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Abstract

In this paper, we establish a new atomic decomposition theory for Local Hardy spaces
with variable exponents via local grand maximal characterization. By applying the
refined atomic decomposition result, we prove that multilinear pseudo-differential
operators are bounded on product of local Hardy spaces with variable exponents.
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1 Introduction

The study of Hardy spaces began in the early 1900s in the context of Fourier series
and complex analysis in one variable. It was not until 1960 when the groundbreaking
work in Hardy space theory in R” came from Stein, Weiss, Coifman and C. Fefferman
in [2,4,9]. While they are well suited as functional spaces for their applications to
PDE’s with constant coefficients, the Hardy spaces are not stable under multiplication
by Schwartz class, a fact that seriously hinders their role when it comes to PDE’s with
variable coefficient. Thus, the theory of local Hardy space 2” plays an important role
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in various fields of analysis and partial differential equations. In particular, pseudo-
differential operators are bounded on local Hardy spaces 4” for 0 < p < 1, but they
are not bounded on Hardy spaces H” for 0 < p < 1 (see [10]).

On the other hand, atomic decomposition is a significant tool in harmonic analysis
and wavelet analysis for the study of function spaces and the operators acting on
these spaces (see Meyer [24] and Coifman and Meyer [3]). Atomic decomposition
was first introduced by Coifman [2] in one dimension in 1974 and later was extended
to higher dimensions by Latter [22]. In 1979, Goldberg [10] introduced the atomic
decomposition of local Hardy spaces.

Another stage in the progress of the theory of Hardy spaces was done by Nakai
and Sawano [26] and Cruz-Uribe and Wang [7] recently when they independently
considered Hardy spaces with variable exponents. However, it is quiet different to
obtain the boundedness of operators on Hardy spaces with variable exponents. It is
not sufficient to show the H?()-boundedness merely by checking the action of the
operators on H”")-atoms. In the linear theory, the boundedness of some operators on
variable Hardy spaces and some variable Hardy-type spaces have been established in
[7,16,26,32,35] as applications of the corresponding atomic decompositions theories.

In more recent years, the study of multilinear operators on Hardy space theory has
received increasing attention by many authors, see for example [12,17,18]. While some
multilinear operators worked well on the product of local Hardy spaces, it is surprising
that these similar results in the setting of variable exponents are still unknown. The
boundedness of some multilinear operators on products of classical Hardy spaces
was investigated by Grafakos and Kalton [12] and Li et al. [23]. The boundedness of
bilinear pseudo-differential operators 7, (o € BS?’O) on classical Lebesgue spaces
is proved by Bényi and Torres in [1]. Xiao et al. [34], established the boundedness
of the bilinear pseudo-differential operator and the bilinear singular integral operators
on product of local Hardy spaces. Very recently, Koezuka and Tomita [20] considered
bilinear pseudo—differential operators with symbols in the bilinear Hérmander symbol
class BS’I’f1 on Triebel-Lizorkin spaces. Tan et al. [33], studied some multilinear

operators are bounded on variable Lebesgue spaces L”"). However, there are some
subtle difficulties in proving the boundedness results when we deal with the h”()-
norm. The goal of this article is to show that multilinear pseudo-differential operators
are bounded from product of local Hardy spaces with variable exponents into Lebesgue
spaces with variable exponents via the elegant atomic decompositions theory of local
Hardy spaces with variable exponents.

First we recall the definition of Lebesgue spaces with variable exponent. Note that
the variable exponent spaces, such as the variable Lebesgue spaces and the variable
Sobolev spaces, were studied by a substantial number of researchers (see, for instance,
[6,21]. For any Lebesgue measurable function p(-) : R” — (0, oo] and for any mea-
surable subset E C R", we denote p~ (E) = inf,cg p(x) and p™(E) = Sup,.cg p(x).
Especially, we denote p~ = p~(R"), p™ = pt*(R") and p_ = min {p~, 1}. Let p(-):
R" — (0, 0o) be a measurable function with 0 < p~ < p* < co and PO be the set
of all these p(-). Let P denote the set of all measurable functions p(-) : R" — [1, 0c0)
suchthat 1 < p~ < p* < co.
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Definition 1.1 Let p(-) : R" — (0, co] be a Lebesgue measurable function. The
variable Lebesgue space LP) consisits of all Lebesgue measurable functions f, for
which the quantity [, |& f(x)|? @) dx is finite for some ¢ > 0 and

p(x)
IIfIILp<->=inf{A>0:/ ("Y”) dxgl}.

