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Abstract

First, we reconsider the magnetic pseudodifferential calculus and show that for a large
class of non-decaying symbols, their corresponding magnetic pseudodifferential oper-
ators can be represented, up to a global gauge transform, as generalized Hofstadter-like,
bounded matrices. As aby-product, we prove a Calderén—Vaillancourt type result. Sec-
ond, we make use of this matrix representation and prove sharp results on the spectrum
location when the magnetic field strength b varies. Namely, when the operators are
self-adjoint, we show that their spectrum (as a set) is at least 1/2-Holder continuous
with respect to b in the Hausdorff distance. Third, when the magnetic perturbation
comes from a constant magnetic field we show that their spectral edges are Lipschitz
continuous in b. The same Lipschitz continuity holds true for spectral gap edges as
long as the gaps do not close.
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1 Introduction and main results
1.1 The general setting

Letd > 2 and if x € R? we denote (x) := (1 + |x|*)/2. Let
BC®R?) := {f € C®M®R%R): sup [9% f(x)] < o0, Va € Ng} .
xeRd

We consider a magnetic field given by a 2-form B(x) = Zi’ j B;j(x) dx; Adx; with
Bij = —Bji, Bjj € BCOO(Rd) and 9y B;j + 0 By; + 0; Bjy = 0,i.e.dB = 0. Since B
is closed, we may write B = dA for some (non unique) 1-form A. We will only work
with the so-called transverse gauge [10], defined as follows: for every x’ € R? let

d 1
Aj(x,x') = —Z[ s(xx — xp) Bjr(x" + s(x — x")) ds,
0
k=1

and observe that B = dA(-, x’) independently of x’. Let I'y ,» denote the oriented
segment linking x” with x. The 1-form A(-, 0) — A(-, x”) is closed and

w(x,x’):=/ A(~,0>—A<-,x’)=/F AC0)

Fx,x X,X
satisfies
A (0, x') = Aj(x,0) — Aj(x, x).
Using Stokes’ theorem we see that ¢(x, x”) equals the magnetic flux through the

oriented triangle having vertices at 0, x and x’. We now list three important properties
of . Forall x,x’,y,z e RY and o, &', B € Ng we have:

1. There exists a constant C, o’ such that
9705 @ (x, x")| < Co o X115 (1.1)
2. p(x,x") = —p(x', x);
3. If A(x, y, z) denotes the area of the triangle with vertices x, y,z € R¥ then the
map §: R3? — R given by
fx, y,2) =9, y) + o, 2) — o, 2)
is the magnetic flux through the triangle with vertices x, y, z and satisfies

009 F(x, v, 2)| < Caa Alx, . 2), (1.2)

for some constant Cy 4.
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Given such a ¢ we define the magnetic symbol class M, (R3?) to be the set of all
functions on the form

ap(x, x', &) = g (x, X' £),

where b € Rand a € COO(RM ) is any function for which there exists M > 0 such
that

1820% 0 a(x. x',£)] < Coarplx — )M, (13)

for every a, o/, B € Ng and some constant Cy o/, g. Note that we allow a polynomial
growth in the “relative coordinate” direction x — x’. We associate to each magnetic
symbol a, € M, (R34 a magnetic pseudodifferential operator Op(ap): & (R?) —
Z"(RY) given by

(Op(an) f.8) =5

f & (e (x, X', £) f (g () dy’ d de,
R3d

(1.4)
for f, g € L (RY). By (1.3) and (1.1) it follows that Op(aj) is well-defined. Note that

this is not the usual magnetic Weyl quantisation procedure [20,21], which associates
a Hormander symbol [18,19] a € SS’O(RM) to the following operator

©opY@f, g =

= 2y /.;d eié'(x—x/)eib(p(x,x/)a((x +x)/2, S)f(x/)m dx’ dx d&.
R‘

(1.5)

In Theorem 1.1 we will show that Op(ap) can be extended to a bounded operator
on LZ(RY), provided ap € M(p(RM). We immediately see that the magnetic Weyl
operators belong to our class of magnetic pseudodifferential operators. On the other
hand (see Remark 1.3 for more details), one can also prove that the opposite inclusion
holds, in the sense that given one of “our’” bounded operators one can construct via the
magnetic Beals criterion [10,21] a magnetic Weyl symbol which generates the same
operator. Nevertheless, working with our class seems to be more convenient when one
shows that certain commutators can be extended to bounded operators on L2(RY).

The first goal of our paper is to show that, up to a global unitary gauge transforma-
tion, any such object can be identified with a bounded generalized matrix acting on
274 L*(Q)) where Q := ] — 1/2, 1/2[% is the open unit d-hypercube.

The second goal is to study how their spectrum varies with b (as a set) when the
operators are self-adjoint.

1.2 Recent developments

Magnetic Schrodinger operators of the type Hj, := Z?:l (—idy; —bA j)z + V where
V is a scalar potential play a central role in both atomic and solid-state physics.
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When the magnetic field is long-range (i.e. it does not decay fast enough at infinity),
the corresponding magnetic potentials are no longer bounded perturbations and the
spectral analysis is more involved.

There is a substantial amount of literature dedicated to such operators, especially
on the problem of obtaining effective magnetic Hamiltonians. From the physics liter-
ature we only mention the pioneering works of Peierls [34] and Luttinger [26]. The
mathematical community became interested in the problem during the Eighties and
gradually put it on a firm mathematical foundation. The works by Nenciu [30], and
Helffer and Sjostrand [15,16,35] were probably the first ones where the existence of
magnetic tight-binding models was rigorously established. Nenciu [31] then showed
that the resolvent (H, — z)~! can be seen as a twisted magnetic integral operator and
that the singular behaviour comes from a phase factor like gibe(r.x),

Moreover, it was observed [24,28] that in the presence of a non-constant magnetic
field, the usual Weyl pseudodifferential calculus based on the minimal coupling princi-
ple at the level of classical symbols does not lead to gauge invariant formulas. Iftimie,
Maintoiu and Purice [20-23] introduced the so-called magnetic Weyl pseudodifteren-
tial calculus in which they treated operators like in (1.5). The case m = p =86 =0
was inherently more difficult, but in [21] they managed to prove a magnetic version of
the Calderén—Vaillancourt theorem and they also generalized the Beals criterion [2,6]
to the magnetic case.

Several aspects of spectral and scattering theory using magnetic Weyl pseudodiffer-
ential calculus were analysed in [27,29]. Lein and De Nittis [13], Panati et al. [33], and
Freund and Teufel [14] developed a pseudodifferential calculus adapted for magnetic
Bloch systems and applied it to various problems coming from the space-adiabatic
perturbation theory.

