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Abstract We investigate global microlocal properties of localization operators and
Shubin pseudodifferential operators. The microlocal regularity is measured in terms
of a scale of Shubin-type Sobolev spaces. In particular, we prove microlocality and
microellipticity of these operators.
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1 Introduction

The microlocal approach to the study of singularities of a tempered distribution, that
is in terms of some wave front set, may be viewed as the study of a resolution of
singularities in the phase space. Several types of wave front sets have been investigated,
including those that also encode growth singularities apart from singularities defined
by lack of derivatives.

One of these wave front sets was introduced in [9] and further investigated in [15],
therein called the Gabor wave front set WF (1) of a tempered distribution u. It consists
of phase space directions in which a tempered distribution deviates from being both
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smooth and rapidly decaying, i.e. a Schwartz function. It has been shown that the
Gabor wave front set may be characterized by the lack of rapid decay of the Gabor (or
short-time Fourier) transform in open cones of the phase space. A main application of
the Gabor wave front set concerns propagation of singularities for Schrodinger-type
equations, see e.g. [4,11,13,14,17].

A natural class of operators associated to the short-time Fourier transform is local-
ization operators (also called anti-Wick-quantized operators or Toeplitz operators),
see e.g. [3,6]. These may be interpreted as time-frequency multiplication operators
defined by a symbol.

It is a natural question to study the interplay of the Gabor wave front set and local-
ization operators, and this paper is intended to contribute to this field. Many of the
arising questions may be transferred to questions regarding pseudodifferential opera-
tors. This is usually achieved by exploiting the Weyl-Wick connection, which states
that any localization operator may be written as a Weyl-quantized pseudodifferential
operator with a symbol that is the convolution of the anti-Wick symbol with the Wigner
distribution of the window function.

The Shubin calculus of pseudodifferential operators has been used to prove results
on microlocality and microellipticity of pseudodifferential operators with respect to
the Gabor wave front set [9, 15]. Roughly speaking these state that the application of a
time-frequency filter to a given signal does not create more singularities than originally
present, and filters out at most singularities situated at points where its symbol vanishes.

In this paper we study a finer resolution of singularities by replacing the Gabor
wave front set with the notion WF gs (u) € WFg (1), called the Sobolev—Gabor wave
front set of order s € R, based on the scale of Shubin-type Sobolev spaces Q°. The
rapid decay in open cones in phase space, that negatively defines the Gabor wave front
set, is then replaced by polynomially weighted square integrability in open cones. The
Sobolev—Gabor wave front set was introduced by Nicola and Rodino [13]. It is in fact
a special case of a general modulation space construction where the exponent p = 2
isrelaxed to 1 < p < oo [4].

While the Sobolev—Gabor wave front set has been used in [13] to study propagation
of singularities for Schrodinger equations, few of its other properties have been inves-
tigated and the present paper is intended to investigate some of its basic features. Our
main results concern microlocality and microellipticity of Shubin pseudodifferential
operators with respect to Sobolev—Gabor wave front sets, of orders that differ by the
order of the operator. Together with

WFG () = | WFgs(u) € TR\,
seR

(see Proposition 3.6) we recover known microlocal and microelliptic results for the
Gabor wave front set.

The paper is structured as follows. In Sect. 2 we introduce notation and preliminary
results. In Sect. 3 the Sobolev—Gabor wave front set is described and related to the
Gabor wave front set, and several characterizations are investigated. Finally, in Sect. 4
we prove microlocality and microellipticity with respect to the Sobolev—Gabor wave
front set for pseudodifferential and localization operators.
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2 Preliminaries

An open ball of radius > 0 and center at the origin in R? is denoted B,, and the unit
sphere in R? is denoted Sy_;. We write f(x) < g(x) provided there exists C > 0
such that f(x) < Cg(x) for all x in the domain of f and g. The Japanese bracket on
R is defined by (x) = /1 + |x|2. For it, Peetre’s inequality (x + y)* < (x)S (y)lsl,]
s € R, is valid.

The Fourier transform on the Schwartz space . (R9) is normalized as

FrE) =7 = /]R Jf@eT™dx, g R fe SR,

and extended to its dual, the tempered distributions .7’ (RY).

