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Abstract In the paper some results of microlocal continuity for pseudodifferential
operators whose symbols belong to weighted Fourier Lebesgue spaces are given.
Inhomogeneous local and microlocal propagation of singularities of Fourier Lebesgue
type are then studied, with applications to some classes of semilinear equations.
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1 Introduction
Consider the general nonlinear partial differential equation

F (x, {0%u}qj<m) =0, (D
where F(x, ) € C®(R" x CV) for suitable positive integer N.

In order to investigate the regularity of the solutions, we can reduce the study to
the linearized equation, obtained by differentiation with respect to x;

IF aF
> I (x, (97} pr<m) 0% 0ru = Ty, (x. {0 uipi<m) - @)
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Notice that the regularity of the coefficients ay (x) = ;?{—1“; (x, {3’3 u} ﬁ|§m), depends on
the solution # and the function F (x, ¢). We need then to study as first step the algebra
properties of the function spaces wherein we are intended to operate, as well as the
behavior of the pseudodifferential operators with symbols in such spaces.

When working in Holder spaces and Sobolev spaces H*2, we can refer to the
paradifferential calculus, developed by Bony and Meyer [2,25,31]. Generalizations
of these arguments to symbols in weighted spaces can be found in [7,8,11,36,37].

In this paper we fix the attention on pseudodifferential operators with symbols
in weighted Fourier Lebesgue spaces FLL(R"), following an idea of Pilipovié—
Teofanov-Toft [26,27].

Passing now to consider the microlocal regularity properties, let us notice that the
Hormander wave front set, introduced in [20] for smooth singularities and extended to
the Sobolev spaces H*? in [22], uses as basic tool the conic neighborhoods in R\ {0}.
Thus the homogeneity properties of the symbol p(x, &) and the characteristic set Char
P of the (pseudo) differential operator P = p(x, D), play akey role. In order to better
adapt the study to a wider class of equations, starting from the fundamental papers of
Beals [1], Hormander [21], an extensive literature about weighted pseudodifferential
operators has been developed, see e.g. [3,4,24,36].

We are particularly interested here in the generalizations of the wave front set not
involving the use of conic neighborhoods. In some cases, for example in the study
of propagation of singularities of the Schroedinger operator, id; — A, we can use
the quasi-homogeneous wave front set, introduced in [23], see further [30,37]. More
generally, failing of any homogeneity properties, the propagation of the microlocal
singularities are described in terms of filter of neighborhoods, introduced in [28] and
further developed in [6-8,10,11,16-18].

In some previous works of the authors, continuity and microlocal properties are
considered in Sobolev spaces in L? setting, see [12,13,15-18].

In the present paper we prove a result of propagation of singularities of Fourier
Lebesgue type for partial (pseudo) differential equations, whose symbol satisfies
generalized elliptic properties. Namely we obtain an extension of the well known
propagation of singularities given by Hormander [22] for the Sobolev wave front set
W Fys2 and operators of order m:

WFHY—mZ(Pf) C WFHYz(f) C WFHv—mZ(Pf) U Char (P),

given in terms of filter of microlocal singularities and quasi-homogeneous wave front
set.

Applications to semilinear partial differential equations are given at the end. The
plan of the paper is the following: in Sect. 2 the weight funtions » and the Fourier
Lebesgue spaces F L% (R") are introduced and their properties studied. In Sects. 3,
4, under suitable additional conditions on the weight function, algebra properties
in FLY(R™) and continuity of pseudodifferential operators with symbols in Fourier
Lebesgue spaces are studied. The microlocal regularity, in terms of inhomogeneous
neighborhoods, is introduced and studied in Sect. 5, while the propagation of microlo-
cal singularities is given in Sect. 6, namely in Proposition 15. In Sect. 6 applications
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to semilinear equations are studied, with specific examples in the field of quasi-
homogeneous partial differential equations.

2 Preliminaries
2.1 Weight functions

Throughout the paper, we call weight function any positive measurable map w : R" —
10, 4o0[ satisfying the following femperance condition

(7) w@&) <CA+1E—n)"w®m), VY& neR,

for suitable positive constants C and N.

In the current literature, a positive function @ obeying condition (7) is said to be
either remperate (see [11], [20]) or, in the field of Modulation Spaces, polynomially
moderated (cf. [5], [19], [26], [27]).

For w, w1 weight functions; we write @ < w; to mean that, for some C > 0

w(x) < Cwi(x), VxeR"
moreover we say that w, w; are equivalent, writing @ < ; in this case, if
ow=w; and 0| X o. 3)
Applying (7) it yields at once that w(§) < C(1 + [)VNw(0) and w(0) < C(1 +
|=EDNw(E) = CA + €DV w(§), forany & € R".

Thus, for every weight function w there exist constants C > 1 and N > 0 such
that

1 —_N N n
cAFED T =@ =Cd+ED7, ViR “)

Proposition 1 Let w, w| be two weight functions and s € R. Then ww;, 1/w and o°
are again weight functions.

Proof Assume that for suitable constants C, C1, N, Nj

wE) < C+1&E —n)Nwm),

N n (5)
w1(§) < Ci(1+ 1§ =)Mo V& neR"
Then we deduce that

w@ w1 () < CC1(1+1E — DV TN wmwi (),
Vo < C+n—DN1/wE), VEneR,

which show that ww| and 1/w are temperate.
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If s > 0 then condition (7) for w® follows at once from (5). If s < 0 it suffices to
observe that ®® = 1/w™° and then combining the preceding results.

We introduce now some further conditions on the weight function @ which will be
repeatedly used in the following.

(SV) Slowly varying condition there exist positive constants C > 1, N such that

S

~

(n
(

1
< < C, when |n—¢&| < Ew(a”N; (©6)

Q-
S
N

(S.A) Sub additive condition for some positive constant C
w@) =CloE —n+om}, Y& neRY (N
(SM) Sub multiplicative condition for some positive constant C
w@) = CuE —nom), VEneR ®)
(9) § condition for some positive constants C and 0 < § < 1
0@ < Clomo@E —n’ +om’oE —n}. Y&EneR: )

(B) Beurling’s condition for some positive constant C

(&)
—_d C. 10
Se”ﬂé’n/w wE —mam 1 (10

For a thorough account on the relations between the properties introduced above,

we refer to [11]. For reader’s convenience, here we quote and prove only the following
result.

Proposition 2 For the previous conditions the following relationships are true.

(i) Assume that w is uniformly bounded from below in R", that is

inf w(¢)=c>0. (11)
%‘ER"

Then (SY) = (T)and (G) = (SM).

(ii) Assume that
1 1 /mon

Then (SA) = (B)and (G) = a)ﬁ satisfies (B).
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Proof Statement i Let the constants C, N be fixed as in (6). For &, n € R” such that
& —nl < £ @YV, it follows directly from (6) that w(§) < Cw(n) < Co(n)(1 +
|€ —n|)™. On the other hand, when | — | > %w(E)I/N from (11) we deduce at once
0@ < Vg =N < Com+ & —nDV.

This shows the validity of the first implication. As for the second one, it is sufficient
to observe that w(§) > ¢ > 0 and 0 < § < 1 yield at once

@)’ < wE), VEeR™ (13)

Then the result follows from estimating by (13) the function e’ in the right-hand side
of (9).

Statement ii For every £ € R”", using (7) we get

() <C{1+ ! ]
wE-—nom ~  |lo®m oE-n]’

hence the first implication follows observing that, by a suitable change of variables,
the right-hand side is an integrable function on R", whose integral is independent of &.
Concerning the second implication, for every £ € R”, from (9) we get

1

0@ \© s
(—) = Cs (0 =" + o))

w(E —nawn)
<G {(w(s =P+ (0 }

—C{ 1 n 1 ]
T e -n T om]”

for a suitable constant Cs > 0 depending on §. Now we conclude as in the proof of
the first implication. O

Example 1. The standard homogeneous weight

2 m/2
€)= (1+167)" . R, meR, (14)
is a weight function according to the definition given at the beginning of this
section.
The well-known Peetre inequality

()™ < 2lmle — iy vE ne R, (15)

shows that (-)" satisfies the condition (7") for every m € R (with N = |m|) as
well as the condition (SM) for m > 0. For every m > 0, the function (-} also
fulfils (SV) (where N = m) as a consequence of a Taylor expansion, and (S.A).
Finally 1/(-)™ satisfies the integrability condition (12) as long as m > n; hence
(-y™ satisfies condition (13) for m > n, in view of the statement ii of Proposition 2.
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2.

For M = (my, ..., my,) € N, the quasi-homogeneous weight is defined as

" 1/2
Ewo=(1+>6"] . veeRr (16)

The quasi-homogeneous weight obeys the polynomial growth condition

E(é)m* <@EM<CE™, VEER, a7

for some positive constant C and my = minj<j<, mj, m* = max|<;<, m;.
Moreover, for all s € R, the derivatives of (-), decay according to the estimates
below

1

w3 | < Cute) CM . VEER", Vo ez, (18)

n

where («, ﬁ) =>" = 1 2L and C, > 0 is a suitable constant. Using (18) with

s = % we may prove that ( ) u fulfils condition (SV) with N = m*; indeed from

the trivial identities
EV = iy Z(é‘,—n/)/ ”’” (n+t($—n))dt (19)

and (18), we deduce

@4 | < chs]—rm/ -+ 16—y ar

< z Cjlsj —nj
j=1
since m* > m; for every j. Now for £, n satisfying |§ — n| < 8(5)%"1*, from
the previous inequality we deduce ‘(S)Mm* — (n)}ém* <Ce (E)Mm*, with C :=

1/m*

> _, Cj, thatis (1 — Ce)(&) )™ < (m))" < (1+Ce)(€)})", from which we

get the conclusion, if we assume for instance 0 < ¢ < 2—1=

From (SV) and the trivial inequality (§), > 1, using the statement i of Proposition
2 we obtain that (7) is also satisfied with N = m™*.

Also, the weight (-) s satisfies condition (S.4) and, because of the left inequality
in (17), 1/(-)j, satisfies condition (12) provided that s > m— Then from the
statement ii of Proposition 2, (-)}, satisfies condition (B) for s > mi*

At the end, let us observe that for M = (m, ..., m), withagivenm € N, (§)y =

"
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3. Let P be a complete polyhedron of R" in the sense of Volevich-Gindikin, [35].
The multi-quasi-elliptic weight function is defined by

1/2

w@E = D & . Eer, (20)
aeV(P)

where V (P) denotes the set of vertices of P.

We recall that a convex polyhedron P C R”" is the convex hull of a finite set
V(P) C R" of convex-linearly independent points, called vertices of P, and
univocally determined by P itself. Moreover, if P has non empty interior, it is
completely described by

P={EcRv-E>0,YveNy(P)IN{EeR;v-&E<1,VveNi(P));

where Vp(P) C {v € R"; |v] = 1}, Ni(P) C R”" are finite sets univocally
determined by P and, as usual, v - £ = Z?:l v;&;. The boundary of P, F(P), is
made of faces F, (P) which are the convex hulls of the vertices of P lying on the
hyper-planes H, orthogonal to v € Ny(P) U N (P), of equation:

v-E=0 if veNy(P), v-&E=1 if veN(P).

A complete polyhedron is a convex polyhedron P C R’} =:{§ e R" : &; > 0,
j =1,...,n} such that:
@i V(P) C N%

(i) (0,...,0) € V(P),and V(P) # {(0,...,0)};

(iii) No(P) ={er,...,epy withe; = (0,..., 1j_cpiry,...0) € RY;

(iv) every v € N|(P) has strictly positive components vj, j = 1,...,n.

