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Abstract
In this paper, we are interested by the perturbed operator

T(e):=To+eT +&*Ta+ - +&T + .-

where ¢ € C, Tj is a closed densely defined linear operator on a separable Hilbert
space ‘H with domain D(7p) having isolated eigenvalues with multiplicity one whereas
T1, T», . .. are linear operators on H having the same domain D O D(Tj) and satisfy-
ing a specific growing inequality. The basic idea here is to investigate under sufficient
conditions the existence of Riesz bases of exponentials, where the exponents corre-
sponding as a sequence of eigenvalues of 7 (&), can be developed as entire series of
. An application to a nonself-adjoint problem describing the radiation of a vibrating
structure in a light fluid is presented.

Keywords Eigenvalues - Elastic membrane - Families of exponentials -
Isolated point - Riesz bases

1 Introduction and main results

The concept of nonharmonic exponentials are originated from the celebrated work
of Paley and Wiener [14] where the authors studied the stability the trigonometric
system {e/"},c7 under small perturbations of the integers. Much improvement has
been made subsequently by many mathematicians such as Pavlov in [15]. In fact,
his famous theorem on the Riesz basis property of exponential family open up many
problems as the problem of radiation of a vibrating structure in a light fluid initially
motivated by Filippi et al. [8]. This problem has been extensively studied in literature
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[2,5-7,10,11]. Mainly in [2], the authors proved the existence of a sequence of complex

numbers (&), such that the family of exponentials associated to the eigenvalues of
2

d
the operator (1 + 8,,[(')’1 - forms a Riesz basis in L2(O, T), for some T' > 0. Here
X
K is the integral operator with kernel the Hankel function of the first kind and order
0.
It is clear here that the Riesz basis of exponentials given in [2] depends on the
sequence (&,), and is not related to the exact eigenvalue problem considered in [8].
It is along this line of thoughts that we try to give some supplements to the results

developed in [2] in order to give a Riesz basis of exponentials where the exponents
2

coincide with the eigenvalues of the integro-differential operator (I + &K )™ for

dx?’
a fixed .

To this interest, we consider the following operator introduced by Sz-Nagy [13]:
T(e):=To+eTi+&Tr+ -+ T+,

verifying the following hypotheses:

(H1) Ty is closed densely defined linear operator on a separable Hilbert space H with
domain D(Tp) C 'H.

(H2) The eigenvalues (A,),en+ of Ty are isolated and with multiplicity one.

(H3) The family of exponentials {¢"*'}?° forms a Riesz basis in L*(0, T), for some
T > 0.
Let Ty, T», T3, ... be linear operators on H having the same domain D and
satisfying the hypothesis:

(H4) D D D(Tp) and there exista, b,q > 0 and B €]0, 1] such that for all k > 1

ITepll < ¢ alloll + blITop P ol F) forall ¢ € D(Tp). (1.1)

Before stating our main results, it is interesting to note that in order to prove the
stability of many problems and to show the existence of such bases, many authors
such as Feki et al. [6], Jeribi [9] and Sz-Nagy [13] studied the asymptotic behavior of
the spectrum and developed many approaches on the comportment of the eigenvalues.
Among this direction, we recall the following theorems developed in [6].

Theorem 1.1 [6, Theorem 2.1] Assume that the assumptions (H1) and (H4) hold.
Then for |e| < é, the series

Z 8ka§0
k>0

converges for all ¢ € D(Ty). If T (¢)¢ denotes its limit, then T (¢) is a linear operator
with domain D(Ty) and for |e| < m, the operator T (¢) is closed. O

Let n € N*. We denote by A, the eigenvalue number n of the operator Ty, d,, =
d(My, 0(To) \ {*}): the distance between A, and o (Tp) \ {},,} and C,, = C(A,, r): the
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circle with center A, and with radii r,, = %". Since (To — z1 )’1 is an analytic function
of z, ||(To — zI)~"|| is a continuous function of z. So, we denote by:

