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Abstract We consider the Cauchy problem for strictly hyperbolic m-th order partial
differential equations with coefficients low-regular in time and smooth in space. It
is well-known that the problem is L? well-posed in the case of Lipschitz continuous
coefficients in time, H*® well-posed in the case of Log-Lipschitz continuous coeffi-
cients in time (with an, in general, finite loss of derivatives) and Gevrey well-posed
in the case of Holder continuous coefficients in time (with an, in general, infinite loss
of derivatives). Here, we use moduli of continuity to describe the regularity of the
coefficients with respect to time, weight sequences for the characterization of their
regularity with respect to space and weight functions to define the solution spaces. We
establish sufficient conditions for the well-posedness of the Cauchy problem, that link
the modulus of continuity and the weight sequence of the coefficients to the weight
function of the solution space. The well-known results for Lipschitz, Log-Lipschitz
and Holder coefficients are recovered.

Keywords Higher order strictly hyperbolic Cauchy problem - Modulus of continuity -
Loss of derivatives - Pseudodifferential operators

Mathematics Subject Classification 35S05 - 35L.30 - 47G30

Bd Daniel Lorenz
daniel.lorenz@math.tu-freiberg.de

Massimo Cicognani

massimo.cicognani @unibo.it

Dipartimento di Matematica, Universita di Bologna, Piazza di Porta San Donato, 5, 40126
Bologna, Italy

Institute of Applied Analysis, Faculty of Mathematics and Computer Science,
TU Bergakademie Freiberg, Priiferstrae 9, 09599 Freiberg, Germany

® Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11868-017-0203-2&domain=pdf
http://orcid.org/0000-0003-1861-3799

644 M. Cicognani, D. Lorenz

1 Introduction

We consider the strictly hyperbolic Cauchy problem

m—1
D/'u="" Ap_j(t, x. Dx)Du+ f(t.x),
j=0 (1.1)
D (0, x) = gk (x), (4,x) €[0,TIxR", k=1, ..., m,

where

An—jt,x. D)= Y amj,(t, )DY + > am_j,(t. x)DY,
ly|+j=m lyl+j=m—1

and D, = %8;, D! = (%BX)V, as usual. We are interested in well-posedness results
for the above Cauchy problem, when the regularity of the coefficients with respect to
time is Lipschitz or below Lipschitz. We obtain a sufficient result for well-posedness
which links the regularity of the coefficients in time to their regularity in space and
the possible solution spaces.

It is well-known that the strictly hyperbolic Cauchy problem is not well-posed in
C®°, H®, respectively, if the regularity of the coefficients in time is lower than Lips-
chitz. Usually, one has to compensate for the low regularity in time by assuming higher
regularity in space. Colombini et al. [6] proved this fact for second-order equations
with Holder continuous coefficients which only depend on ¢. Considering operators
whose coefficients are Holder continuous in time and Gevrey in the spatial variables,
Nishitani [16] and Jannelli [10] were able to extend the results of [6].

Colombini and Lerner [7] considered second-order operators with coefficients
which are Log-Lipschitz in time and C* in space (with some additional L*° condi-
tions). They proved well-posedness in Sobolev-spaces (with finite loss of derivatives)
and established the Log-Lipschitz regularity as the natural threshold beyond which no
Sobolev well-posedness could be expected.

Cicognani [4] extended the results of [7,10,16] to equations of order m and con-
sidered Log-Lipschitz and Holder continuous coefficients, which also depend on x.

For second order equations Cicognani and Colombini [5] provided a classification,
linking the loss of derivatives to the modulus of continuity of the coefficients with
respect to time.

In this paper, we consider the strictly hyperbolic Cauchy problem (1.1), where we
assume that the coefficients a, ; , satisfy

Dfan_j y(t, x) = DEan_j (s, x)| < CKjgu(lt —s)), 0 < [t —s| < 1, x € R",
where w is a modulus of continuity describing their regularity in time and K, is a
weight sequence describing their regularity in space. To describe the regularity of the

initial data, the right hand side and the solution, we use the spaces

HY sR") ={f € S®R"); 1PV f(x) € H'(RM)},
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where H'(R") = H" 2(R") denotes the usual Sobolev-spaces and § > 0is a constant.
Under suitable conditions we are able to prove that our problem is well-posed and that
we have a global (in time) solution which belongs to the space

m—1
() cm =i (10. 71 B @®").
j=0

As to be expected from the know results of the above-mentioned authors, the modulus
of continuity u is linked to the weight function 7. In this paper, we describe how
and 7 are related to each other and give sufficient conditions for the well-posedness
of problem (1.1) which link u to 1 and the sequence K .

The paper is organized as follows: Sect. 2 reviews some definitions and useful
propositions related to moduli of continuity. It also provides an introduction to the
pseudodifferential calculus used in this paper. Section 3 states the main results of this
paper and also features some examples and remarks. Finally, in Sect. 4 we proceed to
prove the theorems of the previous section.

2 Definitions and useful propositions

Let x = (x1, ..., x,) be the variables in the n-dimensional Euclidean space R”
and by & = (£, ..., &) we denote the dual variables. Furthermore, we set (£)> =
1 + |€|?. We use the standard multi-index notation. Precisely, let Z be the set of all
integers and Z_ the set of all non-negative integers. Then Z'} is the set of all n-tuples
a = (ay, ..., a) withay € Zy foreach k =1, ..., n. The length of & € Z'} is
given by |a| = a1 + ... + oy

Let u = u(t, x) be a differentiable function, we then write

a
I/tt(t, %‘) - atu(ta )C) - gu(tv -x)v

o0%u(t, x) = i l 9\" u(t, x).
* ax1 xXp

Using the notation Dy; = —i%, where i is the imaginary unit, we write also
J

and

ox
D¢ = D;‘]' ...D%,
Similarly, for x € R” we set

x=x{".x

In the context of pseudodifferential operators and the related symbol calculus, we
sometimes use the notation

aly) (x, &) = ¢ DPa(x, &).
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Let f be a continuous function in an open set 2 C R”. By supp f we denote the
support of f,i.e. the closure in Q of {x € 2, f(x) # 0}. By Ck(Q),0 <k < oo,
we denote the set of all functions f defined on €2, whose derivatives 9¢ f exist and
are continuous for || < k. By C35°(2) we denote the set of all functions f € C*(R)
that have compact support in 2. The Sobolev-space H*?($2) consists of all functions
that are k times differentiable in Sobolev-sense and have (all) derivatives in L?(2).

For two functions f = f(x) and g = g(x) we write

Fo) = oy  if  tim 2% —o
x—o0 g(x)
and we use the notation
fx)

f(x)=0(gkx)) if lim sup <C

x—oo &) T

We use C as a generic positive constant which may be different even in the same line.
Furthermore, we introduce the following spaces.

Definition 2.1 Let n be a real, smooth, increasing function, v € R and § > 0. We
define the space H;, s = H,"” sR™) by

Hy s®") = {f € S®"): 1PV f(x) € HY RN},

where H"(R") = H"2(R") denotes the usual Sobolev-spaces.

Definition 2.2 Let K, be a positive, increasing sequence of real numbers. We define
the space BY° = BY°(R") by

BY(R") = {f e C®(R"); sup |DP f(x)| < CK g forall B e N"} :

xeR"

By B*®° = B°°(R") we denote the space of all smooth functions that have bounded
derivatives.

