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Abstract The aim of this paper is twofold. Firstly, to show the existence of topological
isomorphism between the G-type spaces G (Rﬁ), a > 1 and the subspaces of the
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done for their dual spaces. Secondly, to obtain two structural theorems for the dual
spaces (Gg(Ri))’, oa>1.

Keywords Ultradistributions - Gelfand-Shilov spaces - Structural theorem -
Multi-dimensional Hermite and Laguerre expansions of ultradistributions

This paper was supported by the project Modelling and harmonic analysis methods and PDEs with
singularities, No. 174024 financed by the Ministry of Science, Republic of Serbia.

B Bojan Prangoski
bprangoski @yahoo.com

Smiljana Jaksi¢
smiljana.jaksic@sfb.bg.ac.rs

Snjezana Maksimovié¢
snjezana.maksimovic @etfbl.net

Stevan Pilipovi¢
pilipovic@dmi.uns.ac.rs

Faculty of Forestry, University of Belgrade, Kneza Viseslava 1, Belgrade 11000, Serbia

2 Faculty of Electrical Engineering, University of Banja Luka, Patre 5, 78000 Banja Luka, Bosnia
and Herzegovina

3 Faculty of Sciences and Mathematics, University of Novi Sad, Trg D. Obradovica 4, Novi Sad
21000, Serbia

4

Faculty of Mechanical Engineering, University Ss. Cyril and Methodius, Karpos II bb, 1000 Skopje,
Macedonia

® Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11868-016-0171-y&domain=pdf
http://orcid.org/0000-0002-4944-6826

276 S. Jaksic et al.

Mathematics Subject Classification 46F05 - 33C45

1 Introduction

The test space S(R4.) for the space of tempered distributions supported by [0, 00) is
studied in [2,15,20]; recently, two of the authors have studied the space S (Ri) over
[0, 00)? in [9]. We have studied in [10] G-type spaces, G, (Ri), o > 1 and their dual
spaces, i.e. the spaces of ultradistributions over [0, 00)?, in terms of their Fourier-
Laguerre coefficients; cf. Durdn [3] for the one-dimensional case. Actually, we extend
the results of [3] and give the full topological characterisation, in all dimensions, as
well as applications to pseudo-differential operators with radial symbols.

In this paper, we use the expansion of the Laguerre functions into finite sums of
Hermite functions and vice versa in order to prove that there exists a topological
isomorphism between G (Ri), o > 1 and the subspace of the Gelfand-Shilov spaces

Sg//zz (RY), a > 1, consisting of “even” functions, denoted as Sz//zz even RD). Also,
we describe their dual spaces in order to study pseudo-differential operators on the
G-type spaces in our future work. As a remark (Remark 3.5), we have shown that
the symbol class of pseudo-differential operators considered in [10] is in bijection
with a subspace of (Sz//zz’ even(R"l ))’ (i.e. closely related to the Gelfand-Shilov even
ultradistributions). We refer to [5-8,11,19,21] for the expansions of Gelfand-Shilov
ultradistribution spaces.

Furthermore, we give two structural theorems for (G (Ri))’ , o > 1 (Theorems
4.6, 4.8). The first one states that f € (G (Ri))’, o > 1, if and only if it can be

written as

lk
f= ch(xD2+D—£+—) F

42
keNg

with a suitable growth of the coefficients cx, where F € L?(R%) and (xD? + D —
x/4+1/2)F = H?zl(ij? +D; —xj/4+ 12k k € Ng. In fact, the theorem
gives a stronger result: if f € (G (Ri))/ ,a > 1 varies in a bounded subset, then this
representation can be chosen such that the operator is the same for all the elements of the
bounded subset and the function F varies in a bounded subset of Lz(Ri). The second
one is similar to the first, but instead of using the operator (x D> + D — x /4 + 1/2)k,
f € (GS (Ri))’ is represented as an infinite sum of integrals of Lz(Ri)-functions
integrated against the test functions that are differentiated and then multiplied by
powers of x suitable number of times. As we shall see, G, (Ri), a > 1is given as an
injective inductive limit of Fréchet spaces (from now on abbreviated as (F')-space).
This theorem, loosely speaking, represents an element f of (G (Ri))’ ,a > 1, by
giving its action on each layer of the inductive limit in the following way
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()= . /d Fapk()x P2 DP g (x)dx

d +
p,keNg

* Z d Fanm(0)x" D" ¢ (x)dx,

ml<j. Inl<j ” ®
where the LZ(R‘i)-functions Fa,pk and F 'A.n.m depend on the layer.

We briefly describe the content. We state the notation and definitions of the basic
spaces in Sect. 2. Section 3 is devoted to the topological isomorphism announced
above. The structural theorems are proved in Sect. 4.

2 Preliminaries
2.1 Notations

We denote by N, Z, R and C the sets of positive integers, integers, real and complex

numbers, respectively; Ng = N U {0}, Ry = (0, 00), R‘l (0, 00)? and Rd =
[O oo)d We use the standard multi-index notation. Let x = (x1,...,x5) € R

= (ki,...,kq) € Nd. Then |x| = /x? + - +x3, |kl = k1 + -+ + kq, k! =

kil kg!, xk = d k’ , Dk = ]_[?:1 aki/Bxfi. Furthermore, if x, y € R?, we also

use x¥ = H;l»:l x;/’ . In thlS case, if x; = O and y; = 0, we use the convention 00 =1.

We define the Laguerre operator as

For j € Ng and y > —1, the j-th Laguerre polynomial of order y is defined by

—VeX dJ
j‘e e, x =0,

X
LJ;(x) =

or, equivalently,

J 1
L;(x) Z(]+V)( T),XEO.

1=0 J=1

Fory = (yi,....7a) € Résuchthat y; > —1,j = 1,....,d and n € Nd,
the d-dimensional n-th Laguerre polynomial of order y is defined by L} (x) =
L,)f] (x1).. L,};d (xq). For y = 0, we write L, (x) instead of L0 (x).