The variable Lebesgue spaces were first established by Orlicz [29] in 1931. Two
decades later, Nakano [28] first systematically studied modular function spaces which
include the variable Lebesgue spaces as specific examples. However, the modern
development started with the paper [21] of Kovicik and Rékosnik in 1991. As a
special case of the theory of Nakano and Luxemberg, we see that L”") is a quasi-
normed space. Especially, when p~ > 1, L?®) is a Banach space.

We also recall the following class of exponent function, which can be found in [8].
Let B be the set of p(-) € P such that the Hardy-littlewood maximal operator M is
bounded on L), An important subset of 3 is L H condition.

In the study of variable exponent function spaces it is common to assume that the
exponent function p(-) satisfies L H condition. We say that p(-) € LH,if p(-) satisfies

C
Ip(x) —pWI < ———, lx—y[<1/2
—log(lx — yD)

and

[p(x) — pWMI < o [y| > |x].

glx|+e’

It is well known that p(-) € Bif p(-) € P N L H. Moreover, example shows that
the above L H conditions are necessary in certain sense, see Pick and RuZzicka [31] for
more details. Next we also recall the definition of Local Hardy spaces with variable
exponents 77¢) as follows.

Definition 1.2 [26]Let f € S, p(-) € PO N LH and ¢,(x) = t "¢t~ 'x), x € R™.
Denote by M the grand maximal operator given by M, f(x) = sup{|¢; * f(x)| :
0 <t <1, ¢ e Fy}forany fixed large integer N, where Fy = {9 € S : f(p(x)dx =
1, ZlalfN sup(1+]x])V[d%p(x)| < 1}. The local Hardy space with variable exponent

hP®) is the set of all f € S’ for which the quantity

I fllprer = IMige fll ooy < 00.

The main goal of this paper is to prove the following result:

Theorem 1.1 Leto € MB{ jand let pi(-), ..., pu(-) € LH NP and p(-) € P° be
Lebesgue measure functions satisfying
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1 1 1
. xeR. 1.1
o T e - pm € (-

Then T, extends to a bounded operator from H’/ﬂ:l hPi®) into LPO).

Throughout this paper, C or ¢ will denote a positive constant that may vary at
each occurrence but is independent to the essential variables, and A ~ B means that
there are constants C; > 0 and C» > 0 independent of the essential variables such
that C{B < A < C,B. Given a measurable set S C R”, |S| denotes the Lebesgue
measure and xs means the characteristic function. For a cube Q, let O* denote with
the same center and 2./n its side length, i.e. [(Q*) = 100./nl(Q). The symbols S
and S’ denote the class of Schwartz functions and tempered functions, respectively.
As usual, for a function ¥ on R” and v, (x) = t’"l/f(t’lx). We also use the notations
JjAJj =min{j, j'}and j v j' = max{j, j'}. Wewrite N =1{0,1,2,...}.Forp € S
and j € Z we write

9 =pQ7E), ¢/(x)=2"p2 ).

We adopt the following definition of the Fourier transform and its inverse:
ff(é) = [ f(x)e—2ﬂix-§dx’ j:'-lf(é-) = / f(g)eZn’ixde’
Rll R”

for f € L. Using the definition of Fourier transform and its inverse, we also define
(D) f(x) = F - Fflx)

for f € S"andp € S.

2 Boundedness of multilinear pseudo-differential operators

In this section, we will discuss the boundedness of multilinear pseudo—differential
operators on product of Local Hardy spaces with variable exponents by using the
atomic decomposition theory.

