Oxford Lecture series in Mathematics and its
Applications. Oxford University Press, Oxford (2002)

Barles, G., Busca, J.: Existence and comparison results for fully non linear degenerate elliptic equa-
tions without zeroth-order term. Commun. Partial Differ. Equ. 26, 2323-2337 (2001)

Barles, G., Blanc, A., Georgelin, C., Kobylanski, M.: Remarks on the maximum principle for nonlinear
elliptic PDEs with quadratic growth conditions. Ann. Scuola Norm. Sup. Pisa CI. Sci. 4 28(28), 381—
404 (1999)

Barles, G., Da Lio, F.: On the generalized Dirichlet problem for viscous Hamilton-Jacobi equations.
J. Math. Pures Appl. 83, 53-75 (2004)

Betta, M.F., Di Nardo, R., Mercaldo, A., Perrotta, A.: Gradient estimates and comparison principle
for some nonlinear elliptic equations. Commun. Pure Appl. Anal. 14, 897-922 (2015)

Boccardo, L., Gallouét, T.: Nonlinear elliptic and parabolic equations involving measure data. J.
Funct. Anal. 87, 149-169 (1989)

Boccardo, L., Gallouét, T.: Nonlinear elliptic equations with right-hand side measures. Commun.
Partial Differ. Equ. 17(3&3), 641-655 (1992)

Boccardo, L., Gallouét, T., Orsina, L.: Existence and uniqueness of entropy solutions for nonlinear
elliptic equations with measure data. Ann. Inst. H. Poincaré Anal. Non Linéaire. 13, 539-551 (1996)
Boccardo, L., Gallouét, T., Orsina, L.: Existence and nonexistence of solutions for some nonlinear
elliptic equations. J. Anal. Math. 73, 203-223 (1997)

Benachour, S., Karch, G., Laurencot, P.: Asymptotic profiles of solutions to viscous Hamilton-Jacobi
equations. J. Math. Pures Appl. 9 83(10), 1275-1308 (2004)

Berestycki, H., Kamin, S., Sivashinsky, G.: Metastability in a flame front evolution equation. Interfaces
Free Bound. 3(4), 361-392 (2001)

Barles, G., Murat, F.: Uniqueness and maximum principle for quasilinear elliptic equations with
quadratic growth conditions. Arch. Ration. Mech. Anal. 133(1), 77-101 (1995)

Betta, F., Mercaldo, A., Murat, F., Porzio, M.: Uniqueness of renormalized solutions to nonlinear
elliptic equations with a lower order term and right-hand side in LY(2). A tribute to J. L. Lions.
ESAIM Control Optim. Calc. Var. 8, 239-272 (2002)

Betta, F., Mercaldo, A., Murat, F., Porzio, M.: Uniqueness results for nonlinear elliptic equations with
a lower order term. Nonlinear Anal. 63, 153-170 (2005)

. Boccardo, L., Murat, F., Puel, J.-P.: Existence results for some quasilinear parabolic equations. Non-

linear Anal. TM.A. 13, 378-392 (1989)

Blanchard, D., Porretta, A.: Nonlinear parabolic equations with natural growth terms and measure
initial data. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 30(4), 583-622 (2001)

Barles, G., Porretta, A.: Uniqueness for unbounded solutions to stationary viscous Hamilton—Jacobi
equations. Ann. Sci. Norm. Super. Pisa CI. Sci. 5(5), 107-136 (2006)

Brezis, H.: Analyse Fonctionnelle: Théorie et Applications. Masson, Paris (1983)

Ben-Artzi, A., Souplet, P., Weissler, F.B.: The local theory for the viscous Hamilton—Jacobi equations
in Lebesgue spaces. J. Math. Pures Appl. 9(81), 343-378 (2002)

Bénilan, P., Boccardo, L., Gallouét, T., Gariepy, R., Pierre, M., Vazquez, J.L.: An Ll—theory of
existence and uniqueness of nonlinear elliptic equations. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 22,
241-273 (1995)

Chipot, M.M.: Asymptotic Issues for Some Partial Differential Equations. Imperial College Press,
London (2016)

Crandall, M., Ishii, H., Lions, P.L.: User’s guide to viscosity solutions of second order partial differ-
ential equations. Bull. Am. Math. Soc. 27(1), 1-67 (1992)

DiBenedetto, E.: Degenerate Parabolic Equations. Springer, New York (1993)



Asymptotic behavior of solutions for nonlinear parabolic... 1327

42.