The j-th Laguerre function (of order 0) is defined by /; (x) = L; (x)e ™2, x >0,

J € Ny and in the d-dimensional case we have [,,(x) = I, (x1)...l,,(xq), x € M
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n e Ng. The Laguerre functions form an orthonormal basis for Lz(Ri) and are
eigenfunctions for R i.e. R¥l,(x) = (—1)¥1nk1,(x), k, n € N¢, where

d

xi 1\
j=1

where, if k; = 0 then we have the identity operator in the j-th variable. The Laguerre

functions have a special role for the characterisation of the spaces G (Ri), a > 1,

considered below.
The Hermite polynomial H; and the corresponding Hermite function / ; are defined
by

Hio) = (=1 e e,
dx/

hi(x) = 1 jiym) e /2H;(x), x € R, j € Ny, respectively.
The d-dimensional Hermite polynomials H,, and Hermite functions 4, are defined by

H,(x) = Hn1 (x1)... Hnd(xd),
B (x) = by (xX1) ... hoy(xg), x € RY, n e N¢, respectively.

From [9], we recall that the space S (]Rff_) consists of all f ﬂoo(R‘_f_) such that all

derivatives D? f, p € N¢, extend to continuous functions on Ri and

sup xK|DP f(x)| < 00 ,Vk, p € Ng.
xeR‘jr

Equipped with this system of seminorms S (Ri) becomes an (F)-space. By s we
denote the space of all complex sequences {a,}, eNd such that

sup (|n] + 1)/ |a,| < oo, V) € Ny, (2.2)

d
neNj

which becomes an (F)-space when equipped with the seminorms (2.2). There
is a topological isomorphism between S (Ri) and s given by f — {(f,l4)}, eNd-
Moreover, for f € S (R‘_f_), Zn eNd (f, 1)1, converges absolutely to f in S (Ri) (ct. [9,
Theorem 3.1]). Also, the strong dual (S (Ri))’ of § (Ri) is topologically isomorphic to
the strong dual s” of s via the isomorphism 7'+ {(T, ln)}neNg andfor T € (S(Ri))’,
> N (T, I)1, converges absolutely to T in (S (Ri))/ (cf. [9, Theorem 3.2]).

Leta > 1anda > 1. We define s as the space of all complex sequences {a, },, eNd

|n‘l/a

. _ . . . o.a
for which [|{a,},, eNd |lsa = sup, Ny la,|a < 00. Equipped with this norm s

becomes a Banach space (from now on, abbreviated as (B)-space). We define s* =
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lim —, 5% In particular, s* isa (D F N)-space and its strong dual (s*)’ is the (FN)-

a—17
space of all complex valued sequences {b,}, end such that > eNd |bpla— 1" Ve 00,

foreacha > 1.
For o, A > 0, denote by Sg”ﬁ‘ (R?) the (B)-space of all ¢ € C>®°(R?) with norm

" Do) 2 _
Alnl+imlpla g 1«

lollges = sup
“ n,me g

The Gelfand-Shilov space S (R?), o > 0 (cf. [6-8] and the recent paper of J. Toft

and his collaborators [5]) is defined as an inductive limit of Sg” 2 (R?) with respect to
A:

SR = lim ST RY.

A—o0

The space S (R4 is nontrivial if and only if « > 1/2. In this case, we have the fol-
lowing dense and continuous inclusion: S (Rd) — S(RY). We denote by (S (R%yy

the strong dual of S (R9). Moreover, h,, € Sl 72 (Rd ),n € Nd and the space S5 (RY)
can be given through the Hermite expansions when it is n0ntr1V1a1 In fact, we have the
following result which proof is similar to the proof of [13, Theorem 3.4 and Corollary
3.5] and we omit it.

Proposition 2.1 Let o« > 1/2. The map Sg(Rd) — 52 f = {{f, h”)}neNg’ is a
topological isomorphism. For f € S5 (RY), > Ny (f, hn)hy converges absolutely to
f in S¢(RY).

The map (S (RY)) — (s2*), T > {(T, hn)}neNg’ is a topological isomorphism.
ForT e (8¢ (RY)Y, ZneNg (T, hyp)hy, converges absolutely to T in (S5 (RYyy'.

We will be particularly interested in the subspace S eyen (R?) of S%(R) consisting

of all “even” functions in &Y (RY), i.e. of all ¥ € Sg (R?) such that

Y (X1, e X1, =X, Xjg s -y Xg) = Y (X)), (2.3)

forallx:(xl,...,xd)eRd j=1,....d.

Proposition 2.2 The space Sy ., (R?) is a closed subspace of Sg (RY). In particular,
itisa (DFS)-space. Moreover Sy even (RY) consists of those Y € S (R?) which can
be represented as = ZneNg aznhzn where {a2ﬂ}neNg € s

Remark 2.3 Before we give the proof of this proposition, we want to explain the
meaning of {a,}, eNd € 52¢ Tt should be understood as the sequence {by} keNd € 52

such that the elements with indexes k = 2n,n € Ng, are equal to ap, and all the rest
are equal to 0. In the sequel, whenever we use this notation, it will have this exact
meaning.
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Proof Thefactthat Sy .., (R%)is aclosed subspace of S¢ (R?) is trivial. Itisa (D F S)-
space as a closed subspace of a (DF S)-space. If ¢ = ZneNg anhy, € 8 (R?), then
a, = fRd Y (x)h, (x)dx and {“n}neNg € 5% (cf. Proposition 2.1). Since hj(t)is even

when j is even and is odd when j is odd, the last assertion in the proposition follows.
O

For the moment, we denote by X the subspace of (S5 (RY)Y consisting of all
T e (Sg(Rd))/ such that T = ZneNg asphoy,, for some {aZH}neNg e (s2*y. Of
course, these are exactly the “even” tempered ultradistributions, i.e. the elements of
(S (R?))’ which remain unchanged under the antipode mappings in each coordinate
(cf.(2.3)). Itis easy to verify that X is a closed subspace of (S5 (R%))" and consequently,
an (F'S)-space.