The inner product (-, -) on L>(R?) x L?(R%) is conjugate linear in the second
argument. We also use these notations to denote the (conjugate) linear action of .’ (R?)
on .7 (RY).

In the following we recall some notions of time-frequency analysis and pseudodif-
ferential operators on R?. For these topics [6-8,10,12,18] may serve as general
references.

By ¥ € .7 (R%) we denote the L?-normalized standard Gaussian window function
Yo(y) = = dl4e=3 Letu € .Z'(RY) and ¥ € ./ (RY\O. The short-time Fourier
transform (STFT)! Vyu of u with respect to the window function v, is defined as

Vyu: R > C, z> Vyu(x, §) = u, TIY),

where I1(z) = M: T,z = (x,§) € R2 s the time-frequency shift composed of the
tpanslation operator T, ¥ (y) = ¥ (y — x) and the modulation operator Mgy (y) =
eVEY(y).
We have Vyu € C % (R%4) and there exists N € N such that
Vyu@)| S @)V, zeR¥.

Let ¢ € .7 (R?) satisfy ||/||;2 = 1. The Moyal identity
(u, g) = (27r)*d/2d Vyu(z) Vyg(@)dz, ge SR, ue s RY,
R

is sometimes written

U= (2;1)—”1/ [ Vyu(s, ©) MeToyrdu dé, u e S (RY),
]RZ

! The STFT is also called Gabor transform in case ¥ = Yo and is closely connected to the so-called
Bargmann and Fourier—Bros—Iagolnitzer transforms.
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with action understood to take place under the integral. In this form it is an inversion
formula for the STFT. It can also be written (Zn)_d VJ Vy = I which is formulated
with the adjoint

viF= [ Foned
R2d

that satisfies

(V;;F, g)LZ(Rd) = (F, ng)LZ(RZd),

for g € S(RY) and F € (L2, N.")(R*?), and extends to F € .7/ (R*?).
Leta € C®(R*) and m € R. Then a is a Shubin symbol of order m, denoted

aeG" ifforalla, B € N there exists a constant Cqap > 0 such that
0990 a(x, £)] < Copl((x. &))" =PI x £ e RY. @1

The Shubin symbols form a Fréchet space where the seminorms are given by the
smallest possible constants in (2.1). We denote

G°°=UG'”

meR

and obviously

() G" =7®).

meR

For a € G™ a Weyl-quantized pseudodifferential operator is defined by

a”(x, Dyu(x) = /M I ((x + ) /2, &) u(y)dy d&, u € S (RY),
R

when m < —d, where we use the convention dé = (277)~%dé. The definition extends
to general m € R if the integral is viewed as an oscillatory integral. The operator
a®(x, D) then acts continuously on . (R%) and extends by duality to a continuous
operator on .7’ (R?). We remark that this quantization procedure may be extended to a
weak formulation which yields continuous operators a* (x, D) : .7 (R?) — .#/(R%),
even if a is only an element of .¥” (R*).

Let (a;) =0 be a sequence of symbols such that a; € G™/ and m; — —o0 as
J — +oo, and set m = max;>om ;. Then there exists a symbol a € G™, unique
modulo . (RM ), such that

n—1
m! /
a—EajeG'l, n>1, m, =max mj.
j=n
=0 ’

This is called an asymptotic expansion and denoted a ~ > j>04j-
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The Weyl calculus enjoys the property a” (x, D)* = a* (x, D) where a% (x, D)*
denotes the formal adjoint. The Weyl product is the symbol product corresponding
to composition of operators, (a#b)"”(x, D) = a"(x, D) b (x, D). It is a bilinear
continuous map

#:G"xG"—> G"™  m,neR.

We have the following asymptotic expansion for the Weyl product of a € G and
beG",m,neR:

N
atb(x,&) ~ > &2—'“+ﬂ'Dfaga(x,§)Df;afb(x,s), 2.2)

18!
o0 a!p!

where D; = —id;,1 < j <d.
The conical support conesupp(a) of a € 2’(R") is defined as the setof all x € R"\0
such that any conic open set I'y € R"”\0 containing x satisfies:

supp(a) N Ty is not compact in R".