43.

44,

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Dal Maso, G.: An Introduction to I"-Convergence. Progress in Nonlinear Differential Equations and
Their Applications, vol. 8. Birkhduser, Boston (1993)

Dall’ Aglio, A., Giachetti, D., Puel, J.-P.: Nonlinear parabolic equations with natural growth in general
domains. Boll. Un. Mat. Ital. Sez. B 8, 653-683 (2005)

Dall’ Aglio, A., Giachetti, D., Segura de Leon, S.: Nonlinear parabolic problems with a very general
quadratic gradient term. Differ. Integral Equ. 20(4), 361-396 (2007)

Dall’Aglio, A., Giachetti, D., Segura de Leon, S.: Global existence for parabolic problems involving
the p-Laplacian and a critical gradient term. Indiana Univ. Math. J. 58(1), 1-48 (2009)

DiPerna, R.-J., Lions, P.-L.: On the Cauchy problem for Boltzmann equations, global existence and
weak stability. Ann. Math. 130, 321-366 (1989)

Dal Maso, G., Murat, F., Orsina, L., Prignet, A.: Renormalized solutions of elliptic equations with
general measure data. Ann. Scuola Norm. Sup. Pisa Cl. Sci. 28, 741-808 (1999)

Droniou, J., Prignet, A.: Equivalence between entropy and renormalized solutions for parabolic equa-
tions with smooth measure data. No DEA 14(1-2), 181-205 (2007)

Droniou, J., Porretta, A., Prignet, A.: Parabolic capacity and soft measures for nonlinear equations.
Potential Anal. 19(2), 99-161 (2003)

Damascelli, L., Sciunzi, B.: Regularity, monotonicity and symmetry of positive solutions of m-Laplace
equations. J. Differ. Equ. 206(2), 483-515 (2004)

Friedman, A.: Partial Differential Equations of Parabolic Type. Prentice-Hall, Englewood Cliffs
(1964)

Ferone, V., Posteraro, M.R., Rakotoson, J.M.: Nonlinear parabolic problems with critical growth and
unbounded data. Indiana Univ. Math. J. 50(3), 1201-1215 (2001)

Fukushima, M., Sato, K., Taniguchi, S.: On the closable part of pre-Dirichlet forms and the fine
supports of underlying measures. Osaka J. Math. 28, 517-535 (1991)

Heinonen, J., Kilpelainen, T., Martio, O.: Nonlinear Potential Theory of Degenerate Elliptic Equations.
Oxford University Press, Oxford (1993)

Grenon, G.: Asymptotic behaviour for some quasilinear parabolic equations. Nonlinear Anal. 20(7),
755-766 (1993)

Gilding, B.H., Guedda, M., Kersner, R.: The Cauchy problem for u; = Au + |Vu|9.J. Math. Anal.
Appl. 284(2), 733-755 (2003)

Guibé, O., Mercaldo, A.: Uniqueness results for noncoercive nonlinear elliptic equations with two
lower order terms. Commun. Pure Appl. Anal. 7, 163-192 (2008)

Grenon, N.: Existence results for some quasilinear parabolic problems. Ann. Mat. Pura Appl. 4(165),
281-313 (1993)

Kardar, M., Parisi, G., Zhang, Y.C.: Dynamic scaling of growing interfaces. Phys. Rev. Lett. 56,
889-892 (1986)

Korkut, L., Pasi¢, M., Zubrini¢, D.: Some qualitative properties of solutions of quasilinear elliptic
equations and applications. J. Differ. Equ. 170(2), 247-280 (2001)