Proposition 2.4 The strong dual of S (RY) is topologically isomorphic to X.

o, even

Proof By Proposition 2.2, §7 «yep (R?) is a (D F S)-space which is a closed subspace
of the (DFS)-space S5 (Rd) Hence [14, Theorem A.6.5., p. 255] implies that the
strong dual (82 oyen(RY))’ of Sg. even (R?) is topologically isomorphic to the (FS)-
space (S2(R?)) /(82 eyen RD))E, where

(S even RN ={T € (SYRHY (T, ¥) =0, Vi € ST eyen R}

is the orthogonal space to Sy CVCH(R ). By T € (Sg (RY)Y /(S5 even(Rd))J- we
denote the coset of T € (Sg (R%))’. We define the mapping I : X —
(SERNY /(S eyen RINE, I(T) = T. It is easy to verify that / is injective. For
T e (S"‘(Rd)) /(82 wen®RNE, let T =3, byhy. Then, Ty = 3., bonhay € X
and T — T, € (5 even(JR‘I))L Hence I(Tj) = T, which proves the surjectiv-

ity of I. Moreover, I is continuous since it decomposes as X — (S5 (RY)) —
(SEMRD)) /(S eyen®?)):, where the first mapping is the canonical injection and the

second is the natural mapping. Since X and (S ( R4YY /(S even(Rd V)L are (F )-spaces,
the open mapping theorem proves that [ is a topologlcal 1som0rphism. O

Remark25 From now on, we will identify (S, even(Rd))’ (the strong dual of
Sy even (R%)) with X. Tt follows directly from the proof of the previous proposition that
each T € (S% even(Rd))/ can be represented as ZneNd banhoy,, wWhere {bzn}neNd €

(%) and for ¢ = 3, (ya aznhon € 5§ eyenRY), we have (T, ¢) = 3, (g @2nban.

2.2 Test spaces

In this subsection we give the definition of the space G (Ri), o > 1, and its basic
properties (for details we refer to [10]). Let A > 0. We denote by Gg’ﬁ (]Ri) the space
ofall¢p € S (R ) such that
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xPTR/2 DP g (x) ”L%Ri)
Alp+kIf(@/Dk p/2)p

sup
p,keNg

Equipped with the seminorms

IxPHODP(x) || 2 e

) knyp .
A‘p+k‘k(a/2)kp(o‘/2)p -+ sup sup [x"DF ¢ (x)l, J € No,

|PI=] xeR4
kl=<j

04,j(¢) = sup
p,keNg

g Q(R ) becomes an (F)-space. (The extra term in o4, ; forces all derivatives of
¢ e Gz Q(R ) to be continuously extendable to the closure of R and ¢ to be well

defined element of S (R ).) When A; < Ay, G% A‘ (Rd ) is continuously injected into

C(Az
ozAz

Gg(R %) = lim P G (Rd) The space G§ (R ) is continuously and densely
injected into S (R ) and the Laguerre functions are in G“(R ) (cf. [10, Section 3]).

(R ). As alocally convex space (from now on abbreviated as l.c.s.), we define

Theorem 2.6 ([10, Theorem 5.7]) Let « > 1. Let f € LZ(R ) and a, =
fRi f®l,(@®)dt, n € Ng. Then f € Gg(RJr) if and only if there exist ¢ > 0 and

_n|l/
a > 1 such that |a,| < ca=""".

Moreover, since G§ (R ) is isomorphic (as a l.c.s.) to s%, important topological
properties of Gg(R ) and its strong dual (G (R )’ follow.

Theorem 2.7 ([10, Theorem 6.1]) Let « > 1. The mapping ¢ : Gg(R‘i) — 59,
o) = {{fs ln)}nENg, is a topological isomorphism between Gg(Ri) and s*. In

particular, G, (R ) isa (DFN)-space and (G§ (R )) is an (FN)-space.
For each f € GO‘(R ), ZneNd [, L)l is summable to f in G“(R ).

Theorem 2.8 ([10, Theorem 6.2]) Let o > 1. The mapping i : (G, (Ri))/ — (5%,
uT)={T, l")}neNg’ is a topological isomorphism.
Moreover, ZneN‘{f(T’ In)ly is summable to T in (G (Ri))’.

The last three results are crucial and we will often tacitly apply them throughout
the rest of this article.

Remark 2.9 In the sequel, we will use the following estimate

, s>0,a>1. 2.4)
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Moreover,

. . o .
5J gila 1 < (sl/eyi
S“P—=(S“P ) =225

jeNy j!a j€Ng j!

= 2_0‘6(‘1/2)5”&, s>0,0>1

i.e. there exists ¢ > 0 such that

,5>0,a>1. 2.5)

. . 2
3 Topological isomorphism between G (R‘_f_) and 8%/ (R%)

/2, even

From now on, we fix @ > 1. The goal of this section is to give the explicit topological
isomorphism between G (Ri) and S%/2 (RY).

/2, even
Throughout this section, we denote by v and w the following mappings:

UZRd%@, v(x):(xf,...,xg),
w:Ri—HRi, w(x) = (X1, - -5 /X0).

Fory = (y1,...,v4) € R? suchthat —y; ¢ N, j =1,...,d and m eNg,weuse

the abbreviation
14 d 14
_ J
(n)=11(7)

j=1

Moreover, we introduce the following notation 1/2 = (1/2,...,1/2) € Ri and
3/2=(3/2,...,3/2) e R4,

Proposition 3.1 Let ¢ = ZneNg anly be an element of G, (R‘i). Then ¢ o v is in
sY? (R?) and

/2, even

¢pov= Z by hoy,

d
neNj

where {b2"}neNg € s is given by

—lgzd/4/2n)! k—1/2
by = D ;mnz (2n) Zak+n( k/ ) neNd. 3.1

keNg
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/2

d . .
)2, even (RY), is a continuous

Moreover, the mapping ¢ +— ¢ o v, GZ(R ) - S
injection.