2.1 Atomic decomposition of local Hardy spaces with variable exponents

The atomic decomposition of Hardy spaces with variable exponents was first estab-
lished independently in [7,26]. By using local grand maximal characterization we
will establish the new atomic decompositions for local Hardy spaces with variable
exponents 47", In what follows, we give the definitions of local (p(-), ¢)-atom and
(p(), ¢)— block for h?®).

Definition 2.1 Let p(-) : R" — (0, 00), p(-) € Pland 1 < g < oo. Fix an integer
d > dyy =min{d € N: p~(n+d + 1) > n}. Define a local (p(-), g)-atom of
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hP® to be a function a of compact support which has the additional properties that
0|/ o _

”XQ”LI’()(]R”) and fR" a(x)x%dx = 0 forall |¢| <d and |Q] < 1, where QO

is the smallest cube containing the support of a.

lallze <

Definition 2.2 Let p(-) : R” — (0,00), p(-) € P’ and 1 < g < oo. Define a

(p(+), g)-block of h?") to be a function b of compact support which has the additional
|P|1/4

= lixell LPO ®N)

containing the support of b.

properties that ||b]rs < and |P| > 1, where P is the smallest cube

For convenience, the set of all such pairs (a, Q) will be denoted by A(p(-), ¢) and
the set of all such pairs (b, P) will be denoted by B(p(-), q).
For sequences of scalars {A;} and cubes {Q ;}, define that

ilxo, \
As ()52 452D = l > (&) ’
J

lxo, oo

Lre)
and for sequences of scalars {«;} and cubes {P;},
oy
|K] |XP
By (k3521 AP }52) =

”XP ”LI’()

LpO)

When s = p~, we denote
Ap*({)»j}?o:p{Q] 1)—v4({)L }J 1:{Qj ?11)
and

B ({K/} ]{P} 1)—8({/(]} ]{P} ])

Now we give the definition of atomic local Hardy space with variable exponent
hp ().q

atom *

Definition 2.3 Let 1 < ¢ < oo and p(-) € P° N LH. The function space h”\)?
is defined to be the set of all distributions f € S’ which can be written as f =
with the quantities

A2 Q5152 + Bkj152,. {Pj)52)) < oo.
One define

£ p0.0 = AGATZ QT2 + Bk 52y, AP 52))-

atum
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Next we establish the atomic decomposition for localized Hardy spaces with vari-
able exponents via local grand maximal characterization.

Theorem 2.1 Let 1 < g < oo and p(-) € PO N\ LH. Then

BP0 — P00

atom
Theorem 2.1 is a direct result of the following two theorems.

Theorem 2.2 Let p(-) € PP°NLH and0 < s < oo. If f € hP®), there are {aj, Q;} C
A(p(, q)) and {bj, Pj} C B(p(-, q)) with

A (D)1 10 + By (k)22 AP < ClLf o

such that [ = Zj Ajaj+ Zj kb, where the series converges to f in both hP® and
L1 norms.

Proof We follow Goldberg’s and Nakai—Sawano’s ideas from [10,26,27]. To prove
this theorem we first recall the following lemma which connects Hardy spaces with
variable exponents and local Hardy spaces with variable exponents.

Lemma 2.3 [26] Suppose that p(-) € LH N P°. Let € S be a bump function
satisfying x00,1) < ¥ < x0(,2)- Then we have the following norm equivalence:

I fllpper ~ ML= (D)) fllgeey + 1Y (D) fllre

Let f € h?). Then we can decompose f = ¥ (D)f + (1 — (D)) f. By Lemma
2.3,

V(D) fllrer = ClLfllppors 1A= (D) fllgro = Clf e -
For j € Z", f can be expanded into the series f = Z?il kjbj, where

ki =lIxjt+0,11lppey  sup | (D) f]
xej+0, 1]

and

1 .
bj(x) = K_ijHO,l]n(x)lp(D)f(x), if x; #0,

0, otherwise.

