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Abstract

In this paper, we define and study the Weinstein—Wigner transform and we prove its
inversion formula. Next, we introduce and study the Weinstein—Weyl transform W,
with symbol o and we give an integral relation between it and the Weinstein—Wigner
transform. At last, we give criteria in terms of o for boundedness and compactness of
the transform W, .
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1 Introduction
The Weinstein operator A%,’ o defined on Rf_‘"] =R? x (0, c0), by
d+1

92 2041 9
Ayoa=). —5 =Ag+ Ly, a>—1)2,
W,« p 3)(/2. + Xdr1 O%ai1 d+ Ly « /

where Ay is the Laplacian operator for the d first variables and L, is the Bessel
operator for the last variable defined on (0, co) by

2u  20+1 du
Lou = 3 .
Xz, X+l Oxayl

The Weinstein operator A“{V,a has several applications in pure and applied mathemat-
ics, especially in fluid mechanics [1,22].
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Very recently, many authors have been investigating the behaviour of the Wein-
stein transform (2.5) with respect to several problems already studied for the classical
Fourier transform. For instance, Heisenberg-type inequalities [16], Paley—Wiener
theorem [9], Uncertainty principles [11,17,19], multiplier Weinstein operator [18],
continuous wavelet transform [10], and so forth.

In the classical case, the Fourier—Wigner transform and the Weyl transform were
studied by Weyl [23] and Wong [24]. Recently, many authors have been investigating
the behaviour of this operators in many setting [5,6,8,12,15]. These Fourier-like trans-
formations are generalized in the context of differential-differences operators [2—4].
This paper is an attempt to fill this gap by generalizing these operators to the Weinstein
transform.

Using the harmonic analysis associated with the Weinstein operator (generalized
translation operators, generalized convolution, Weinstein transform, ...) and the same
idea as for the classical case, we define and study in this paper the Wigner trans-
forms and the Weyl transform associated with the Weinstein operator which we call
Weinstein—Wigner transform and Weinstein—Weyl transform.

This paper is organized as follows. In Sect. 2, we recall some properties of har-
monic analysis for the Weinstein operators. In Sect. 3, we define the Fourier—Wigner
transform V in the Weinstein setting, and we have established for it an inversion for-
mula. In last Section, we introduce and study the Weinstein—Weyl1 transforms W, for
o € S(RI*! x RI*1) and we prove they are compact operators from Lg (Ri‘“) into
itself. Next, we define W, for o € Lg (dpg ® dpg), with 1 < p < 2 and we prove
the boundedness and compactness of these transforms on these spaces. In the last, we
define W, for o € SL(RY*+! x RI*1),

2 Preliminaires

Forall A = (A1, ..., Ags1) € C4t1 the system

2
8—”2‘(x) = 2u(), ifl<j<d
X
J

Lou(x) = =5, u(x),

ou

u) =1,
0Xd+1

a

0)=0, () =—ir;, ifl<j<d (1)
3)6.1'

has a unique solution denoted by Ag(k, .), and given by

AL(h, x) = e G (gt ha ) (2.2)

where x = (X',x441), X, = (1.x2,...,x0), A = (A, ray1), A, =
(A1, A2, ..., Ag) and j, is the normalized Bessel function of index « defined by
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(_l)kx2k
2K +k+1)°

Ja)=T(@+1) )
k=0

The function (A, x) — Aﬁ(k, x) is called the Weinstein kernel and has a unique
extension to C4*1 x C4*! and satisfied the following properties.

(i) Forall (1, x) € C4tl x C4t! we have
AL(n, x) = A(x, 0).
(i) Forall (A, x) € C4*! x C?*! we have
Adn, —x) = Ad(=2, x).
(iii) For all (&, x) € CI*! x C4t! we get
AL, 0)=1.
(iv) Forall v € Net! x ¢ R%*! and & € C?*! we have

|DYALG, )] < x| et

where D} = 9" /(dA]' ...8)»;‘?11) and |[v| = v; + ... + vgy1. In particular, for all
(A, x) € R x R+ we have

’Ag(x,x)) <1 2.3)

In the following we denote by

1) —r = (=M, kay1)
(il) Cy(R4t1), the space of continuous functions on R+ even with respect to the
last variable.
(iii) Sy (R*1), the space of the C*° functions, even with respect to the last variable,
and rapidly decreasing together with their derivatives.
(iv) Sy (RIF!xRI*1) the Schwartz space of rapidly decreasing functions on R4+ x
R4+1 even with respect to the last two variables.
W) LP (R‘fl), 1 < p < oo, the space of measurable functions f on Ri“ such
that