2.1 Moduli of continuity

As explained in Sect. 1, we use moduli of continuity to describe the regularity of the
coefficients with respect to time. Let us briefly recall what we understand by the term
modulus of continuity.

Definition 2.3 (Modulus of continuity and ju-continuity) We call 1 : [0, 1] — [0, 1]
a modulus of continuity, if u is continuous, concave and increasing and satisfies
w(0) = 0. A function f € C(R") belongs to C*(R") if and only if

Lf ) = fODI = Cullx —yD),

forall x, y € R"”, |x — y| < 1 and some constant C.
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Typical examples of moduli of continuity are presented in the following table.

Modulus of continuity Commonly called
uis)=s Lipschitz-continuity
uis)=s (log( ) + 1) Log-Lip-continuity
wis) =s (log (5) + 1) logh™ (%) Log-Logl™-Lip-continuity
u(s)=s% ae€(,1) Holder-continuity
o
u(s) = (log( ) + 1) , a€ (0, ) Log~%-continuity

For convenience, we introduce the notion of weak and strong moduli of continuity
(compared to the threshold of u(s) = s log(s_l)).

Definition 2.4 We call a given modulus of continuity p strong, if

& < C’
s—0+ slog(s—1) ~

i.e. functions belonging to C* are Log-Lip-continuous or more regular. Consequently,
w is called a weak modulus of continuity, if

s log(s_l)
m ——— =
s—0+ ,u(s)

i.e. functions belonging to C* are less regular than Log-Lip.

2.2 Symbol classes and symbolic calculus

We introduce the standard symbol classes of pseudodifferential operators following
Hormander [9].

Definition 2.5 (Sm 5 and \1121 s) Let m, p, & be real numbers with 0 <6 < p < 1.
Then we denote by S’" 5= Sm s (R" x R") the setof alla € C*(R" x R") such that
for all multi-indexes a B the estimate

|DEoga(x, £)] < Co, p(1+ [E])"—PIleIHoIBL

is valid for all x, £ € R" and some constant C,, g. We write S;%O ﬂm . 5
S;f’a =Upn 521,6' Fora givena = a(x, &) € S[')’ia, we denote by Op(a) = a(x, Dy)
the associated pseudodifferential operator, which is defined as

a(x, Dy)ulx) = / M a(x, £)iE)dE = Os— / / AV, Eyu(y)dyde,
R” RZn

where d§ = (27r)7"dé and Os— [ means the oscillatory integral.
R2n
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By v 05 = \If S(R”) we denote the set of all pseudodifferential operators that are
associated to some symbol in Sm s- Conversely, for a € \Ilm 5» we denote by o (a) €
Sm s the associated symbol.

Analogously, we define sets of weighted symbols and associated operators.

Definition 2.6 (Sm s and ‘lf ’s) Letm, p, & be real numbers with 0 < § < p < 1.

Let w be a non- decreasmg, contlnuous function satisfying w(s) = o(s) for s — +o0.

Then we denote by Sm s = Sm s (R" x R") the set of alla € C*®°(R" x R") such
that for all multi- 1ndexes o, B the estimate

ID{o¢a(x, §)] < Co, p(1 4 EN" Wl ((£)),

is valid for all x, £ € R” and some constant C,, g. The set \-IJ;""(S‘” = \DZ”(S‘”(R”) is
defined analogously to \Pﬁ 5

As usual, if (p, §) = (1, 0) we omit them and just write S, §" “, W™ Y@,
Since W@ W™+ the following composition result is obtained by straightfor-
ward computation.

Proposition 2.7 (Composition of W and W™ “) Let a; € S™ and ay € §™* %, then
as operators in S or S’

al(x3 Dx) OaZ(X, Dx) =b1(.x, Dx)’
ax(x, Dy) oai(x, Dx) = ba(x, Dy),

where by, by € S™1M2@ have the asymptotic expansions

1
bi(x, §) ~ Y —dfai(x, H)Dlar(x, €),

o

1
bax, §) ~ Y —da(x, E)Diar(x, £).

o

Consider a pseudodifferential operator ¢ € W™ and a non-negative, increasing
function ¢ € C°(R"). Throughout this paper we refer to the transformation

ay(x, Dy) = eV ((Dx) oa(x, Dy)o e"W“DW,

as conjugation, where A is a positive constant.

Proposition 2.8 (Conjugation in V™) Let a € V™ and let v € C*°(R") be a non-
negative, increasing function satisfying

’ ——Y(s)| = Crs™ y(s), keN,seR,. 2.1
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We fix a constant ). > 0. Then the symbol ay (x, &) = o (ay (x, Dy)) of
ay(x, Dy) = eV UDx) a(x, Dy) o e*W/GDﬂ)’
satisfies
ay(x, ) =alx, )+ Y ag(x, HxyE) +ry(x, &), 2.2)
0<|y|<N
where ,
— A
Xy (§) = eV ER (VO] (23)
and
N 1
_ N-1 ,—iy¢
e ) = o > |:OS— /f /(1 — )Ny
ly|=N R2: 0
Xae)(x + 0y, §)xy(§ + C)dl?dydC}- (2.4)
Furthermore, we have the estimate
108 Xy (B)] < Co,y (&)1 (g (eI, (2.5)

foré e R" and o € N".

Proof Relations (2.2), (2.3) and (2.4) are derived in [11,13] for the case ¥ (s) = s*.
Deriving these equations for general ¥ works just as described there. Estimate (2.5)

is obtained by straightforward calculation. We have

o5 (e—xx/f«s»avy (V)

o 1
9yl = -

)

1 _
= ag(e w<<s>>ew<<s>>Qy(g))‘

< Co, &)=y (),

where we used that
37 (eM//(W))) - — e)LW(@))Qy(é'),

and applied (2.1) to
0, =Cy' (ENY + R, (8),

where Ry, (§) are lower order terms satisfying

IRy (&) < Cpy' (ENY 1y ((8)).

This yields estimate (2.5).
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Remark 2.9 By estimate (2.5) we are immediately able to conclude that x, € SO for

all [y| > 0, since ¥ ((§)) = o({(§)).

Proposition 2.8 does not provide an estimate for ry (x, £). In order to derive such
an estimate we pose additional assumptions on the operator a and the function .

Proposition 2.10 (Estimating the remainder ry (x, &)) Take a € V" and € C*
as in Proposition 2.8. Assume additionally that the symbol a = a(x, &) € S™ is such

that
|9g Dfa(x, &) < CoKpy(&)" 1, (2.6)

forall x, & € R". Here K| is a weight sequence such that

inf Ky Ce V(&) (2.7)
peN (§)P

for some &y > 0. Furthermore, we suppose that the relation
Y&+ ) =¥ (&) + v (gD, (2.8)

holds for all large &, ¢ € R". We assume that the constant A > 0 is such that there
exists another positive constant co such that

8o — A =co>0. (2.9)
Then the remainder ry (x, &) given by (2.4) satisfies the estimate
|0g DEry(x, §)] < Ca, g nAN (E)" 17Ny (NN, (2.10)

for (x, &) e R" x R"and a, p € N".

Proof Our proof essentially follows the strategy presented in [11,12]. We have

1
N 1—9)N-!
10 Dy (x. s)|=‘(2n)n |Z (3)03‘/]/%
yI=N

|
R2n 0
o' +a" =a

X For y g(x, ¥, &, ¢, )Gy, (€, D)ddyds

’

where

Foyr oy pr v, 6 ¢ 0) = e 2692 DY P ax + 0y, £), and

Gy (€. £) = 8? (e—M//(($>)33/ (ekw((V))|U:s+£)).