Then we get that b; is supported on j + [0, 1]" and

1 1
1DjllLee = =l xj+10,112 ()Y (D) f(X)|| Lo = ————.
K 10,110l Lpe>
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We denote that P; = j + [0, 1]". Hence,

and
Bo (1)1, (P1132)) < CILf oo,

which the inequality follows from
Bs({Kj}j'il, {Pj}?ozl)

A
o Z |Kj|XPj
~ \ llxp;llLro

J

B Z( [ 1 X j+[0, 117 )
J

10,110l Lpe>

L)

Lr®)
II(MIw(D)fI")% I 2re)
= (D) flipre

= M fllpror-

IA

for sufficient small 5 by the Plancherel-Polya—Nikols’kij inequality and the bound-
edness of the maximal operator M. On the other hand, we apply [26, Theorem 4.6]
and [32, Theorem 1.1] to (1 — ¥(D)) f. Then we can obtain the decomposition of
I —=vD)f,

(I =y (D) f =) hja; for {aj, Q;} C A(p(,q)
J

and

As (12352405152 = CIA =¥ (D) fllgror < Cllfllpro -
Therefore, we have completed the proof of Theorem 2.2. O

Theorem 2.4 Let p(-) € P’ N LH. For any {aj, Q;} € A(p(-,q)) and {b;, P;} C
B(p(-, q)) satisfying

AR 15210152 + Bk 1521, {Pj)52)) < oo,

the series Y ; hjaj + Y kjbj converges in S', belongs to hPO) and satisfies

‘ ijaj
j

< CA({)\j}?o:p {Q] ?():1)
hp©)
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and

" < CB({«;}521, (P21
hpC

| >
J
Proof By [26, Theorem 4.6], we have

= CA, Yo Q152D

||
j he

Suppose that ¢y € CZ° be a nonnegative function that equals 1 near the neighbor-
hood of 0 and supported on Q(0, 1). Observe that

1/p—

sup |17y x| D agby | @) < C [ D (R Ixap 0 Mbj(x)P-

0<t<l1 =1

By following the similar argument in [26, Theorem 4.6], then we can get the desired
result. =

2.2 Some known results on multilinear pseudo-differential operators

We recall Hormander class of pseudo-differential operators in [19]. Let 7}, be a clas-
sical pseudo-differential operators of the form

T, (f)(x) = /Rno(x,@f@)e""fds, fes.,

m
where o € Sp(,,

that is, o (x, &) is smooth for (x, £) € R” x R" and
194905 (x, )] < C(1 + gy FIFI+lel,

Now we consider the multilinear pseudo-differential operators of the form

T, (f)(x)= a(x,g?)]_[fj(gj)ez”ix< = 15)415 for f;eS.j=1,....m
j=1

®Rmy™

where the symbol o (x, 5) € MS/’)'fa, form € R and p,é € [0, 1], that is, o (x, 5) is
smooth for (x, &) € (R")™ and

m=p (X1 18;1)+olal

pedf . ofro Bl = C 1+ g ;
i=1
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for all multi-indices «, B, j =1, ..., m. We denote o (x, g?) € BSZ”(S for the symbol
of bilinear pseudo-differential operators. _
In this paper, we will consider the symbol o (x, &) € M S?,o’ that is,

m *Z?:l 181
999g" . 9o Bl = C [ 14 ) Ig)] :

j=1

for all multi-indices o, B;, j =1,...,m.
If we define k(x, &) is the inverse Fourier transform in the every &;— variable of
the function o (x, &), then

= [ ke[
j=1

m
- /( o KE ST 505, for x & supp() N supp(e)
j=I
where K (x,y,z) = k(x,x — y,x — 2).
The following refined estimates for K (x, y) will play very important role in the

proof of our main results.

Lemma 2.5 Suppose that o € M B?,o’ the the kernel
K(x,y) € C(R)"\{(x,¥) :x =y1 =+ = ym})
and satisfies

. —(2n+ X1 1814+ M)
BRIl SN ol B PR :
j=1

Sor all multi-indices a, Bj, j =1,...,mandall M > 0.

We remark that this lemma has been proved in [34] for bilinear symbol BS?,0 and
that this fact is essential used in [14,25]. Repeating the same argument in the proof of
[34, Theorem 2.2], we can get the desired lemma.