M, == max [|(To — z) 7'
zeC,

n

and

Ny :=max | To(To — z1) ™" || = max || + z(Tp — z1)~'||.
2€Cn zeCy

Theorem 1.2 [6, Theorem 3.1] Assume that hypotheses (H1), (H2) and (H4) hold.
Let @, (respectively @) be an eigenvector of Ty (respectively T : the adjoint of Tp)

associated to the eigenvalue A, (respectively ,)) such that ||, | = || il and @i (¢,) =
1. Then:

. 1 . . . .
(i) For |e| < TrarEr T (¢) will have a unique point of the spectrum in the

neighborhood of L, and this point A, (&) will be also with multiplicity one.

(1) For |e| < m, Mn(e) and the corresponding eigenvector ¢, (g) can
n ntfntVinGp

be developed into an entire series of &:

An(€) = Ay + 8)¥n,1 + 82)%,2 + .-
On(e) = @n + @1 + E2Qua + -

and we have
[Anil < w,%r,%Mnan(q + o, +a)zl’nMnotn)i_1 forall i>1
and
I @n.ill < @praMy(q + oty + @2r,Myay)' forall i > 1,

where w, = ||¢| and o, == aM,, + bN,fM,i_ﬁ. O

Based on the fact that in application to numerical analysis the basis is truncated,
we prove the existence of Riesz bases of exponentials in L*(0, T) having the forms
{e”‘"(a)t}{V U {e“\"(‘g")t}ﬁJrl and {e“\”(‘g)’}jlV U {e”‘”’}lo\,onor |e| enough small, N € N*
andt € (0, T).

More precisely, we prove that:

Theorem 1.3 Suppose that the hypotheses (H 1)—(H4) are satisfied. Then, there exist
a constant Cy > 0 (N > 1), a sequence of complex numbers (¢,)nen+ and two
sequences of eigenvalues {,, (&) }nen+ and {1, (&,)}nen+ having the form

An(€) = Ay + S)Ln,l + 82)%,2 + -
An(En) = Ap + &phn1 + 8,%)»n‘2 + -
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such that for |e| €]0, Cy|, the systems

0) {el:kn(S)t}iV U {el:kn(sn)t}lovo_i_l
(1]) {elk,l(e)t}i\/ U {elk,,t}]ovo+1

form Riesz bases in L*(0, T). m]

We point out here that Theorem 1.3 ameliorates Theorem 3.2 stated in [2]. In fact,
the first N vectors in the two bases are not depending on a sequence of complex
numbers (g,,),. Consequently, in application to numerical analysis after truncating the
basis, the exponential families given in Theorem 1.3 are related to the operator 7 (¢)
for a fixed &; while, in [2, Theorem 3.2], the obtained Riesz basis is associated to
the eigenvalues of a sequence of operators (7 (g,)),en+ depending on the sequence
(&n)nens.

In some applications, the verification of the hypothesis (H3) is quite hard. As
a tentative approach to grapple with such difficulty, we had the idea to generalize
Theorem 1.3 by assuming, instead of (H 3), the following assumption:

(H3') The family {e'/ *»)"}%° forms a Riesz basis in L?(0, T') where T > 0 and f
is a H-lipschitz function, i.e.,

3 H > OsuchthatVx,y € [c,40oo[, ¢ >0, |f(x)— fOV)| < H|x —y|.

So by an analogous reasoning, we get the following result:

Theorem 1.4 Suppose that the hypotheses (H1), (H2), (H3") and (H4) are satisfied.
Then, there exist a positive constant Cy > 0 (N > 1), a sequence of complex numbers
(en)nen+ and two sequences of eigenvalues { A, (&) }nen+ and {1, (en) }nen* having the
form

)\n(g) = )Ln + g)hn,l + 82)‘11,2 + -
An(en) = Ay + 8n)¥n,l + 83)%,2 + .-

such that for |¢| €]0, Cy/, the systems
1) {et:f(xn(s))t}iv U {et:f()\n(sn))t}?vo_‘rl
(i1) {elf()»n(s))l}iv U {elf()tn)t}jovo_i_l

form Riesz bases in L*(0, T). O

Notice here that in [2] the authors proved the existence of a sequence of complex
numbers (&, ),en+ such that the system {e/ *» (€)1} forms a Riesz basis in L(0, T);
whereas, in Theorem 1.4 the given bases are associated to the eigenvalues of 7 (¢) for
a fixed ¢ since in application to numerical analysis the basis is truncated.