Strictly hyperbolic equations with coefficients... 651

Considering Fy» , g = For , p(x, &, ¢) with

1

Fa”,y,ﬁ = OS_//(I - ﬂ)N_lf()[”,y,ﬂ(x3 ys é, é‘) ﬁ)dﬁd)’,
R™ 0

and obtain for [¢| > 1 that

1
¢ Forr . pl = ‘Os— / / (1= )N Teke g DI Pa(x + vy, «S)dﬁ‘dy‘
R? 0O

1
—Jos= [ [a— oyt s Doy a0y, a0

R? 0O
< Cn, o Ky +181+1c1(5)

mila/,l
)

where we used ¢¥e V¢ = (—Dy)“e_iy{ and integrated by parts. For [¢] > 1 we
know that (¢) < V2 |¢]. Hence, it is clear that

|For,y, gl < CN, o Kiy 11 (€)™ 1% g |71
[re] i _
< V2" Cn o Kiy 41141 ()™ 1 (g) I

In the case || < 1 we have (¢)I*l < «/§|K|. This allows us to conclude

1
|Fyr . gl < Os— / f(l — Vo DI a(x + vy, £)|dody
R 0O
< Cn, o Kjy4ip ()"

[ o _
< V2 Cn o Kpyiprn (8)" 71 ) 7L
We combine the estimates of both cases and obtain

|For y p(x, &, Q) < */E‘K‘CN,MKIVIHISHIKI@)m_la”l<§>_M
< V2" Char . p K €Y1 ()T, @.11)

forall x, &, ¢ € R".
Next, we consider

Gy 6.0 = (OO ),
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and find that

83)/ (eklp((v))|]):€+{) = ekw(<§+{))Q1, V(‘i: +0),
8? (e—Mh((%’))a‘J)f (e)»l//((v))|v:$+§)> — W EF) =V (EN) 02,y (E+C, 8),

where

101, 4+ 0| < C, ATy (g + o)), (2.12)
102,y +C. 6) < Cy | Q1 (& + O W (& + ) — v/ ()]
< Cp oWy (& £ o |y (& + 2)) — v (ED]
(2.13)

For some 9 € (0, 1), we have the estimate

W/ ((& +2) — ¥/ (ENI®T = [y (& +£) = DENINE +¢) — (5)]1

lo’|
o[y — 9
(€ +¢) — D)2

< cEy gl (2.14)

(o)l

where we applied assumption (2.1). Combining (2.12), (2.13) and (2.14), we obtain

Gar (&, 0)] < cy,,M”"““/‘ek(‘”“"?*“)“”“s”)w/((s+§>)'V'
x [0/ (E +2)) — v/ (EN]™]

C vl (e —ven) Y (E + )] 1ol e
= e &+ )]

v (e - en) (&)1 (€ + ¢!

=G, &)Y

In view of assumption (2.8), i.e. ¥ ((§¢ + ¢)) < ¥ ((§)) + ¥ ({¢)), we conclude that

i o SO EED + (oD

(g)leI+ly 215

|Ga’,y(§’ I = Cy,

Combining (2.11) and (2.15) implies

/
5 (4)(5)erapvos [ o
o

‘)":N Rn
o'+ =a
§+8"=d’

x TR () F10D (g ((£)) + w27 (g)ymlel=I7lgg.

o np
|a§' Der(xa S)| S (27'[)"1\/'
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We use K| < Cy K|c|—|| and apply assumption (2.7) to choose « such that
Ko (§) 701D < comdov (e,

This yields

(0¢ Dry(x. > Cxap2 05— [ enmmiien

lyI=N B

x (Y ((€) + w7l g)ym—le=rlge.

N

By assumption (2.9) there exists a positive constant ¢y such that §o — A = ¢g > 0. We
conclude that

0¢DEry(x. ©) < Carpn Y <é>’”"““'V'A'V'0s—/e—“m/’“mﬁ'“'
lyI=N i

X (YUEN + () de

< Co gy (BN S 05— [ emeov (@ ]
ly|=N

x (Y (ENT + v enhde

= Ca ﬂ,N)\N(E)m_‘al_Nl//((S))NOs—fe—%ollf(@))ﬁ"“dé_
R?

Rn

< Cq, p, NIV (E)"TITN g (gD,

This concludes the proof. O

3 Statement of the results

Depending on the modulus of continuity of the coefficients, we expect to have an at
most finite loss of derivatives (for strong moduli of continuity) or an infinite loss of
derivatives (for weak moduli of continuity). We account for this difference by stating
two different theorems, one for strong and one for weak moduli of continuity.

In both cases we consider the Cauchy problem

m—1 .
D"u =Y Am—_j(t, x, Dy)D}u+ f(t,x),
j=0 (3.1

DU, x) = ge(x), (t.x) €0, TIxR", k=1, ..., m,

where

Amfj(t’ x, Dy) = Z amfj,y(t, x)D)}c/ + Z amfj,y(t’ x)D)Jc/
lyI+j=m lyl+j<m—1
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We assume in both cases the following conditions:
(SH1) The Cauchy problem is strictly hyperbolic, i.e. the characteristic roots
w(t, x, &), k=1, ..., m, of the principal part
m

—1
Pu(t, x, T, §) =" = Y Agm—j)(t, x, £)7/
=0

3 o~

—1
=" — Z am—j,y(t’ x)é:yfjv

J=0 ly|+j=m

are real when |&| # 0, simple and numbered in such a way that

tl(tv X, é) < 7:2(I9 X, S) << Tm(t, X, %‘)5

forallr € [0, T], x, & € R".

(SH2) The coefficients a,,—; , (¢, x) of the lower order terms (i.e. |y|+ j <m — 1)
are continuous in time and the coefficients a;,—;, , (¢, x) of the principal part
(ie. |y| + j = m) satisfy

|DPay_j ,(t, x) — DPay_; , (s, x)| < CKg(lt — s)),

for some constant C > 0 and a weight sequence K, all £,s € [0, T], all
B € N" and fixed x € R", where p is a strong or weak modulus of continuity.
(SH3) The modulus of continuity u in (SH2) can be written in the form

(s) = sw(s™h),

where w(s) is a non-decreasing, smooth function on [0, 1].

3.1 Result for strong moduli of continuity

We are able to prove the following well-posedness result if we assume (SH1), (SH2)
and (SH3) as well as the following conditions:

(SH1-S) The modulus of continuity « in (SH2) is strong and the weight sequence K,
is arbitrary.

(SH2-S) All the coefficients a,,—;, ,, belong to C([O, Tl; Boo).

(SH3-S) The initial data gz belongs to HY "k fork=1, -, m.

(SH4-S) The right-hand side f = f(¢,x) € C([0, T]; H").

(SH5-S) The function w is smooth and satisfies

k

()

o < Crs Fw(s), (3.2)
\)

forall k € N and large s € R™T.
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Theorem 3.1 Consider the Cauchy problem (3.1). Under the above assumptions,

there is a k > 0 such that for every v € R there exists a unique global (in time)
solution
m—1

we ("' i(j0. 1) HY
j=0

Ler)-

The solution satisfies the a-priori estimate

m—1

S (D e gl e, |2,

J=0

m t
= € 2o g0, 97, +/ [(Dy) e P £z, )] 7.dz
k=1 5

for0 <t < T and some C = C, > 0.