We define the microsupport u supp(a) of a symbol a € G™ analogously to its
definition for Hormander symbols [6, p. 118].2 If @ € G™ and z9 € T*R?\0 then
z0 ¢ wsupp(a) provided there exists a conic open set I' € T*R?\0 containing zg
such that

sup(z)" [8%a(z)| <00, aeN¥, N >0. (2.3)

zel

Clearly we have for a € G*°

wsupp(a) € conesupp(a).

Let a € G™. As in [18] we call a hypoelliptic of order m" < m if it fulfills the
estimates

laz)| = C{x)™, z| > A,
10%(2)| < Cola@)|(z)7®,  aeN¥, |71 > A, (2.4)

for suitable C, C,, A > 0. The space of all such symbols is denoted H G™™' . The
symbols in HG™ ™ are called elliptic.
The concept of hypoellipticity is micro-localizable in the following sense:

Definition 2.1 Let a € G”. A point in the phase space zo € T*R4\0 is called non-
hypercharacteristic of order m’ < m for a provided there exists an open conic set
[ C T*R4 \O such that zg € I and a fulfils the estimates (2.4) when z € T.

2 This notion is also called the wave front set of a¥(x, D) in [8, Chapter 18.1] and the essential support of
a¥(x, D) in [19].
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Fora € G™ andm’ < m we denote the hypercharacteristic set of a by char,,' (a) and
define it as the set of all z € T*Rd\O such that z is not non-hypercharacteristic. Note
that char,,~(a) C char,, (a) when m” < m’. The special case char,,(a) = char(a) is
called the characteristic set and was defined in [9].

Remark 2.2 Note that

wsupp(a) | J | () chary(a) | = T*RN\0, aeG™,

m'<m

and char,/(a) =0 & a € HG™™

A class of operators related to pseudodifferential operators is that of localization
operators, also called anti-Wick-quantized operators [3,18]. For a € .7/(R*?) we
define the corresponding localization operator A, weakly by its action on f, g €
Z(R?) via

(Aaf, 8) = @)U aVyy f, Vyyg) = Qm) 1 (VyaVy, f, 8),

thatis, A, = 27) ¢ VJOa V- The nextresult (cf. [12, Section 1.7.2]) says that A, can
be written as a Weyl pseudodifferential operator with a symbol that is the convolution
of a and a Gaussian.

Proposition 2.3 (The Weyl-Wick connection) Ifa € .7/ (R*?) then A, = b¥ (x, D)
where

b=n"de1" xa. 2.5)
Ifa € G™ thenb € G™,
b~ z ce0%a (2.6)
aeN2d

with co = 1, char,, (b) C char,(a) when m’ < m, and p supp(b) < w supp(a).

Proof The formulas (2.5) and (2.6) are proved in [12, Proposition 1.7.9 and Theo-
rem 1.7.10], respectively (cf. [18, Theorem 24.1]). If a € G™ then b € G™ follows
from (2.5) and Peetre’s inequality.

To prove the statement about the hypercharacteristic set, let m" < m and suppose
0 # zo ¢ char,,(a). Then there exists aconicopenset” C T*Rd\O andC,Cy, A >0
such that zo € I' and the estimates (2.4) are valid when z € I". From the asymptotic
expansion (2.6), picking n > m —m’ + 1, we have

b= > cyda+tay 2.7)

0<|a|<n—1

where a, € G"™" C G"™ L.
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Using (2.4) this givesif z e "'and |z] > A

b =la@+ D, cad¥a(®)+an(2)

O<|a|<n—1

v

@l = D leal10%a()] + lan(2)]

O<|a|<n—1
> a(2) (1 ey - |an(z)|)
la(z)]
> la@)I(1 = C2(0)7h 2.8)

for constants C1, C2 > 0. Possibly augmenting A > 0 we thus have the estimate
b@)| > C3()™, el [ A4,

for C3 > 0, thus confirming the first of the two estimates corresponding to (2.4) for b
andz eT.