Proof By [4, (39), p. 192], for n € NZ we have
n — 1/2 _1/2 od
L =
n(X) Z( . ) [P0, x e RL.
m=<n

Recall, [4, (2), p. 193]

—1/2 (-1
) = 277 /1

Hyi(1), t e R, j € Np.

Thus, for x € RY, n € N¢,

m—1/2\ (=D /2n =2
z(v(x))—nd/“z( ) e bt )
—m —1/2\ (=) /2m)!
_nd/4z(n /)( )zlml 2m)! o (). (32)

Let ¢ (x) = ¢(v(x)), x € R%. Clearly, ¥ € C(RY). Observe that,

Y =) = D anly(v(x)

d
neNj

—m —1/2\ (= D"/ 2m)!
— 2l g Z(” " /)( ) ( )2m(x).

2lmly,
nENd m=<n

We will prove that the double series is absolutely convergent in L (R?). By Cramér’s
inequality [4, (19), p. 208], we have |h,(x)| < 1, foralln € Nd, x € R4, For j € N,
we have

(j _ 1/2) _@j-nr_ @ (3.3)

j 21 T 20t T
This inequality trivially holds for j = O since, in this case, the left hand side is equal
to 1. Hence,

. (n—m—l/Z)( 1)""'«/(2 )1

d
<lau|, x e R, n>m.
n—m z‘ml _| nl’ e ) -

ham (x)

Since {an}neNg is in s (cf. Theorem 2.6), the double series in the equality for v (x)

converges absolutely in L (R?). Thus, we can change the order of summation in
order to obtain
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—1)lml/ —m -
yon) = it S SO VI (Zm)!hzmmZan(" " 1/2)

2Imipm) n—m
meNg nzm

= Z bomhom (x),

meNg

where

—1)lmlgd/4 —
by — (=M% /(2m)! z i (n 1/2)’ e Ng.
n

2lmip)
neNg

If ¢ varies in a bounded subset B of G§ (R‘i), then the sequence {a,}, eNd varies
in a bounded subset of s* (cf. Theorem 2.7). Since s* is a (D F S)-space there exist
C,a > 1suchthat|a,| < Ca*\nll/a,‘v’n € Ng.T he Cauchy-Schwarz inequality yields

)% 4 |m|V% < 2(n| + |mDVY, Vi, m e N¢. (3.4)

1/a _ 1/ .
Ja Im [ Hence, there exist @', C’ > 1 such that

. Using (3.3), we can estimate by, as follows

Thus g~ In+mI" < \/57|H|

_ ﬁa _ 1/a
! —n /—|m
|an+m| < C'a I g/ =m

_ /e S V] _ 1/a
|bom| < C'd’ Im| E a M < Py e NY
d
neNj

1/a
where a” = a'1/?

a bounded subset of s%. Thus, the mapping ¢ — ¢ o v, G (R‘fr) — Sz//zz even(R"),
is well defined and it maps bounded sets into bounded sets (cf. Propositions 2.1 and
2.2). AsG¢ (Rfﬂ) is bornological, the mapping is continuous. Clearly, this mapping is

injective. o

. Hence, when ¢ varies in B, the sequence {bo},, e Vvaries in
0

Proposition 3.2 Let v = ZneNg aznha, € Ss//zz wven(RD). Then, wlRi ow €
G%(RL) and

Yipd ow = D bulu,

d
neNj

where {b"}neNg € s% is given by

B (—1)lniplnl (k — 3/2) (= )K2IK (& + n)lang 1 2n neNd.  (35)
9 0- .

T gd/A Qk +2n)!

keNg

Moreover, the mapping V¥ +— wIRi ow, Ss//; even(]R"-’) — GY (Ri), is a continuous

injection.
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Proof Werepresent hy, as a finite Laguerre series. The equality [4, (2), p. 193] implies

~1/2

Hay(x) = (=D"M22M1 L 72 (u(x)), x e RY, noe NE.

Thus, by using [4, (39), p. 192], we have

Hap(x) = (=122l Z( B 3/2) (), x eRY n e NE,
—m

m=<n

ie.

(=Dl [22Inlp12 —m— 3/2
han (W) = — 7\ | =5 Z( )lmm, (3.6)

d 2
where x € RY, n € Nf. Let ¥ = 3, oy @2l € S5/3 eyen(R. Then {a2,},, s €
s (cf. Proposition 2.2). Hence, there exist C, a > 1 such that

lazal < Ca™?1" | wn e NE. (3.7)

Let ¢ (x) = ¥ (w(x)), x € RL. Clearly, ¢ € C(RY). We have

(—=Dlay, [22In1p12 n—m—3/2
b0 =2 o Z( o )lm(x). (3.8)

neNg m=n

By [4, (3), p. 2051, |1, (x)| < 1, forallx € RZ, n € N¢. Similarly as in (3.3), we have

—m—3/2
(n " /)'51, forallnzm,n,meNd.
n—m
Since,
S~ ——, as j —> o0,
J VT
we obtain

(=Dl [22Inlp12 (n —m—3/2

A\ ) )lm(x) < Ci(lnl + D2, (3.9)

n—m

n,m € Ng, n > m, for some C; > 1. By (3.7), we can conclude that the series on

the right hand side in (3.8) converges absolutely in L>° (M). Thus, we can change the
order of summation in order to obtain ¢ (x) = ZmeNg byl (x), where
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(=Dylmigin Z (n _ 3/2) (=D)"2I" e+ m)lazy1om
m = T dja n J@2n +2m)! '

d
neNj

To estimate b,,, we can perform analogous technique as for (3.9). Hence, forallm € N‘é,
we obtain

bl < C2 > (In+m| 4 DPPa=Pre2ml’ < o3 57 grlmiml'l,

d d
neNj neNj

for some 1 < a’ < a. Now, (3.4) implies that there exist C”,a” > 1 such that
bl = C"a" = ¥ € NG, ie. (bn},erg € 5% Thus, ¢ € G&(RY). If ¥ varies

in a bounded subset B of Sa/ 2 (R%)Y, then (3.7) holds with the same C, a > 1 for