To show the importance of our results, we consider the problem of radiation of a
vibrating structure in a light fluid motivated by Filippi et al. in [8]. More precisely, we
consider the following operators
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To: D(To) € L*(1— L, L[) — L*(] - L, L)

d4g0
o — Top(x) = T
X

4
D(Ty) = H}(1 - L, L[) N H*(1 — L, L),
B:D(B)C L*(1—L,L[) — L*(1— L, L)

2

—> B _
¢ ¢(x) Ix2

D(B)=H(1—L,L[) N H*(1— L, L[)
and

K:L*(-L,L[) — L*(]—L,L|)

. L
0 — Kot =3 / Hoklx — x' Do)
—L

where Hj is the Hankel function of the first kind and order O and the following
eigenvalue problem: Find the values A € C for which there is a solution u € HO2 (] -
L, L[) N H4(] — L, L[), u # 0 for the equation
Tou +eK(Ty — B) = A(I + eK)u

where A = %fl, = 2%.

The contents of this paper are organized as follow: Sect. 2 is devoted to introduce
some basic definitions about Riesz basis and present its fundamental properties. In
Sect. 3, we prove that the families of exponentials associated to some eigenvalues of

the perturbed operator T (&) form Riesz bases. In the last section, we apply the results
of Sect. 3 to a problem of radiation of a vibrating structure in a light fluid.

2 Preliminary results

In this section, we introduce some definitions and preliminary results that we will
need in the sequel to characterize the notion of basis, Riesz basis and Riesz basis of
exponential family.

Definition 2.1 [16] A sequence of vectors {¢, },en+ in a separable Hilbert space H is
said to be a basis for H if to each vector x € H there corresponds a unique sequence
of scalars {c, },en* such that

00
X = Z Cn®n
n=1
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converges for the norm of H. O

Definition 2.2 [16] A basis {¢, },<n+ in a separable Hilbert space H is said to be Riesz
basis for H, if it is equivalent to an orthonormal basis; i.e., ¢, = Ge, for all n € N*
where {e; },en+ 18 an orthonormal basis for H and G is a bounded invertible operator
on H. O

Definition 2.3 A set of vectors {¢;, },en+ is said to be w-linearly independent if

o0
> enpn =0=> ¢, =0 forall n.

n=1

Proposition 2.1 [3, Theorem 2.13] The two statements below are equivalent:

(1) {@n}nen+ is a Riesz basis for a separable Hilbert space 'H.
(11) {@n}nen+ is w-linearly independent and there exist numbers A, B > 0 such that

o
Allel> < " . on)I* < Bllgl* forall ¢ € H.

n=1

The constants A and B are called lower and upper bounds of the Riesz basis.

]

The following perturbation result for Riesz basis due to O. Christensen (see [4,
Corollary 22.1.5]) will play a crucial role in our considerations.

Theorem 2.1 [4, Corollary 22.1.5] Let {@,, },en* be a Riesz basis of a separable Hilbert
space 'H with lower bound A and let {g, },en* be a collection of vectors in 'H. If there
exists a positive constant R < A such that

o0
D Ufon—g)lP < RIFIP VfeH,
n=1
then {gn}nen= is a Riesz basis for 'H. O

Now, we state some basic definitions that we will need to derive a precise description
of the concept of Riesz basis family of exponential developed by Pavlov [15].