On can prove that the multi-quasi-elliptic weight growths at infinity according to
the following estimates

1
E(E)"" <ip(§) =C(E)", VEeR, 21
for a suitable positive constant C and where

0:= min |y| and p;:= max |y]| (22)
yeV(P\{0} v yeV(P) Y

are called minimum and maximum order of P respectively. Moreover it can be
proved that for all s € R the derivatives of A7, decay according to the estimates
below

0P ©)] = Catp@TH, Ve R, 23)
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where
pi=max{l/v;, j=1,....,n, veN(P)}, (24)

satisfying ;. > 1, is the so-called formal order of P, see e.g. [3] (see also [12]
where more general decaying estimates for A%, are established).

Representing Ap(é)l/“ — Ap(n)l/“ as in (19), for arbitrary &, n € R", and using
(23) (with s = 1/u), we deduce that Ap satisfies (SV) with N = u. Using also
that Ap (&) > 1 (recall that 0 € V(P)), in view of Proposition 2 it follows that
Ap also satisfies (7) with N = u, hence it is a weight function agreeing to the
definition given at the beginning of this section.

The weight function Ap does not satisfy condition (S.4); on the other hand it can
be shown (see [8]) that condition (G) is verified taking

§ = max max {v-pgB}. 25
ﬁeP\]—'(P)ve/\fl(P){ A (25)

Since, from the left inequality in (21) we also derive that )qj satisfies (12) for
s > %, we conclude from the statement ii of Proposition 2 that A%, satisfies
condition (B) if r > m for § defined above.

In the end, we notice that Ap verifies (S.M) as a consequence of (G), since Ap(§) >
land 0 < § < 1, cf. Proposition 2, statement i.

Remark 1 We notice that the quasi-homogeneous weight ()3, with
M = (my,...,my,) € N, considered in the example 2 is just the multi-quasi-elliptic
weight Ap introduced in the example 3 corresponding to the complete polyhedron P
defined by the convex hull of the finite set V(P) = {0, mje;, j = 1,...,n};in
particular, the growth estimates (17) are the particular case of (21) corresponding to
the previous polyhedron P (in which case po = m, and @1 = m*). Notice however
that the decaying estimates (18) satisfied by the quasi-homogeneous weight (-) s do
not admit a counterpart in the case of the general multi-quasi-elliptic weight Ap. Esti-
mates (18) give a precise decay in each coordinate direction: the decrease of (§)
corresponding to one derivative with respect to &; is measured by (& );,Il/ " 1 The lack
of homogeneity in the weight associated to a general complete polyhedron P in (20),
prevents from extending to derivatives of Ap (§) the decay properties in (18): estimates
(23) do not take account of the decay corresponding separately to each coordinate
direction.

2.2 Weighted Lebesgue and Fourier Lebesgue spaces

Let w : R" —]0, 4o00[ be a weight function.

Definition 1 Forevery p € [1, +00], the weighted Lebesgue space L (R") is defined
as the set of the (equivalence classes of) measurable functions f : R” — C such that

! In other words the decay of the derivatives is measured here by the vector weight ((£) Mml ..... (&) Mm” ),

in the sense of vector weighted symbol classes, see [7,18,28].
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/ wX)P| f()|P dx < +o0, if p <400,
R (26)

wf is essentially bounded in R”, if p = 4o00.

For every p € [1, +o<], L?(R") is a Banach space with respect to the natural norm

0 WP f 0P dx) P i p < +oo, o7
Lo esssup, crnw(x)| f(x)], if p =+o0.
Remark 2 1t is easy to see that for all p € [1, 4+00]
Lé’)Z(R") — Lf)l (R™), if w1 < w». (28)

If in particular w; < w; then L (R") = L5 (R"), and the norms defined in (27)
corresponding to @ and w; are equivalent. When the weight function o is constant
the related weighted space L% (R") reduces to the standard Lebesgue space of order
p, denoted as usual by L? (R").

Remark 3 For an arbitrary p € [1,4o00], f € LE(R") and every ¢ € S(R") we
obtain

/Rn f@e@ds < |2 oflr, é + 611 = 1. 29)
From (29) and the estimates (4), we deduce at once that
SR") — LI(R") — S'(R").
Moreover, C;°(IR") is a dense subspace of LI (R™) when p < 400, see [9].

Remark 4 For Q2 open subset of R", L[;(Q), for any p € [, +oc], is the set of
(equivalence classes of) measurable functions on €2 such that

112y g = /Q O If ()17 dx < +00 (30)

(obvious modification for p = +00). L(€2) is endowed with a structure of Banach
space with respect to the natural norm defined by (30).

Definition 2 For every p € [1, +00] and w weight function, the weighted Fourier

Lebesgue space F L% (R") is the vector space of all distributions f € S’(R") such
that

feLb®M, 31)
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equipped with the natural norm
Ll e = 1Fll o (32)

Here fis the Fourier transform f(&‘) =/ e~18% f(x)dx, defined in S(R") and
extended to S’ (R™).

The spaces F LP(R™) were introduced in Hérmander [20], with the notation B Dk
k(&) weight function, for the study of the regularity of solutions to hypoelliptic partial
differential equations with constant coefficients, see also [9,10].

From the mapping properties of the Fourier transform on S(R") and S’'(R") and
the above stated properties of weighted Lebesgue spaces we can conclude, see again
[9], that for all p € [1, +o0] and @ weight function

(a) FLL(R™) is a Banach space with respect to the norm (32);

(b) S(R") — FLLH(R") — S'(R");

(c) Cgo (R™) is a dense subspace of F LP(R™) when p < +o0o;

(d) FLL,(R") — FLL (R") if w; < wp; in particular, we have FL,, (R") =
F L{;l (R™) as long as w; =< w, and the norms corresponding to w; and w; by
(32) are equivalent in this case.

When o is a positive constant the weighted space FL. (R") is simply denoted by
FLP(R™). Moreover we will adopt the shortcut notations LY (R") := L{. >S(R”),

FLYRY = F Lf s (R™) for the corresponding Lebesgue and Fourier Lebesgue
spaces.

Analogously, when w(§) = (§)}, or w(§) = Ap(§)*, for s € R, the corresponding
Lebesgue and Fourier Lebesgue spaces will be denoted Li u @R, F Li » (R") and
Li pRY), F Li p(R") respectively.

A local counterpart of Fourier Lebesgue spaces can be introduced in the following
natural way (see [26]).

Definition 3 For w weight function, €2 open subset of R” and any p € [1, +00],
FL 1,.(8) is the class of all distributions f € D'() such that ¢f € FLL(R") for
every ¢ € Cg°(Q).

Forxg € @, f € fLZ,loc('XO) if there exists ¢ € C(‘)’O(Q), with ¢ (xg) # 0, such
that of € FLL(RM).

The family of semi-norms

provides FL Z’IOC(Q) with a natural Fréchet space topology. Moreover the following
inclusions hold true with continuous embedding
C®(Q) — FLY |, .(2) — D'(Q) (34)

and for 21 C 27 open sets

FLE@R") — FLP | () — FL'  (Q)). (35)

w,loc w,loc
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Remark 5 Tt is worth noticing that, as it was proved in [29], locally the weighted
Fourier Lebesgue spaces F L& (R") are the same as the weighted modulation spaces
ML R") and the Wiener amalgam spaces W5 (R™), in the sense that for p €
[1, +o0]

FLIL@R") NE'R") = MPIR") N ERY) = WPIR") N E'RY).

We refer to Feichtinger [5] and Grochenig [19] for the definition and basic properties
of modulation and amalgam spaces.

Agreeing with the previous notations, when the weight function w reduces to those
considered in the examples 1, 2, 3 above, the corresponding local Fourier Lebesgue
spaces will be denoted respectively by FL? | (), FL y 10.(Q), }-Lf,P,loc(Q)'

Notice at the end that, from Plancherel Theorem, when p = 2 the global and local
weighted Fourier Lebesgue spaces F qu(R"), F Li‘IOC(Q) coincide with weighted
spaces of Sobolev type, see Garello [11] for an extensive study of such spaces.

3 Algebra conditions in spaces F L2 (R")

In order to seek conditions on the weight function @ which allow the Fourier Lebesgue
space FLE(R") to be an algebra with respect to the point-wise product, let us first
state a general continuity result in the framework of suitable mixed-norm spaces of
Lebesgue type.

Following[5, 19] and in particular [26], for p, g € [1, +00] we denote by £17 (R?")
the space of all (equivalence classes of) measurable functions F = F (¢, n) in R" x R”
such that the mixed norm

q/p 1/a
||F||Ul’~q = (/ (/lF(C, Tl)lpdC) dn) (36)

is finite (with obvious modifications if p or g equal 4-00).
We also define Lg “4(R?") to be the space of measurable functions F = F (&, ) in
R" x R" such that the norm

1/p

r/q
I1Fll g o= ( [ ([1rcmman) d,;) G37)

Lemma 1 For p,q € [1, +00] such that %+%= 1, let f=f(,n) Eﬁf’oo(Rz") and
F=F(,ne Ego’q(Rz”). Then the linear map

is finite.

T:CER") — S'(R")

(38)
gr—>Tg:= / F&,n) f(E—n,mgn)dn.
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extends uniquely to a continuous map from LP(R") into itself, still denoted by T;
moreover its operator norm is bounded as follows

1Tl cwey < 1/ gpsIF s (39)

The proof is given in [9, Lemma 2.1], where the statement reads in quite different
formulation. The reader can find a restricted version, independently proved, in [26,
Proposition 3.2].

Proposition 3 Assume that o, w1, wy are weight functions such that

w(§)

o) , 40
€ — ) e =T @0

L4

Cy := sup
EeRr

for some g € [1, +00], and let p € [1, 400] be the conjugate exponent of q. Then

1. the point-wise product map (f1, f2) — fi1f2 from SR") x S(R") to S(R")
extends uniquely to a continuous bilinear map from F Lgl R" x F Lf,z (R™) to
FLE(R™). Moreover for all f; € FLL (R"), i = 1,2, the following holds:

WAl zry = Coll Al gy 2N ps, - (41)

2. for every open set Q C R" the point-wise product map ( f1, f2) — f1f> from
C3o(2) x C§°(R2) to C(°(R) extends uniquely to a continuous bilinear map from
FL? () xFL? ()10 FL? ().

w1,loc wy,loc w,loc

Proof The proof of statement (2) follows at once from that of statement (1).
As for the proof of statement (1), for given fi, f> € S(R") one easily computes:

0 @& 1) = 27)~" / 0@&FE — ) Fn dn

42)
_ / FE n)fE - ngn)dn,

where

w(£)

— . Q) =01 iQ), &) =) fr(0).
w1 (¢ — nwz(n)

F(,n) =

The right-hand side of (42) provides a representation of a)m as an integral operator
of the form (38). Condition (40) just means that the function F (¢, ) € E;O’q (R?") (cf.
(37)) and of course the n—independent function f = f(¢) € S(R") also belongs to
Lf "*°(IR?"). Then applying to (42) the result of Lemma 1, together with the definition
of the norm in Fourier Lebesgue spaces, we obtain that the point-wise product fi f>
satisfies the estimates in (41) and the proof is concluded.

When the weight functions w, w1 and w3 in the statement of Proposition 3 coincide,
condition (40) provides a sufficient condition for F L?(R") (orits localized counterpart
FL?  (RQ))is an algebra for the point-wise product. Then we have the following

w,loc
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Corollary 1 Let w be a weight function such that

w(§)

Cai= 50 | & =00

EER”

< 400, (43)

L4

for g € [1,400], and p € [1, +00] the conjugate exponent of q. Then
1. (fo)(R”), ) is an algebra and for f1, f» € FLL(R™)

i foll e < Coll fill 7ol fall o (44)

2. for every open set Q C R", (}"Lp

w,loc

(), ) is an algebra.

The algebra properties of Corollary 1 allow us to handle the composition of a Fourier
Lebesgue distribution with an entire analytic function; namely we have the following
result, see [9, Corollary 2.1].