A special class of results concerns the resolvent set stability of magnetic Schrodinger
operators and the Hausdorff regularity of the spectrum when b varies. Continuity of the
spectrum can be proved under quite general conditions on the Hamiltonians [1,3,4],
while more refined properties like the Lipschitz behaviour of spectral edges were first
proved by Bellissard [5] for discrete Hofstadter-like models [17]. Cornean, Purice and
Helffer [7-9,11,12] extended this to continuous magnetic Schrodinger operators, and
the magnetic Weyl calculus played a crucial role.

1.3 Main results
Recall that = ]—1/2, 1/2[¢ and define:
H = P L@ = ()yezs CLA@ | Y I fylliag <00t
yezd yezd

which is a Hilbert space when equipped with the inner product

() @ or =D {fy &) 12e)-

yezd
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Furthermore, for any b € R, let Up: L>(R?) — . be given by
Uy () :=e PV xq() f -+ p), (1.6)

forall f € L?(R?), where xq denotes the characteristic function on 2. The operator
Uy is unitary and

(U (fy)yezal() = Y PP xa(- =) f (- = y).

yeZd

We say that an operator A on 7 is a generalized matrix of the operators
(Ay.y)y.rezd C B(L*(R)) when:

A = {AV,)//}y,y/EZd’ (Af))/ = Z AV,V’fV’

Vrezd

forall f = (f,),cz¢ € 7. One may also see that A acts on £2(Z4; L*(Q)).
The Hausdorff distance between two compact sets X, ¥ C R is defined as:

dy(X,Y) := max{sup dist(x, Y), sup dist(y, X)}.
xeX yeYy

We are now ready to state our main theorem.

Theorem 1.1 Ifap € Mw(RM) with b € [0, byax] for some by > 0, then:

1. The operator Op(ayp) in (1.4) extends to a bounded operator on L*(RY) and for
each y,y’ € 79 there exists Aypip € B(L%(S2)) such that (see (1.6))

UpOp(ap) Uy = (€770 A4}, et (1.7)
Moreover, for every N € N there exists a constant Cy such that
1A, bl < Cnly =y, (1.8)
and
Iy yp = Ayl < Cuty =y )N Ib = |, forb, b €10, bmaxl,  (1.9)

forally,y' e Z¢.
Additionally, if a(x, x', &) = a(x’', x, &) then Op(ap) is self-adjoint and in this case:

2. The spectrum of Op(ap) is %-H(‘)’lder continuous in b on the interval [0, bpmax], i.e.
there exists a constant C such that

di(o(Op(ap)), o (Op(ay))) < Clb —b'|'2, (1.10)

forall b, b’ € [0, byax].
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3. Assume that ¢ comes from a constant magnetic field, i.e. p(x,x") = %xTBx/
where B is an antisymmetric matrix. If Ep denotes the maximum (minimum) of
o (Op(ap)), then it is Lipschitz continuous in b on [0, bmax]. Furthermore, if ep
denotes an edge of a spectral gap which remains open when b varies in some
interval [by, by] C [0, bmax ], then ep is Lipschitz continuous on [by, b>].

Remark 1.2 The representation (1.7) justifies the name ‘“generalized Hofstadter
matrix” [5,17]. In the “classical” Hofstadter-like setting one deals with a discrete
operator acting on £2(Z%; C) where the matrix entries are complex numbers. In our
case they are bounded operators on L%(£2). Furthermore, the matrix elements are
strongly localized around the diagonal as in (1.8). We also note that after rotating
Op(ap) with Uy, the only singular behaviour in b is left in the “Peierls”-like phase
ei?.¥") since the entries A, p are Lipschitz in b in the norm topology, see (1.9).
For nearest-neighbor Hofstadter-like operators it is known from the works of Bellis-
sard, Helffer—Sjostrand and Nenciu that the spectrum is %—Hélder continuous and that
the exponent % is optimal in the sense that gaps of order |b — b'|'/?
spectrum (for more details see [7,32] and references within).

may open in the

Remark 1.3 Our class M, (R34 of symbols which obey (1.3) is more convenient to
work with, but ir does not generate “more” operators than the “usual” magnetic Weyl
quantisation (1.5). Let us show that given any operator Op(ajp) as in (1.4) one may find
a Hormander symbol a € S(()),O (R24) such that Op(ap) = Opzv (a), where OpZv (a)isas
in (1.5). In order to prove this we use the Beals criterion for magnetic pseudodifferential
operators [10,21]. Namely, let us denote Wy, = Xy if k = 1,2,...,d and W} =
—10y,_; —bAk—aq(-,0)ifk =d+1,...,2d. Then we will show using Theorem 1.1(1)
that all the commutators of the form

(Wi, (W, ... [W;,,, Op(ap)] . . .11,

Jee{l,2,...,2d}, m > 1, can be extended to bounded operators on L2(R?), hence
(1.5) holds due to the magnetic Beals criterion. We only show this for m = 1, the
general case follows by induction.

Indeed, integration by parts gives

([Xk, Op(ap)1f, g)

— (2;)d [l;%d eig.(X7X/)eib<p(x’X/)(85,{61)(.}6,X/,é)f(.x/)g(-x) dx/ dx dg,

which by Theorem 1.1(1) can be extended to a bounded operator on Lz(Rd). Using
again integration by parts together with the fact that 9, ¢(x, x) = Aj(x,0) —
Aj(x, x") we obtain after a straightforward computation that the commutator [ (—idy =
bAj), Op(ap)] is a magnetic pseudodifferential operator with magnetic symbol

PP (p A (x, x) — bAj(x, x') — i(dy, + Bx/l_))a(x, X', €) € My(R3?).
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Here we see the advantage of allowing polynomial growth in x — x’, because even
though A (x, x") and A (x’, x) have a linear growth in |x — x| we can directly apply
Theorem 1.1(1) and the commutator can be extended to a bounded operator on L2 (R?).

Remark 1.4 If it is possible to choose a vector potential A such that
0¥ Aj ()] < Ca, (1.11)

for all multiindices o with || > 0, then every magnetic pseudodifferential operator
would correspond to a non-magnetic Weyl type pseudodifferential operator. In order
to show this we use the non-magnetic Beals criterion. First, note that the commutator
[—bA;(-), Op(ap)] is a magnetic pseudodifferential operator with magnetic symbol

eiqu(x,x’)b(Aj x") — Aj(x))a(x, x'8).

By Theorem 1.1(1) the above commutator extends to a bounded operator in L?(R?).
Using Remark 1.3 we obtain that [—iax_,., Op(ap)] extends to a bounded operator on
L2(R?). After an induction argument we obtain that Op(ap) satisfies the classical
non-magnetic Beals criterion.

However, we note that (1.11) does not necessarily hold for the transverse gauge,
although the constant magnetic field obeys this condition. Furthermore, to obtain sharp
results on the behaviour of o (Op(ap)) as the magnetic field strength varies, using the
non-magnetic Weyl quantisation is not convenient when one works with nonconstant
magnetic fields.