Definition 2.4 [1] An entire function f(z) is said to be of exponential type if the
inequality
If(2)] < AeBEl vzeC 2.1)

holds for some positive constants A and B. The smallest of constants B such that (2.1)
holds is said to be exponential type of f. O
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Definition 2.5 [1] The growth indicator of an exponential type function f, is a 27-
periodic function on R, defined by the equality

hy(p) = hm sup ln |f(re'?)|, ¢ € [—m, 7).
The indicator diagram of f is a convex set G s such that

hy(¢) = sup Re(ke™?), ¢ € [—m, 7).
kEGf

]

Definition 2.6 [1] An entire function f of exponential type is said to be a function of
the Cartwright class if

max(In | f(x)], 0)

T dx < 400
R

In particular, the function f of exponential type satisfying the condition

|f(?€)|2
l—i—x2

belongs to the Cartwright class. O

Remark 2.1 The indicator diagram of a Cartwright class function is an interval [, i 8],
o < B, of the imaginary axis. Its length is the width of indicator diagram (see [I,
p. 59-60]). O

Definition 2.7 [1, p. 101] An entire function of exponential type with simple zeros
{*»}7° and with the width of indicator diagram 7 is called a generating function of
exponential family {¢"*'}$° in L?(0, T). O

Definition 2.8 [1, 1.27] An entire function of exponential type is said to be of sine
type if

(i) the zeros of f lie in a strip {z € C such that |Imz| < H} for some H > 0.

(i1) there exist & € R and positive constants ¢y, ¢» such that

c | f(x+ih)| <c2, VxeR.

We close this section by the following theorem obtained by Pavlov [15].

Theorem 2.2 [15] Let A := {An}{° be a countable set of complex numbers.
The family {e’}‘"’}‘l’O forms a Riesz basis in L*(0, T) if and only if the following
conditions are satisfied:
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(i) The sequence {1, }5° lies in a strip parallel to the real axis:

sup [ImA,| < oo.
n>1

(ii) The family {1,){° is separated, i.e.,

8(A) := inf |A, — A;| > 0.
n#m

(iii) The generating function of the family {e"k"f}‘l>O on the interval (0, T) satisfies the
Muckenhoupt condition

sup{#/|f(x+ih)|2dxf|f(x+ih)|_2dx} < o0
1 1

IeJ

for some h € R, where J is the set of all intervals of the real axis. O

3 Proof of main results

The aim of this section is to prove that the families of exponentials form Riesz basis in
L2(0, T), where the exponents coincide with some eigenvalues of the operator 7 (¢).
The proof of Theorem 1.3 is as follow:

Proof of Theorem 1.3 (i) Letn € N*, N > 1 and A, the eigenvalue number n of Tj.
We have,

|ei)»n(€)l _ ei)»nl| — |el')\.nt(el'()»n(6)7)\.n)f _ 1)|

— |e”\nt||ei()ln(5)_)\n)t _ 1|

< 2elImalt g=Im((n(e)=2n) §)

sin ( (An(e) — Ap) %)‘ .

As the family {e!*»! }$° forms a Riesz basis in L2(0, T), then Theorem 2.2 implies that
the sequence {1, }{° lies in a strip parallel to the real axis. Thus, there exists a positive
constant & such that

Vn>1, |Imk,| <h where h :=sup|Imk,|.
n
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Consequently, we obtain

. . t
|el)un(8)l _ el}un[| S 26h16|1m((ln(8)—kn)%)| |:Sin2 (Re (()\'n(&‘) _ An)g))

+ sinh? (Im <(x,,(g) - )\,0%))] ’

< 26 ol M (Gn(@=10)3)| [ sin (Re (()w(g) — )»n)%))‘

sinh (Im ((kn(s) — )»,,)%))‘ i|

< 26h16|1m((kn(8)—)»n)%)| Re (()»n(g) _ )»n)%)