Corollary 2 Under the same assumptions of Corollary 1 on w and p, let F : C — C
be an entire analytic function such that F(0) = 0. Then F(u) € F LY @M for every
u e FLE®RM), and

IF@llzrp = Cllullzpe, (45)
with C = C(p, F, |lull gp)-

Remark 6 A counterpart of Corollary 2 for the local space FL” | (£2) can be obtained

w,loc
by replacing F = F(z) above with a function F = F (x, ¢) mapping 2 x C™ into C,
which is locally smooth with respect to the real variable x € €2 and entire analytic in
the complex variable ¢ € C uniformly on compact subsets of §2; namely:

Fx,0)= Y cp0)if,  cpeC™@), cecC,

pez!

where, for any compact set K C Q, 0 € 7}, 8 € Zf, SUP e 105cp(X)] < caxrp
and F|(¢) := Zﬁezﬂf Ap¢P is entire analytic.

Under the assumptions of Corollaries 1, 2, we get F(x, u) € fLZJOC(Q) as long
as the components of the vector u = (u1, ..., uy) belong to fLZ’IOC(Q).

Remark 7 Let us notice that for 1 < g < 400, condition (43) on w is nothing but
condition (B) for the weight function w?, while for ¢ = +00 (43) reduces to condition
(SM) for w. The latter case means that (.7-' L}U(R"), ) is an algebra provided that the
weight function w is sub-multiplicative, which is in agreement with the more general
result of [26, Lemma 1.6].

The next result shows that the sub-multiplicative condition (SM) on a weight
function is a necessary condition for the corresponding scale of weighted Fourier
Lebesgue spaces to possess the algebra property.
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Proposition 4 Let w1, w2, w be weight functions and pi, p2, p € [1,+o0]. If we
assume that the map (f1, f2) — f1fofromSR") x S(R") to S(R™) extends uniquely
to a continuous bilinear map from fL,i’)i (R™) x foé (R™) to FLE(R™), then a positive
constant C exists such that

on+0) < Cor(n)wy(@), VYn,0 eR". (46)

Proof By assumption, there exists a constant C’ > 0 such that for all f € FL,! (R"),
g € FLIZ(R")

I fellFrr < C/Ilfllﬂgi gl zz2- 47)
From condition (7°) (cf. also (4)) we may find some constants ¢ > 0, C > 0 such that

8<L<8_1 (i=1,2) and efﬂfs_l, when|§—n|§% (48)

T i) T w(&)

We follow here the same arguments of the proof of [11, Theorem 3.8]. Let us take a
function ¢ € S(R") such that

7€) =0 and suppp < {5 € R : 6= 5.

For arbitrary points 7, 8 € R”", let us define
[ =€), g) = e ), (49)
hence
f)g) = TIP3 ().

In view of the assumption on the support of ¢ we compute:

IlfllﬁLm = /wl(é)’”@(é —mPdé = w1E)gE —n)lds,

ol =<5 (50)
”g”;_-ZLPz = /a)z(é)m@(f —0)dé =/ w2 (§)P 96 — 0)7d§,

“2 §—61< 5

In the domain of the integrals above (48) holds, then we get

A1 oy <o / P& —mPde = ci'e w1 (™,
@1

e
E—nl<¢

hence

1l < cre™ on (), (51)
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where c1 := ||@|| r1 . The same holds true for the norm of g in FL%?2 (R"), by replacing
n with 6, that is

gl Frr2 = e (6), for ca = [@llLr. (52)

The preceding calculations are performed under the assumption that both p; and ps
are finite; however the same estimates (51), (52) can be easily extended to the case
when p; or p; equals +o0o0.

As for the norm in FLL(R") of fg we compute

I£8ll”. = w(E)P2E — 1 — O)PdE, (53)
Flo  Jig—n-o1<4

where we used that supp ¢ = supp (@ * §) {I§] < £} and it is assumed p < 400
(to fix the ideas). Then recalling again that (48) holds true for w on supp @2 we obtain

Ifgllzrr = cew(n+0), withc:=[l@?[lLr. (54)

The same estimate (54) can be easily recovered in the case p = 400.
We use now (51), (52) and (54) to estimate the right- and left-hand sides of (47)
written for f and g defined in (49) to get

cew(n+0) < C'crere 2w1 (M wa (6).

In view of the arbitrariness of 1, 8 and since the constants c1, ¢ and ¢ are independent
1.-3

of 1 and 0 the preceding inequality gives (46) with C = C’cjcpc™ ¢
Remark 8 Tt is worth observing that any specific relation is assumed on the exponents
P1, P2, p € [1, +00] in the statement of Proposition 4. Notice also that condition (46)
is just (40) for ¢ = +00. When in particular w; = w» = w, it reduces to (SM).

Notice also that from the results given by Corollary 1 (see also Remark 9) and
Proposition 4, we derive that condition (SM) is necessary and sufficient to make the
Fourier Lebesgue space F LCIU(R”) an algebra for the point-wise product.?

Combining the results of Corollary 1 with the remarks made about the weight
functions quoted in the examples 1-3 at the end of Sect. 2.1 we can easily prove the
following result.

Corollary 3 Letr € R, M = (my,...,my,) € N" and P a complete polyhedron of
R" be given and assume that p, q € [1, +00] satisfy % + 517 = 1. Then

(i) (FLZ@R™), -) is an algebra if r > 7

(ii) (fLﬁM(R"), ) is an algebra if r > mL*q, where my = minj<j<, m;;

2 However condition (SM) is far from being sufficient for F. LP(R") to be an algebra, as long as p > 1.
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(iii) (fLﬁP R, ) is an algebra if r > where [Lo and § are defined in

(22) and (25).

__n___
(1=8)poq’

Analogous statements hold true for the localized version of the previous spaces on an
open subset Q2 of R", defined according to Definition 3.

Proof Let us prove the statement iii of the Theorem; the proof of the other statements
is completely analogous. Assume that p > 1, thus ¢ < +o00c. From (21) we have that

s > g implies Ap € L'(R™); on the other hand, A3 satisfies (G) with § defined

as in (25), see Example 3 in Sect. 2. From Proposition 2 applied to ){;;] we derive that

A;;I fulfils condition (B), which amounts to say that A;D satisfies (43), where r = ﬁ

Then the result of Corollary 1 applies to F Lf, R = F Lf p(R") and gives the
7) ’

statement iii. Notice that condition r» > reduces to » > 0 when ¢ = +o00

n
(1=8)1oq
(corresponding to p = 1). That F Ll p(R") withr > 0is an algebra for the point-wise
product follows again from Corollary 1 by observing that A, satisfies (SM) (that is

(43) for g = +00).

Remark 9 In agreement with the observation made at the end of Section 2.2, for p = 2
the lower bounds of r given in i-iii of Corollary 3 are exactly the same required to
ensure the algebra property for the corresponding weighted Sobolev spaces (see [11]
and [13] for the case of a general 1 < p < +00).

To the end of this Section, let us observe that, as a byproduct of Propositions 3 and
4, the following result can be proved.

Proposition 5 Assume that o, w1, wy are weight functions satisfying condition (40)
for some 1 < q < +o00. Then w, w1, wz also satisfy condition (46). In particular, if
w is a weight function satisfying condition (43) for some 1 < q < 400 then it also
satisfies condition (SM).

Remark 10 The second part of Proposition 5 slightly improves the result of [11, Propo-
sition 2.4], where the sub-multiplicative condition (S.M) was deduced from Beurling
condition (B) (corresponding to (43) with ¢ = 1) and conditions (SV) and (11); here
w, w1, w are only required to satisfy condition (7)) (included in our definition of
weight function), which is implied by (SV) and (11) in view of Proposition 2.i.

4 Pseudodifferential operators with symbols in weighted Fourier
Lebesgue spaces

This Section is devoted to the study of a class of pseudodifferential operators whose
symbols a(x, &) have a finite regularity of weighted Fourier Lebesgue type with respect
to x.

Let us first recall that, under the only assumption a(x, &§) € S’ (Rz”), the pseudodif-
ferential operator defined by

ax,D)f = (277)_"/6”‘561()6,%‘)f(é)di}, feS®Y, (55)
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maps continuously S(R") to S’(R").? Similarly, if € is an open subset of R” and
a(x,&) € D'(Q xR") is such that p(x)a(x, §) € S'(R" x R") forevery ¢ € C{°(R2),
then (55) defines a linear continuous operator from S(R") to D’ (2).

Let us also recall that, as a linear continuous operator from C3°(2) to D'(2), every
pseudodifferential operator with symbol a(x, §) € D'(2 x R") admits a (uniquely
defined) Schwartz kernel K, (x, y) € D'(R2 x ) such that

(ax, D), 9) = (Ko, @ ®Y), Yo, ¥ € C5(Q).

The operator a(x, D) is said to be properly supported on Q2 when the support of /C, is a
proper subset of Q2 x ©, that is supp K, N (2 x K) and supp ;N (K x ) are compact
subsets of 2 x €2, for every compact set K C 2. It is well known that every properly
supported pseudodifferential operator continuously maps C§°(£2) into the space £'(£2)
of compactly supported distributions and it extends as a linear continuous operator
from C®(2) into D’ (2). In particular for every function ¢ € C 5°(€2) another function

b€ C(°(R2) can be found in such a way that
¢ (x)a(x, Dyu = ¢(x)a(x, D)(@u), Yu e CP(Q). (56)
Following [9], we introduce some local and global classes of symbols with finite
Fourier Lebesgue regularity.

Definition 4 Let w = w(§), y = y(€) be arbitrary weight functions.

1. A distribution a(x, &) € S'(R?") is said to belong to the class ]—"Lf)SV if & —>
a(-, &) is a measurable F LP (R")—valued function on Rg’ such that

a(-, &) H
v (&) FLP

<C, V&eR", (57)

for some constant C > 0. More explicitly, the above means that

omal, £)mn)
v (&)

with norm uniformly bounded with respect to &.

2. We say that a distribution a(x, §) € D’(2 x R"), where €2 is an open subset of R”,
belongs to ngSy(Q) if p(x)a(x, &) € ]—'Lf)Sy for every ¢ € C3°(R2) (which
amounts to have that a(-, £)/y (§) € FL? () uniformly in &).

w,loc

€ LP(Ry),

Remark 11 For w, y as in Definition 4, F Lf)Sy is a Banach space with respect to the
norm

a(-,§) H
v (&) FL? '

lallg,ps, = sup (58)

EeRn

3 The integral in the right-hand side of (55) must be understood here in a weak (distributional) sense.
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while F Lf)S,, (R2) is a Fréchet space with respect to the family of semi-norms
ar>llgalgrrs,. @€ C5 (). (59

Let us point out that any assumption is made about the & —derivatives of the symbol
a(x, &) in the above definition: the weight function y only measures the £ —decay at
infinity of the symbol itself. It is clear that 7 Lf;SVl =F LgSn, whenever y; ~ y» (the
same applies of course to the corresponding local classes on an open set). When the
weight function y is an arbitrary positive constant, the related symbol class F LgSy
will be simply denoted as FL%S, and its symbols (and related pseudo-differential
operators) will be referred to as zero-th order symbols (and zero-th order operators).
Finally, we notice that for every weight function w = w(§) and p € [1, +00], the
inclusion FLE(R™) < FLZS holds true (the elements of FLZ(R") being regarded
as £ —independent zero-th order symbols).

Proposition 6 For p € [1, +00] let the weight functions w, w1, wy and y satisfy

w2(§)y ()

Cyoi=sup |————
QLI

EeRn

< 400, (60)
La

where q is the conjugate exponent of p. Then the following hold true.

(i) Forevery a(x,&) € F L(IZ)S}, the pseudodifferential operator a(x, D) extends to
a unique linear bounded operator

a(x,D): FLL (R") — FLL (R").