Lions, J.-L.: Quelques Méthodes De Résolution Des Problemes Aux Limites Non Linéaire. Dunod
et Gauthier-Villars, Paris (1969)

Leray, J., Lions, J.-L.: Quelques résultats de Visik sur les problemes elliptiques semi-linéaires par les
méthodes de Minty et Browder. Bull. Soc. Math. France 93, 97-107 (1965)

Leonori, T., Magliocca, M.: Comparison results for unbounded solutions for a parabolic Cauchy—
Dirichlet problem with superlinear gradient growth. Commun. Pure Appl. Anal. 18(6), 2923-2960
(2019)

Leonori, T., Petitta, F.: Asymptotic behavior of solutions for parabolic equations with natural growth
term and irregular data. Asymptot. Anal. 48(3), 219-233 (2006)

Leonori, T., Porretta, A.: Large solutions and gradient bounds for quasilinear elliptic equations.
Commun. Partial Differ. Equ. 41(6), 952-998 (2016)

Leonori, T., Petitta, F.: Local estimates for parabolic equations with nonlinear gradient terms. Calc.
Var. Partial Differ. Equ. 42(1), 153-187 (2011)

Leonori, T., Porretta, A., Riey, G.: Comparison principles for p-Laplace equations with lower order
terms. Annali di Matematica 196, 877 (2017)

Ladyzhenskaja, O.A., Solonnikov, V., Uraltceva, N.N.: Linear and Quasilinear Parabolic Equations.
Academic Press, Cambridge (1970)

Murat, F.: Equations elliptiques non linéaires avec second membre L' oumesure. In: Comptes Rendus
du 26eme Congrés National d’ Analyse Numérique. Les Karellis A12-A24 (1994)



1328

M. Abdellaoui

71.

72.

73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.
85.

86.

87.

88.

89.

90.

91.

92.

94.

95.

96.

97.

Mabdaoui, M., Moussa, H., Rhoudaf, M.: Entropy solutions for a nonlinear parabolic problems with
lower order term in Orlicz spaces. M. Anal. Math. Phys. 7, 47 (2017)

Malusa, A., Prignet, A.: Stability of renormalized solutions of elliptic equations with measure data.
Atti Sem. Mat. Fis. Univ. Modena 52, 117-134 (2004)

Murat, F.: H-convergence. In: Seminaire d’Analyse Fonctionnelle et Numerique de I’Universite
d’Alger (1977)

Orsina, L., Porzio, M.M.: L°°(Q)-estimate and existence of solutions for some nonlinear parabolic
equations. Boll. U.ML.IL. Sez. B. 6-B, 631-647 (1992)

Orsina, L., Porretta, A.: Strong stability results for nonlinear elliptic equations with respect to very
singular perturbation of the data. Commun. Contemp. Math. 3(2), 259-285 (2001)

Palmeri, M.C.: Entropy subsolution and supersolution for nonlinear elliptic equations in LY Ricerche
Mat. 53(2), 183-212 (2004)

Pankov, A.A.: G-Convergence and Homogenization of Nonlinear Partial Differential Operators. Vin-
nitsa Polytechnical Institute, Vinnitsa (2013)

Petitta, F.: Renormalized solutions of nonlinear parabolic equations with general measure data. Ann.
Mat. Pura ed Appl. 187(4), 563-604 (2008)

Petitta, F.: Nonlinear parabolic equations with general measure data. Ph.D. Thesis, Universita di
Roma, Italy (2006)

Petitta, F.: A non-existence result for nonlinear parabolic equations with singular measure data. Proc.
R. Soc. Edinb. Sect. A Math. 139, 381-392 (2009)

Petitta, F., Porretta, A.: On the notion of renormalized solution to nonlinear parabolic equations with
general measure data. J. Elliptic Parab. Equ. 1, 201-214 (2015)