We note that the spaces H a”) 7 are embedded in Sobolev spaces, since we are dealing
with strong moduli of continuity, i.e. w(s) = O(log(s)). This means, thatforw(s) = 1,
i.e. Lipschitz-continuous coefficients, we have no loss of derivatives. For coefficients
that are Log-Lipschitz-continuous in time, we have well-posedness in Hlog T =
HY*T with at most finite loss of derivatives. In between both cases, the loss of
derivatives is arbitrarily small.

3.2 Result for weak moduli of continuity

We are able to prove the following well-posedness result if we assume (SH1), (SH2)
and (SH3) as well as the following conditions:

(SH1-W) The modulus of continuity x in (SH2) is weak.

(SH2-W) All the coefficients a,,—j, ,, belong to C([0, T1; BY).

(SH3-W) The initial data g belongs to H”+m K fork =1, m.

(SH4-W) The right-hand side f = f (¢, x) e C([0, T]; H” 5 )

(SH5-W) The weight function n and the sequence of constants K, satisfy the relation

inf K2 comton(@n,
peN (§)P —

for large || and some &g > O.
(SH6-W) The functions 1 and @ are smooth and satisfy

k

d
—w(s)

=G, |37

dk
‘@H(S)

< Crs *w(s), (3.3)
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for all k € N and large s € R" and

n(E+¢) =n) +ns)),  wE+¢) =w(@E)+wll)), G4
for all large &, ¢ € R".

Theorem 3.2 Consider the Cauchy problem (1.1). Under the above assumptions,
there is a unique global (in time) solution

m—1
we ()"0, 71 H)Y).
j=0

where § < min{dg, 81, 82}, provided that,

1

2 (@) (§) = 0({§)) = o(n((£))). (3.5

More specifically, for any to € [0, T, any sufficiently large k and for any T* €
[0, T — to] such that k T* is sufficiently small, we have the a-priori estimate

m—1
Z H <Dx)v+m—l—jeK(T*—i-to—t)w((Dx))atju(t’ ) ”iz
j=0

m
<C (Z H<Dx)v+m_keK(T*+t0)w(<Dx>)gk(IO, ’)”iz
k=1
t
+f [(Dy)vex T +0-206PD (o |2,dz | .
To

fortg <t <ty+T*

We note that the spaces H; —EJ are spaces of ultra-differentiable functions, since we
are dealing with weak moduli of continuity, i.e. w(s) = o(log(s)). In general, the loss
of derivatives that occurs is infinite.

3.3 Examples and remarks

Let us begin with some examples of strong moduli of continuity.

Example (Lipschitz-coefficients). Let the coefficients be Lipschitz continuous in time,
ie. u(s) = s and w(s) = 1, and B* in space. The initial data g; and right-hand side
f are chosen such that

gee H™ ¥ k=1,....,m, fecC(, Tl H).
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All assumptions are satisfied and we a have global (in time) solution

m—1
w=u(t, x)e () C" (0. T]: H'),
j=0

i.e. we have Sobolev-well-posedness without a loss of derivatives. This result is already
well-known (see e.g. [2,4,5], [8, Chapter 9] and [15, Chapter 6]).

Example (Log-Lip-coefficients). Let the coefficients be Log-Lip-continuous in time,
ie pu(s) = s(log(s7")+1) and w(s) = log(s) + 1, and B* in space. The initial data
gk and right-hand side f are chosen such that

gee H'"* k=1,...,m, fec(o, T H).

In this case, we have a global (in time) solution

m—1

w=u(t, x)e () C" (0. T): BT,
j=0

where « > 0 is sufficiently large. We conclude that we have an at most finite loss of
derivatives, which is also a well-known result (see e.g. [2,4,5,7]).

Next, we consider weak moduli of continuity. Looking at Theorem 3.2, assump-
tions (SH5-W) and (SH6-W) may not be as intuitive as the other ones.

Assumption (SH5-W) describes the connection between the weight function n of
the solution space and the behavior of the coefficients with respect to the spatial
variables. In a way, we may interpret this condition as a multiplication condition in
the sense that the regularity of the coefficients in x has to be such that the product of
coefficients and the solution stays in the solution space. This means that the weight
sequence K, and the weight function 1 have to be compatible in a certain sense. One
way to ensure that they are compatible is to choose them such that the function space
of all functions f € C*°(R") with

sup | DY f(x)| < CKa,

x eR?
and the function space of all functions f € L%*(R") with
en(<Dx>)f c LZ(R”),

coincide. For results concerning the conditions on 1 and K, under which both spaces
coincide, we refer the reader to [3,17,20].

Assumption (SH6-W) provides some relations that are used in the pseudodifferen-
tial calculus. Condition (3.3) for n and w is not really a restriction. If 7 or w happen to
be not smooth, we can define equivalent weight functions, that are smooth and satisfy
(3.3).
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The difficulty of checking whether condition (3.4), is satisfied, certainly depends
on the choice of 1 and w. However, in some cases it may be easier to verify that n and
w belong to a certain class of weights, for which (3.4) is satisfied. An example of such
a class is introduced in Definition 3.7 in [20].

In the following, we compute some examples for weak moduli of continuity. In each
example, we first choose a certain modulus of continuity p to describe the regularity
of the coefficients in time. Depending on this modulus of continuity, we look for
a suitable weight function n which satisfies (3.5). Having chosen 1, we specify the
regularity of the coefficients in space by choosing a sequence of constants K, such
that (SH5-W) is satisfied.

Example (Log-Log™I-Lip coefficients). Let the coefficients be Log-Log™!-Lip con-
tinuous in time, ie. u(s) = s (log (%) + 1) logl™ (%) and w(s) = (log(s) +
1) logl"™(s), m > 2. We choose

n(s) = log(s)(log" ()™ + ¢,

where ¢ > 0is arbitrarily small and ¢;, > O1is such thatn(s) > 1foralls > 1. Finding
a suitable weight sequence K, is not obvious. In the literature on weight sequences
and weight functions (e.g. [3,14,18,19]), for a given weight function M () one can
compute the associated weight sequence {M}, by considering

tP
Mo = up i

Following this approach for our weight function 5 runs into the difficulty of actually
computing the above supremum. However, it is possible to compute the associ-
ated sequence for w, which is M, , = (exp™(p))P~De=P. From this, we can
get a possible sequence K by decreasing the growth of M ,. Setting K, =
(exp™ (p))(P=De=P=¢ for some > 0, yields a possible weight sequence for 7,
in the sense that, for fixed € > O there is a ¢ > 0 such that (SH5-W) is satisfied.
However, it is not clear how ¢ is related to ¢ in general. Furthermore, it is not clear
whether the set of functions defined by K, forms a proper function space.

Another way to obtain a possible weight sequence K, (which actually defines a
function space) is to guess a weight sequence {M}, and to compute the associated
weight function M (¢) by considering

AW
M(t) = suplog|——) ift #0and M(0) = 0.
sup oz (57)

Then we compare M(¢t) and n. If M(t) grows faster than », then M), is a potential
candidate for K,. Of course, following this procedure, we cannot ensure that the
sequence K, is optimal.