+

Im ((M(s) - m%)‘ }

< 2elImGa@=20 5] | | Re (Qn(g) _ M%)

t
Im <()»n(8) - )»n)z)
< 2¢M Hm(CGn(&)=2D1 | 3 (8) — A1 . 3.1

+ sinh

+

e|1m(()hn(€))\n)£)|i|

Furthermore, according to hypothesis (H2) the family {e/*»! }$° forms a Riesz basis
in LZ(O, T). Hence, Proposition 2.1 yields the existence of numbers A, B > 0 such
that

o0
Allull> <) [, ™) > < Bllul* Yu e L*0.T).
n=1

We set

c . VA
Ny = min
nell,N] nw%r,%Mnann\/Tte"h" +VA(g +a, + w2ry Myay)

where n? = Y02, b and ry = ry + h.
Letn € [1, N]. Itis easy to see that if |¢| €]0, Cn[, we have

1

le| < - :
q +ay +wiraMyoy,

then it follows from Theorem 1.2 that the operator 7 (¢) admits a unique eigenvalue
with multiplicity one, denoted A, (¢), inside the circle C,, and we obtain

ellm(()\n(a)_)\n)t)‘ < ernt' (32)
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Hence, Egs. (3.1) and (3.2) yield

e/ M — etnl| < Dpen! 0, (8) — Al . 3.3)

1
. ) q+oty,+w,2,r,lM,,an
oped as entire series of ¢ and we have

Moreover, since || < Theorem 1.2 implies that A, (¢) can be devel-

An(€) = hn + €hnt + E2Ap2 + - - (3.4)

where
il < @22 Myan(q + an + @2ra Myay)' ™1 Vi > 1. (3.5)

So, using Egs. (3.3), (3.4) and (3.5), we get

T
||€M”(8)t _ ei)\,,t”2 — / |eiln(s)t _ eik,,t|2dt
0

T o 2
= <2ze"lv"Zs|’|xn,,-> di
0 X

i=l1

2
2 trl,, i 2 2M 2 M i—1 d
te ‘SI w,ry netn (q + oy + w,ry n0Qln) 14

2
T > i
(2 try ,,erZM anlglz (|8| (q + o, + wﬁ’”nMnOln)) ) dt
i=0

<
T tr 2 2
2te!Mr 212 Myay|e| )dt
0 1—lel(g +an +w I Myoty)
T 4A
0
S

On the other hand, for each eigenvalue A,, of Ty, we fix ¢, € C such that

A
l&n | €i| f |:
nwiriM, apn/Tte!"n +«/_(q+a,, + w2r, Myay)

where )72 = Zl?il ];iz and Fin="n + h.
As for all n > 1 we have

1
q+an+ w;%rnMnan '

len] <
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so making the same reasoning as the above, we get

. . 4A
[lePnEnt — ettt |2 < —— " forall n>N+1.
nn

If we set

o
R = Z ”el)\n(é‘)l _ el)»nl‘”Z,
n=1

we can easily see that R < A. Now, let f € L*(0,T) and f, € {1}V U
{e!*n(en)1}20 | Then, we have

o]

Kf’eiM _eix,,(e)z>‘2 s )(f pinl _ eikn(e,,)t)‘z

n=N+1

T 2
/ f(t) (el)\nl _etkn(e)t) dt
0

™
=
LN
g
|
KH
I
M=

3
Il
—_
3
I
-

[
M=

3
I
—_

r 2
/ £ (ei;\,,z _ ei,xn(sn)z) d
0

2
dt)

2
ot _ e“"'(s”)t‘dt)

Jf_
Il
o

n
il _ gitn(®)t

si(/jmm

n=1

Py (fOT|f<r>|

n=N+1

N . r | i
= Z/ |f(t)|2dt/ elhnt _ ol @17 gy
—170 0
n=
+ 2 / If(t)lzdt/ it _ gihatent|” 4
0 0

n=N+1

IA

N 2 0 2
2 (&) idnt Dan(En)t _idnt
WAl E el —e + E e —e

n=1 n=N+1

RIFI%.