Concerning the second estimate that must be shown in order to prove that zo ¢
char,, (b), let B € N?¢_ From (2.7) we estimate, again using (2.4), for z € I" and
lz| = A,

0Pb)) <= D leal 109 a()] + 0% an(2)]

0<|a|=n-1

< il M)
S la(@)1{z) (1+ )]

S la@1) 7P (1+ @)
S la@)l() 7. 2.9)

Combining (2.8) and (2.9) yields finally, again after possibly augmenting A > 0,

<)l zer, |z = A.

‘ 3Pb(2)
b(z)

This verifies the second estimate of (2.4) for b and z € I, and thus we have proved
z0 ¢ char,(b) which completes the proof of char,, (b) C char,, (a).

Finally, to prove u supp(b) € psupp(a) we let 0 # zo ¢ wsupp(a). Thus there
exists a conic open set I' € T*R?\0 containing zo such that (2.3) holds. Let I'" C
T*Rd\O be an open cone such that zo € T and " N Spy—; € T. Leta € N2 and
& > 0. We split the convolution integral as
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719%b(z) = / 3%a(z —w)e "’ dw —i—/ 3%a(z —w)e ™ quw .
(w)=e(z) (

w)>e(z)

=1 =0
Ifz eI, |z] > land (w) < &(z) thenz —w € [ if ¢ > 0 is chosen sufficiently small.

Using (2.3) this gives forany N > 0

TARS / z—wy N e P g < ()7 / (wyN e qu
(w)=<e(z) (w)=<e(z)

<@ N, zel', zl>1. (2.10)

~

The remaining integral we estimate for any N > 0 as

|| 5/ (z — wy Tl =P gy
(w)>e(z)

S <z>‘N/ ()N ylml g=1wl® gy,
(w)>e(z)
< (z)fN/ <w>2|m|+1v ef|w|2 dw
(w)>e(z)
<(7V, zeR™. 2.11)

Combining (2.10) and (2.11) shows that zo ¢ w supp(b), which proves p supp(b) C
w supp(a). i

The Shubin-Sobolev spaces Q° (R9), s € R, were introduced by Shubin [18] (cf.
[12]). They can be defined as the modulation space MSZ’Z(Rd) [7]

Q' RY) ={u € Z'RY) : () Vou € L*(R*)}
where ¢ € . (Rd)\O is fixed, with norm
leell gs = [ Vit || 2 oy = Nlull 22

Another ¢ € .7 (R%)\0 gives an equivalent norm.
According to [1, Lemma 2.3] an equivalent norm can be formulated in terms of
localization operators. To wit, we have

O'RY) ={ue. S RY: Apyu e L2(RY))
with norm

lullos = | Ayu| 2y -
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As a third alternative Q° may be defined by
O'RY ={ue.RY: a¥(x, Dyu € L*(RY)}

for any symbol a € HG?**®. Different choices of such a symbol and an asso-
ciated (left) parametrix P for a"(x, D), meaning Pa"(x, D) = I + R with
R : ' (RY) — Z(R?) a continuous operator (regularizer), yield equivalent norms
liell v,k = lla®” (x, Dyull 2 + | Rul .

We list some well-known properties of the Shubin—Sobolev spaces, see [2,12,18].

Proposition 2.4 (Properties of Shubin—Sobolev spaces)

1. Ifa € G™ then a™(x, D) is a continuous map Q° (RY) > Q5~™(R?) fors € R.
2. If m > 0, the embedding Q*(R%) € Q5" (R?) is compact for s € R.
3. We have

U o®H=7®) () QR =7®RY.

seR seR

3 The Sobolev—Gabor wave front set

The Gabor wave front set of u € .7’ (Rd) is defined as (cf. [9])

WFq () = N char(a) € T*R?\0.
aeG®:a¥(x,D)uc.s

The following characterization was showed in [9]. We have 0 # zg9 ¢ WFg (u) if and
only if there exists an open conic set ' € T*R¥\0 such that zo € I" and

sup(z)V|Vy,u(z)| < 0o, N >0.

zel

This means that Vy,,u decays super-polynomially in I". The characterization is invariant
under a change of window function from g to any function ¥ € . (R%)\0 [15].