/2, even
all the sequences {a2,}, eNd generated by ¢ € B (since Sz//; even(Rd) is a subspace

of the (D F S)-space Sg//zz (R9Y). Thus, from the above proof, it follows that {b;, },, eNd
varies in a bounded subset of 5%, i.e. ¢ varies in a bounded subset of G& (Ri). Hence,
the mapping ¥ > Vg o w, 83;22 even B — G%(RY), is well defined and maps
bounded sets into bounded sets. As S, 72, even (R isa (DF S)-space (cf. Proposition

/2
2.2),itis bornological. Hence, the mapping is continuous. The proof for the injectivity
is trivial. O

Combining the above two propositions, we obtain the following result.

Theorem 3.3 The mapping ¢ — ¢ o v, G‘&‘(Ri) — Sz//zz even(Rd) is a topo-
logical isomorphism. If ¢ = ZneNg aply, then ¢ ov = ZneNg banhoy,, where

{b2n}neNg € s% is given by (3.1). The inverse of this mapping is given by ¥ +— w\Riow’
2
S%/ (RYy — Gg(R‘i). Ify = ZneNg axphop, then Y ow = ZneNg b,l,, where

/2, even

{bnyeng € s is given by (3.5).

If we denote by J the isomorphism i — wlRi ow, S*/? (R?) — G¢ (R‘fr)

a/2, even
with 3_1 1P gou, GZ(Ri) g SS//zz, even

!J is an isomorphism between (G¢ (Ri))’ and (Sa/ 2 (R%))’. By Proposition 2.4

/2, even
(and the remark after), for 7 = >, a,l, € (GS (Ri))/ there exists {by, }neNg € (s%)

such that ‘3T = 3", byhon € (S%(RY)). Then, (3.6) implies

(R9) being its inverse, then the transpose

m _(=Dm2llp n—m-—3/2
bow = (3T, hap) = W% T an. (3.10)
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Similarly, given T = 3, asuhan € (5% cyen R, (37T € (G(RY)). Hence,
ta-hr = >, bnly, for some {bn}neNté € (s*)'. The equality (3.2) implies

I NN
bn=<‘(3‘1)T,ln>=nd/4Z(” " 1/2)Ma2m. 3.11)

n—m 2lmip)
m=<n

Since /(371) = (*3)~!, we proved the following theorem.

Theorem 3.4 The transpose 'J of the isomorphism 3 : ¢ > WIRi o w,
SY2 (RY) — Gg(Ri), is a topological isomorphism 'J : (Gg(Ri))’ —

/2, even

(SOl/2 (RY)). The image of > aanly € (GS (R’i))/ under this isomorphism is

/2, even
> bonhog, where {b2"}neNg € (s¥) is given by (3.10). The inverse of this isomor-

phism (3)~" maps Y, axhan € (Sa)y. cyenRD) int0 Y, buly € (GLRY)Y', where
(b} eng € () is given by (3.11).

Remark 3.5 Let o, n € Ng, be measurable functions on Rﬁ such that o, (p)/(1 +
p)"? € LXRY), for all n € N and for each A > 0,

> |

d
neNg

Altlpen/2 < oo,

n/2
onp)/ U+ o]

Then, by [10, Lemma 7.5] >, eNd On COVerges absolutely in (G% (Ri))/ to some o.

Moreover, the same result also states that 6, (x, £) = o, (2)612 +2¢& 12, e, 2x3 + 255) is
measurable on R*¢ and >, On converges absolutely in (SZ//Z2 (R24))’ to some &. The
Weyl pseudodifferential operator with symbol ¢ is well defined and continues mapping
from &% (R9) into S (R%), it extends to a continuous mapping from (SY (R9Y)) into
(S(RY)) and it is given by W f = >, fioxhk, where f = >, fihx € (S¢(RY))
and oy = 2m)2(=1)*1274 (5, 1}) (see [10, Theorem 7.6]). By Theorem 3.4, each
o given as above originates from a unique even tempered ultradistribution by the
isomorphism (‘3)~! 1 (8%72 .. (RD)) — (GX(RL)).

/2, even

4 Structural theorems
4.1 The first structural theorem

In order to give the first structural theorem, we need to introduce some additional
terminology.

Let {M}} enN, be a sequence of positive numbers such that satisfies the following
condition (see [12]):

(M.1) M}, <M, Mpi1,peN.
Notice that the condition (M.1) is equivalent to the assumption that the sequence
mp = My/Mp,_1, p € N, increases monotonically. Furthermore, if the sequence
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mp =Mpy/M,_1, p €N, tends to infinite, then we define the associated function of
M as (cf. [12]):

P Mo

t
M(t) = sup In , t €(0,00).

reNp )2

It is a monotonically increasing continuous function which vanishes for sufficiently
small# > 0andincreases morerapidly thanln ¢? forany p ast — co. We are interested
only in the sequences of type {p!“} en,, with @ > 1. So, from now on, we specialise
M, = p!*, p € No. Thus M(-) will be the associated function of {p!*},cn,. Given
a sequence of positive numbers {rj},cn Which monotonically increases to infinity,
the sequence with zeroth term equal to 0!“ = 1 and p-th term equal to p!“ H;’:l T,
p € N, also satisfies (M.1) and one can define its associated function, which we
denote by Ny, (-).

Before we state the next result, notice that the operator R¥ k € Ng, is continuous
onS (Ri) and on S’ (Ri) (recall (2.1) for the definition of R¥).

Lemma 4.1 Foreachk € N‘é, R¥ acts continuously on G (]R ).