(i) Foreverya(x,&) e F L(IZ)S}, (R2), with Q open subset of R", the pseudodifferential
operator a(x, D) extends to a unique linear bounded operator
a(x, D): FLE (R") — ]—"LZZJOC(Q).
If in addition the pseudodifferential operator a(x, D) is properly supported, then
it extends to a linear bounded operator
a(x, D): FL} 10.(Q) — FLY | ().
Proof The second part of the statement ii is an immediate consequence of the first
one; indeed, since the operator a(x, D) is properly supported, for every function ¢ €
Cyo () an~0ther function ¢ € C3°(£2) can be chosen in such a way that ¢a(-, D)u =
paC., D)(Gu), cf. (56).
The first part of the statement ii follows, in its turn, from the statement i by noticing
that ¢ (x)a(x, &) € ]—"Lf,Sy for every function ¢ € CgO(SZ) (cf. Definition 4).
As for the proof of the statement i, we first observe that for every u € S(R") one
computes

a(-, Dyu(n) = 2r)™" / a(n — £, &)%) dE, 61)
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wherea(n, &) = a/(o:?) () denotes the partial Fourier transform of the symbol a(x, &)
with respect to x. From (61) we find the following integral representation

wr(mal Dyu(n) = 2m)~" / oA — £, EYAE) dE

_ w(my(E) o —E&an—E,§) -
= Qn)" d
@) / o — Ean©) ,®) 1 Eu(E) ds
= (277)_"/F(77,§)f(77—S,g)g(é)déa (62)
where it is set
w()a, &) @2($)y (§) -
) = T > F 9 = T I = . 63
£, 8 ) ¢, &) 0 — Bt (B) g&) =wi(®)u). (63)

The assumptions of Proposition 6 [see (57), (60)] yield the following

sup [F(Z,)llea = Cq. sup [If (- E)ller = llallgrrs,. & € LPRY).
ceRn EeRn

Now we apply to wz(n)a(-/,D\)u(n), written as the integral operator in (62), the result
of Lemma 1. Then we have

laC, Dyullprp = llwzaC, Dyullr = Qo)™ Cyllall grps, lull g1z -

Remark 12 Tt is clear that Proposition 6 provides a generalization of the result
given by Proposition 3; indeed the multiplication by a given function v = v(x) €
FLE(R™Y) ¢ FLES can be thought to as the zero-th order pseudodifferential operator
with £ —independent symbol a(x, §) = v(x), cf. Remark 10.

5 Microlocal regularity in weighted Fourier Lebesgue spaces

This section is devoted to introduce a microlocal counterpart of the weighted Fourier
Lebesgue spaces presented in Sect. 2.2 and to define corresponding classes of
pseudodifferential operators, with finitely regular symbols, naturally acting on such
spaces.

Because of the lack of homogeneity of a generic weight function w = w (&), in order
to perform a microlocal analysis in the framework of weighted Fourier Lebesgue
spaces it is convenient to replace the usual conic neighborhoods (used in Pilipovié
et al. [26,27]) by a suitable notion of e —neighborhood of a set, modeled on the weight
function itself, following the approach of Rodino [28] and Garello [7].

In the following, let w: R" —]0, +-00[ be a weight function satisfying the subad-
ditivity condition (S.A) and

(SH): for a suitable constant C > 0

w(§) < Co), VEeR", |1l <1 (64)
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Every weight function w = w (&) satisfying (S.A) and (SH) also obeys the follow-
ing

% < %;“’) <C, when 0(9) < éw(&), <1, 65)

for a suitable constant C > 1, cf. [7].
Throughout the whole section, the weight function ® = w (&) will be assumed to
be continuous.* Then an easy consequence of condition (SH) is that w (&) satisfies

an.
To every set X C R” one may associate a one-parameter family of open sets by
defining for any ¢ > 0

Xiew) = | {§ €R": 0 —&) < sw(0)}. (66)

&oeX

We call X, the [w]—neighborhood of X of size ¢.

Remark 13 Since {£ € R"*; w(& — &) < ew(&p)} = ¥ when w(&y) < c/e, where ¢
is the constant in (11), we effectively have

Xeo = | 0@ —&) <o),

&oeX: w(&)><
and for X bounded a constant gy = &9(X) > 0 exists such that X|¢,] = ¥ when

0<e<egg.

As a consequence of (S.A), (SH) and (65), the [w]-neighborhoods of a set X fulfil
the following lemma.

Lemma 2 Given ¢ > 0, there exists 0 < &' < ¢ such that for every X C R"

(X[S/w])[s’w] C X[aw]; (67)
(RH\X[sw])[S/w] C Rn\X[S/w]. (68)

Moreover there exist constants ¢ > 0 and 0 <€ < 1 such that for all X C R" and
0<e<e

c

& € Xipw) yields w(§) > - (69)

Proof Equations (67) and (68) are direct consequences of (S.A), (SH) and (65), see
[7] for details.

4 This assumption is not as much restrictive, since it can be shown (see e.g. [32]) that for any weight
function w an equivalent weight function wq exists such that wy € C*°(R") and 8% wy/wy € L*°(R") for
each multi-index o.
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If £ € X[¢p) then &y € X exists such that
(& — &) < ew(bo), (70)

hence w(§ — &p) > c implies w (&p) > E, cf. (11) and Remark 13.
&
In view of (65)

1
) = 0+~ ) = Fok) > é

1
follows from (70), provided that ¢ < rad [where C is the same constant involved in

(65)].

We use the notion of [w]—neighborhood of a set to define a microlocal version of the
weighted Fourier Lebesgue spaces.

Definition 5 We say that a distribution u € S’(R") belongs microlocally to FL% at
X C R", writing u € FLZ,mCI(X), p € [1, 4o00], if there exists € > 0 such that

Wl = [ 0@ RO dt < oo a1
[ew]

(with obvious modification for p = +00).
For € open subset of R”, xg € Q and X C R", we say that a distribution u € D'(2)

belongs microlocally to F L% on the set X at the point xo, writingu € F Lz’mcl (xox X),

if there exists a function ¢ € Cgo(Q) such that ¢ (xg) # 0 and ¢u € fo)’mcl(X).

Remark 14 In view of Remark 13, condition (71) is meaningful only for unbounded
X.

We can say that u € ]—'Lg’mcl(X) andu € j:LZ,mcl(xO x X) if respectively

Xew) )0 (§)u(§) € LP(R") (72)

and

Xiewl )0 (E)Pu(§) € LF (R™), (73)

where x[s] = X[sw](§) denotes the characteristic function of the set X[, and ¢ > 0,
¢ = ¢ (x) are given as in Definition 5.

According to Definition 5 one can introduce the notion of filter of Fourier Lebesgue
singularities, which is in some way the extension of the wave front set of Fourier
Lebesgue singularities when we lack the homogeneity properties necessary to use
effectively conic neighborhoods.
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Definition 6 Assume that u € D'(Q), xo € R, p € [1, +00]. Then the filter of
FLE—singularities of u at the point x is the class of all sets X C R” such that
u e fLZ,mcl(xO x (R™\ X)). It may be easily verified that

=
[/

FLP gl = U Epppou, (74)
$ECE (), B (x0)#0

where for every v € S'(R"), E]_-Lgv is the class of all sets X C R” such that
veFLY _(R"\X).

w,mcl

1ot defined above are [w]—filters, in the sense that they satisfy
the standard filter properties and moreover for all X € Ex;rv (respectively X €
E]:LZ,xO") there exists ¢ > 0 such that R"\(R"\X)z0] € Epppv (respectively
RN\(R"\X)[ew] € Ex L7, xou), see e.g. [33] for the definition and properties of a filter.

Erppv and Errr,

5.1 Symbols with microlocal regularity in spaces of Fourier Lebesgue type
Throughout the whole Section, we assume that A = A(§) and A = A(§) are two
continuous weight functions, such that X satisfies condition (11) and A conditions
(SA) and (SH).

For given p € [1,400] and X C R”, the space FL}([R") N fo\’mcl(X) is
provided with the inductive limit locally convex topology defined on it by the family
of subspaces

FLY(RM) ﬂ]—"Lf\’s(X) = {u e FLYR") 1 |ulx,,, <400}
(cf. (71)), endowed with their natural semi-norm

||u||fL£ + |u|X[gA]’ & > O

Analogously for every xg € €2, the space fL}I:,loc(x()) N ‘}-Lf\,mcl(xo x X) is
provided with the inductive limit topology defined by the subspaces

FL, s NFLY (X):={u € D'(Q): ¢ue FL)R")NFLY (X)),
endowed with the natural semi-norms
lpull o + |dulx,s), & € CE(R), $x0) # 0, & >0,
From the general properties of the inductive limit topology (see e.g. [33]), it follows
that a sequence {u,} converges to u in ]—"Lf(R") N fLﬁ’mcl(X) (resp. FL)If’IOC(xo) N

F Li,mcl (xo x X)) if and only if there exists some & > 0 such that

”“v_””}‘Lf_)O and |uy —ulx,,, — 0, as v — +00
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(resp. there exist ¢ € Cgo(Q), with ¢ (xo) # 0, and ¢ > 0 such that
@y —wllzrr — 0 and [y —u)lx,p — 0, as v — +00).

Definition 7 Let) = A(§), A = A(§) betwo weight functions asaboveandy = y (&)
a further continuous weight function, xo € 2, X C R" and p € [1, 400]. We say that
a distribution a(x, &) € D'(Q2 x R") belongs to F L)’j’ ASy(xo x X) if the function
& — a(-, &) takes values in fo’loc(xo) NFL" 1(x0 X X) and for some ¢ € CSO(Q)

A,mc

such that ¢ (xg) # 0 and ¢ > 0O there holds

r()gal-, &)
lallg.n,y = :euﬂg B y < 400 and
A xe n()pal:,
(alg.Ay.e.x = SUP O xe,apa(-, &) < 400, (75)
EcRn v () Lr

where @(n, &) == Fxop (@(x)a(x, &)) (n) denotes the partial Fourier transform of
¢ (x)a(x, &) with respect to x.

Theorem 1 For p € [1,+¢], x9 € 2, X C R", let . = A(&), A = A¢), y =
y (&), 0 = o (&) be weight functions such that X obeys condition (43), where q is the
conjugate exponent of p, A conditions (SA), (SH), 1/o € L1(R") and

AE)?

o(§) 2AE) 2 AEG) =2 o)

(76)

G) Ifaix,&) e F Lf‘ A Sy (x0 X X) then the corresponding pseudodifferential oper-
ator a(x, D) extends to a bounded linear operator

foy (RMHN foW,md(X) — ]—'Lf’loc(xo) N fLﬁ,mcl(xo x X). (77

(i) Ifin addition a(x, D) is properly supported, then it extends to a bounded linear

operator
]—'Li’y’loc(xo) N }'Lf\y’mcl(xo x X) = FLY o (x0) N FLY | 1(x0 x X).

(78)

Proof The statement (i) follows at once from (i) in view of the definition of a properly
supported operator. Thus, let us focus on the proof of (7).

In view of Definition 7, there exist ¢ > 0 and ¢ € Cgo(Q), with ¢ (xg) # 0, such
that conditions in (75) are satisfied. We are going first to prove that

¢(x)a(x, Dyu € FLY(R"), (79)

aslongasu € F Lfy (R™). Let us denote for short

ag(x,§) == ¢(x)a(x,§).
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In order to check (79) it is enough to apply the result of Proposition 6 to the symbol
ap(x, &) e F Lf S, (cf. Definition 4) where, restoring the notations used there, we set

w1(§) =2y (), w(@)=wg) = r(7).

Under the previous positions, the condition (60) of Proposition 6 reduces to require
that A = XA(¢) satisfies (43). From Proposition 6 we also deduce the continuity of
a(x, D) as a linear map from ]—'Lfy (R") into FLY 1. (x0).