In our case, we consider the sequence {M}, = { pf’z} p» wWhich defines a space of
ultradifferentiable functions (see [18, 19]). We compute the associated function M (&)
and obtain
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N

log({£)) y((ecesf)
e )
2
where W denotes the Lambert W function (also called product logarithm). For suffi-
ciently large £ we find that M (§) > n((£)) and, therefore, we obtain the inequality

M) =

2
inf £— < CeM®) < Ce00n(E))
peN (§)7 -

for some 89 > 0.
Either way, condition (SH5-W) is satisfied if the coefficients a,,; , are Log-
Log!"!-Lip-continuous in time, belong to B> in space and satisfy

|DPay_j ,(t, x)| < CKg,

uniformly in x, for fixed .
The initial data g; and right-hand side f are chosen such that

& H;E)]n k k= 1 , m, f € C([07 T]r H;,Sz)‘

Lastly, we check that assumption (SH6-W) is satisfied. Clearly,

1) = G0, ()| = Ces o),

& s

for all k € N and large s € R.
Proving

n((§+2) =n(EN +n((s)), @ +) =w((§) +wll))), (3.6)

for large (£) and (), is not so obvious. We use that 1 and w belong to the set W(R)
which was introduced by Reich [20]. In [20] the author proves that all functions in
W(R) satisfy an even stronger condition than (3.6).

Thus, all assumptions are satisfied and we have a global (in time) solution u =
u(t, x) € i I cem=1- J([O Tl; ;H) with 8 < min{8y, 81, 8}. We expect an
infinite loss of derlvatlves since log(s) = o(n(s)).

Example (Holder-coefficients). Let the coefficients be Holder-continuous in time, i.e.
w(s) =s*and w(s) = s' 7%, « € (0, 1). We choose

n(s) = s,
where ¥ > 1 — « is a constant. We use the well-known inequality

inf (p)* (A(E)"1)P < Ce—P01(ED,
peN
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where A is a positive constant. This yields that condition (SH5-W) is satisfied if the
coefficients a,,_ ;, ,, are Holder-continuous in time and belong to the B in space and
satisty

1
|Dfam—j,y(l, x)| < C(|ﬁ|'),(A|/3|7

uniformly in x, for fixed ¢. This defines the Gevrey space Gr (R™). The initial data gx
and right-hand side f are chosen such that

gk € HyH" Kk=1,....m, fec(o, Tl Hy ).

Lastly, we check that assumption (SH6-W) is satisfied. Clearly,

k

d* K d
o0 = CsTne, |

o a)(s)‘ < Cksfka)(s)

for all k € N and large s € R. Moreover,

w((§ +¢) =w((f) +w((C)), and n(&+E) =n((§) +n((¢)),

for sufficiently large (¢) and (¢).

Thus, all assumptions are satisfied and we have a global (in time) solution u =
u(t, x) € (V1= C"~1=([0, T H,§') with 8 < min{8o, 81, 8,}, where the loss of
derivatives is infinite, since log(s) = o(n(s)).

We remark, that H,‘]’ s 1s the classical Gevrey space GK which means we have
Gevrey-well-posedness (with infinite loss of derivatives), if x > 1 — «, which is a
well-known result (cf. e.g. [1,4,10,16]).

Example (Log™%-coefficients). Let the coefficients be Log™*-continuous in time, i.e.
u(s) = (log (%) + 1)_a and w(s) = s (log(s) + 1)™%, « € (0, 1). We choose

n(s) =s (log(s) + )",

where 0 < ¥ < « is a constant. In view of Definition 9 and Example 25 in [3], we
find that condition (SH5-W) is satisfied if we choose

Kp = ((p+ D(log(e + p))?.
The initial data g; and right-hand side f are chosen such that

gee H)A" k=1,....m,  fecC(0, T H) ;).

Lastly, we check that assumption (SH6-W) is satisfied. Clearly,

ka)(s)‘ < Cps™ a)(s)

’%n(s)‘ < Ces ™ n(s), ‘d
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for all k € N and large s € R. The relations

w((§+¢) =) +w((C)), and n(&+E) =n((§) + (),

for sufficiently large (£) and (¢), can be proved by using a similar approach to the one
used in Example 3.3.

Thus, all assumptions are satisfied and we have a global (in time) solution u =
u(t, x) € m’;’;ol cm=1=i([0, T1; H,,”ﬂgf ) with 8 < min{8o, 81, 8}. We expect an
infinite loss of derivatives since log(s) = o(n(s)).

4 Proofs

In this section, we prove Theorems 3.1 and 3.2. Both proofs follow the steps described
below and are, in fact, identical until we perform the change of variables. In the case of
strong moduli of continuity, this change of variables features pseudodifferential oper-
ators of finite order; for weak moduli of continuity these pseudodifferential operators
are of infinite order, by which we mean that their symbols behave like exponentials
rather than polynomials.

The first step of both proofs is to introduce regularized characteristic roots A ; which
are smooth in time. We continue by rewriting the original differential equation using
the newly defined regularized roots and transform the differential equation into a first
order system with respect to the derivatives in time. After the diagonalization of the
principal part, we perform a change of variables (containing the loss of derivatives).
Finally, we able to apply sharp Garding’s inequality and Gronwall’s lemma to derive
a HV-H"-estimate, this implies L? well-posedness for the auxiliary Cauchy problem.

4.1 Regularize characteristic roots

The characteristic roots of the operator in (3.1) are the solutions 7y, ..., T, of the
characteristic equation

m—1
= D anejy (6 DETT =0,
J=0 lyl+j=m

They are homogeneous of degree 1 in & and
¢ DPrj(t, x, £) — 3¢ DPtj(s, x, &)| < CKyguu(lt — s) (€)' 71,

due to the assumptions (SH1) and (SH2). Since the characteristic roots are only u-
continuous in time, it is useful to approximate them by regularized roots which are
smooth in time.

Definition 4.1 Let ¢ € C{°(R) be a given function satisfying fR ¢(x)dx = 1 and
@(x) > Oforany x € R with suppgp C [—1, 1]. Let e > 0 and set ¢, (x) = %(p (’—‘)

&
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Then we define for j =1, ..., m,

)"](tﬂ X, é) = (tj('v X, S) *(pé‘())(t7 X, S)

Remark 4.2 The characteristic roots 7; (¢, x, &) are defined on [0, T'] x R" x R". For
the above definition to be sensible, it is necessary to extend them to [—&, T + ¢] x
R" x R", continuously. However, we do not distinguish between 7 (¢, x, &) and their
continuation but just write 7; (¢, x, §).

The following relations are obtained by straightforward computations.

Proposition 4.3 For ¢ = (£)~! we have Aj € C([O, T, Sl). There exist constants
Cy > 0 such that the inequalities

Q) [6¢DEOfA; (. x. 8)] = CaKip(&)Hu(E)™), for all k > 1, j =

1, ..., m,
(i) |09 D (3 (. x. &) — 7j(t. x, &) = CaKip(&)' (&)™), for all j =
1, ..., m, and

(i) A, x, &) —Ai(t, x, §) = C§), foralll <i < j <m,
are satisfied for all t € [0, T]and x, & € R".

Remark 4.4 We observe that (i) and (ii) in Proposition 4.3 are equivalent to

@) |8¢DLofA; (1. x, )] < CoK g (E)19l((£)) and
(i) [0 DF (hj (. x. &) — 7 (1. x, ©))] = CuKip (€)1 e((£)).