Proof Ifp =3 N ayly, varies in a bounded subset of G, (]R ), then {a,}, eNd varies
in a bounded subset of s*. Since >, eNd anl, converges absolutely to ¢ in S (R ), we
have de) => . ay R¥I, = > an(— 1)““ k7, and the series converges absolutely in
S(Ri). It can be easily proved that {a, (—1)|k|nk}neNg is in s% and when {“"}neNg
varies in a bounded subset of s* so does {a, (— 1)|k|nk}n€Ng. Hence, R* is well defined

as a mapping from G¢ (Ri) into itself and it maps bounded sets into bounded sets. As
G¢ (Ri) is bornological, RF is continuous. O

By duality, we can define the transpose ‘RF of R¥ as a continuous opera-
tor on (G“(R . T = ZneNg byl,, then one easily verifies that RKT =

> b (= 1)Kk, (since {bn}neNd € (s%), the sequence {b,(—1)kInk} GNd also

belongs to (s*)" and thus the right hand side is a well defined element of (G% (R )) ).
We come to the conclusion that ?R¥ coincides with R¥ when 7' € G ]RJ) -
(G (R ))’. Hence, from now on, we will write R¥ instead of  R¥.

Following Komatsu [12], we call an entire function P :C? > C, P(zx) =
>0 Ny ¢, 2", an ultrapolynomial of class {p!“} if for every & > 0 there exists C > 0

such that |c,| < Ch!"l/|n|!*. By [12, Proposition 4.5], P is an ultrapolynomial of class
{p!®} if and only if for every i > 0 there exists C > 0 such that | P(z)| < CeM "Iz,
Vz € C¢. Now, notice that Remark 2.9 yields that P is an ultrapolynomial of class
{p!*} if and only if for every & > O there exists C > 0 such that |P(z)| < Cehml/a,
Vz e C4,

Next, for a given ultrapolynomial P(z) = >, ¢,z" of class { p!*}, we will show that
the operator >, cnR", denoted by P(R), is a well defined and continuous operator on
G (]R ) and (G (R ))/ In the proof we will use the fact that £, (G¢, (R ), GS (R )
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and Lb((G"‘(R )Y, (G“(R ))’) are complete (cf. [18, Corollary 1, p. 344]; notice
that G¢, (R ) and (G (R ))’ are bornological and complete spaces).

Lemma4.2 Let P(z) = >,
anNd cy R"™  converges absolutely in  both Eb(G“(R ), G“(R ) and
Ly((GARD)Y, (GLRL))).

N cpZ" be an ultrapolynomial of class {p'*}. Then,

Proof Since G§ (R ) is a barrelled and complete space, its topology is given by the
system of seminorms ¢ > supycp (T, ¢)|, where B’ ranges over all bounded subsets
of (G¢ (R ))’. Hence, the topology of £(G% (R ), GS (R )) is given by the system
of seminorms

@ sup (T, ()},

TeB'
¢eB

where B and B’ range over all bounded subsets of G (]R ) and (G§ (]R ))’, respec-
tively.
To prove that > eNd cp R" converges absolutely in £5(GS (R ), G“(R )), we

have to prove that for each such B and B/,

> leal sup [T, R"$)| < oo 4.1)
d TeB'
neNj $eB

Fix such Band B". Let¢p = > ay¢lp, ¢ € Band T = >, by 7ly, T € B'. Thus,
{{an,¢}nl ¢ € B} is bounded in s* and {{b, 7},| T € B’} is bounded in (s*)’. There
exista, C > 1 such that |a, ¢| < Ca"”'l/a, foralln € Ng, ¢ € B. For this a, choose
1 < b < al/*. Then, there exists C; > O such that |bp.T| < C1b|”|l/a foralln € Ng,
T € B’. Moreover, there exist s, C; > 1 such that |m|"l < C2s|”|b|m‘l/a|n|!“, for all
n,me Ng. Hence,

sup |(T, R"$)| < sup Z \am | 1bm, 7] Im|" < C35" |01, Vn € N§.

! ’
Tl Tl e

Since P is an ultrapolynomial of class { p‘“} the last inequality implies (4.1).
The topology of L, (G (]R ), (G (R ))’) is given by the system of seminorms

@ = sup (D(T), ¢)|,

TeB'
¢eB

where B and B’ range over all bounded subsets of G& (R ) and (G (R ))’, respec-
tively. In £, ((G% (R ), (G (R N>, eNd Cn R converges absolutely if we prove
that for each such B and B’
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> leal sup [(R"T. ¢)| < oc.
neNg {ng

This can be done by using the same technique as above. O

Before we prove the main result of this subsection, we state the following three
technical lemmas. The first one is proved in [17].

Lemma 4.3 ([17, Lemma 2.4]) Let g : [0, 0c0) — [0, 00) be an increasing function
such that satisfies the following estimate: for every h > 0 there exists C > 0 such
that g(t) < M(ht) 4+ InC. Then there exists a subordinate function €(t) such that
g(t) < M(e(t)) + InC’, for some constant C' > 1.

For the definition of a subordinate function see [12, Definition 3.11].

Lemma 4.4 Let B be a bounded subset of (s*). There exist a sequence of positive
numbers {rp},en which monotonically increases to infinity and C' > 1 such that

byl < C"eNre 1D for all n e N¢, (bn}end € B.