Petitta, F.: Asymptotic behavior of solutions for parabolic operators of Leray—Lions type and measure
data. Adv. Differ. Equ. 12(8), 867-891 (2007)

Petitta, F.: Asymptotic behavior of solutions for linear parabolic equations with general measure data.
C. R. Acad. Sci. Paris Ser. 1344, 571-576 (2007)

Petitta, F.: Large time behavior for solutions of nonlinear parabolic problems with sign-changing
measure data. Electron. J. Differ. Equ. 132, 1-10 (2008)

Pierre, M.: Parabolic capacity and Sobolev spaces. SIAM J. Math. Anal. 14, 522-533 (1983)
Porretta, A.: Existence results for nonlinear parabolic equations via strong convergence of truncations.
Ann. Mat. Pura ed Appl. (IV) 177, 143-172 (1999)

Porretta, A.: Asymptotic behavior of elliptic variational inequalities with measure data. Appl. Anal.
73(3-4), 359-377 (1999)

Porretta, A.: On the comparison principle for p-Laplace type operators with RST order terms. In:
On the notions of solution to nonlinear elliptic problems: results and developments. Quad. Mat. 23,
Dept. Math., Seconda Univ. Napoli, Caserta, pp. 459—497 (2008)

Porretta, A.: Nonlinear equations with natural growth terms and measure data. Electron. J. Differ.
Equ. Conf. 09, 183-202 (2002)

Porretta, A.: Local estimates and large solutions for some elliptic equations with absorption. Adv.
Differ. Equ. 3—4, 329-351 (2004)

Porretta, A.: Elliptic and parabolic equations with natural growth terms and measure data. Ph.D.
Thesis, Universita di Roma “La Sapienza” (1999)

Petitta, F., Ponce, A.C., Porretta, A.: Approximation of diffuse measures for parabolic capacities. C.
R. Acad. Sci. Paris 346, 161-166 (2008)

Petitta, F., Ponce, A.C., Porretta, A.: Diffuse measures and nonlinear parabolic equations. J. Evolut.
Equ. 11(4), 861-905 (2011)

. Prignet, A.: Remarks on existence and uniqueness of solutions of elliptic problems with right hand

side measures. Rend. Mat. 15, 321-337 (1995)

Prignet, A.: Existence and uniqueness of entropy solutions of parabolic problems with L' data.
Nonlinear Anal. TMA 28, 1943-1954 (1997)

Stampacchia, G.: Le probleme de Dirichlet pour les équations elliptiques du seconde ordre a coeffi-
cientes discontinus. Ann. Inst. Fourier (Grenoble) 15, 189-258 (1965)

Segura de Leon, S.: Existence and uniqueness for L! data of some elliptic equations with natural
growth. Adv. Differ. Equ. 8(11), 1377-1408 (2003)

Schwartz, L.: Théorie des distributions a valeurs vectorielles I. Ann. Inst. Fourier (Grenoble) 7, 1-141
(1957)



Asymptotic behavior of solutions for nonlinear parabolic... 1329

98. Spagnolo, S.: Convergence de solutions d’équations d’évolution. In: Proceedings of the International
Meeting on Recent Methods in Nonlinear Analysis (Rome, 1978), pp. 311-327. Pitagora, Bologna
(1979)

99. Trudinger, N.S.: On Harnack type inequalities and their application to quasilinear elliptic equations.
Commun. Pure Appl. Math. 20, 721-747 (1967)

100. Zeidler, E.: Nonlinear Functional Analysis and Its Applications. Springer, New York (1990)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.



	Asymptotic behavior of solutions for nonlinear parabolic operators with natural growth term and measure data
	Abstract
	Résumé
	1 Introduction
	2 Preliminaries
	2.1 Notations
	2.2 Capacity
	2.3 Leray–Lions operators
	2.4 Entropy solutions

	3 Case of finite energy solutions (Results and comments)
	4 Case of entropy solutions (Main result and proof)
	Acknowledgements
	5 Appendix (In connection with G-convergence)
	References