1.4 The structure of the paper

After this introduction, in Sect. 2 we prove Theorem 1.1(1) by regularizing our mag-
netic symbol and writing the corresponding magnetic pseudodifferential operator as
an integral operator with a smooth integral kernel. By rewriting in a clever way the
kernel of this operator we are able to construct the right hand side of (1.7) as a strong
limit of a regularized sequence of operators.

In Sect. 3 we prove Theorem 1.1(2) by adapting some ideas coming from geometric
perturbation theory and [11].

In Sect. 4 we prove Theorem 1.1(3) in the case when E}, is the maximum of the
spectrum. Finally, we show how to deal with inner gap edges.

2 Proof of Theorem 1.1(1)

For simplicity we assume that a, (x, x’, §) = et g (x, x!, &) where a is a symbol
of Hormander class 58’0(R3d) i.e. M = 01in (1.3). The proof can then be extended to
any M > 0 (see Remark 2.7 for more details).
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2.1 Regularization of magnetic symbols
We begin by regularizing the symbol a;, in order to write the corresponding magnetic

pseudodifferential operator as a generalized matrix of integral operators with smooth
integral kernels.

Lemma 2.1 Let ap € M(p(RM). For ¢ > 0 define ap, ¢ : R3 — C by

ape(x,x' &) i=ap(x, x', £)e™*®

and Kp ¢ : R% 5 C by

1 . ,
Kpe(x,x'):= G /Rd e gy o (x, X', E) dE.

Then the integral operator with kernel Ky, ¢ is a bounded operator on L>(R4) and for
f e L RY) we have

(Op(ape) f)(x) = /R Kol X)) 2.1

Proof The proofis a consequence of integration by parts, Schur—Holmgren lemma [ 19,
Lemma 18.1.12] and the identity

()2 =) Cox™, 2.2)

lee]<n

which holds for x € R¥. Using Fubini’s theorem gives
(Op(ap,e) f. 8) = /Zd Kpe(x, x') f(x")g(x) dx’ dx
R

for f, g € .7 (R?) which proves (2.1). O

Next we show that the operator Aj, . := UpOp(ap.¢)U, 1;" can be written as a gener-
alized matrix of integral operators on L?(£2). In the following we underline variables
to indicate that they belong to 2. By the definition of Uj,, U, and (2.1) we have that

(Ape(fy)y (x)= Z / Kpe(x+y,x' + y/)eib(w(y+ygy/)—¢@+y,y))fy,(i/) dy’,
y'ezd &
(2.3)
for (f,1) € . If forevery y, ' € Z% we define

st)’/(xv X/) = f(x +v, ]//, V) + f(x + v, x' + )//7 )//)
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and

Kyy(x, x') = ,/d el why =2 =il o=@ (x 4y, X' 9 ) de,
R

2.4)

2m)?

then we can use the identity

px+y.x' +y) ==&+ v YY) Fo +y.y) + o, ¥) + Ty (x, x)

to write (2.3) as

(Ape(fy )y () = Y ey / Ky (e, X)) frr(x)) dx'.

y'eZd @
This shows that the operator Ap, . is a generalized matrix i.e.
" ,
Ape =TT Ay b ey e, 2.5)
where the operators A,/ j, . are integral operators with kernel K, .. The next step

in the proof is to construct operators A, j,, which are strong limits of A, . as
e — 0.

2.2 Construction of A,/ ,

We rewrite the kernel of the operator A,/ . for each y,y’ € 7% in a way that
allows us to take & to zero. Before we construct the operators A, , we note, as a
consequence of (1.2), that for every a, o’ € Ng there exists C, o such that

10%0% F,., (t, x)| < Corer (¥ — V) 2.6)

forall x,x" € Q:=[—m, 7]%.
The first step in the construction is to obtain a Fourier series (for each fixed &) of

the function
Q%5 (x,x) > a@ 4y, x +y §)el &),

forall y, ' € Z¢. In order to circumvent the problem that this function is not neces-
sarily periodic let ¢ € C3°(£2) be such that 0 < ¢ < 1 and g = 1 on some open set
containing 2. Then for every y, y’ € Z¢ the function

0?5 (x,x) > g)g(XNalx + v, x' +y', £)elTry ), @2.7)
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can be extended to a periodic function in x, x” and hence has a Fourier series expansion.
Before we consider this expansion we note that for any «, o', B € Ng Leibniz’s rule
and (2.6) gives the existence of a constant Cy, o, g, not depending on b, satisfying

o+ |

9202 0 (3008 (e + 3" + 7/, by 1))

= Ca,oﬂ,ﬂ(V - )//>
2.8)

This is because the left hand side depends polynomially on b, therefore by the assump-
tion that b € [0, bmax] it follows that the right hand side can be chosen independently
of b.

We would like to obtain an explicit decay in the summation variables 2, m’ for the
Fourier series of (2.7). To avoid cumbersome notation we will annotate functions and
operators, within this section, which depend on the variables y, y', m, m’ € 74 with
a tilde accent. To obtain the aforementioned decay in the Fourier series we define for
every y, y',m,m’ € Z¢ the function

e D g(g(Nalx + v, x4y )P ) dx ax,

n\y2d
e o ) f

@m)?2 Jg

and use integration by parts together with (2.8) to obtain the estimate
8fa, &) < Coly —y)*, 2.9)

forall B Ng. The Fourier series of the function in (2.7) then becomes

H ! /
el(m‘x+m -x’)

2@ )

g(x)g(x/)a(x Ty, X+ )//, %_)eibfy,y/(x,x’) _ Z W

m,m’eZ4

Since g = 1 on it follows that the kernels K, ,+ in (2.4) can be written as

1 1 . I -
K. . N — i§-(x+y—x'—y") gilm-x+m"-x") ~ —e6) ge.
vy (X, X0) @) g L (o A{de e ap(§)e &

m,m’ eZf

Since the function @, only depends on & we can use the exponential factors e'é*
and X that appear in K v,y to write each A,/ ;, . as a series of pseudodifferen-

tial operators. Specifically, if we for every y, y',m,m’ € Z¢ define the operators
Ape: C(Q) — Z(RY) by

(Ap o) (x) := e F7 [ei(*)'(”V/)Zlb(*)e€<*>ﬁ(ei”1/'(')h(-)>(*)} ),
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for all € > 0, then Fubini’s theorem implies that

1 -
Ay peh)@ = > oy Ao @), (2.10)

m,m’eZd

forall h € C3°(2) and & > 0. Since Ab, ¢ is well-defined even when ¢ = 0 we define
Ay on CC(Q) by

1 ~
(Ayy M) @) = (Ayypoh) (@) = Y Gommyd Aeoh @ 211

m,m’ €74

We will later prove that A, . converges strongly to A, ;, and use this to show
that A, ;, satisfy Theorem 1.1.