1/p
1flle,p, = (/}Rd+1 If(X)I”dMa(x)> <00, pell, 00),
+

[ fllg,00 =ess sup |f(x)] < o0,
xe]R'_f_+1
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where d iy (x) is the measure on R‘f’l =R x (0, 00) given by

20041

dug(x) = 1 dx.
2m)422¢T2 (o + 1)

For aradial function ¢ € L é (R‘f’l) the function ¢ defined on R such that p(x) =
@(|x]), forall x € Ri“, is integrable with respect to the measure r2¢T¢*1dr and we
have

/R oy PO 1a () = aq /O gyt ldr, 24)
i

where

|
2N+ 44 1)

Ay

The Weinstein transform generalizing the usual Fourier transform, is given for ¢ €
LL(RY Yy and 1 € R by

Fua@®) = [, ord i), 25)

+

We list some known basic properties of the Weinstein transform are as follows. For
the proofs, we refer [13,14].

(i) Forallgp € L é (Ri“ ), the function Fw «(¢) is continuous on Ri“ and we have
|Fw ] g 00 < 19lla,1 - (2.6)

(i) The Weinstein transform is a topological isomorphism from S, (R4+1) onto
itself. The inverse transform is given by

Fi'y@ () = Fw ap(—1), forall x e RYH. 2.7

(iii) Parseval formula: For all ¢, ¢ € S,(R4t!), we have
L., 0008@diato = [ || Fu a0 Fwa@ i)
R++ R++

(v) Plancherel formula: For all ¢ € Lg (Ri+l), we have

|Fw.epl, s = 10l (2.8)

(vi) Plancherel Theorem: The Weinstein transform Fw o extends uniquely to an
isometric isomorphism on L2 (Ri“).
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(vii) Inversion formula: Let ¢ € Lé (Ri“) such that Fy 4 € Lé (R‘f’l), then we
have

o) = /Rdﬂ Fw a9 AL (=2, x)dpq (x), ae. r € RET (2.9)
+

Using relations (2.6) and (2.8) with Marcinkiewicz’s interpolation theorem [21] we
deduce that for every ¢ € Lg(RiH) forall 1 < p < 2, the function Fw (@) €

LR, q = p/(p— 1), and
| 7w ety < 1€lap- (2.10)
By using the Weinstein kernel, we can also define a generalized translation, for a
function ¢ € S,(R¥*!) and y € Ri‘H the generalized translation ¢ is defined by

the following relation

Fwa(@ o)) = AL (x, N Fw o (@) (). 2.11)

Note that for ¢ € Lg(RiH), l<p<ooandx e Rflf]. Then t%¢ belongs to
LERET!) and we have

Il , < el 2.12)

Proposition 2.1 Let ¢ € Lé (Ri“). Then for all x € Rf‘l,
o —
fRM T (Vdpa(y) = /Rd“ () ia(y)- (2.13)
+ +

Proof The result comes from combination identities (2.9) and (2.11). O

3 The Weinstein-Wigner transform

The Weinstein—Wigner transform is the mapping V defined on S, (R?*1) x S, (R¥*1)
by

V(g ¥)(x,y) = /Rd“ POTIY (=M AL (Y, Mg (L) (3.1
+

Also, we can write V in terms of Weinstein transform of the product of ¢ and ¥y as
follow

Vg, ¥)(x, y) = Fw o (@T89) (). (3.2)
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Proposition 3.1 (i) The Weinstein—Wigner transform V is a bilinear, continuous
mapping from Sy (Rt x S, (R onto S, (RIFT! x R+,

(ii) Forall p, ¥ € Lg (]Ri“), then V(¢, ¥) belongs to Li NLYP (e ® o), and we
have

V@, W)l uame < 10laa 1¥lla2 s (3.3)
V@ 2 o) < 101wz 1912 - (3.4

(iii) Let p € [1,2] and q such that ; + ql = LIf(p,¥) € LERE™) x LE@RE™),
then V(p, V) € LgO(RiH) X Lg"(Ri‘Ll), and we have

V@, ¥llLg(naue) = 19lla2 1¥la,2 - (3.5

Proof (i) Let ¢, ¥ € S,(Rt!). Consider the function ® defined on Ri‘“ X Ri‘“
by

(x, y) = MY (=)
Then the Weinstein—Wigner transform ) can be written as follow

Vg, ¥)(x, y) = (Id @ Fw,o)(P)(x, y),

where 1d is the identity operator. Since the Weinstein transform is a topological
isomorphism from S, (Rd +l) onto itself, therefore, we get the result.