4.2 Factorization and reduction to a pseudodifferential system of first order

We are interested in a factorization of the operator P(¢, x, D;, D,). Formally, this
leads to

P(t, x, Dy, Dy) = (Dt — tp(t, x, Dy))---(D; — 11(t, x, Dy))

m—1
; 4.1
+ Y Rj(t, x, DD}, @D

j=0

where the difficulty is that the operators 7 (¢, x, Dy) are notdifferentiable with respect
to ¢, which means that the composition D; o tx (¢, x, D,) may not be well-defined. An
idea to overcome this difficulty is to use the regularized roots A (¢, x, Dy) in (4.1)
instead of 7 (¢, x, D,). This idea, however, comes at the price of increasing the order
of the lower order terms. How much their order is increased depends on the terms
|8§‘Df (Aj @, x, &) — 7t x, S))|. In view of Proposition 4.3 and Remark 4.4 we
define the operator

P(t, x, Dy, Dy) = (D; — Ap(t, x, Dy)o...o (D —Ai(t, x, Dy)),
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and observe that I~’(t, x, Dy, D,) is a factorization of P (¢, x, D;, D,) in the sense
that

m—1
P(t, x, Dy, D) = P(t, x, Di, Do)+ Y R;(t, x, DD}, (4.2)
j=0
where R;(t, x, Dy) € C([0, T]; ¥~ !1=/@) j=0,...,m—1.
Our next step is to transform the differential equation Pu = f into a first order

pseudodifferential system. For this purpose, we consider P = P(¢, x, D;, Dy)
as given in (4.2) and introduce the change of variables U = U(t, x) =
(uo(t, x), ..., um—1(t, x))7, where

uo(t, x) = (Do) wo(t, 1), wj(t, x) = (Dx)" vy,

vo(t, x) = u(t, x), vi(t, x) = (Dy — Aj(t, x, Dx))vj_1(¢, x),
for j =1, ..., m — 1. By including the terms D; — A (¢, x, Dy) (and not just D;) in
the change of variables (i.e. also in the energy), the principal part of the operator of the

resulting system is already almost diagonal. More precisely, this means that Pu = f
is equivalent to

D,U(t, x) — A(t, x, DY)U(t, x) + B(t, x, DOU(t, x) = (0, ... 0, f(r, x)T,

“4.3)
where
M@, x, DY) (Dy) 0O ... 0
0 .
A(t, x, Dy) = : 0 ,
: . (Dy)
0 . ... 0 Ap(@, x, DY)

and B(t, x, Dy) = {b; j(t, x, Dx)}1<i, j<m is a matrix of lower order terms which
satisfies
bl,j(ta xa D.)C) - Ov

fori=1,...,m—1landj =1, ..., m and
10g Dby, (1, x, £)] < Ca, g ({£)), 4.4)
fori=mand j =1, ..., m.

4.3 Diagonalization procedure

The principal part A(¢, x, Dy) in (4.3) can be diagonalized and the regularized roots
Aj can be replaced by the original characteristic roots 7; since there are invertible
operators H and H~! which satisfy the following proposition.
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Proposition 4.5 Consider the matrix T(t, x, &) = (Bp 4, x, E)}o<p, g<m—1,
where

Bp.g(t, x,6)=0, p=>gq;
(1 — 1) (E)I

Bp.q(t, x, §) = 4ot 6 <q;
g—1

dp gt x. &) =[] (hgt. x. &) = 1:(t. x. &), @1 € C§°, @1 = 1 for |§] < M.
r=p

where M is a large parameter. We define H(t, x, Dy) and H= Y, x, D,) to be the
pseudodifferential operators with symbols

H(t,x,&)=1+T(, x, &), and
m—1

H 't x, &) =1+ ) (-1)T/(@, x, &).

j=1

Then the following assertions hold true.

(i) The operators H(t, x, Dy) and H~'(t, x, D) arein C([O, T, \110).
(ii) The composition (H™' o H)(t, x, Dy) satisfies

H™'(t, x, Dy)o H(t, x, D) = I + K(t, x, D),

where K (t, x, Dy) € C([0, T]; w™1).

(iii) The operator (D;H)(t, x, D) belongs to C([O, T]; wo “’)

(iv) The operator A(t, x, Dy) = H™'(t, x, Dy) o A(t, x, Dy) o H(t, x, Dy)
belongs to C ([O, TI; \I—’]) and its full symbol may be written as

T1(t, x, &)
Alt, x, ) = . + M(t, x, £),

Tm(tv X, é,v:)
where M (¢, x, &) € C([O, T1; S0 “’) is a lower order term.
(v) The operator B(t, x, Dy) = H’l(t, x, Dy) o B(t, x, Dy) o H(t, x, Dy)
belongs to C([O, T, \I—’O"").

We perform the described diagonalization by setting U=0 (t, x) = H7'(, x,
D) U(t, x) and obtain that

P(t, x, Dy, DOU, x) = (0, ... 0, (1, »))",
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is equivalent to

D, o H(t, x, D))U(t, x) — A(t, x, Dy) o H(t, x, D)U(t, x)
+ B(t, x, Dy) o H(t, x, DO)U(t, x)
= H(t, x, D,)D,U(t, x) — A(t, x, Dy) o H(t, x, Dy)U(t, x)
+ (D/H)(t, x, DO)U(t, x)+ B(t, x, Dy) o H(t, x, D)U(t, x)

=(0,...0, ft, 0))".

Weset F = F(t, x) = (O, ... 0, f(r, x))T and apply H_l(t, x, D,) to both sides
of the previous pseudodifferential system to obtain

D,U(t, x)+ K(t, x, Dy)D,U(t, x)
—H ', x, D)o A(t, x, Dy) o H(t, x, DU, x)
+ H™'(t, x, Dy) o (D;H)(t, x, DY)U(t, x)
+ H'(t, x, Dy) o B(t, x, Dy) o H(t, x, Do)U(t, x)
= H (¢, x, Dy)F(z, x). 4.5)

Applying Proposition 4.5 yields

H™'(t, x, Dy) o A(t, x, Dy) o H(t, x, Dy) = A (f, x, Dy) + M(t, x, Dy),
H_l(t’ -x’ Dx) o B(t7 xs Dx) ] H(tv xs Dx) = E(ts -x’ DX) G C([O’ T]v \I/O,a)),
H7'(, x, Do) o (D), %, D) € ([0, T); W),

where M (¢, x, D,) € C([O» T]; WO w) and

Tl(t7 x7 DX)
K(ls-xs DX): .'. ’
Tm(t, x, Dy)

is diagonal. Hence, setting
F(tr X, Dx) = E(ta X, Dx)_M(t, X, D)C)+H_1(t’ X, Dx)O(DTH)(tv X, Dx)»
the pseudodifferential system (4.5) may be written as

(I+K(@, x, DY)DUE, x) — A (t, x, D)U@, x)+ B (1, x, DHU(t, x)
=H ', x, DOF(, x).

We now observe, that I + K (¢, x, Dy) is invertible for sufficiently large values of M.
Recall that K (¢, x, Dy) € C ([0, Tl; ‘Il_l). Therefore we may estimate the operator
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normof K (¢, x, Dy)byCM —1 where M is the parameter introduced in the definition
of H(t, x, D) in Proposition 4.5. Choosing M sufficiently large ensures that the
operator norm of K (¢, x, D,)isstrictly smaller than 1, which guarantees the existence
of

(I+K@, x, D)) ' = > (=Kt x. D))" e C([0, TT; ¥°).
k=0

This means, that
P(t, x, D, DYU(, x) = (0, ... 0, f(1, x))"
is equivalent to
L(t, x, D;, DOU, x) = H'(t, x, Dy)F(t, x), (4.6)

where ~ ~
L(t, x, Dt, Dy) = Dy — A(t, x, Dx) + B(z, x, Dy),

with

A, x. Dy = (I +K(t. x, Dy) ' o H™(t, x, Dy) € C([0, T]; ¥°),
A(t, x, D)= (I + K@, x, D)) "o A (t x, Dy) € C([0, T]; ¥'),
B, x, D)= (I+K(, x, D))" o B (t, x, D) € C([0, T]; w*®).