Proof Since B is a bounded subset of (s¢)’, for every h > 0 there exists C > 1
such that |b,| < CeM®I"D for all n € NI, {b,}, € B’ (cf. Remark 2.9). Define
f:10,00) = [0, 00) as

S(@) = sup Ing |bg|, 1 € [0, 00).
[k|<t
{bn}nEB

One easily verifies that f is a nonnegative monotonically increasing function and for
every h > 0 there exists C > 0 such that f(¢) < M (ht) + C. Thus, we can apply
Lemma 4.3 to obtain the existence of a subordinate function ¢ : [0, c0) — [0, c0) and
C1 > 1 suchthat f(r) < M(e(t)) + Cy,t € [0, 00). Now, [12, Lemma 3.12] implies
the existence of a sequence N, p € Ny, of positive numbers which satisfies (M.1)
such that M (e(t)) < N(z),t € (0, 0o) (N(-) is the associated function of the sequence
Np)and NyMp_1/(Np—1Mp) — o0 as p — oo. Define r;, =N,M,_1/(Np_1M,),
p € N. Since r;) — 00, one can find a monotonically increasing sequence of positive
numbers {r,},cn which tends to infinity and r, < r;,, p € N. Then,

t? No tP
f@®) <N@)+Cy= sup In +C = suplnﬁ_i_cl
€Ny p peNy Mp Hj=1 Vj
tP
< supIn ——5—+C1 =N, (1) + Cy.
reNp Mp H?:] T r
By the definition of f, this readily implies the conclusion of the lemma. |

The next lemma is proved in [16]; here R stands for the set of all sequences of
positive numbers which increase monotonically to infinity.
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Lemma 4.5 ([16, Lemma 2.1], Roumieu case) Let v’ > 1 and (kp) € R. There exists
an ultrapolynomial P (z) of class {M} such that P does not vanish on RY and satisfies
the following estimate:

There exists C > 0 such that for all x € RY and o € N4,

|
D% (1/P(x))| < c%e—%ﬂxl).
r

As a special case, we see that for any given sequence of positive numbers {rp} ,en
which increases monotonically to infinity, one can find an ultrapolynomial P(z) of
class {p!®} and C > 0 such that | P(x)| > Ce™»*D for all x € RY.

Theorem 4.6 Let B’ C (G2 (Ri))’ be a bounded set. There exists an ultrapolynomial
P(2) of class {p!*} and a bounded set B in Lz(Ri) such that for each T € B’ there
exists Fr € B satisfying T = P(R)Fr in (Gg(Ri))’.

Conversely, given a bounded set B in LZ(RSJF) and an ultrapolynomial P(z) of class
{p!*}, P(R)F belongs to (G§ (Ri))’for each F € B and the set {P(R)F| F € B} is
bounded in (G£(R%))'.

Proof Let T = ZneNg bu,rly, T € B'. The set {{bn,1},c
(s*)". Lemma 4.4 implies that there exists a sequence of positive numbers {r,} peN

NI T € B’} is bounded in

which increases monotonically to infinite such that |b, 7| < C’ eNro 1D foralln e Ng,
T € B'. We define the sequence {r),} ,en by r} =min{l,r},j=1,...,d +1and
r;. =7rj_d—1,j = d+2,j e N. Then, {r;,} peN increases monotonically to infinity,

r;, <rp, p € Nand there exists C; > 1 such that

5 N, (@
9+ 4 DeMVr® < Gre v Z)+eN”’(Z), t €10, 00).

Hence, if we define k), = r;,/2°‘,~p € N, the sequence {k},eN increases monotoni-
cally to infinity and there exists C2 > 1 such that

@+ DV < a1 € [0, 00).
By Lemma 4.5, we can choose an ultrapolynomial P(z) =", eNd Cn 7" of class { p!*}

such that |P(x)| > CeMor ™D for all x € RY. Lemma 4.2 verifies that P(R) acts
continuously on G¢, (Ri) and on (G§ (be)’. Observe that

bn,T
P(—n)

2
<C Z 2 Nrp (1) o =2Ni, (In]) <C,, VT € B'.

d
neNj

2

d
neNj
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Hence, Fr = ZneNg (bn,7/P(—n))l, € Lz(Ri) and the set {F7| T € B’} is bounded
in L2(RY). As L2(RY) € (GL(R4)Y, P(R)Fr € (G%(R%))". Moreover,

P(R)l, = Z emR™, = Z em (=)L, = P(=n)l,.

meNg neNg
Hence,
bn,T
P(R)Fr = > P(_n)P(R)ln = > burly=T.
nEN‘OI nEN‘é
The converse part of the theorem is trivial. O

4.2 The second structural theorem

Before we prove the second structural theorem, we need several preliminary results.
Firstly, using the Sobolev embedding theorem, we will prove that the topology of
S (Ri) can be defined by L2?-seminorms instead of supremum seminorms. We need

to verify that Ri satisfies the strong local Lipschitz condition (cf. [1, Definition 4.9,
p- 83]) in order to obtain the assertion. For the moment, denote C = Ri. On the

hyperplane x; + --- + x4 = 0 take d — 1 orthonormal vectors &j,...,&;—1 and
let &g = (—1/\/2, e, —1/\/3) (given in the x1, ..., x4 coordinate system). Then,
&1, ..., &4 1s an orthonormal basis for RY. Notice that the boundary of C is exactly the
graph, given in the (&1, ..., &;)-coordinate system of a continuous piecewise linear
function f in &, ..., &;_1 such that the domain of each piece is a polyhedral cone.
Thus, this function is Lipschitz continuous on R?~! and C is represented by the
inequality &5 < f (&1, ..., &g—1). This proves that C = Ri satisfies the strong local

Lipschitz condition. Thus, the Sobolev embedding theorem [1, Theorem 4.12, p. 85]
is applicable on R? , i.e. forall j € Ny, the Sobolev space H/ /0 (Ri) is continuously

injected into C/ (@), where 2jo > d > 2(jo—1) (here, C/ (@) denotes the (B)-space
of all functions which have bounded uniformly continuous derivatives up to order j;
the norm is given by sup; < ; sup, eR? |D¥(x)|). This implies that the topology on

S (Ri) can be given by the family of seminorms

1/2

— X" D"p|? , j e Np.
¢ 2 WD el JjeNo

Im|<j,n|<j

Now, we can give an alternative representation (again as an inductive limit) of G& (]Ri)
which will enable us to prove the second structural theorem. For A > 0, we denote
by Gg’ﬁ(]Ri) the space of all f € S (Ri) such that
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(p+)/2 pp
X7 2D O, g
< o0

A2|p+k|kak ap

d
p.keNj

From the alternative definition of the topology of S (Ri) given above, the space
oc A
a A(]R ) with the seminorms

) ||x(p+k)/2Dpf(x)||L2(Rd)
GA’j(f) = Z A2|p+k|kak ap
p,kENg
172
+ 2 WD, | i €N,

lm|<j, n|<j

0tA1

becomes an (F)-space. When A1 < Ay, G w Ay (]R ) is continuously injected into

Z ﬁ; (RY). Clearly, Gg:ﬁ(Ri) is continuously injected into G, A(R ) and Gg Q(R )
is continuously injected into nggg(Ri) Hence, G2(RY) = lim — G% A(R 4) as
al.c.s.