2.3 Proof of Theorem 1.1

To prove Theorem 1.1, we need some necessary notations and requisite lemmas. The
following generalized Holder inequality on variable Lebesgue spaces can be found in
in [5] or [33].
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Lemma 2.6 Given exponent function p;(-) € P°, define p(-) € P° by

m
wherei = 1,...,m. Then forall f; € LP©) and f, ... f,, € LPO and

[15
i=1

pl (x)

m
<c[ufillno.
pC) i=l

We also need the following boundedness of the vector-valued maximal operator
M, whose proof can be found in [6].

Lemma2.7 Let p(-) € P°NLH. Then foranyq > 1, f ={fi}icz, fi € Lioe, i € Z
MO gl per < CHIF Haa e

where M(f) = {M(fi)}iez.

Lemma2.8 [21]Let p(-) € P, f € LPO and g € LY'O, then fg is integrable on R"
and

AV [f g ldx < rpll fllroIglLpers

wherer, =1+ 1/p~ — 1/p™. Moreover, for all g € LP'O) such that gl e <1
we get that

I fllzper < sup /R Jgxdx| <rpllfllpee-
g n

Proof By applying the atomic decomposition of local Hardy space 47 in Theorem
2.2, for each f; € hPi0), Jj=1,...,m0 <s < oo, fj admits an atomic decom-
position: There exists a sequence of nonnegative numbers 7 ;, K k;» cubes Q x;
satisfying

AS({nj,kj};)'i]s {Qj,kj}?ozl) +BS({Kj,kj}?ilv {Qj k } ) = C”fj”h[’]()s

for{aj, Q;} C A(p(-.q)) and {b;, Q;} C B(p(-,q)), and f; can be decomposed as

+

— . . . R ; ; i j (- +1

fi = § ik gk + 2 Kjkibjk; = E hjkicikg in RPIO AL
kjeN kjEN kjEN

where Ajx; = njk; and cjk; = aji; for |Qjk;| < 1, and Ajk;, = kj; and
Cikj =Dbji; for|Qj ;| > 1.
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Then by repeating the similar argument in [11], we can obtain

o (DN =D > kgl P 1 To €1ty - Cmi, )L (21)

For x € R”, we can split (2.1) into two terms, that is,

1T (f) ()]
B Z Z Atk Dk o €1k - Emken) ) X7, 00, ()

+ Z Z b 1y 1T 1t Em k)OO Xt Uy, ()
=1+1I.

First we will show that

m
1o < C T £ 0500 2.2)
Jj=1
Now fix atoms ¢k, - - -, Cm.k,, Supported in cubes Q1 k,, ..., Qm.k, respectively.

Assume that Q7 JARERNR o, K, 7 @ otherwise there is nothing to prove. Without
loss of generality, assume that Q1 x, has the smallest size among all these cubes. Since
T,kl N---N Q;’km # &, we can pick a cube Ry, ., such that

----- m

Ol NN Qs C Rk CREfy C O NN O (2.3)

.....

and

[O1,4,] < ClRk,... .k |-

Since T, has a bounded extension from ]_[ —i; L% into LY, forall 1 < ¢q,q; < oo,

ZT:] qu = %, as in [14]. By using the Holder’s inequality with exponents ¢ and ¢’,

we have

—_— |6 (Clhys + - - s Cmoky) (X)|dx
|Rk1,...,km| Rk]

1 T5(Clhys - s Cmkp) e

Rl | H llej a1l o

m

<
|Rk1 kmlq

----- »l

|Qj,kj|7f
[Rky.....k 1 e IxQ;x; 1)
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1
1 S Q) k1Y
|Q1,k1 | =1 ”XQ_,‘,kj ”pj(')

2.4)

If we choose g1 = ¢, q2» = - -+ = q = 00, then the last inequality of (2.4) can be
1

controlled by C H?:l W
kP,

In order to prove (2.2), we need to introduce another lemma:

Lemma2.9 Ler p(-) € LH N PY. Suppose that we are given a sequence of
cubes {Q j} 2, and a sequence of non-negative L' —functions {F; } . Then for