2.3 Norm estimates: Proof of (1.8) and (1.9)

The aim of this section is to prove the following lemma, from which both (1.8) and (1.9)
follow immediately.

Lemma 2.2 Suppose b, b’ € [0, byax]. Then for every N € N there exists a constant
Cy such that

1Ay behll 2y < Cnly — ¥V 2N hl 2 (2.12)
and
1Ay b.e — Ayyr il 20y < Cnly — ¥ Y2V b = D [|lhl| 2. (2.13)

forallh € C®(R) and all & € [0, 1].

From Lemma 2.2 it follows that A,/ ;, extends to a bounded operator on L2().

Proof Let N € N be arbitrary. From (2.10) and (2.11) it is clear that in order to
estimate (2.12) we have to estimate the norm of (y — y’)ZNfl;,,g for ¢ € [0, 1].
Applying (2.2) together with integration by parts and Leibniz’s rule gives the existence
of a constant My € N and sequences (Cn)fy:’vl c C, (an)z/[:”l, (ot;)fy:”l, (,8,,),]:/1:"’1 C Ng
not depending on / such that

(v =¥V (Apeh)(x)
My
_ Z Cnidnyfl [e“*)‘(ywaf;g [db(*)es(*)]y<(.)a,’leim’.(~)h(.))(*)i|(Q,

n=1

forall h € C3°(2) and e > 0.
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In order to show (2.12) it only remains to obtain a suitable estimate of the norm of
the right hand side. By applying Parseval’s identity twice we obtain

My 1/2
vy =¥V A chli 2 < Zcn||a£;;[éb<*>e*€<*>]||Lx<Rd)( f [ R ? dx/) ,
Q
n=1

forall h € C§°(2) and & > 0. Since 1 € C§°(2) we have the bound |(x") % h(x")| <
|h(x")| for all n = 1, ..., My. Combining this inequality with the estimate (2.9)
and the fact that any finite number of derivatives of e ¢ is uniformly bounded for
¢ € [0, 1] gives the estimate

(v =¥V Apehll 2@ < Cnly — ¥V IRl 20

forall 1 € C°(R2), ¢ > 0 and some constant Cy not depending on b. This completes
the proof of (2.12).

To prove (2.13) we need to subtract two functions as in (2.7) but with different
choices of b and obtain an estimate similar to (2.8). By (2.7) such a difference is given
by

g (atx +y. x4y 5l by GOy ),
for b, b’ € [0, bmax]. Using that for all y € R we have
e — 1] < Iyl (2.14)

together with (2.6), (2.8) gives forany a, &', B € Ng the existence of a constant Cy ' g
such that

00 0f (2008 (Nalx + y, x4y, ) Troy [0y (o) ”)‘

< Coa plb —b'|(y — y/)lIF I+ (2.15)

Note that when we use Leibniz’s rule on the left hand side every term will contain a
factor on the form (b — b')"* with n € N and since b, b’ € [0, byax] we can absorb
the extra factors in the constant. By using (2.15) in calculations similar to those that
gave (2.9) we obtain

0f @ (&) — 9 @y ©)| < Cplb — by — y/)*

forall B € Ng and somce constant Cg. With this estimate the proof of (2.13) follows
the same way as the proof of (2.12). O



Magnetic pseudodifferential operators represented as... 319

2.4 Strong convergence of A, .

In this section we prove that A, ; , converges strongly to A, ; as & goes to zero
(cf. (2.11)). Furthermore, we construct an operator Hj, as the generalized matrix with
entries e‘h‘f’(V’V )Aw/,b. Using the strong convergence Ay be —> Ay we prove
that Ap . in (2.5) converges strongly to Hp. Finally, we apply this to continuously
extend Op(ap) to an operator in B(L%(RY)).

Lemma 2.3 Foreachy,y’' € 74 the operators Ay)/ﬁb»e converge strongly to Ayy/,b
on Cy°(Q2).

Proof Suppose that i € Cf)’o (2). From (2.10) and (2.11) it suffices to consider the
operators flb,g - flb,o for all y, ', m,m’ € Z?. Applying Parseval’s identity once
gives

”(AVV/vb»E - A)/)/’,b)h”Lz(Q)
1 =~ —&(x ar [ Aim’-(-
< X G @eE S =D F (0RO @l

m,m’ €74

Using Parseval’s identity again shows that the L2-norm appearing on the right hand
side is bounded by a constant which is independent of m, m’ and e. Therefore it is
enough to prove that this norm goes to 0 with & for a fixed m and m’, which follows
by an application of Lebesgue’s dominated convergence theorem. O

To construct the operators Hp, we need the following general lemma on generalized
matrices of operators.

Lemma 2.4 Suppose that there exists a constant C and operators (Ty, )., \rcz4 C
B(L*(2)) such that

Clfllrz @

1Ty, fllrzg) < ,
134 () <y_y/>2d

foreveryy,y’ € 74 and f € C3o(2). ThenT = {Ty.y},., ezd is abounded operator
on J€ with

C
HEDY ek

}/GZ‘l
Proof Let f € {(fy) € # | f, € C(R)} and S: €2(Z9) — €*(Z) an operator
with matrix elements
S _ C
YTy — )

Using a Schur—Holmgren estimate we get that S is bounded and || S|| < ZyeZd ﬁ
Then:
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2 2
17710 = 3 | X Bt = 2 (2 Srllflize)

yeZd yezd yezZd yezd
2 2
< ISH7N S

Since T is linear and bounded on a dense set, it can be extended to the whole space
I O

By (1.8) and Lemma 2.4 we obtain that
Hy = {eib(p(y’y/)Ayy’,b}y,y’eZd

is a bounded operator on L2(R¢). Combining Lemma 2.4 with Lemma 2.2 also gives
the following corollary.
Corollary 2.5 The operators Ap ¢ are uniformly bounded for ¢ € 10, 1].
Next we prove that Hy, is the strong limit of A . as ¢ — 0.
Proposition 2.6 The operators Ap . converge strongly to Hy, as € goes to zero.
Proof First one shows the strong convergence for elements in the set
I ={(fy) e A | f, € C7(RQ) and f, # 0 for only finitely many y € 7%
by using (2.12) and Lemma 2.3. Second one uses that .74 is dense in 7#’, and that
the operators A, . are uniformly bounded in ¢ to complete the proof. O

Finally, we are ready to show that Op(a;) has a continuous extension on L2 (R4 ).
By Proposition 2.6 it follows that U ,j‘ H, Uy is the strong limit of Op(ay ) and since
using Lebesgue’s dominated convergence theorem in the definition of Op(ay,¢) gives

1im (Op(ay,e) /. 8) = (OP(@) /. 8).
forevery f,g € . (R?) it follows that U » Hp Uy is a continuous extension of Op(ap)

to L2(RY).