(i) According to the definition of the Weinstein—Wigner transform (3.1), Holder’s
inequality and (2.12), we obtain the estimate (3.3).
The inequality (3.4) holds from the identity (3.2), the Plancherel formula (2.8),
Minkowski’s inequality for integrals [7, p. 186] and (2.12).

(iii) The result follows from the definition of the Weinstein—Wigner transform (3.1),
Holder’s inequality and the inequality (2.12).

O

Proposition 3.2 Let ¢, ¥ € S, (Rd+1). Then for every &, A € R‘j_ﬂ, we have
Fwa® }"V_V?O,(V(fp, YNE L) = ALOL )W) Fw o () ().

Proof Put ¢, ¥ € S,(R?*1). From the definition of the Weinstein—-Wigner transform
(3.1) and (3.2) and according to Fubini’s theorem, we get

P ® P& = [ [ Ve AL 0 AL (i)
+ +

= / " ( f ) Ifw,aw?i%(y)z\z(Ly)dm(y)) A 0)dpa(x)
RY R4*

= o) [, | DAL D).
R++l
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Finally, by the expression of the generalized translation t{ ¢ in term of the Weinstein
kernel (2.11), we obtain

T ® Fiyly W@, ¥)(E 1) = 9 Fw ot ¥) () = ALk, £)p(0) Fw o () ().
m

Corollary 3.3 Let ¢, ¥ € S, (R4t1). Then we have for all &, A € ]Ri“

LG TWae® Ty W@ ¥ E Mdita (V) = Fu o (@) Fw .o (0) ).

R4
R+ Fw.a ® Fy'y V(g ¥)) (& Mo () = o) (—1).

+
Theorem 3.4 Let y € Ly, (RY™) N LERE™) such that ¢ = [pan ¥ (0)da (x) # 0.
Then, we have for all ¢ € Lé (]Ri“) N Lg (Ri“)

1
Fva@)() = - fR 1 V@ (6 i ().
+

Proof According to the definition of the Weinstein—Wigner transform (3.1), Fubini’s
theorem and relation (2.13), we get
— d Aol
/ VO D 3a) = / o MO 060 ( / o VD <x>) a1
= cFw,a(@)(y),
which completes the proof. O

Corollary 3.5 Letyy € LL(RITY N L2(REY) such that ¢ = fRiH W (x)d g (x) # 0.
Then, we have

(i) Forallp € LLRE™) N L2(RETY) such that Fy o (¢) € LLRET,

1
o) = - /R ot B2 ( fR VO vf)(x,y)dua(x)) dpta(y).

(ii) Forall g € LL(RE™) N LZRET),

1
2 _
lollzs = /R " dpa ().

2
/ o VOGN
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4 The Weinstein-Weyl transform

In this section, we introduce and study the Weinstein—Weyl transform.

4.1 Casel: 0 € S, (R4 x RI+1)

Let 0 € SR x Rt we define the Weyl transform W, associated to the
Weinstein operators on S (Rd+1 ), by

Wa (9)(x) = / n / 1 T DAL DT P~ (Mdpa (@), x € RET
R JRET

.1

Theorem 4.1 Let o € S,(RIT! x RI*1). Then the Weinstein-Weyl transform is con-
tinuous from Sy(R4*T1Y into itself.

Proof Let ¢ € S,(RYt1). Since the Weinstein transform is a topological isomorphism
from S, (Rd“) onto itself, so according to relation (2.7), we have

wWo(-y) = /R ” A (—x DAGY. D Fw (@) (Ddpa (D). x.y € R
Then, by (4.1) and Fubini’s theorem, we get
Wewrw = | . reof [ o MR DT 00
( / PO DRLO, z>dua<y>) o) e
- [ . roaf [ o MR D P00
Pl DOt 0 2.

Taking into account that the function (¢, z) — Fw .« (0 (., 2))(t) belongs to Sy (R4 +! x
R*1) and that the mapping ¢ — H,, given by,

Hy(t,2) = Fw o (@) O Fw (@, )@, t,zeRT,

is continuous from S, (R¥*1) to S, (R4 x R4*1Y, and we have for all x € Rffr],

W (9)(x) = f L ha@ D) (/ Ag(—x,t)Hw(t,Z)dlLa(t)>dua(Z)
R++l ch’:rl

= Fiyly ® Fw.a(Hy)(x, x).
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The result comes from the fact ]—'v_vfa ®Fw « is an isomorphism from S, (RA+! 5 RA+T
onto itself. O

Lemma4.2 Leto € S, (R4 x R4V, Then, the function
hx,y) = fRd“ AL(x, )T (0. 2)) (=9)dpa(2) 4.2)
+

is defined on R‘f‘l X Ri“ and belongs to Sy(RI*1 x RI+1),

Proof We put the function H defined on R‘fl x Ri“ by

Hx = [ APy 0. 2) Odnae)
RA+H

+

Then the function 4 can be written in the form
hery) = [ Fyl (G| (23 = 2 [(1d @ 7)) (0 | ().