Y21 xo,Fj€ LPY) we have

o0

— 1
> xo;F <Cc|> (-/ Fj(y)dy> X0, : (2.5)
j=1 j=1 19l Jo;

Lp©) Lpr©)
The proof of this lemma can be obtained by the extrapolation theorem on variable
Lebesgue spaces. For w € A, repeating the similar argumentin [12] for 0 < pg < 1

andin[13,32]for 1 < pg < oo we can get the weighted norm inequality by substituting
LP0 norm by L% as below:

o0

o0

1
> xoFi| =c|>] —/ Fi(y)dy | xo;
2 Z\iejl Jo,

P P
Ly Ly

Observe that p(-) € LH ) PO, by Lemma 2.3, for

ZXQ/ J’Z<|Q]|/ Fj(y)dy)XQj €F

and Z?i] xo,Fj € LPY), then we get (2.5).
Applying Lemma 2.9, we obtain that

1l Lo

m
<D DT M Tocrrgs - Cmp) | XRy, o

kl km j:] L])(-)

T (Cl,lq s ey Cm,km)()’)dy

IA

(]
i\
T";]s

|Rk|,-..,km| Ricy ...k
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= Z ZH'J“H”X I 1_[ij
ki km j=1 Q/k P/()l_l LrO)
m
p‘j,kjl
= H Z”XQ I A(.)XQ;jkk/-
J=1 kj pkj P . Lpr®)

We observe that we only need to consider the case p~ < 1. The other case p~ > 1
is easier because of h”) ~ LP() when p~ > 1. Applying Lemmas 2.6 and 2.7 yields
that

1_[ ZMJk |||XQ/k ”L”()XQJ/\

=1\ kj Lr®)
1/p~
m
7 P_ _[77 k%
<C ]’[ Dol lixey, I e xes,
j=1 kj LPi0
m 1/p~
< CTTIH 22 i1 xasu I 0 L
j=1 ; PO
m 1/p~
.. I
<cC H Dol P I, I o X,
I=H A 120
e
m P P~
X0k,
]
=cll Z('“"f"||><g-k [ p-<.>>
J=1\ & ML 170
m
<Ll gm0
j=1
Next we will consider the estimate of /7. Let A be anonempty subsetof {1, ..., m},

and we denote the cardinality of Aby |A|,then1 < |A| < m.Let A = {1, ..., m}\A.
If A={1,...,m}, wedefine (Njea Q;:ij) N (Njeac Q:.k"kcj) =Njea jS, then

OV, V-V 0y =Uacq,...m((Njea Q7 k) N (Njeac Qi)

Set Eqo = (Njea Qj’ij) N (Njear QF k/_). For fixed A, assume that O _is the
smallest cubes in the set of cubes QO « i j e A Letz Pk be the center of the cube
. k; .
Q]f’k] and d = max{dp,,....dp,}. When |Q; ;| < 1, cf’ki is an (p(-), g)-atom.
Then Cike has zero vanishing moment up to order d. By using the Taylor expansion
"
we get
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TO' (cl,kl LI ] cm,km)(-x)

< / K1 es 3Ly 1) - oty ()
(Rrrym

[ e 09 [ &G =P e 5
N /(Rﬂ)m—l l_[ Cikj (}’j)
i#i
14
(y] - Z]',kr)

/ > aVK)(x Ve Eo 2 ym) —————c;(ypdy
Y

lyl=d+1

for some & on the line segment joining yi to L5 ks where Pz‘{k (x, ¥1, ..., ym) is the
ks 5 k-

J
Taylor polynomial of K (x, yi, ..., yn).Since x € (Qj7 k_)c, we can easily obtain that
K
lx — & > Jlx — 2j 4| Similarly, |¥ = y;| = Slx —zjx;l fory; € Qjx; j € AL}
By using the estimate for the kernel K in Lemma 2.5 and the size estimates for the
atoms or blocks, we get that