Consequently, using Theorem 2.1, the system {fn}pen= forms a Riesz basis in
L%(0, T). Hence, the family {e”‘”(g)’}llv U {e’k"(‘g")’}j"\fﬁrl forms a Riesz basis in
L2(0, T). This achieves the proof of the first item.

(ii) To prove the second item, it suffices to choose the same constant C and the
result follows immediately from Theorem 2.1. O

We end this section with the following proof of Theorem 1.4.
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Proof of Theorem 1.4 (i) Letn € N*, N > 1 and A, the eigenvalue number n of Tj.
We have

(e CnENE _ i Gt — i o)t (i (F Con (N —F Gt _ 1.
On the other hand, since f is a H-lipschitz function, we obtain
| ! G — TR < ] (A () = f o)
< tH |An(&) = Anl.
To prove the first item, we set

. VA
min
nell.N1 ne2r2 MyaunN/TtH + v/ A(q + oy + w2ry Myoy)

Cy =

where 7> = Y 72, ,;lz and let |¢] €]0, Cn[.
So making the same reasoning as the one in Theorem 1.3 with

len] 6] VA

0, |: foralln>1,
n@2riMyonn/TtH + ~A(q + oy + 02ry Myay)
we get the desired result.

(ii) To prove (ii), it suffices to choose the same constant C and to apply Theorem
2.1. O

4 Application to a problem of radiation of a vibrating structure in a
light fluid

We consider an elastic membrane lying in the domain —L < x < L of the plane
z = 0. The two half-spaces z < 0 and z > 0 are filled with gas. The membrane is

excited by a harmonic force F' (x)e it
Now, let us consider the following boundary value problem:

a*  mo? o 1 (dt 4P . F(x)
(ﬁf D>u(x)*l,00/LHo(k\x*x|)< fa(ﬁf”))w Ndx' ==, (4.1)

forall x €] — L, L[ where u designates the displacement of the membrane such that
ulx) = % = 0forx = —L and x = L and H) is the Hankel function of the first
kind and order O; while the mechanical parameters of the membrane are E the Young
modulus, v the Poisson ratio, m the surface density, & the thickness of the membrane

and D:= 45 ( 1 a5 the rigidity and the fluid is characterized by pg the density, ¢ the

sound speed and k:= ¢ the wave number.
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The problem (4.1) satisfy the following system:

d* maw? 1
<W — T) u(x) = B(F(x) — P(x)) forallx €] — L, LJ,
where
ulx) = 9u(x) =0forx=—Landx =L,
P(x) = nlln&(p(x, n — px, —n))
and

m \dx*  dx?

L 4 2
p(x,z) = —sgn zi% / Hy(kv/(x — x")? 4+ 22) (w2 _b < d d )) u(x")dx',
—L

for z < 0 or z > 0, where p denotes the acoustic pressure in the fluid.
Among this direction, we consider the following operator:

To : D(To) C L>(1— L, L[) — L*(1— L, L[)

4

—> T = —F
@ 0p(x) Txd

A

D(Ty) = Hy(1— L. L) N H*(1 - L, L[).

Now, we state a straightforward but useful result from [11]:

Lemma4.1 [11, Lemmas 3.1, 3.2 and 3.4] The following assertions hold:
(1) Ty is a self-adjoint operator with dense domain.
(ii) The injection from D(Ty) into L*(] — L, L[) is compact.
(iii) The resolvent set of Ty is not empty. In fact, 0 € p(Tp).
(iv) The spectrum of Ty is constituted only of point spectrums which are positive,

denumerable and of which the multiplicity is one and which have no finite limit
points and satisfies

O<A <A <---< A, > t00.