It remains to show that

ag(x, Dyu € FLy (X)), (80)
when u € TL)’ZV @®RY N FLﬁy’mcl(X), as well as the continuity of a(x, D) as an
operator acting on the aforementioned spaces. Throughout the rest of the proof, we
will denote by C some positive constant that is independent of the symbol a(x, £) and

the function u(x) and may possibly differ from an occurrence to another.
In view of Lemma 2, there exists some 0 < &’ < ¢ such that

(Rn\X[SA])[S/A] C RH\X[S/A].
Let us denote for short

X () = xea1(€), x1() == Xea1(©),  x2(8) :i=1 = x[ea1(€) (81)

and write

@@, HUE) = D xi(0)ap(E, &)x, E)aE).
ij=1,2
Then in view of (61) and condition (S.A) for A, we find
X (DA, Dyu)]
< C<2n)—"/x(n> {A( — &)+ A} 1dp(n — £, &)| [@(&)|dE
sC(zn)—"/x(m D xin =AM —E)lay(n — &.6)|x,; ©)[a()|de

ij=12

+C(2ﬂ)_"/x('7) Z xi(n —&)lag(n — &, 8)|x; E)AE) |[u€)|d
ij=1,2
= Tu(n) + Zou(n). (82)

Let us set

81,8 = x1(OAQYE)  MNag, &)l;
£2(¢,8) = 12T (OAQ)YE) T AE) Nay(c, )1
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82(8.8) = 2O (O'PAO Py &) Nag(c. £)l;
V(€)= x1E)y E)aENAE); 51E) = x1E)y E)AE)|@E);
1(8) = 2y E)o ©)uE)l;
02(¢,8) = x2(6)a &) PNy &) [a&)|. (83)

Then the first integral in the right-hand side of (82) can be rewritten as

1
Iw(n)=/x(n) 5 8101— £ OuEe

/X(n)igl(n £, S)vz(é)d§+/x(n) g2(n — &, 8)v1(§)d§

1
) o(n—§)
1
+ 2 — &, 86)Ua(n — &, £)dE. 84
/x(n) U(g)a(n_g)gz(n §,6)0(n —§,8)dg (84)
In view of the assumptions in (76) it is easy to see that all the above functions vy,

v, U1 defined in (83) belong to L (R"), if u € .7-"Lp (R N FLY (X), with the
following estimates

Ay,mcl

lville < lulxia,s 101lee < lulxg,,,, lv2liee < ”u”]-‘Li’V- (85)

Moreover the functions

R0.6) = K8 B0 = L0 roe = L 56

belong to the space Ego’q (R?"), with the estimates

IFillgoa = I1/ollLa, i =1,2,3. (87)

Again from (76) and (75) we easily obtain that g{(¢, &) € Lf "?(R?") and satisfies
the estimate

llg1 IIL;f‘oc <lalp,Ay.ex-

In view of the previous analysis, the first two integral operators involved in (84) have
the form of the operator considered in Lemma 1. Thus from Lemma 1 and the estimates
collected above we get

— , d — , d
H/X() (E)g1( £, &vi(5)ds Lp+ ’/X() (%_)gl( £, &) (§)ds

= /o lleolalg.nyeox {alxin,) + el rys |- (88)

Lr

Concerning the third integral operator in (84), we notice that the involved function
82(¢, &) vanishes when ¢ + & ¢ X[a7, due to the presence of the characteristic
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function x. For ¢ + & € X[oa1 and { € R"\ X[¢a it follows that A(Z) < ﬁA(S);
indeed the converse inequality A((¢ + &) — ) = A(§) < &' A(¢) should mean that
¢ +§& e (R"\Xeapera] C R*\X[e7a7. Hence we get

1 -
12(2.8) < ;xz(s“)a(é“))/(é)_ll%(aE)I, (89)
and, using also o < A,
1 o C
lg2C &) r < ;lez(~)a(-)y(§) lag (-, &)Ly < ;”a”d),k,y'
This yields that g>(¢, £) € £7"* (R*") with norm bounded by

C
lg2ll zpe = Zlallg.ny-

Hence we may apply again Lemma 1 to the third operator in (84), and using also the
estimates (85), (87) we find

1 C
H/X(-) g —§Hudds)| = ZlI/ollLallallp.ny lulxin,,- G0)

o(-—§)

Lpr

Let us consider now the fourth integral operator in (84). Applying the same argument
used to provide the estimate (89), we obtain

1
12(¢, 6)| < ;xz(é)o(5)1/2A<s>1/2y(s>|ﬁ<s)|. 1)

Thanks to (76), o VZAV2 < ). then

Vo (o —§)
¢ x(m)

‘/ XOD o — &, 8)oa(n — £. £)dE
< -
) Yoo -8

182(n — &, §)ILE)y (§)u(§)] dé. 92)

On the other hand, using again o1/2ZAY2 < ) and ap(-,&)/y(§) € ]-"Lf(R"), uni-
formly with respect to &, we establish that g, (¢, £) belongs to [,f "°(R?") and satisfies
the estimate

1820l zp < lo () 2AO 2y @) dg( &)liLr < Cllalig.y- (93)
Since 1(§)y ©)[@@)| € LP[R") (as u € FL] (RM) and F3(n,§) = = E%—

belongs to E;O “1(R"), the integral operator in the right-hand side of (92) satisfies the
assumptions of Lemma 1, then from (87) and (89) we find
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—£.9)0p(- —§,8)d§

[ e
a(§)o(:

= S /eliallalig.ny lullzrp - (94)

Lr

“Q

Summing up the estimates (88), (90), (94) the L” —norm of Zu in the right-hand side
of (82) is estimated by

C
IZ1ullr < ylll/ﬂlqu (lalg.A.y.e.x +llallga.y) (lulx[my] + ”””]—‘Lfy) . 95)

The second integral Zou(n) in (82) can be handled similarly as before to provide for
its L” —norm the same bound as in (95). From (82) we then get

| x Aag (-, D)ullLr

C
< ?HI/UHL‘I (lalg,Ay.e.x + llallpn,y) (|M|X[£Ay] + ”u”]:L&y)) (96)

which proves (80) and shows the continuity of a(x, D) as a linear map from
FLY, R NFLY, (X)) into FLY 1 (x0) N FLY (o x X).

Remark 15 Let the same hypotheses of Theorem 1 be satisfied. Clearly every v =
v(x) € fL;\ Joc (X0) N fLi,mcl(xo x X) is a £€—independent symbol in the class
FL? i ASy(xo x X) corresponding to the weight function y(§) = 1, and the prod-
uct of smooth functions by the multiplier v defines a properly supported zero-th
order operator. Therefore we find that the product of any two elements u,v €
foleC (xp) N fLﬁ,mcl (xo x X) still belongs to the same space (giving a continuous
bilinear mapping), as a direct application of Theorem 1. Similarly as in the proof of
Corollary 2, see also the subsequent Remark 6, one can deduce that the composition of a

N
vector-valued distribution u = (uy,...,uy) € ( Y lOC(xo) N .7-'LA me1 (X0 X X))

with some nonlinear function ¥ = F(x,¢) of x e R" and ¢ € CN, which is locally
smooth with respect to x on some neighborhood of x( and entire analytic with respect
to ¢ in the sense of Remark 6, is again a distribution in j’-'LA 1oc (X0) ﬂ]—'Lf\,mC] (xo x X).

Let us even point out that in the particular case where A = A the assumption (76)
in Theorem 1 reduces to o < A. In such a case }"Lf’loc(xo) N fLﬁ’mcl(xo x X) =
]—'Lf’lOC (xp) and .FLf’AS), (xox X) = ]—'LfSy (Vy,) for a suitable neighborhood Vy,
of xg, see Definition 4, hence the statement of Theorem 1 reduces to a particular case
of the statement of Proposition 6 (where w; = YA, @ = wy = A) under slightly more
restrictive assumptions; indeed a sub-additive weight function A satisfying o < A for
1/o € L1(R") also fulfils condition (43) with the same ¢ (that is the assumption
required by Proposition 6), in view of Proposition 2.ii.
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6 Propagation of singularities

In this section, we give some applications to the local and microlocal regularity of
semilinear partial(pseudo)differential equations in weighted Fourier Lebesgue spaces.

The smooth symbols we consider in this section are related to a suitable subclass of
the weight functions introduced in Sect. 2.1. More precisely, we consider a continuous
function A : R" —]0, +o0[ satisfying the following:

1
MO Z S HED, VE R, ©7)
% < % <C, aslongas [£ — | < %k(n)”“, (98)

for suitable constants C > 1,0 < v < u.

Thanks to Proposition 2, it is clear that A(§) is a weight function; indeed it also
satisfies the temperance condition (7°) for N = p.

All the weight functions described in the examples 1-3 given in Sect. 2.1 obey the
assumptions (97), (98).

Forr € R, p €]0, 1/u], we define S;’A as the class of smooth functions a(x, §) €

C°°(R?") whose derivatives decay according to the following estimates
g0l a(x, £)] < Coph(€) P11 V(x,&) e R (99)
If Q2 is an open subset of R”, the local class S; , (82) is the set of functions a(x, §) €

C°(Q2 x R"™) such that ¢ (x)a(x,&) € S;J for all ¢ € C3°(2). We will adopt the
shortcut

Sh = Sf/;w\, SH(Q) = ST/H’A(Q).

Hereafter, we will denote by Op S;’ , (82) the class of properly supported pseudodif-
ferential operators with symbols in S;’ , (§2) and, according to the above, we set

Op S5.(82) := Op S}, , ().

A symbol a(x, &) € S (€2) (and the related pseudodifferential operator) is said to be
A—celliptic if for every compact subset K of €2 some positive constants cx and Rg > 1
exist such that

la(x, &) = ckM()", Yx €K and ] > Rg. (100)

Letus also observe that ﬂreR S;!)\ (Q) = §7°(Q), where in the classic terms §~° ()
is the class of symbols a(x, &) € C*°(2 x R") such that for arbitrarily large 6 > 0,
for all multi-indices «, 8 € Z', and every compact set K C €2 there holds
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0¢dfa(x, &) < Capo(1+1ED7, VxeK, VEeR"

Pseudodifferential operators with symbols a(x, &) € S™°°(R2) are regularizing opera-
tors in the sense that they define linear bounded operators a(x, D) : £'(2) — C®(R).

The weighted symbol classes S;, ,,(§2) considered above are a special case of the
more general classes S, A (€2), associated to the weight function m(£) = A(§)" and
the weight vector A(§) = (A(§)?, ..., L(§)"), as defined and studied in [18, Defini-
tion 1.1]. For the weighted symbol classes S ;’ , (£2), a complete symbolic calculus is
available, cf. [18, Sect.1]; in particular, the existence of a parametrix of any elliptic
pseudodifferential operator is guaranteed.

Proposition 7 Let a(x.£) be a A—elliptic symbol in S;’)L(SZ). Then a symbol b(x, &) €
S;’r)\ (R2) exists such that the operator b(x, D) is properly supported and satisfies

b(x, D)a(x, D) =1d + c(x, D),

where 1d denotes the identity operator and c(x, D) is a regularizing pseudodifferential
operator.

The following inclusion
S5 (2) C FLES () (101)

holds true, with continuous imbedding, for all r € R, p €]0, 1/u], p € [1, 400]
and any weight function w(£). As a consequence of Proposition 6 we then obtain the
following continuity result.