Since the function (¢, x) — H(t, x) belongs to S, (R?T! x R4+ 5o by the fact,
that the Weinstein transform is a topological isomorphism from S, (R?*1) onto itself,
we deduce that the function (Id ® F,',)(H) belongs to S.(R¥*! x RI*1) In the

end, the result comes from the fact that for all f € S, (]Rd“ « RdH), the function
(x,y) = 2 [f(., x)] (—y) belongs to S, (RI*! x RI*1), .

Theorem 4.3 Let o € Sy (R¥*! x RY*TY), then we have the following results

() Forall ¢ € Sy(RI*1),

Wa(¢)(x)=fd h(x, )o(y)die(y).
RA+1

+

where h(x, y) is the kernel given by (4.2).
(ii) Forall ¢ € S (R and 1 < P, q < oo such that % + ql =1,

Wo @ g < 10118 oy 191 -

(i) For 1 < p,q < oo such that g = %, the operator Wy can be extended to a
bounded operator from L% (RT‘I) into L (Ri“). In particular Wy is a compact
Hilbert—Schmidt operator from Lg (Ri“) onto itself.

Proof (i) Lety € S, (RY*1). The Weyl-Weinstein transform can be written as follow

_ d o
We (@) (x) = /Ri“ Ay (x,2) (fm“ T, w(—y)a(y,z)dua(y)) ditg(2).
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Using Fubini’s theorem, and the following equality
/d Ty (=)o (y, Ddpa(y) = / e (0(2) (=y)dpa(y),
R++l Ri+l

we deduce that

Wo(w)(X)=/d h(x, Y)o(y)die(y).
R +1

T

(i1) Follows from (i) and the combination of Holder’s inequality, and Lemma 4.2.

(iii) We deduce, from (ii) and the fact that the space S (R4*1) is dense in LY (R’i"’l),
for all 1 < p < oo that W, can be extended to a bounded operator from

LE®RETY) into LL(RET). Finally, we deduce by Lemma 4.2, that the kernel i

belongs to Lg (Mo ® Ly), hence Wy (@) is a compact Hilbert—Schmidt operator.
O

4.2 Casell: 0 € L';(ua ® Ua)p € (l,2]
In this section, we show that the Weyl-Weinstein transform with symbol o € L (e®

W), P € [1,2],1s a compact operator. We denote by 5 (Lg (]Ri+1 )) the C*-algebra of
bounded operators ¥ from Lg (Ri“) into itself, equipped with the norm

W= sup [[W(@)la2-
lella2=1

Leto € Sy (R9T! x R4*1), We define the operator K, on S, (R4*1) x S, (RI*1), by

Kolpn@i= [, [ oG ALG V@G D). = R
+ +

(4.3)

Lemma4.4 Let o € S, (R x R Forall ¢, ¥ € S,(R4H), we have

Ko (@, ¥)(0) := Ws (), @)a2,

where (., .)q 2 is the inner product ofLi (Riﬂ).

Proof According to the definition of the Weinstein—Wigner transform (3.1) and (4.3),
we have
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Ko (9, ¥)(0) = /d /d o (x, Ve, ¥)(x, y)dine (x)d g (y)
AN :Cag

= /Rf’ﬁ' /Ri“ ox,y) </1Rf’ﬁ' w(t)r)‘?‘l/f(—t)Aﬁ(y,t)dua(t)) ding (xX)d e (y).