Remark 2.7 Note that if we had used a general magnetic symbol like in (1.3) with
M > 0 then the estimate in (2.8) would be on the form

=< Ca,ot’,ﬁ(]/ - y/>M+|a|+|a |’

920 0f ()8 (@atx + y.x' + /) )

for x, x’ € Q. Thus the Fourier coefficient obeys
0fan(©)| < Cply —y/)* M,

instead of (2.9). The subsequent part of the proof would then follow in exactly the
same way with only minor changes e.g. replacing 4d with 4d + M.



Magnetic pseudodifferential operators represented as... 321

3 Proof of Theorem 1.1(2)

In order to prove the second part of Theorem 1.1 we introduce the following notation.
Define

{r,y) eZ¥ | ly —y'I <tI7V2), t £0,

V=
! 74, t=0.

Furthermore, for s, t € R define

H;b = {ei(b+s)<ﬂ(%)/ )Ayy’,b}(y,y’)eV,~ (31)

If s or ¢ is O then we omit them in the above notation. Recall that for this part of the
proof we assume

a(x,x', &) = a(x', x, &),

forallx, x' & € R4, This is a sufficient condition for Hf » to be self-adjoint for every
s,t € Randevery b € [0, bpax]- ’

An important result [25, Chapter V-§4 Theorem 4.10] for proving Theorem 1.1(2)
is that if S and 7" are bounded and self-adjoint operators on a Hilbert space then

du(a(8),o(T) = IS —T1. (3.2

Our strategy to prove (1.10) is to show that there exists a constant C such that if
bo € [0, bmax] 1s arbitrary and &b satisfies by 4 8b € [0, bmax] then

dy(o (Hpy1sp), o (Hp.)) < CI8b, (3.3)
dn(o (Hp), o (Hyy ) < C18bl, (34
du(o (HjP ). 0 (Hspp,)) < C|8b|'72, (3.5)
dy (0 (Hsp.py). 0 (Hp,)) < C|8b). (3.6)

Since |6b| € [0, bmax] the triangle inequality would then imply (1.10). Note that the
constant C will depend on bp.x. For the rest of this section let by € [0, bpax] be
arbitrary and let b be sufficiently small.

For the inequality (3.3) note that

8b i(bo+8b)e(y.y’
Hpyvsp — Hy) = felCorebry )(Aw’,boJréb = Ayyrbo)lyyrent-

Thus it follows from Lemma 2.4, (1.9) and (3.2) that there exists C not depending on
bg or §b such that

dii(0 (Hpy15p), 0 (Hp,)) < || Hpg 50 — Hyy | < C18b]. 3.7
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The proofs of (3.4) and (3.6) are similar hence we only do it for (3.4). Clearly,
sb sb i(bo+38b)g(y.y'
Hbo - Hgb,bo = {el( o+b)ely.y )AVV,J’O}(V»V/)¢V5I:’

thus by defining ‘7,31, =74n Bsp)-172 (0) it follows from Lemma 2.4, (1.8) and (3.2)
that

dy(o (HpY), o (H ) < IHR? — Hypy |l < > Cly) ™. (3.8)
Y€ Vsp

It is possible to find a constant C such that for all y € Z¢ we have
() =),

for all x € y + Q. If we dominate the sum in (3.8) by the integral of C(x)~2¢ and
switch to polar coordinates we obtain

[e%9) rd—l

du(o (), o (H, ) < Y Cly)y™ < C f

dr < C|8b|
- sb1-172 ()4
V¢ Vsb

for sufficiently small §b.

3.1 Strategy for the proof of (3.5)

The proof of (3.5) is more involved than the other three estimates since it is not possible
in general to bound || H, (;S,f bo — Hsb.by | by a constant multiple of |§b|. Our strategy is
to prove the following two results:

Lemma 3.1 There exists a constant C > 0 such that if dist(z, o (Hsp,py)) > C|8b|1/2
then 7 € p(Hgs,f’hO).

Lemma 3.2 There exists a constant C > 0 such that if dist(z, O’(Hgibo)) > C|5b|1/2
then z € p(Hsp,by)-

Then (3.5) is a direct consequence of the following general lemma.

Lemma 3.3 Let T\, T» be bounded operators on some Hilbert space and C > 0 a
constant. The following assertions are equivalent:

1. Ifdist(z, 0 (T})) > C then z € p(Ty), for j, k=1, 2.
2. du(o(Th),0(Tp)) < C.

Proof We first show by contradiction that (/) implies (2). Assume that dy(o (T}),
o(T>)) > C. Then either there exists some z such that dist(z,o(7>)) > C and
z € o(T), or there exists some z such that dist(z, o(77)) > C and z € o(T>). This
contradicts (7).

To show that (2) implies (1), let z be such that dist(z, o (T;)) > C. Then z cannot
belong to the spectrum of 7} without contradicting (2). O
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In what follows we only prove Lemma 3.1 since the proof of Lemma 3.2 is similar
(cf. Remark 3.7).

The main idea behind the proof of Lemma 3.1 is showing that for every z €
o (Hsp,p,) there exists some bounded operator S; such that

1
951> ) (3.9)

HY, —2)8. =id+O0(—————
(Hpy p, — 2)Sz <d1st(z,0(H8b,bo))

Then if the right hand side is invertible, z belongs to the resolvent set of H g}f bo-

3.2 Proof of Lemma 3.1

In order to construct the operator S; let g, g € C{° (R?) and r > 0 satisfy:

1. g(x), g(x) € [0, 1] for every x € RY.
2. suppg C By (0) and supp g C B,42(0).
3. g =1onB4(0).

4.3 e g>(x —y) = 1 forevery x € R,

Furthermore, for any n € Z¢ define
gn.o0(x) = g(18b]"2x —n) and gy sp(x) = g(18b]'2x — )

and note the following properties:

(a) SUpp gn,s6 C Byjspj-1/2(n18b]~"/%) and supp & 55 C B0 (sp|-1/2(n|8b|~1/2).
(0) |8n.35(x) = gn.sp(M| < 18b]'2Cylx — y| forevery x, y € R”.

(©) &n.56(x)gn.56(y) = gn.s»(y) whenever |x — y| < [8b]7!/2.

(d) If for each n € Z9 we define the set of r-neighbors to n by

Ny(n):={n €Z% 0 < |n—n'| <2r},
then g, sp8u.50 = 0ifn’ ¢ Ny (n) U{n} and 8, 558y 5p = 0ifn’ ¢ Nryo(n)U{n}.
) ly” —nlsbl =12 |gu s (") < (r +2)|8b|71/2g, 55 (y") for any n, y" € Z4.