Proposition 8 Let w(§) be any weight function and p € [1,+00]. Then every
pseudodifferential operator with symbol a(x,&) € S;’ , () extends to a linear
bounded operator
a(x,D): FLY, (R") — FL! | ().
Ifin addition a(x, D) is properly supported, then the latter extends to a linear bounded
operator
a(x, D): ]:Lf"w,loc(g) - fo),loc(Q)'

Proof In view of (101), it is enough to observe that for any weight function w(£€),
another weight function @(&) can be found in such a way that

w(§)

s 102
0OBE ). =T (102)

La

sup
EeRn

where ¢ € [1, 4o00] is the conjugate exponent of p; for instance, one can take @(§) =

1+ €PN, with N > 0 sufficiently large. Then the result follows at once, by noticing
that a(x, &) belongs to F Lg S, (£2) and (102) is nothing but condition (60), where y,
w1, w> and w in Proposition 6 are replaced respectively by A, A" w, w and @.
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6.1 Local regularity results

Let A = A(£) be a given continuous weight function satisfying the assumptions (97)
and (98). We consider a nonlinear pseudodifferential equation of the following type

a(x, D)u+ F(x,bi(x, D)u)i<i<m = f(x), (103)

where u = u(x) is defined on some open set 2 C R” and a(x, D) is a properly sup-
ported pseudodifferential operator with symbol a(x, &) € S;(S2) for given r > 0.
F(x,b;i(x, D)u)1<j<m stands for a nonlinear function of x € Q and b;(x, D)u,
ba(x, D)u,..., by (x, D)u where b;(x, D) are still properly supported pseudodiffer-
ential operators, and f = f(x) is a given forcing term. We require the equation
(103) to be semilinear by assuming that the operators involved in the nonlinear part
F(x, bi(x, D)u) have order strictly smaller than the order of the linear part a(x, D)u,
that is

bi(x, &) € SITHQ) fori=1,..., M, (104)

for suitable 0 < ¢ < r.
Fors € R, p € [1, +00], let us set

FLY,(R") = FLY(R"), FLY, () = FLL 1 ().

s,A,loc Jloc

The following regularity result can be proved.

Proposition 9 Let the symbol a(x, &) € S; (2) be A—elliptic and the function F =
F(x, ¢) obey the assumptions collected in Remark 6. For a given p € [1, +00], take
a real number t such that \' =" ¢ fulfils condition (43) with q the conjugate exponent
of p. Ifu € FLf,A,loc(Q) is any solution of the equation (103), with forcing term
fe FL? () for some s > t, thenu € FL? ().

s—r,A,loc s,A,loc

If in particular u € fl‘f,x,loc (2) solves the equation (103) with f = 0 (that is the

equation (103) is homogeneous) then u € C*(L2).

Proof Because of Proposition 8 and the assumption (104), we have b;(x, D)u €

]—"Lfﬁrﬂ,moc(ﬂ) foralli =1,..., M. Since A'~"*¢ satisfies (43), Corollary 2 also

implies F(x, b; (x, D)u) € }"Lfﬁrﬂ’)\’]oc(ﬂ) (cf. Remark 6).

Ift+e > sthena(x,Du = —F(x,bj(x,D)u) + f € ]:Lf_m’loc(ﬁ) hence
u e ngA’lOC(Q) because of the A—ellipticity of a(x, D).

If on the contrary ¢ + ¢ < s, applying again the A—ellipticity of a(x, D),

from a(x, Dyu = —F(x,bi(x,D)u) + f € FL] ., 1o.(R) we derive u €
FL

tp teloc(§2). In the latter case, we may repeat the same arguments above, where

now ¢ is replaced by t+¢.> After that we obtain F (x, b; (x, D)u) € fo—r+2£,k,loc(Q)

5 Let us notice in particular that if the weight function A’ ~"1¢ satisfies condition (43), then the same is
true for any power of A with exponent greater than 1 — r + ¢, in view of Proposition 5.
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and, provided that t + 2¢ < s, u € ‘FLf+2£,A,loc(Q)’ It is now clear that the second

part of the argument above can be iterated N times, up to get F(x, b;j(x, D)u) €

fofHN&A loc(82) with  + Ne > s; hence a(x, D)u = —F(x, bij(x, D)u) + [ €
FLY_, ; 10e() implies u € FLY, () from the A—ellipticity of a(x, D).

The second part of the theorem, concerning the case f = 0, follows at once from
the first one; in this case the argument above can be applied for arbitrarily large s, thus
u e ﬂszt]-'Lp () C C™(Q).

s,A,loc

Remark 16 Let us suppose that the weight function A = A(§) fulfils condition (S.A)
(respectively condition (G)), besides (97) and (98). Then A'~"*¢ satisfies condition
@43)ift > r + % — ¢ (respectively t > r + m — ¢) is assumed.

6.2 Microlocal regularity results

The results presented in this section apply to a class of weight functions which is
smaller than the one considered in Sect. 6.1. More precisely here we deal with a
continuous function A: R" —]0, +oo[ which satisfies (S.A), (SH) and obeys the
following

(PG) polynomial growth conditions for suitable constants C > 1,0 < v < pu.

1
E(1+|§|)“ <A =CA+ED", VEeR™ (105)

Remark 17 It is known from the previous section that such a function A also satisfies
condition (65). Then it can be shown that (65), together with (105), also implies that A
obeys the slowly varying condition (98).° Thus the class of weight functions considered
in this section is a proper subclass of that considered in Sect. 6.1. It is worthy to be
noticed that weight functions described in the examples 1, 2, given in Sect. 2.1, are
included in the class of weight functions that we are considering here, whereas the
multi-quasi-elliptic weight function illustrated in the example 3 does not meet all the
assumptions required here, precisely the sub-additivity (S.A) is not satisfied unless the
complete polyhedron P gives rise to a quasi-homogeneous weight function of type
(16). Additional examples of weight functions obeying conditions (S.A), (SH) and
(PQG) are provided by the following

Ars(€) = (£)" [log2 + ()], forr, s €]0, o0,

which were studied by Triebel [34] (see also [13]), or even by such functions as

€2, =1+ zl 161 [log@ + ;D] .
j:

forMZ(M19---1Mn)av: (vls---vvl’l) e]ov _’_Oo[l’l7

6 More precisely, from Sect. 6.1 we know that conditions (98) and the second inequality in (105) are
equivalent under the assumptions (65) and (97).
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or

A p(§) = ()" +1og(Ap(§)), for s €]0, +oo,

being Ap(§) the multi-quasi-elliptic weight associated to a complete polyhedron P,
as it was introduced in Example 3 of Sect. 2.1 [see (20)].

In order to take advantage of the slowly varying condition (98) (which allows in par-
ticular the symbolic calculus for smooth classes S;‘ , (£2), see Sect. 6), it is convenient
to introduce here another family of neighborhoods of an arbitrary set X (in the fre-
quency space Rg), associated to the weight function A, besides the [A]—neighborhoods
X|¢a) already defined as in (66). For arbitrary X C R" and ¢ > 0 we set

Xo= | {g Rl — gl < er0) ], (106)

EreX

where 1 > 0 is the same exponent involved in (105) (hence in (98) according to
Remark 17); we will refer to the set X, as the A—neighborhood of X of size ¢.

In the following for an open set 2 C R” and x¢p € 2, we also set for short
Xex(x0) := Be(x0) x Xy, where Bg(xo) denotes the open ball in €2 centered at xg
with radius €.

Compared to the case of [A]—neighborhoods of a set X, to define the corresponding
A—neighborhoods the weight function A is replaced by the Euclidean norm, as the
measure of the distance from points in X, to points in X. This reflects into a slightly
different behavior of A—neighborhoods: it is clear (just from the definition) that for
& > 0 arbitrarily small the set X, is never empty (unless X = @), cf. Remark 13; it is
also clear that X is open, for it is the union of a family of open balls in R” (centered
at points of X).

The same set inclusions as given in Lemma 2 remain true also when the
[A]—neighborhoods of a set are replaced by the A—neighborhoods, see [28], [16]
for the proof.

Lemma 3 Given ¢ > 0, there exists 0 < &' < & such that for every X C R"

1. (Xs’)\)e’)» C Xeys
2. (R™\Xz3)p;, C R\ X5

A significant relation between [A]— and A—neighborhoods is established by the
next two results.

Lemma 4 Let ¢ > 0 be arbitrarily fixed. For every ¢ > 0 there exists 0 < &' < ¢
such that the set inclusion

(X N {1&) > ¢/e'}),, T Xeny NME) > c/e) (107)

holds true for every X C R".
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Proof Let0 < ¢ < min{l, ¢} be such that X N {A(§) > c/¢’} be nonempty and take
an arbitrary £ € (X N {A(E ) >c/¢ }) 7 then there exists some £ € X such that

s/x;
& — &l < &'A(E)'/* and A(&) > /€. (108)
From (105) and (108) we get

AME —&) < CU+ |8 —&D* < C2M71 (1 + |8 — &™)
< C2MN 1+ M(&)) < C217 (e fen(Eo) + &M A(§0))
< C2* ' (1/c + DA(&), (109)

hence A(§ — &) < e\ (&) provided that &’ is such that
C2M e e+ 1) <&

Thus & € X[ provided that 0 < ¢ < min {1, m}

Let us now prove that A(§) > c¢/& up to a further shrinking of &’. We use again
conditions (SA), (SH), (PG) and (109) to find
A(E) = 1/Cr(E0) — A(E —&0) = 1/CA(§) — C(1 + 1§ — &)
1/Cr(&o) — C2471(1 + € — &|*) > 1/Ch&) — C2H7 (1 + "7 A(%0))
= (1/C — C2#71e'#) M(&o) — C2#7 1,

IV IV

from which we deduce, using also (108),

1 c c
A ) — s S et s €
&) > JcHE0) ~ 2ce T ace e

provided that ¢’ > 0 is chosen such that

, . 1 c e
£ < min m,%_i_—lczsﬁ .

This ends the proof that & € X{¢) N {A (&) > c/¢e}.

Remark 18 If X is bounded, the set X N {k(& ) >c/e } (hence the neighborhood
(X N {1(&) > ¢/e'}),,,)isempty fore’ > Osufficiently small, thus the inclusion (107)
becomes trivial. However, thanks to (107), this never occurs when X is unbounded; in
such a case the set X N {A(§) > c/¢’} is nonempty for arbitrarily small &’ > 0, since
A is unbounded on X as a consequence of the left inequality in (105). This yields in
particular that, for an unbounded set X the [A]—neighborhood X|¢;] is nonempty with
size ¢ > 0 arbitrarily small, cf. Remark 13.

7 1f X is unbounded then X N {A(S) > c/s/} # @ for &’ > 0 arbitrarily small, because of the left inequality
of (105).
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Corollary 4 For every & > 0 there exists 0 < &' < ¢ such that for all X C R"
(X1era1) gy, C Xien- (110)

Proof In view of Lemma 2 we first notice that for arbitrary ¢ > 0 we may find
0 < &* < ¢ sufficiently small such that

(X[s*x])[gm C X[ea]-

Then combining the results of Lemmas 2 and 4, with X+, instead of X, another
0 < ¢’ < &* sufficiently small can be chosen such that

(X)) e = (Xpeag N{AE) > cA‘/S’})M
C (Xpera N{AGE) > ¢/€) 5 C (X(ea) [grgg C Xien)s

where ¢ > 0 is given in Lemma 2. The proof is complete.

In order to perform the subsequent analysis, the next technical lemma will be useful;
for its proof, the reader is addressed to [28, Lemma 1.10], see also [16, Lemma 1].

Proposition 10 Forarbitrarye > 0and X C R" there exists asymbolo = o (§) € SS
such that suppo C Xep and o (&) = 1 if & € Xy, for a suitable & > 0, with
0 < &' < ¢, depending only on ¢ and L. Moreover for every xo € 2, where Q@ C R"
is an open set, there exists a symbol 1o(x, &) € SS(Q) such that supp 19 C Xex(x0)
and ty(x, &) = 1, for (x, &) € X (x0), with a suitable e* satisfying 0 < £* < e.