Then, applying Fubini’s theorem, we get

Ko (0, 9)(0)= / R0 (/ ) / ) a(x,y)rfz/x(—t)Ai(y,t)dmx)dua(y))dua(z).
R++ ]R++l R++]

Using the fact T8y (—t) = 1y (—x), then by the definition of the Weyl-Weinstein
transform (4.1), we obtain

Ko (9, ¥)(0) = /R'f“ POWo (W) (D)d e (1) = Wo (V). @)a2-

Theorem 4.5 For 1 < p <2, there exists a unique bounded operator

T:LE(uo ® pa) —> B(LE(RLTY)

or— T,

such that for all ¢, € S,(RI*1),
(T ). Pz = | . / 1 IV D ()

with
IT511 < ol L2y @)
Proof (i) Firstcase: p = 2.Leto € S,(R4H! x R4t For v € S, (R4*1), we put
Ts () = Ws (¥). 4.4)

By Lemma 4.4, we obtain

(To (). Pz = Wo (D). a2 = Ko (@, ¥)(0)
:/d /d o (s YYV(@, ¥) (52 Ve (¥ e ().
R++1 R++1

Moreover, according to Holder’s inequality and (3.4), we get

(To (), @)a2 = o122 (uu@pe) 19 N2 1V lla.2,
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(ii)

(iii)

which implies that 7, € B(L2(R%™)) and

ITo 1l < llollz2 (4.5)

(Ha®a)*

Next, we consider Lg (g ® 1y) and (0,),eN be a sequence in o € S, (RA+L %
R?*1) such that ||o, — U”Lé(ua®ua) — 0 asn — 0. According to inequality
(4.5) we have, forall m,n € N,

175, — 1o, |l < llom — G"”Lg(ll«a®lia)

= llom = ol L2 (u@pe) T 110n = OllL2 (no@pa)-

Consequently (75, )nenN is a Cauchy sequence in B(Lg (Ri“)) which converges
to T,, moreover, by relation (4.5) the limit 7, is independent of the choice of

(0n)nen and
151l = lim 175,01 < 1m0l 22 g1y 100) < 19122 00000
On the other hand, for all ¢, ¢ € S, (Rd+1), we have

(Ts (), @)a,Z = nli{lgo(TG"(w)’ E)a,Z

n—o0

= Jim [ e Ve s (e )
R4 JREF

= /RM /Rdﬂo(x,y)V(w, ) (x, y)d g (X)d e (y).

Second case p = 1. Let o € S,(R?*! x R9*+1) and consider the the operator T,
defined by (4.4). Then, according to Holder’s inequality and the estimate (3.3),
we have for all ¢, ¢ € S, (R4,

(T ). D2l < 10111 oo IV @ WL (o)
< 10113 (e 10 21 1,2

which implies that 7,, € B(L2(R%)) and

IToll < N0 L) (o @pta)-
Next, in a similar way to the proof of (i), we obtain the result for p = 1.
For 1 < p < 2, the result comes from the cases p = 1, 2 and the Riesz—Thorin
theorem [20], which complete the proof.

(]

Theorem 4.6 Let p € [1,2] and o € Lg(ua ® o). Then Ty is a compact operator
from Lé (]Ri“) into itself.
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Proof Let p € [1,2],0 € L (1ta ® tte) and (¢,),en be asequence ino € Sy (RIF! x

R4+ such that lim,,_, ¢ [Jo, — o ”Lé(ua@wa) = 0. From Theorem 4.5, we have || 7, —

15,1l < llowm — U"HLé(ua@ua)' Hence, T;, converges to T, in B(Lg(RiH)) and the
result comes by Theorem 4.3 (iii). O

4.3 Caselll: 6 € S, (R4 x RI+T)

In this section, we denote by S’ (R?*1) the topological dual of the space of S, (R¥*1)
and S,(R4*+! x RY*1) the topological dual of the space of S,(RY*! x RI*1),

For 0 € SL(R*T! x R¥*t!) and ¥ € S.(RY*!), we define the Weinstein—Weyl
transform on S, (R?*1), by

Wo (W) () =0 Vg, ¥)), ¢ € SR, (4.6)

where V is the Weinstein—Wigner transform given by (3.1).
It follows from Proposition 3.1 (i) that YW, defined in (4.6) belongs to S, (Rd“).
Now, we denote by oy, the element of S, (R?*! x R4*1) defined by

on(G) = f » f 1oy GRG0 (). @.7)
R4 JREF

where /1 is a slowly increasing function defined on R4 x R4,

Proposition 4.7 Let o1 € S,(RI+! x RY*Y), given by the function equal to 1 and vr
a function in Sy (RA*1Y). Then, we have

We () = ¢4,

where c is the constant given in Theorem 3.4 and § is the Dirac distribution at 0.

Proof According to relations (4.6) and (4.7), we have for all ¢ € S, (R?*1),

Wo, (1)) () = 01 V(@ ¥)) = /R </Rd+l Vg, ) (x, y)d g (X)> dpa(y),
+

d+1
¢
then, by Theorem 3.4, we obtain
W) @) =1 V) = [ Fwa@0ditar).

Applying the inversion formula of the Weinstein transform (2.9), we finish the proof.
O
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