For each n, y € Z? define the scalars

+ +i8bo(y,n|8b|~1/2)
8ynsp-=¢

8n.sb (V)
and the operator Wg;, on B(5¢°) by

- + -
Wb (R) .—{ Z gy,n,BbR%V/gy’,n,Sb}

! Zd’
neZd vre
for R € B(J7).

Lemma 3.4 The operator Wsp is bounded with ||Wsp| < (v + DY2, where
vy :=|N;(n)| is independent of n.
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Proof Let f = (f)) € S be arbitrary and for every n € 7% et W, 5, € A be given
by

(Wnsp)y = g;n,gbfy‘ (3.10)
Then

YoMl =Y D eI fllag = 1£15-  G1D

nezd neZd yezd

Let R € B(J7) be arbitrary. By the definition of Wg;, we have

[(Wan(R) [y = D &5 s (RWn.66)y

nezd

for any y € Z¢. Thus, if we write the norm of [Wsp(R) 1)) in L%(Q) as an inner
product with the previous expression we obtain the estimate

ITWss(R) f1, ||i2(9)

1
=D 2 S8 Ew IRV )y 720 + IRV )y I172)
neZd n’eN, (n)U{n}

1
=50 ((vr + IRy 720y + D ||<an/,ab)y||iz(m>,

nezd n’eN,(n)

where it suffices to sum n’ over the set N, (n) U {n} by (d).
Foranyn € 74 the second sum contains the term (R, 56)y |l

element in the set N, (n). Hence we obtain

2

12(g) Once for every

Wb (R) 11720y < 0r + 1) Y IHRW 56)y 1172

nezd

By summing over y € Z?, and applying the boundedness of R together with (3.11)
we obtain

IWsp(RYF13p < @+ 1) Y IR 513, < (r + DIRIPIF 1
nezd

which completes the proof. O

We will show that the operator Wy, ((Hsp,p, — 2)7 1) acts as S, in (3.9). To show
this we need the following result.

Lemma3.5 Let f € 5% and z € p(Hsp p,) be arbitrary. For each y € 74 define the

scalar

Xy = Z 2n.5o I (Hsb.pg — 2~ W s0)y 1120,

neZzd
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where W, 55 is given by (3.10). Then x = (xy) € 2(Z4) with

(Ur42 + D12

iy < ——————— | fllr.
&9 = dist(z, o (Hsp.p,))

llxl¢2

Proof By using similar arguments as in the proof of Lemma 3.4 we obtain

A

I3y < @rpa 1) D Y I Hapbg = 2 Yns)y 1720
yeZd nezd
(Wr2 + DIFIR,
~ dist(z, 0 (Hsp,py))?

where we have used the well-known equality

1

— -1 [ —
(T —2) ”_dist(z,o(T))’

which holds for 7 normal and z € p(T). O
We are now ready to verify (3.9).

Lemma 3.6 There exists a constant C such that for all z € p(Hsp p,) the operator
T. = (HY ,, — 2 Wep (Hsppp —2)~") —id
is bounded on ¢ with

i < -G
' dist(z, o (Hsp. b))

Proof To shorten our notation we write
Rsp.z = (Hsp.py —2) .
In order to prove this result we want to obtain the following decomposition
(Hy by — ) Wsb(Rsp.) = R + Ry + R3 (3.12)
where

. " 1
Ry Z={ Z elobe vy )[H(Sb,bo - Z]y,y”[Wa(b,)y])/”,V/}
y”EZd

2
{32 oo = 21y W33 1|
}/”GZ‘I

3
R3 = { Z [stb,bo - Z]y,y”[Wg(b’)y]y”,y/}
y”EZd

y.y'ezd’

=

2.
y,y/eZd’

y.y'ezd’
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for some suitable operators WS(;) o W;Z)y , W(S) v To finish the proof we will then show
that R3 = id and that

C|8b|1/2
max{[|R|l, | Rz} < @ (3.13)

st(z, 0 (Hsp )

for some constant C.
We start by constructing the operators Wa(;?y, Wa(z,)y’ W;Z?y. Since

sh iSbo(y,y'
Hyy o — 2= {00 N Hsp by — Zlyy/}oyoy)eVips

and [Hsp, p, — 21,7 = O whenever [y —y'| > |8b|~ /2 these operators must be chosen
such that for arbitrary y’, y” € Z? we have

1 s " 2 3
[WSb(RM?,Z)]y”,y’ = [W(g(h’)y]y”,y’ +e i8bg(y.y )([ng?y]yff’y/ —+ [Wts(b,)y])///’)’/)
whenever |y — y”| < |8b|~/%. By (d) and the identity

il @y ey nldb| Y 2) _ isbe(y.nib 1) (o oisbi(ry”nldbl ) _

which hold for all y, y” € Z, it is possible to verify that defining

1 : ” —1/2 - _
Wi, :={ D b (o s (v — gn,sb(y))gn,ab<y”)(R(sz,.aw.y/gy,,,,?,;b}

nezd

H —1/2 H " -1/2
w2 ::{Z eibp(y.nl8b™'/2) (Qidbiy.y " misb| /%)

nored’
v,y €L

- 1>gn.ab<y>§n.ab<y”><Rab,z)y~,y/g;,,n,a,,}y,,’y,ezd,
nezd

3 i -1 - _
W(g(b?y 1={ Z eldbe(y.midbl )gn.ab()/)gn.sb()/")(Rab,z)y”,y/gygn.gb}

s
y”,y’eZ"
=/

gives the desired decomposition of (3.12).

By using the definition of Wa(;)y it follows that R3 = id. To achieve estimate (3.13)
let f = (fy) € J be arbitrary. Our strategy is to bound the quantity [|(R; /)y [l 12(q)
j =1, 2, by a product of an operator in B(¢%(Z%)) and a vector in ¢2(Z%).

Let S: €2(Z%) — £*(Z%) be the integral operator with kernel

S(y, V/) =y — 7//|||[H8b,bo - Z]y,y’”Lz(Q)v

and letx = (x,) € 2(Z%) be given as in Lemma 3.5, i.e.