Remark 19 As an application of Corollary 4, one can easily see that a statement
similar to Proposition 10 also holds when A—neighborhoods are replaced with the
corresponding [A]—neighborhoods; indeed for arbitrary X C R" and ¢ > 0, take
0 < & < & such that (Xpz;));, C Xe and apply the result of Proposition 10,
where X is replaced by Xz;). Then some numbers 0 < ¢” < ¢’ < & and a symbol
o=0()e SS exist such that suppo C (X[gk])a,x C (X[gk])gk C Xgyyando =1
on (X [EA J)s” , (hence on X|z;)). As for the construction of a counterpart of the variable
coefficients symbol tp(x, &) € SS(Q) in the second part of the statement above, it
comes from the use of the symbol o (&) by following the same lines as in Proposition
10, see [16, Lemma 1].

Definition 8 Let us consider a symbol a(x, &) € S;’A(Q), xo € Qand X C R".
We say that a(x, &) (or the corresponding pseudodifferential operator) is microlocally
[A]—elliptic in X at point xo, writing a(x, §) € mce, 51X (xo), if there exist constants
co > 0 and ¢ > 0 sufficiently small such that

la(xo, §)1 = cor(§)", for & € Xiey). (111

Remark 20 Let us remark that in the above definition we do not explicitly require that
frequencies &, for which (111) holds true, are larger than some positive constant (that
is usual when defining an ellipticity condition, cf. (100)); indeed, because of Lemma 2,
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& € X[g yields A(§) > ¢/¢ and, for sufficiently small ¢ > 0, the latter turns out to
be a largeness condition on &, in view of the polynomial growth condition (PG).

Let us recall the following notion, providing a microlocal counterpart of the notion of
regularizing symbol

Definition 9 We say that a symbol a(x, &) € S;, , () is rapidly decreasing in ® C
Q x R™ if there exists ap(x, &) € S;’A(Q) such that a(x, &) — ap(x, &) € §7°(Q)
and ag(x,£) =0in O.

The following notion is a natural substitute of that of characteristic set of a symbol,
in the absence of any homogeneity property.

Definition 10 We define the characteristic filterofa(x, &) € S ;_ , (§2)atapointxg € £
to be the set '

Zigxed = {X CR" : a(x,§) € mee,p(R"\X)(x0)} . (112)

Using Lemma 2, it is easy to check that X, y,a is a [A]—filter.

The reader is addressed to [18,28] where analogous notions as above are stated in
a more general setting.

Arguing on the properties of A—neighborhoods of a set and the slowly varying
condition (98) as in the proof of [ 18, Lemma 4.3], one can prove thata(x, ) € SZ,A (2)
is microlocally [A]—elliptic in X at point x if and only if

la(x,§)] = ¢*A©)", for (x,€) € Bz(xo) X (X[za1); - (113)

for suitable constants ¢* > 0 and sufficiently small £ > 0.
Then following the same lines of the proof of [18, Theorem 4.6] one can prove the
following

Proposition 11 For every symbol a(x, &) € S;,A(Q) microlocally [M}-elliptic in

{xo} x X, there exists a symbol b(x, &) € S;&(Q) such that the associated oper-
ator b(x, D) is properly supported and

b(x, D)a(x, D) =1d + c(x, D), (114)

where c(x,&) € 52,1(9) is rapidly decreasing in Bz(xp) X (Xlé)»l)gx for a suitable
small € > 0.

Fors € R, p € [1, 4+00], U open neighborhood of xo € R” and X C R”" given, let
F Li iloc(U)and F Li ».mel (0 X X)) denote the local and microlocal Fourier Lebesgue
classes corresponding to the weight function A*, according to Definitions 3, 5. Agree-

ing with these notations, we denote by &, L?, %0 the related [A]—filter of Fourier
Lebesgue singularities. By resorting to Proposifibn 10 and arguing similarly as in the
proof of [17, Proposition 4.5] and [18, Proposition 4.10], we are able to prove the
following characterization of microlocal Fourier Lebesgue spaces.
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Proposition 12 Let xg € 2, Q@ C R” open set, and X C R" be given. A distribution
u € D'(Q) belongs to fo.x,mcl(XO x X) if and only if one of the following two
equivalent conditions is satisfied:

(i) there exist constants 0 < &' < ¢ sufficiently small and ¢ € Cf)’o (2), with ¢ (xp) #

0, such that
o(D)(¢u) € szk(R"), (115)
where 0 = o (€) € Sg is some symbol satisfying suppo C X(gy and o =1 on
(i1) ;Si[zge/:e];exist anoperatort(x, D) € Op SS(Q) microlocally [A]—ellipticin {xo} x X
such that
T(x, D)u € FLY, 10.(Q). (116)

Following similar arguments to those in [17, Propositions 5.1, 5.2] we give the fol-
lowing results.

Proposition 13 Let s € R, r > 0, x0 € @, X C R", a(x,D) € OpS;’A(Q)
be given. Then for p € [1,00] and u € mclfLsp’)L(xo X X) one has a(x, D)u €
mcl]—"Lf_ry)\(xo x X).

Proposition 14 Fors e R, r > 0, xg € , X C R", leta(x, D) € OpS;,A(Q) be
microlocally [M]—elliptic in {xg} x X. Then for every p € [1,00] and u € D'(2) such
that a(x, D)u € mcl FL? ., (xo x X) one has u € mclfLﬁA(xo x X).

S—r,A

It is also straightforward to show that the results of Propositions 13, 14 can be
restated in terms of the filter of Fourier Lebesgue singularities and characteristic filter
of a symbol as follows.

Proposition 15 Let s € R, r > 0 be arbitrary real numbers, a(x, D) € Op S, (L),
xo € Qand p € [1,00]. Then the following inclusions are satisfied for every u €
D'(Q):

B Ly, xo@ s DN Bpyxa C Epy rrr, it © Bpyrrr |y @ Du.

6.3 Semilinear equations

Gathering the results collected in the preceding Sects. 4 and 6.2, we prove here a result
of microlocal regularity in Fourier Lebesgue spaces for solutions to semilinear partial
differential equations of type (103) already considered in Sect. 6.1. Throughout this
section, we assume that the weight function A satisfies the conditions (S.A), (SH) and
(PG). Moreover the operators a(x, D), b; (x, D),for 1 <i < M in (103), are properly
supported with symbols 7 (V) and S;fg (Vy,) on some open bounded neighborhood
Vi, of a point xo, where 0 < ¢ < r are given as in Sect. 4; the nonlinear function
F = F(x, ¢), depending as a C°°—function on its first argument x € Vy, and entire



Inhomogeneous microlocal propagation of singularities . . . 83

analytic on its second argument { = ({;)1<i<m € CM  satisfies the same requirement
made in Sect. 3 (see also Remark 15).
The following result was originally proved in [7].

Theorem 2 For0 < e < rand 1 < p < +oo given as above, let T, T, s be positive
real numbers such that

T4+r—e<i<s (117)

and 27T € LY(R"™), where q is the conjugate exponent of p. As for the semilin-
ear equation (103), let us assume that the pseudodifferential operator a(x, D) is
[A]—microlocally elliptic in X C R™ at the point xy and the source term f = f(x)
belongsto ‘FLf—r,A,mcl (xox X). Then every solutionu € th{”MOC (x0) tothe Eq. (103)
with source term f also satisfies

- f—r—
ue }'L{jk me1X0 x X), forall t < min {s, t+ (E (#) +2) 8] ,
A, s
(118)

where E(0) is the greatest integer less than or equal to 0 € R.

Proof The proof relies on a bootstrapping argument similar to the one used to prove
Proposition 9. So let u € F L? 2 loc (xp) be a solution to equation (103). From Propo-
sitions 8 we get

bi(x,Dyu € FLY (o), i=1... M. (119)
In view of the assumptions (117), A~% € L9(R") and the sub-additivity of A we
may apply the result of Theorem 1 and its consequences stated in Remark 15; with
reference to the statement of that theorem, here A* plays the role of the weight functions

o whereas A/~ t¢ plays the role of both the weight functions A, A.® Thus it follows
from (119) that

F(x, bi(x, Dywh=i=u € FLY . (x0). (120)
If s < 7+ &, we derive from (103) that a(x, D)u € fo_r k’mcl(xo x X) hence

u e fL:iA,mCl (x0 x X) in view of the [A]—microellipticity of a(x, D) in X at point
xo and Proposition 14 (notice that f + & < 2f — r — t + 2¢ under the assumption
(117) then s < f + ¢ implies s = min{s, 2f — r — 7 + 2¢}); if on the contrary

s > [ + & again from (103) we derive that a(x, D)u € .7-'Llf’_r+€ N mcl(xo x X) hence
ueFL? (xo x X) by the same arguments as before. In this latter case, using

i+e,x,mcl Y
once again Propositions 8 and 13 we get

. p 14 .
bi(x, D)u € ‘FLf—r+8,k,loc(x0) N .7-"Lt~_r+2€,k’md(x0 x X), 1<i<M.

8 Not~ice in particular that from the sub-additivity of A and A7 < pi—rte (following from (117)), we derive
that A’ =€ satisfies condition (43) with the conjugate exponent of p (that is required to apply Theorem 1).
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Now we would like to apply Theorem 1 where the role of the weight functions o,
A and A is covered respectively by A7, A’"¢ and A’~"+2¢; the only assumption to
check is A < A2 /o which amounts to have that 7 > 7 + r (cf. (76)). If this is the case,
Theorem 1 applies to find

F(x,bi(x, D)u) ]—'L” (x0) N }'Lp " i2ema (10 X X)

—r+e,A,loc

hence from (103) and Proposition 14
a(x, Dyu € ‘FLf—r,A,mcl(xO xX) = uce }'Lf’)hmcl(xo x X), ifs<it+2e¢
or

a(x,D)u € FL? (xox X) = ueFL? (xo x X), otherwise.

t—r+42¢e,),mcl f+2¢,1,mcl

In the latter case

bi(x, D)u € FL? (xg) N FLY xoxX), I<i<M

t—r+e, X loc t—r+3e,A,mcl
and, provided that f > T +r+¢, weare still in the position to apply Theorem 1 where
AT and AT HE play again the role of o and A, while Af—r+3e plays the role of A. For
f > 1 +r+ ¢ Theorem 1 yields

Fxbi(x, D) € FLY |\ (o) NFLY o (xg % X)
and again
a(x,Dyu € FL?_ rama (0 X X) = ue }"Ls omel X0 X X), if s <7+ 3e
or

a(x,D)u € ]—"LP (xox X) = ueFL? (xp x X), otherwise.

—r+3e,A,mcl f+3e,1,mcl

By an iteration of the above procedure we find that if the integer j > O is such that
I<t+r+je (121)
then

p
ue fLmin{f+(j+l)s,s},A,mcl(xo X X)
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The smallest nonnegative integer j satisfying (121)is j = E (’ — )—i—l (from (117)
E (f_f_’) > —1 follows), hence 7 + (j + 1)e = t+( (’~ ’_T) + 2) ¢. This gives

&

ueFL?

min{ 4 (E(E225 ) 42)ess) 2t 0 X X

which completes the proof.

In terms of the filter of Fourier Lebesgue singularities and characteristic filter of
a symbol the result of Theorem 2 can be restated as follows: for every solution
u e ]:Lz loc (xp) to equation (103) one has

=
=

[.FLY., xof N Xpyxa C By, FLY, xoH

foralltﬁmin{S,t~—|—(E(t r— f)+2) }

Remark 21 Because of the lower estimate of condition (PG), a sufficient condition
for A" € LIR") is T > iq.