From this point on, the proofs of Theorems 3.1 and 3.2 differ. We first discuss how

to proceed in the case of strong moduli of continuity and then conclude this chapter
by finishing the proof for weak moduli of continuity as well.

4.4 Conjugation for strong moduli of continuity

Before we apply sharp Garding’s inequality and Gronwall’s lemma we perform another
change of variables, which allows us to control the lower order terms B (t, x, Dy).

We set U(t, x) = (Dy)"e<"*CPN V(¢ x), t e [0, T], where & is a suitable
positive constant, which is determined later and v is the index of the Sobolev space
H" which is related to the space in which we want to have well-posedness. We obtain
that the pseudodifferential system (4.6) is equivalent to

L(t, x, Dy, DOV, x) = (Dy) e PN =1 ¢ x, DOF (@, x),  (4.7)
where

L(t, x, Dy, Dy) = Dy — (Dy) e 100D o A1, x, Dy) o e'*UPD(p )=
+(Dy) e @UPD o Bz, x, Dy) o LD (D) —ikw((Dy)),
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Applying the composition rule for pseudodifferential operators of finite order, we

obtain that
0 Aoe®UPN (D VY = A(t, x, Dy) + Bi(t, x, Dy),

A
B(t, x, Dy) + Ba(t, x, Dy),

<Dx)vef/<ta)((D,\-))
<Dx)ve—f(la)((Dx)) ° E ° eKtw((D,Q) (Dx>—v —

where By, By € C([0, T]; w°).
We conclude that, for ¢ € [0, T], the pseudodifferential system (4.6) is equivalent

to
L(t, x, D;, D)V (t, x) = (Dy) e PGV ¢ x DOF(t, x), (4.8
where
L(t, x, D;, Dy) = D, — A(t, x, Dy) + B(t, x, Dy) — ikw({Dy)),
and B e C([0, T1; w®).
4.5 Well-posedness of an auxiliary Cauchy problem for strong moduli of
continuity
We consider the auxiliary Cauchy problem
9V = (1A(t, x, Dy) —iB(t, x, Dy) — k0 ({Dy)))V 49)

+1(Dy) P DDNF=V ¢ x DO)F(, x),

for (¢, x) € [0, T] x R", with initial conditions

VO, x) = (v0(x), ..., tu1 ()",

where
Uj(x) = <Dx)V€_Ktw((DX>)H_1(O, X, Dx)(Dx>m_1_j
x (Dy = 4j(0, x, D)) -+ (D = 21(0, x, D)u(0, x),

forj=0,...m—1.
Recalling that 9, || V||i2 =2Re[(0;V, V);2] we obtain

VI, =2Re[((A —iB — kw((D)V, V) 2]

+2Re[({Dy) e 1PN F1E V) 0],

We observe that
Re[iA(t, x, &) —iB(1, x, §) —kw((&)] = —Re[iB(, x, &) + kw((£))],
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since Re [ig(t, x,&)] = 0 (by assumption (SH1)). Taking account of B €
C([0, T1; ¥ @) it follows

Re[iB(t, x, &) + k()] = Re[ — Cpw((£) + kw((£)] = 0,

if we choose ¥ > Cp, where Cp > 0 depends on B and, hence, it is determined by
the coefficients of the original differential equation. Thus, we are able to apply sharp
Garding’s inequality to obtain

2Re[((GA —iB — ko ((D)V, V) 2] < CIV]3,.
This yields
VI, < CIVIZ, + ClI(Dy) e PN E= E) 2, (4.10)
We apply Gronwall’s Lemma to (4.10) and obtain
IV, 7. < CIVO, )3,

+C / (D) e PN HV (7, x, DOF(z, )|3,dz, (4.11)

fort € [0, T]. We recall that H! (t, x, Dy)is apseudo-differential operator of order
zero and use assumption (SH4-S) to obtain that
[(Dx) e PP H1 (7, x, D)F(z, )32 < G,z < 00,
similarly, in view of assumption (SH3-S), it is clear that,
IV, )2, = I{Dx)"H0, x, DHU, x)|, < C < o0.
We conclude that

(D) e 1 PDT (1, |2, < CI{D) T, I3,

+C/||<D e DD HN (7, x, DOF(z, )7.dz,

which means that the solution U to (4.6) belongsto C([0, T]; H a‘j _7)- Returning to
our original solution # = u(¢, x) we obtain that
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m—1 m—1
S paye @D olua, )7 < | S [ g0, )32
j=0 Jj=0

t

+ / [Py e DD £g, |24z |
0

for0 <t < T and some C = C, > 0. This, in turn means that the original Cauchy
problem (3.5) is well-posed for u = u(z, x), with

m—1
we (e iqo, T HYY ).

Jj=0

This concludes the proof for strong moduli of continuity.

4.6 Conjugation for weak moduli of continuity
In Sect. 4.3 we left off by observing that
P, x, D;, DYU, x) = (0, ... 0, (1, v))",
is equivalent to
L(t, x, Dy, DHU(t, x) = H (1, x, D)F(, x), (4.6)
where

L(t, x, D;, Dy) = D, — A(t, x, Dy) + B(t, x, Dy),

with

H7'(t, x, Dy) e (0, T]; w°),
B(t, x, Dy) € C([0, TT; w* ), and
71(¢, x, Dy)
A, x, D) = e c(j0, T1; w"),
T (t, x, Dy)

is diagonal. As in the case of strong moduli of continuity, this time we also perform a
change of variables to control the lower order terms B(¢, x, D). However, this time
the involved pseudodifferential operators are of infinite order.

We set

U(t, x) = (Dy) Ve *T"=0e(DDy (¢ x), 1 €0, T*],
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where k and T* are suitable positive constants, which are determined later and v € R.
We obtain that the system (4.6) is equivalent to

L(t, x, Dy, DY)V (t, x) = (D) KT 0D0UDN G-Vt x DO)F(t, x), (4.12)
where

Z(t, x, D;, Dy) = D, — <Dx)veK(T**T)w(<Dx>) ocAo e*K(T**f)w((Dx))<Dx)*V
+ (Dx>VeK(T**l)w((Dx>) oBo e*K(T**f)w((Dx))<Dx)*U

— ik ((Dx)).

Remark 4.6 We note that the operator <7 ~D@(Px)) is of infinite order since
o(w(s)) = log(s). Therefore, we cannot apply the standard asymptotic expansion
of the product of pseudodifferential operators of finite order.