Xyi= > EnovI((Hpoy — 2 Wnsp)yll12(0)-

neZzd

By (b) and the triangle inequality we get

IR )y ll 20y < 18bI2(Sx)y,
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and from (e), (2.6) and (2.14) we obtain

(R F)yll 2y < Crl8D]'/2(Sx),,

for some appropriate constant C,. From (1.8) and a Schur—Holmgren type result for
£2(Z%) it follows that S is bounded. By Lemma 3.5 we thus obtain the bound (3.13)
for both R; and R». O

Proof of Lemma 3.1 Since H glf, bo is self-adjoint it suffices to consider only real values
of z. Suppose that x € R with dist(x, o (Hsp py)) > 2C|8b|'/? and choose 8y > 0
such that z € p(Hsp,p,) Whenever |z — x| < 8p. For any § € R with 0 < [§] < &y we
define z; = x 4 i6. By Lemmas 3.4 and 3.6 we have the estimates

W +D"? @+ D

Wb ((Hsppo — 25) DIl < — < — :
0 dist(zs, 0 (Hsp,py)) — dist(x, o (Hsp,p,))
and

C|8b|'/?
1Tzl < —
dist(zs, 0 (Hsp,py))

1
<=,
2
for all 0 < [8] < §¢. Using these estimates together with Lemma 3.6 gives
(H o — 28)"" = Wan((Happy — 25) ) (d +T5,) !
and that (H gé” by z5) ! is bounded uniformly for such 8. Factorizing
HP ) —x = Gd+HS(HE , — 26) D (HD ) — 2).

and choosing § sufficiently small concludes the proof. O

Remark 3.7 1f we define the operator Ws, on B(.¢) by

~ o _ +
Wsb(R) ~—{ Z gy,n,szR%V/gy’,n,Bb}

yy'ezd’
neZd

and interchange the roles of Hgs,f’ b, @nd Hsp p, it is possible to repeat the proofs of
Lemmas 3.4, 3.5, 3.6 and 3.1 to obtain the result in Lemma 3.2.

4 Proof of Theorem 1.1(3)

In this part of the proof we adopt the notation in (3.1). Recall that we now assume that
B is a constant magnetic field. Thus ¢ is bilinear and

px,y) + ey, 2) =9k, 2) +ox —y,y—2), 4.1)

forallx, y,z € R,
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4.1 Regularity of extremal spectral values
Let bo, by + 8b € [0, bmax] for an arbitrary by and sufficiently small §b6. We only
consider the case when E}, is the maximum of the spectrum, the case when E}, is the
minimum is similar. By (3.3) there exists a constant C such that

|Epyrsp — supo (Hp)| < du (o (Hpyrsp). o (HRY)) < C|8b] 4.2)

and by the triangle inequality and (4.2) we get

|Ebotsb — Evol < |Epgtsp — supo (Hp)| + | supo (HYY) — Ep,|

< C|8b| + | sup o (H}?) — sup o (Hpy,)|.

Thus, it only remains to prove the following lemma.

Lemma 4.1 There exists some constant C such that

supo (Hp?) < supo (Hp,) + C|8b|, 4.3)
supo (Hy,) < supo (Hp?) + C|8b|, (4.4)

hence
|supo (Hp) — sup o (Hp,)| < C|8b].

Before we prove this proposition we consider the fundamental solution to the heat
equation, as it is an essential part of the proof. The fundamental solution is given by

1 Cv_/12
Gy, y, 0= @nnin® oy (4.5)

which is symmetric in the spatial coordinates and by semi-group theory satisfies

G(y,y"21) = / Gy, y . nGK, y", 1) dy". (4.6)
R4
By letting y = y” we get that

fRd IG(y, vy, D> dy =G(y,y,2t) = 4.7)

(8r1)d/2”

To simplify our notation we define the linear functional A, , ; by

Apyaf = /R FONGG Y DGG .Y ) dy.
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By (4.1), (4.5) and (4.6) we get
Ay (el309(r-)eidbe(y))
= Ay’y,’t<ei(3bw(%y/) (eiﬁbw(y—-,»—y/) 1+ 1))
— T ING(y. y! 21) + e ) Ay,y,’[(618b¢<yf~,~fy’> _ 1)

: ’ 1 1 2
_ ity =y '8t _
= ((Snt)d/2 T Banir o 1))

+ eisbtp(y,y’)Ay,y/J(eiabw(y—-,-—y’) _ 1)_

Rearranging the above equation gives for any b € R and y, y’ € Z¢
PITY = BTNy (€T IBTT) eiSb(p(y,y’)|:<e—|y—y’|2/8t _ 1)

+ 8?2 Ay’y,’t<616b<ﬂ()/*'w*)//) _ 1)}
=1 — 0V 41, 4.8)
where
L= Ban) 2N, 0 (eP09)eidbe(-y)y
= lr—v/P/8 _
1= 8?2 A,y (2000770 — 1),

Proof of Lemma 4.1 Recall that for a self-adjoint operator 7" on a separable Hilbert
space we have

sup (Tx,x) =supo(T). 4.9)
llxl=1

To show the first inequality, let f € 57 with || f|| » = 1. By using (4.8) we get

8b i8b v') Aib R
(HYP L flow =Y eP00yDedboy Ay b fi) 12
y.y'ezd

_ Z (1 — ¥y (11 4 T11])eibo? vy Ayy o fy' )2
v.y'ez!
(4.10)
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We first consider the series involving I. Since G(y’, y, 1) = G(y, y', t) we can define
®5hygt€ jf7by

(Dspyr 1)y =P G  y, 0 fy,

to get

S 1IN AL b o ) 2@

y,y'eZd

= 80" fR D (Hoy @by )y @by 2y 4
yezd

= @m0y /R (Hpg @51y, 0. Pop 1) e Y’

IA

sup o (Hp, ) (871)"/? / L2 1GO r DP ISy 72 4
yezd

= sup o (Hp),

where we in the inequality have used (4.9) and in the last equality (4.7).

Note that by this and since the left hand side of (4.10) is real it follows that the
series involving II and IIT must be real.

Next we note that

2
SIJ/ J/|.
8t

I < e—|y—y’|2/81 —1

We now consider III. The antisymmetry of the matrix B in the magnetic field ¢ and
the coordinate change x = y’ — (y + y’)/2 implies that

Ay yilp(y —--=v")

= /d oy =y, Y —v¥)G, Y, )G,y 1) dy
R

/ ’ , )
~ / (P55 — w4 Lo )em it o 500 g

=0,

where the last equality comes from the fact that ¢ is antisymmetric and the exponential
factor is symmetric in x and ¥5%-. Using this together with the inequality

[e8b% — 1 —isbx| < |8bx|%,
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which holds for x € R, gives that

Ay (@009 =7V
<Ay (@2 1y —i8bA, ey — - - — ¥
< B0 Ay oy = =Y.
Since oy — y/, y/ —Y) =y — y/ + )// _ )//, y/ _ J//) =y — ]//, y/ _ )//) and

lo(y — ',y —yHIF < Cly —y'Ply —y')?