Further,

((2n+ 1)n>4 S ((2}1—}—3)7{)4’
4L == 4L

N (nn>4
n +oo 2L .
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Remark 4.1 It follows from Lemma 4.1(ii) and (iii) that the operator Ty has a compact
resolvent. Since Ty is self-adjoint, then let

o0
Tog = D hn(@. u)¢n
n=1

be its spectral decomposition, where A, = an® is the n’? eigenvalue of Tj associated
R 4 4 4 4
to the eigenvector ¢, (x) = eV ¥ + ne= V¥ 4 el VAnx 4 §e=iVInX, o

Consequently, we define the operator B by:

B = TO% :D(B) C L*(1— L, L[) — L*(1- L, L)

2

— Bo(x) = —

D(B) = {¢ € L>(] — L, L) such that Z,\,,ugo, o> < oo} .

n=1
In the remaining part of this section, we consider the following operator:

K:L*(1—-L,L[) — L*(1- L, L)

. L
¢ — Ko(x) = ZE/ Ho(klx — x')o(x)dx,
-L

and the following eigenvalue problem:
Find the values A(g) € C for which there is a solution ¢ € HO2 (] —L, L[) N H4(] —
L, L[), ¢ # 0 for the equation

Tog + K (Ty — B)p = A(e)(I + eK)g (4.2)
where A = ’"T"’z and ¢ = 2’%.

In view of [12, chapter 9, section 4], X is the eigenvalue and ¢ is the eigenvector.

Note that A and ¢ each depend on the value of €. So, we designate by A := i(¢)
and ¢ := @(e).
For || < ”]T”, the operator I + ¢K is invertible. Then, the problem (4.2) become:

Find the values A(¢) € C for which there is a solution ¢ € HZ(1— L, L[) N H*(] -
L, L[), ¢ # 0 for the equation
(I 4+eK) '"Top + (I + eK) 'K (Ty — B)p = A(e)g. 4.3)

The problem (4.3) is equivalent to:
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Find the values A(¢) € C for which there is a solution ¢ € Hg (1— L, L[) N H*(] —
L, L[), ¢ # 0 for the equation

a* d? d? d?
(dx4 dx? dx? dx?

—— —eK— 4+ 2K —— 4 (= 1)K — +~-~)<p = A(e)p.

We denote by T, := (—1)”K”% where D(T,) = H*(]— L, L[), forall n > 1.
In the sequel we shall need the following results:

Proposition 4.1 [5, Proposition 4.1]

(1) There exist positive constants a, b, q > 0 and B € [%, 1] such that for all
¢ € D(Ty) and for all k > 1, we have

ITeoll < ¢" alloll + bIToplP o' 7).

(i) Forle| < m, the series Zkzo skago convergesforall o € D(Ty). Ifwe designate
its sum by T (&)@, we define a linear operator T (&) with domain 0). For
j by T (¢e) d li T (¢) with d in D(Ty). Fc
le] < m the operator T (g) is closed.

O
Proposition 4.2 The family {e' Y 1y forms a Riesz basis in L* (]0, 4L[). O

Proof 1t follows from [2, Theorem 4.1] that the family {e! v/ ’}‘f" forms a Riesz basis

1
in L2(]0, 4L[). Further, as B4 = T, then pn, = /A, is the nth eigenvalue of B.
Consequently, the system {e! V2! }7° forms a Riesz basis in L2(10, 4L)). O

The main result of this section is formulated as follow:

Theorem 4.1 There exist a positive constant Cy > 0 (N > 1), a sequence of complex
numbers (€,)nen* and two sequences of eigenvalues {A, (e,)}nen+ and {A, (&)} nen+
of T (¢) having the form

An(En) = Ap + gn)\n,l + g%kn’z +---
An(e) = Ay + 8)»,1’1 + 52)¥n,2 + -
such that for |e| €]0, Cy/|, the systems

@ {ei j M”(S)U}{V U {e‘i i I)»n(Sn)It}?VOJrl
(i) {ef \M(s)lt}{\’ U {e! A"t}?voﬂ

form Riesz bases in L2(10,4L]). O

Proof The result follows immediately from Theorem 1.4, Lemma 4.1 and Propositions
4.1 and 4.2. O
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