/(Rn)ml [Tlejn; il
J#i

)/ |Y”_Zj'k|y
/ > i(ar )(xyl,...,s,...,yz,ymny—m<y>|dy

lyl=d+1

< C/ | | gk, ()l
(RmylAl =
jeA

|y7 —z= ~|d+1
J j,kj R
) /(R”)m—A mntd+1 l_[ leji; ldy
(1 = &1+ 2551 = 1) o
= C( 1—[ ”Cj,kj ”Ll)( 1_[ ”Cj,kj ||Loo>
jEA jEAC
1v; =254 IdJrl
) / dyac
nym—|A| mn+d+1
R CEED IEEST)

< c( [T lesx, ||L1)( [ llejx, ||Loo)

jeA jeAc

e . d+]
ij Zj,k/7|

n.m+d+17n(m7|A|)
(ZjeA X — stkj|>

X
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N ”Xvakj ”ij(‘) jeAc ”Xvakj ||LPj(')

JjeA

. |@d+)/n
1054
X

)mn+d+1—n(m—|A|)

(ZjeA X — 2kl
19 k] 1
<o ) (Mt
”XQj,kj ”ij(‘) jeAc ”XQj,kj ”ij(-)

JEA
| Q;’k‘; |(d+l)/n
X

)mn+d+1—n(m—|A|) '

(ZjeA X — 2.kl

Observe that x € Njex ij:ij, then we can find a constant C such that |x — z; x| >
C(lx— Zjk; | +l(Qj,kj )). On the other hand, using the fact thatx € Njcac Q}f’kj yields
that there exists a constant C such that |x — z; ;| < CI(Q «;) for j € A°. Then we
have that

d+1
(Ix = zj.41 -i-l(Qj,kj))nJr 1Al

Moreover, since Q]f x. 1s the smallest cube among {Q;/;}jea, We have that
o

1
Q741 = Iljea |Qjug;I7T. Thus,

IT(Ctkys - Cmky) (X)]
1+d+1

1Q k|7 A )( 1 )
<c A S
( 1_[ )n+% 1_[ ”XQJ',](]. ”Lﬂj(')

jeA lxo;u; lprso (Ix = zja; | +1(Qjk;) jeAr

d+1
m |Q]’k1|1+m

<C

— d+1

" (2.6)
n
=t 1054, o (16 = 2yl +1Q )"

forallx € E4.
When |Qj k| > 1, Cike is an (p(-), g)—block. Using the estimate for the kernel
"

K in Lemma 2.5 and a computation similar to the above, we obtain

T5(Clkys -+ - s Cmhy) (X)

< / K, vty o, ym)Ck V1) -+ Cmoten Ym)dy
(Rym

= Cik: i Kx, N Ccz .d_)
/(Rn)m. I ],k,(y])/Rn (6, V1o )y d
J

J#J
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1
< c/ | ¢4, cja, )5
®" @eynial 205y |x =y M jl;[c Y
1
< C( ek, ”Ll)< llcjk; ||L°°>/ dyae
jeA ]le_A[f (Rmym=14] Z’}Ll Ix — yj|mn+M
[0kl 1
co(IT 2 )
jeA IIXQ,k I, p;00 jeas IxQ; ;I pi0
1
x mn+M—n(m—|A|)
(Z‘/GA |x _Zj,kj|)
14+ M
ﬁ 1Q ;|7
M
=1 1x0; 4, I, 0 (1% = zjk; |+l(Q]k)) 1Al
forall M > 0.

For convenience, we choose M = d + 1. Then we obtain

1oy
oy
AcC{l,...,m}
4 dtl
- Q4,1 Al
[T 1241 T XEs
= s o (1% = 2+ 15a) T
m
=c > 11
AC(L,..,m) j=1
4 d+l
Q4" T
Z |)"j,kj| diXEA .(')~
”XQj,kj ”LP}‘(J (|x Zjk;j |+Z(Q]k )) Al L7

Ld+l
Denote 6 = n—A and we can choose d such that 6 p; > 1. Therefore, we get that

mn ( Xij )9
0 < C ] Z| jk |l ———
- 100, Iprio | .,
10
i XQ; kj ’ "
Js
< ]‘[ D Jky | — <CJTfil gm0
_ X0k Il pi0 o
= 10Pj0) J=

Therefore, we complete the proof of Theorem 1.1. O
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