Y

6.4 The case of quasi-homogeneous equations

In this section, we deal with pseudodifferential operators whose smooth symbols are
associated to a quasi-homogeneous weight as defined in the Example 2 of Section
2.1. We recall that for M = (my, ..., m,) € N*, with my := min|<;<, m; > 1, the
quasi-homogeneous weight is defined as

. 1/2
o 2m_/
Ev =1+ D¢ . (122)
Jj=1
Throughout the rest of this Section, we will make use of the following notations. We
set m* = maxj<j<, mj, ﬁ = (%, R %) and define the quasi-homogeneous
norm as
2o
2 . m;j
£ =28 (123)

Clearly the usual Euclidean norm |£| corresponds to the quasi-homogeneous norm

in the case of M = (1,...,1). Forevery « € Z", & € R" and t > 0 we also
set {(a, %) = Z?:l Z—’, and tV/Mg .= (tV/mig, . .. t1/™g)) Tt is worth to notice
that, in spite of the terminology, the quasi-homogeneous norm | - | is not a norm;
instead of the homogeneity and the triangle inequality, required for norms, the quasi-

homogeneous norm enjoys the following properties:
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(1) Quasi-Homogeneity: forallt > 0,& € R”
M ey = 11|
(i1) Sub-additivity: a constant C > 1 depending only on M exists such that

1€ +nlu < CUEIMm + Inlm), Y& neR™

For R > 0 and xo € R”", the M —open ball centered at xo with radius R is defined to
be the set

By (xo; R); = {x eR" : |x —xoly < R}.
The set
Su={xeR": |x|y =1} (124)

is the unit M —sphere (centered at the origin). For further details and properties of
quasi-homogeneous norm and weight, we address the reader to [14,15].

According to the behavior of the weight (122) expressed by the estimates (18),
we introduce suitable classes of smooth symbols displaying a decaying behavior of
quasi-homogeneous type.

Definition 11 Given r € R, §}, will be the class of functions a(x, &) € C o0 (R21)
such that for all multi-indices «, 8 € Z, there exists C4,g > 0 such that:

r—(a,ﬁ)

100 0ga(x, )] < Capl€)y, , Vx, £ eR". (125)

If  is an arbitrary open subset of R”, we denote by S, (£2) the local class of functions
a(x, &) € C®(Q x R") such that ¢ (x)a(x, &) € S}, forall ¢ € C3°(Q).

Due to the underlying quasi-homogeneous structure, in the present framework the
whole theory of propagation of singularities can be based upon a suitable notion of
“conical” set in frequency space adapted to this structure.

Let us recall below some basic notions, see [15] for more details. Later on it is set
for short 7°R" := R" x (R™"\{0}).

Definition 12 We say that a set I' € R”\{0} is an M —cone (or is M —conic), if
gelf=1"™gerl, Vi >0.
For n € R" and R > 0 the set
Culr B = [ © g € By B, 1= 0)n@®\O)  (126)

is M —conic; it is called the M —cone generated by By (n; R).
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Since (122) also belongs to the class of weight functions considered in Sects.
6.1, 6.2, the results considered there, based upon the notion of [A]—filter, could be
applied to the quasi-homogeneous setting (that is (§) = (&) ). The next results of
this Section will provide some evidences that these two alternative approaches are
essentially equivalent.

Proposition 16 There exist constants ¢ > 0 and & > O sufficiently small such that for
all0 < & < & another 0 < &' < ¢ exists such that for all M—conic sets X C R™"\{0}

Xigpu1 € |J Tue) n{E)w > é/e) (127)
neXNSy
and, conversely,
U Ty (s &) N {EVm > ¢/6"} C Xietyu- (128)
neEXNSy

Proof For a M —conic set X and an arbitrary £ > 0, take § € X|z(.y,,) and let n € X
such that

E—mmu <emm. (129)
Making use of the trivial inequalities
N2+ 1¢ ) < (6 < 1+ lu, V¢ e R,
(129) implies
1+ 1€ = nlw < V251 + Inlw),

hence

& — nlm < v28|nlu (130)

provided that 0 < & < 1/+/2. Since in particular (129) implies  # 0, because of the
quasi-homogeneity of | - | )7, condition (130) can be reformulated as follows

& = nlw < V281l & 1nly™ @ = Dy = Inlule = iln < vV28Inlu
& |0 —iilu < V28,
where ¢ = |n|;,11/M$ and 7 := |n|;,11/Mn € Sy N X because X is M —conic. The
last inequality above means that ¢ belongs to the M —open ball centered at 7 with
radius +/22, thus & = |n| }‘;M ¢ € Ty (#; v/28) cf. (126). Since in view of Lemma 2,
n € X{z(.,,] also implies

(mm > C/E,



88 G. Garello, A. Morando

for suitable ¢ > 0 independent of X and € > 0, the inclusion (127) follows taking

g = W and choosing foreach0 <& <§,0 <&’ < s/ﬁ.

Conversely, let & € UneXmSM Cy(n; )N {(E)M > 6/5}, where £ > 0 is still
arbitrary and is chosen sufficiently small such that

L+ [&lm = E)u > ¢/ = |5l > ¢/ — 1= ¢/(28),

thatis 0 < & < ¢/2. By definition (see (126)) there exist 7 > 0 and 7; € X N Sy such
that

£ =1tYM¢ forsome ¢ € By (ij; §).

Therefore, in view of the M —homogeneity, we get

|E—tl/M l/M l/M I/MmM-

Ny =t Ny =tg —nly < &t =&ty = €t

1M 5

Since X is M —conic, n :=t' /"1 € X; hence with such an n € X we have

& —nlm < Elnlm. (131)

On the other hand, from the sub-additivity (ii), ||s > ¢/(2€) and (131) we derive

A~

1 1 - c
Ny > EISIM =& —nlm = (E —8) |§1m = %ISIM Z 5CE (132)

provided that 0 < % Summing up (131), (132) then gives

/\

f + 16 —nln < 2€Inlm < 26 m

Combining the latter inequality with

— — > (1 — >
2C+|E Ny = A+ 1% nIM)mlnH 2C]_

we finally obtain

(€ —nm < Ce(mm

with a suitable constant C > 0 independent of &, hence § € X [CE () m]" From the
previous argument, we conclude that the second inclusion (128) holds true.

Essentially the result above tells that a [(-) s ]—neighborhood of a M-conic set X
is made by an arbitrary union of open M-cones “outgoing from points of X N Sy,
truncated near their vertex”.
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Remark 22 Ttis worthwhile noticing that the quasi-homogeneous symbols considered
in Definition 11 are related to the weighted smooth symbols introduced in Section 6
by the following inclusion

S C St ymato

(a similar inclusion being valid for the corresponding classes of local symbols).

6.5 Example

For M = (1, 2), let us consider in R? the quasi-homogeneous weight function

1/2
=1+ +8) . (133)
We introduce the following operator

P(x,d) = x10yx, +i0y — afg. (134)

Its symbol P(x,&) = ix1& — & + 522 belongs to the local class S}VI(Q) where
Q=R
Introducing the M-characteristic set of P(x, d) as

CharP = {(x, £) e R2 x R2\(0}, P(x,£) = 0} , (135)
we have

CharP = {0,302, 61,6 2 € R, 61 =6, & # 0} =(0) x Rx [ ®RA\X),
O<k<l1

where

1
11—k

Xk = [(51,&) eR* & < (1—k& or& > 522} 0<k<1. (136)

Notice also that P(x, §) is quasi-homogeneous of degree one, in the sense that

P(x,t'/Mg) = P(x,181,1'28) = tP(x,§), Vi >0. (137)
The properties collected above yield that the symbol P (x, &) is (-) py —elliptic at every
point x0 = (x?, xg) € R? with x? # 0; indeed since | P| does not vanish at each point
of the compact set {x°} x Sy, being Sy = {n = (1, m2) € R? : n% + 17‘21 = 1} the
unit M —sphere, by continuity

co := inf |P(x0, n)| > 0.
neSy



90 G. Garello, A. Morando

Hence the quasi-homogeneity of P yields for |&]y > 1:
1P, )] = [Elm| PG, )l = colélm = co/vV2(E)m,

. —-1/M
where n := |£],,'7 & € Sy.

By resorting to Proposition 16, we show now that at every point x° = (0, xg ), with
an arbitrary xg e R, P(x, &) is [(-) y]—microlocally elliptic in any set of the family
{Xk}o<k<1 defined by (136). So, let us take arbitrary x0 = (0, xg) and 0 < k < 1;
since | P| is different from zero and continuous (hence uniformly continuous) on the
compact subset {x% x (Xx N Sy) of T°R™\CharP, some constants ¢y > 0 and
0 < & < 1 sufficiently small can be found such that

1P, )] > ek, (138)

for n ranging on the covering of X; N Sy; made by the open M —balls By (7; €)
centered at points 7 of X N Sy; with radius €. Take now an arbitrary point & €
U;’ekaSM [ (7; €) such that £y > ¢/ with suitable ¢ > 0; then 7 € X; N Sy
and ¢ > 0 exist such that & = 1'/My) for some n € By (ij; £). Since |7y = 1, we may
take & so small that ||y < ¢ for some positive constant ¢ (independent of 1 and 7).
Exploiting again the quasi-homogeneity of P and the quasi-norm | - |y we get

Ck Ck -
1P, 6) =P, )| > cxt = Z il = < 1Elw = &),

with suitable ¢ > 0. Since the set X} is M —conic, in view of Proposition 16 there
exists 0 < &’ < & (up to shrink & if necessary) such that

X € | Tu@@ N {lEly > c/E).
neXrNSy

This shows that P is microlocally [(-)s]—elliptic in X} at the point x0 = (0, xg).
Since P(x,&) € Szlw (R?) and in view of Remark 22, the results of propagation
of Fourier Lebesgue singularities for linear and semilinear equations, collected in the
preceding Sects. 6.2, 6.3, can be applied to the operator P(x, d).
Let u € D'(R?) be a solution to the linear equation

P(x,du = f(x), (139)

with a given forcing term f. Applying to (139) the result of Proposition 15 (with
r = 1), we obtain at once that the following inclusions

=
o/

[l FLE o0 O 21,20 P C By g mpr ot © Breyyy e o0 f

hold true for all s € R and p € [1, 4+00].
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Consider now the following semilinear equation
P(x, u + F(x,u, d,u) = f(x), (140)

where F = F(x, ¢) is a nonlinear function of x = (x1, x2) and ¢ = ({1, ¢2) fulfilling
the regularity assumptions stated in Theorem 2, and f = f(x) some given forcing
term. With respect to the quasi-homogeneous weight (133), the order of derivatives of
the unknown function u involved in the nonlinearity in (140) is easily seen tobe < 1/2
(that is such derivatives are properly supported operators in 551/1 with order [ < 1/2).
Then we may apply to (140) the result of Theorem 2 (with r = 1 and ¢ = 1/2) to
prove the following statement.

Proposition 17 Given x° = (x?,x(z)) eR? pell,+oolands > i > % + %, with

1 1 _ P 0 H
>t = 1, letu € ‘FLE M loc (") be a solution to (140).

(a) Ifzf—2—§¢zmen

1]

(aad, FLE | ypox0f O 100 P C Eppy g 712, x0s (141)

holds true for all t < min {s, I+1+ %E (2?— 2 ?7)};
(b) if 2f — 2 — 3 € Z then the previous inclusion (141) holds true for all t <
min{s,f—i—%—}—%E(ﬂ—Z— 3)].

Proof Forany? > %—i—%, let T > 0be chosen such that 7 —% > 17 > 2 then Theorem 2
can be directly applied to equation (140) (where, according to the observations above, it
issetr = 1,& = 1/2, and we also make use of Remark 21 for A = (-) )y and t as above)
to find that inclusion (141) holds true for all 7 < min {s,7 4+ 1 + %E(Zf -2-20)}.
To conclude, it is enough to observe that for 27 — 2 — 3 ¢ 7 we can take 1 sufficiently

close to % to have’

- - 4
E(2t—2—2r)=E(2t—2——);

q

this proves the statement a.

If,onthecontrary,onehaSZf—Z—3 € Zthen 2f — 2 — 21 <2t~—2—3 =

EQf—2— 3) whenever 7 is taken as above; then for 7 sufficiently close to % we get

3 3 4
E(Zt—2—2r)=E(2t—2——)—1
q

which gives the statement b.

9 According to the result of Theorem 2, this corresponds to the best possible range for 7.
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