The Gabor wave front set differs from the usual C°°-wave front and its global
counterpart, the scattering- or SG-wave front set in several aspects. We refer the reader
to [9,15,16] for comparisons of these notions. A list of important properties of the
Gabor wave front set follows.

1. Ifu € .7/ (R?) then WFg (1) = ¢ if and only if u € . (R?) [9, Proposition 2.4].
2. fu e . (RY, m e Rand a € G™ then
WFq(a” (x, D)yu) € WFg(u) N supp(a)
C WFg(a® (x, D)u) U char(a). (3.1



100 R. Schulz, P. Wahlberg

3. We have
WFG(u(x)u) = xWEg(u),  x € Sp(d,R), ue . (R?), (3.2)

where Sp(d, R) is the group of real symplectic matrices, and where x +— w(x) is
the metaplectic representation [6], that satisfies

pOO~a" (@ D) () = (@o )" (x. D). a €S R
These properties are proved in [9, 15], except
WEFg (@ (x, D)u) C pwsupp(a), a€G™, ue. S [RY. (3.3)
The inclusion
WFg (a¥ (x, D)u) C conesupp(a).

is shown in [9, Proposition 2.5].

To prove the sharpening (3.3), let 0 # zo € T*R?\ ; supp(a). Then zg € I" where
' € T*RY\0 is an open cone and (2.3) holds. Let b € G satisfy supp(h) C T
and zo ¢ char(b). Combining (2.2) with (2.3) gives b#a € .7 (R?*?). Hence
b¥(x, D)a¥(x, D)u € .#(R?%) which shows that zo ¢ WFg(a¥ (x, D)u). We have
now proved (3.3).

Next we define the Sobolev—Gabor wave front set that is the main object of study
in this paper. It was introduced by Nicola and Rodino [13] and studied with respect to
propagation of singularities for Schrédinger equations.

Definition 3.1 If u € ./ (RY) and ¢ € .Z(R%)\0 then the Sobolev—Gabor wave
Sfront set WF s (u) of order s € R is defined as follows. For zg € T*Rd\O we have
z0 ¢ WFgs (u) if there exists an open cone I C R24\0 containing zo such that (-)* Vyu
restricted to I" belongs to L2(R%) je.

/ ()| Vou(z)* dz < 0.
r

Obviously WFps(u) € WFg(u) is a closed conic subset of T*R4\0, and for
t > s we have WFps (u) € WF i (u). Moreover we have WFgs (1) = @ if and only if
u € Q°(R?). Thus WF s (1) may be interpreted as the phase space directions in which
a tempered distribution fails to belong to Q°. This observation will be elaborated in
Proposition 3.5.

Proposition 3.2 Ifu € .’/ (R?) and s € R then WF s (u) does not depend on the
window function ¢ € . (RH\0.
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Proof Suppose ¢ € . (RH)\0 and 0 # zo ¢ WF s (1) defined by means of ¢ €
Z(R%). Then

/(z)zslku(z)lzdz < o0 (3.4)
r

for some open cone I' € T*R?\0 containing zo. Let ¥ € . (R%)\0 and let " C
T*Rd\O be an open cone such that zy € IT" and I’ N Sy € T'. We will show that

/ () Vyu@P dz < 0o (35)
8

which means that WF gs (1) can be defined by 1 as well as ¢, which is the claimed
independence of window function.
By [7, Lemma 11.3.3] we have

IVyu(2)| < @m) Nl 7 1Voul + [Vyol(2), z R,

Denoting g := Vy¢ € & (R??), this and Minkowski’s inequality give

2
/ (@O |IVyu@)|*dz < / (/ (2)* |Vpu(z — w) Ig(w)ldw) dz
r’ zel” welR2d

12 2
< (/ lg(w)] (/ (z)S |Vou(z — w)|2dz) dw) . (3.6)
weR2d zel”

For ¢ > 0 we split the region of integration in the inner integral as
/ (@) Vou(z —w)*dz = I + b + I,
zel”

where I is the integral over I'' N By, I, that over all z € "\ B; that satisfy (w) < &(z)
and I3 is the integral over the remainder of I''. We estimate I, I, and I3 separately.
Since for some M > 0

Veu@| S (M, ze R,
Peetre’s inequality allows us to estimate I; < (w)*M.