it follows that
b’ Ay oy — - - = YD) < CEDY>Py — ¥/ IPA, (Y =¥,

Using that |y’ — y/|> < |y — ¥'|> + |y’ — ¥’|*> and changing to polar coordinates
implies

t
C@b?ly ' / G(r,y, 0GG Y, Dly = y'P dy' = CObYly = v
R

Thus we have shown that

t

M= @02 Ay @070 — 1) < P00y — v P

= COb’ly — v/
Next we define the integral operator S: ¢2(Z%) — ¢%(Z%) by

Sx)y = Y Iy =¥V Pl Ay sy,

V/ezd

which by a Schur—-Holmgren type result is a bounded operator. y
By inserting the previous estimates for I, II and III in (4.10) and using that S €
B(*(7¢4 )) we obtain

(HYY f. f)w < supo(Hy,) + C|} + (Sb)zt]

Choosing t = 1/|6b| finishes the proof of (4.3).
To show the second inequality (4.4), note that by complex conjugation of (4.8) we
obtain
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(Hpo fo flow = Y &PV (A0 o £) 120

y.yezd
Z e—iébw(y,V/)ei(bo+8b)<o(y,)/)(A

)/y’,bof)//’ f]/)Lz(Q)

y,yezZd
— Z (T _ efiﬁhw(ya}/’) [ﬁ + m])ei(boﬁ%)(ﬁ(%)//) (-Ayy/,ho f)//! .f},)Lz(Q),
v,y ezd
thus the proof of (4.4) is analogue to the proof of (4.3). O

4.2 Regularity of gap edges

Assume that the spectrum of Hy, has a gapi.e. o (Hp) = 01 Uoy where sup o < inf o7,
which does not close when b varies in some interval [by, b2] C [0, bmax]. We will show
that e, = inf o7 is Lipschitz continuous in [b1, b;]. The proof for sup o7 is similar.

Without loss of generality, up to a translation in energy, we can assume that o (Hp,) C
]—o0, O[forallb € [by, by].Letusfixsome by € by, b[ and consider small variations
8b such that by + 8b € [by, by]. By the fact that the gap does not close, and if |5b|
is small enough, we are able to choose a contour %" around o, (with o7 exterior to
¢’) which is independent of §b such that the distance between ¢ and the spectrum of
Hp,, 15 remains positive, uniformly on §b. We define the operator

1
Tp:= —/ z(Hp — z)f1 dz,
21 J¢

whose spectrum equals oo U {0} and hence inf o (T},) = ep. Therefore it is enough to
show that the infimum of the spectrum of 7}, is Lipschitz continuous in b. We will do
this in three steps. In what follows, C denotes a generic positive constant.

4.2.1 Step 1

Consider the operator H,f(f’ which is defined as in (1.7) but with A,/ 5, instead of
Ay bo+sb» all other phases being left unchanged. From (3.7) we have

| Hyqs5 — Hi Il < C8b).

Standard perturbation theory arguments imply that if |§b]| is small enough then % is
at a positive distance from the spectrum of H, ;f(f’ and moreover

i _
HTbo+5b - Ef%z(l‘lff - ! dzH < C|8b]|.

Due to (3.2), it follows that the difference between ep,+sp and the infimum of the
spectrum of ﬁ fcg z(Hf(f’ — 2)~! dz must be of order 8b.
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4.2.2 Step 2

Let T,fob be defined as

[Tbaob]y,y’ ::eiﬁb(p(y'y/)[Tbo]y,y’- (411)

In what follows we will prove the estimate
F8b i 8b -1
|7 - E[;(Hbo — 27" dz| = Clobl @.12)

which when combined with Step 1 and (3.2) gives
lepy+s0 — inf o (TpD)| < C|5b). (4.13)

The rest of Step 2 is dedicated to the proof of (4.12). We start with a technical
result.

Lemma4.2 Let z € € and let b = by + 8b as above. Seen as an operator in A =
02(Z4: L*(R)), the resolvent (Hy, — z)~ " is also written

(Hy —2)~" = {[(Hp — Z)il]y,y/}y’y/ezd with matrix elements
[(Hy —2) ", € BILA(R)).

For every N € N there exists a constant Cy independent of b and z such that
IL(Hy =27, < Cnly =y
Proof Let k € {1,2,...,d} and consider the family of unitary operators Vi (t) €

B() given by _
(Ve(@®) [y = e f,.

The operator Yy ,(¢) := Vi (t) Hp Vi (¢)* is isospectral with Hj, and
-1 * -1
Vi@ (Hp —2) 7 Vi) = (Yip(t) —2) . 4.14)
Using (1.7) and (1.8), together with the identity

Wi b (D], =TT H,

it follows that the map R > ¢ +— Y (¢) is infinitely many times differentiable in the
norm topology. In particular,

YOy =i (e — ) Hplyrn G2 1.
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By standard arguments one now shows that the map R > ¢ +— (Yk,b(t) — z)_l is also
differentiable and

d _ 1. _
3 e =2) Y= (M) = 2) Y, (O (Yep() — 2)

By induction one proves that the resolvent of Y 5(¢) is infinitely many times differ-
. . N —1 . .
entiable. Given N, one can express i—N(Yk,b(t) — z) |t=o in terms only depending

on (H, —z)~! and Yk(;’g (0) with 1 < j < N. Now going back to (4.14) we see that by
fixing a pair y, y’ and after differentiating N times at t = 0 we have:

dv _
iV ox —vONHp — )71, = [d—Nm,b(r) —z) 1|,:o} :
t vy

Since the right hand side is uniformly bounded in k, y and y’, the proof is completed
by noticing that (y — y’) grows like max |yx — ¥, /. O

Define Ssp(z) to be given by:
[S55 ()10 = P [(Hyy — 2711,

Since both Hp,, — z and (Hp, — z)~! are strongly localized near the diagonal we
get

(Hyy = 2)Sp (@) = 3 P0IBT Hy, = 2y [(Hiy = 2 Dy
y’EZd
= [id +O(b)1,.,
and for sufficiently small |§b| we obtain

(HY? — 27" = Spp(2)(ld +O5)) ™" = Syp(2) + O(6b)

uniformly in z € €. By using this identity it follows that

i i ~
— HY — —1d=—f S, dz + O©b) = TP + Ob
5 %)z( by — 2 dz ) B sp(2) dz + O8b) = Ty, + O(8D)

which finishes the proof of (4.12).

4.2.3 Step 3
Due to (4.13) it is enough to prove that

|inf o (T32) — epy| < C|6D).
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We observe that when §b = 0 we have Tb% = Tj,, hence the above inequality is the
same as

|inf o (T30) — inf o (T2)| < C|8b.

We also observe that the family Tbsob defined in (4.11) is of the same type as the

one we introduced in (1.7), where elbe(rr) ig replaced with eldbe(r.v) and Ay b
is replaced with [T}, ], ,. These operators are strongly localized in (y — y’) due to
Lemma 4.2. Thus we may apply the result about the Lipschitz continuity in b of the
“global” infimum of the spectrum which we have already studied in the first part of
Theorem 1.1(3), hence concluding the proof.
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