We write p(t) = «(T* — t) and choose T* such that the conjugation condition
p(t) =k(T* —1) <kT* < b,

is satisfied for all r € [0, T*], where & is the constant given by assumption (SH5-W)
and k > 0 is determined later on. In view of condition (3.5) and by assumption (SH5-
W) it is clear that

inf KL 2 comton(@) < cp—t00(E) 4.13)
leN (§)! ~ - ' ’

Assumption (SH6-W) and (4.13) enable us to apply Proposition 2.8 and Proposi-
tion 2.10, which allow us to conclude that
Au(t, x, Dy) = (Dy)’ePDoUPD 6 A1, x, Dy) o e PP (D)= and

By(t, x, Dy) = (Dy)"e? WP 6 B(1, x, D) o e PP (p )77,
(4.14)
satisfy

Aolt, x, 5) = AGt, x, )+ Y DIAG, x, £)xy (&) +rn(4; x, &), and

O<|y|<N
B,t, x, &) =B(t, x, &)+ Y DIB(, x, §)xy &) +rn(B; x, £),
0<|y|<N
where
108 xy (8)] < Cay p71E) 1 (@ ((E) )T,
and

w((§>)>’\” and

(&)
B N
|9¢ DYrn (B; x, £)] = Ca,ﬁ,NP(’)N(§>7|a|w((“§))<_w§§>>)) ,

|0g DEry (& x, ©)] = Cap o) ()7
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for t € [0, T*]. Thus,

Aolt, x, &) = A(t, x, )+ Y Ry(A;t, x, §), and
O<|yl=N

By, x, ) =B, x, )+ Y R,(Bi 1, x, &),

O<|yl=N

where

Ry(A: t, x, &) e C(10, T1; S~ L™y (10, T*]; $%“), and
Ry (B; 1, x, £) € C(10, T1; S~y ¢ (10, T*]; S ).

The above observations show that the conjugation we perform in (4.14), does not
change the principal part of the operators A(¢, x, Dy) and B(¢, x, D,) butintroduces
more lower order terms. We denote these new lower order terms by

R(A,Bit,x, D)= Y Ry(A 1, x, Do)+ Ry(B; 1, x, Dy),
O<ly|=N

and set
B(t, x, D) = B(, x, D)) + R(A, B; 1, x, D) € C((0, T*]; W),

with 5
10¢ DEB(t, x, &) < Co, p(1 + p())(E) (). (4.15)

We conclude that, for t € [0, T*], the system (4.6) is equivalent to
L(t, x, Dy, D)V (¢, x) = (D) T —00UDN =1 x DF(t, x), (4.16)
where
L(t, x, Dy, Dy) = D; — A1, x, Dy) + B(t, x, Dy) — ik ({Dy)).
Rearranging the system (4.16) yields

9V = (iA(t, x, Dy) —iB(t, x, Dy) — ko ({Dx)))V
+i(Dy)" e’ PV e, x, DOF (. ).
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4.7 Well-posedness of an auxiliary Cauchy problem for weak moduli of
continuity

In this section we consider the auxiliary Cauchy problem

&V = (1A, x, Dy) —iB(t, x, Dy) — kw({Dy)))V
+i(Dy) P DUPD gVt x DF(t, x).

(4.17)
for (¢, x) € [0, T*] x R", with initial condition
VO, ) = (v(), oy vm1 (),

where

vj(x) = <DX)V€p(O)w((Dx))H_l(O, X, Dx)(D)(>m_1_j
x (Dy — )\-j(o, x, D) - (D; — 210, x, D))u(0, x),

for j =0, ...m—1.
Recalling that 9, || vni2 =2Re[(8;V, V) 2] we obtain

dVI2, =2Re [((A —iB —kw(D))V, V),,]
+2Re [((Dy) e UPNH-E V) .

We observe that
Re[iA(t, x, &) —iB(t, x, &) —kw ()] = —Re[iB(, x, &) + kw ()],
since Re[ig(t, x, &)] = 0 (by assumption (SH1)). In view of (4.15) we obtain

Re[iB(t, x, &) + ko ()] = Re[ — Cp(1 + p())o((£) + ko ((E))]
>Re[ - Cp(l +kTHw((E) +kw((E)] = 0,

if we choose T* such that T*Cp < 1 and « is sufficiently large. Thus, we are able to
apply sharp Garding’s inequality to obtain

2Re[((GA —iB — ko ((D)V, V) 2] < CIVI3,.
This yields

~_ 2
FVIIT2 < CIVI, + C(Dy) eP O PDF-1E| . (4.18)
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We apply Gronwall’s Lemma to (4.18) and obtain

IV, )72 < CIVO, )7,

+c/ (D) e @D G-z, x, D)F(z, )?,dz,  (4.19)
fort € [0, T*]. We recall that H ¢, x, Dy)is apseudodifferential operator of order
zero and use assumption (SH4-W) to obtain that
(D) e T =D WPNF Nz, x, DOF(z, )} < C: < o0,

similarly, in view of assumption (SH3-W)), it is clear that,

IV, )25 = [(Dx) e LD H10, x, DHUO, )%, < C < o0.

At the moment, we only know that

IVt 22 = (Dy) PO PDE e, x, DOU(, I, < C < o0,

fort € [0, T*]. We use a continuation argument to prove that
Dy e "PDH (1, x, DU, )7, < C < o0,

for t € [0, T]. For this purpose, we choose §* < min{8y, &1, 82}, and observe that,
by the definition of V (¢, x),

(Dy) e 1 PDEN 1, x, DOUL, I,
§C||e8*n(<D ) =P (OUD) Y (4, )”L2

Next, we use that

||ea*”“DX))e_p(t)w«D"))V(t, )”iz < C||eé*n((D"))e_p(O)w((D"))V(O, )”iz

+C / 17 7P (D e OOUDD F= (s, x, Dy)F(s, )|2.ds,  (4.20)

which can be proved by applying ¥ 1UDxD) 1o both sides of (4.17). Indeed, we have

3, ( 8*n(Dx) >V> MDD A (¢ x, D)8 1P SNy

+ &5 1PN (D Y erWOUPD F=V(t x DF(t, x),
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where A(t, x, Dy) = iA(t, x, Dy) — iB(t, x, Dx) — ko ({Dy)). Again, we use
assumptions (SH6-W) and (SH5-W) to apply Propositions 2.8 and 2.10 and obtain
that

PNt x, DO 1PN ~ A, x, Dy) = C8N((Dx)).

We use (3.5) to satisfy the hypothesis of the sharp form of Garding’s inequality without
any restrictions on ¢, more precisely, we have

Re[iB(t, x, &) + kw((£)) + C8* n((E))]
> Re[~Cp(l + p()w (&) + C*n((E))]

Cg(1l
—Re [8*n(<$))(c— B C;((g)))] =0

for sufficiently large |£|. Application of Gronwall’s Lemma then yields (4.20).
Lastly, we find that

||e(S 1((Dx)) p=p (O ((D )V(O )”L2
< CI(D) e " PDHTL0, x, DU, )%,

which is bounded due to (SH3-W). From these observations, we conclude that
us, e H, .

Since U (T* ) € H}7 s+» we are able to prove well-posedness of problem (4.17)
for t € [T*, 2T*] and may conclude that U (2T*, -) € Hn s+, Dy using the same
argument as above, where §** < §*. Iteration of this procedure then yields well-
posedness for all times ¢+ € [0, 7] and we may conclude that the solution U =
U(t, x) to problem (4.3) belongs to C([0, T]; H,‘;’a), where § < min{dg, 81, 52}.

Since U (7, x) = (uo(t, x), ..., um—1(@, x)7T, with
wj(t, x) = (D))" 7Dy — Aj(t, x, Dy))...(Dy — Ai(t, x, D)ult, x),

we conclude that the original Cauchy problem (3.5) has a unique global (in time)
solution u = u(t, x), with

m—1
ue ﬂ =i, T1; H”ﬂ)
j=0

where § < min{dg, 61, 62}. The proof of Theorem 3.2 is complete.
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