Proposition 4.7 Let A > 0. For each T € (Ga A(R )Y, there exists j € Ny and

Fapx € L*RY), p.k € Nd and Fppm € L2 (RL), n,m € NI with |n| < j,
|m| < j, such that

2 k 2 I 2
E A2k pep e ||FA,p,k||L2(Ri) + E ”FA’”’m”LZ(Rﬂ_) < oo (4.2)
p.keNd Im|<j. In|<j

and for all ¢ € Gz Q(R ),

(T.¢)= . / F pk(0)xPT2DP g (x)dx
pkENd i

. / P (05" D" (1)dx. 43)

Im|<j, Inl<j

Conversely, given j € Ngy and a set of Lz(Ri)-functions {(Fapklp. k € Ng} U
{ﬁAnk|n m e N¢, |n| < J, Im| < j} such that (4.2) holds, there exists T €
(GLARY)) given by (4.3).

Proof For j € Ny, we define

Uj= |_| Ri,p,k I_l I_l IR(-ii-nm’

(p.k)eNZ¢ (n,m)eNz¢
In|<j. Im|<j
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where, as standard, | | denotes disjoint union. Each member of this disjoint union is
an exact copy of Ri. We equip U; with the disjoint union topology. Since there are
countably many copies of Ri, U; is Hausdorff locally compact space and an each
open set in U; is o-compact. We define a Borel measure w; on U; by

//L](E) — Z A72|P+k|p*0lpk70(k|E mRi’p’kl
(p.k)eNZ¢

+ Z |EmR+nm|

(n,m)eN%d
[n|<j,Im|<j

where |EﬂRd k| and |E ﬂR+nm
|E ﬂRi nomls respectlvely (clearly, E is a Borel setin U if and only if E ﬂRi ik and

EN Ri n.m are Borel sets in Rd Yopok and R? % n.m- respectively, forall p, k,n,m € NO,

|m| < j, In| < j). As readily seen, u; is locally finite, o-finite and 1 ;(K) < oo
for every compact set K in U;. By the properties of U, u; is regular (both inner
and outer regular). Now, observe that, for each j € Ny, G G* Q(R ) is continuously

injected into L2(UJ , ;) by themapping J; : ¢ — F, where F is defined by F|R =

+,p.k
xPTRZDPg(x) and F”Ri.nm = x"D"¢(x), p,k,n,m € N3, |m| < j, |n| < j.In
fact, '

| is the Lebesgue measure of E N Ri ik and

(p+k)/2 pp
IxPHORDPOCONT, g

Z . A2\p+k|kozk ap
p,kENO

+ 2 WD W,

lm|<j, |nl<j

= / FPdp; = 1F12, (44)

U;

Ga.j(9)?

IfT e (ng(R )), there exist j € Ng and C > 0 such that [(T, ¢)| < C54,;(¢).
From (4.4), T induces a continuous functional on J; (Ga A(]R )) when this space is

equipped with the topology induced by L?(U; j» ;). By the Hahn-Banach theorem,
we can extend T to a continuous functional T on the whole L?(U j» ;) and hence
Te Lz(Uj, w ;). Denote

— A2lp+k| y—apj—ak
Fapr=A p Tk T|R+,p FA nm = T|R

+nm

where p,k,n,m € N, |m| < j, In| < j. Then, Fa p i, Fanm € L*(RZ), for all

p.k,n,me N4, |m| < J» In] < j and (4.2) holds since this is exactly ||T||L2(U )"

For ¢ € Gg Q(R ), we have
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(T.6) =T6;@) = | 3,6)Tan,
j
= > /d Fa px(x)x P2 DP g (x)dx
P, keNd +
+ X P Do,
Iml<j. Inl<j /&%
The converse part follows trivially. O

Theorem 4.8 Let T € (Gg(Ri))’. Then, for each A > 0 there exist j = j(A) € Ny
and a set of Lz(Ri)-functions

{Fapklp k e NSYU(Fapmln,meNg, |n| < j, Im| < j} (4.5)

such that (4.2) holds and the restriction of T to each ézjg(Ri) is given by (4.3).

If for each A > 0, there exist j = j(A) € Noand a set of Lz(Rd )-functions (4.5)
such that (4.2) holds, then for each A > 0 there exists Ty € (G (R )) given by
(4.3). Furthermore, iffor each A1 < Az, the restriction of Ta, to Gg ‘21 (R ) coincides
with TAI, then there exists T € (G§, (R )) such that for each A > 0 the restriction of

T to G (R )is Ta, ie. for ¢ € G (R ), (T, @) is given by (4.3).

Proof The first part follows directly from Proposition 4.7, since the restriction of 7' to
each Gz:ﬁ(Rd ), A > 0, is continuous. For the second part, observe that the existence
of Ty € (G (R ))’, for each A > 0, given by (4.3) is verified by Proposition 4.7.
Furthermore 1f Ta, A > 0, satisfies that for each A; < A, the restriction of TA2 to

Z ﬁi (Rd ) coincides with T4, then one can define a linear functional 7' : G, (R ) —

Cby (T, ¢) = (T4, ¢) when ¢ € Ga A(Ri). Because of this condition, this is indeed
a well defined linear mapping into C. The continuity of 7 follows from the fact that
each restriction of 7 to G (R )is T4, A > 0, which is continuous as a mapprng

from Gg onto C and the fact that G3 (R ) is the inductive limit of G (R ) as

A — o0. O
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