Concerning I,z € T, |z| > 1 and {(w) < &(z) together imply z — w € T provided
¢ > 0 is sufficiently small. Thus, again using Peetre’s inequality,

b =/ (D)% Vou(z — w) dz
zel”, |z]>1, (w)<e(z)

< {w)?! / (2 — ) [Vyu(z — w)Pdz
zel, |z|=1, (w)<e(z)
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< <w>2'”/ r<z>2S |V,u(2)* dz

< (w)?,

in the final step using (3.4).
Finally we estimate I3:

I = / (2% V(e — w) dz
zel’, |z|>1, (w)>e(z)
< / () (z —w)*M dz
zel’, |z|=1, (w)>e(z)

<w>2M/ (Z>25+2M+2d+1 <Z>_2d_ldz
z€l”, [z]=1, (w)>&(z)

<w>2M+2.Y+2M+2d+1 / (Z>72d71 dZ
R2d

A

A

5 <w>4M+2S+2(1+1 .

Thus I, I and I3 are each bounded by some power of (w), which inserted into
(3.6), keeping in mind g € .7 (R??), shows that (3.5) holds as claimed. O

As a consequence of this result we note that the symplectic invariance (3.2) for the
Gabor wave front set extends to the Sobolev—Gabor wave front set of any order s € R.
In fact, by [20, Lemma 3.7] we have

Viiooe (GOw) (x2)| = [Vou(2)|

forp € S(RY), u € ' (R?), x € Sp(d,R) and z € R?, and u(x) is a continuous
operator on .’ (RY) (cf. [6, Proposition 4.27]).

In the following we discuss how the Sobolev—Gabor wave front set may be char-
acterized by means of pseudodifferential and localization operators. We first deduce a
series of results that assure that the involved symbols may be modified as long as they
fulfill certain support and hypoellipticity criteria around a given point of interest.

First we recall thatif m’ < manda € H G’"’m/, then there exists a parametrix
p € HG™™" guch that p#ta — 1 € .Z(R*) and a#tp — 1 € S R¥M) (cf. [18,
Theorem 25.1]). This result may be micro-localized in the following sense.

Proposition 3.3 Suppose a € G™ and char,, (a) # T*R4\0 for some m’ < m. Let
I' € T*R\0 be a closed conic set such that char,, (a) N T' = @. Then there exists
A > 0 such that for any x € G° with supp(x) € I'\Ba, there exists b € G™™ such
that

b#fa =y +r

where r € ./ (R*).
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Under the additional assumption T'\ char(x) # @, b may be chosen to satisfy
char_,,(b) N TV = @ for any open cone T" C T*RY\O such that T' N Sry_1 <
I'\ char(y).

Proof The proof follows along the lines of that of [5, Theorem 2.3.3], where the
analysis is carried out for the class of SG-symbols that are micro-hypoelliptic in a
certain sense.

Let us briefly recall the main steps of the parametrix construction. As a first approx-
imation set by := a~! x. The estimates

10%@ (@) < Cala@)| H2)T¥,  aeN¥ zel, |zl > A,

are consequences of the hypoellipticity estimates (2.4) and induction. They imply the
estimates

10%b0(2)| < Cola()| N 2) 7, ae N |z > 4,

and consequently by € G,

Then, by (2.2) and again the hypoellipticity estimates (2.4) it follows that bo#a =
X +ro+rog. withrg € G2 satisfying supp(rg) < supp(x) and ro.y € S (R*).
Subsequently, setting by := —a~'rg, we notice that we obtain the estimates

09b1(2)] < Cala@)| ™) 27, @ e N¥, |z = A,
and consequently b; € G~ =2 This gives
(bo+b#a =y +rot+roy —ro+rn+r.y=x+rit+roy+r,.y

with r; € G4, supp(r;) < supp(x) and r.y € (R??). Constructing in this way
recursively bj 1 1= —a‘lrj e G—™ =20+ gnd rit1 € G2U*2) with supp(rj+1) €
supp(x), j = 1,2, ..., one obtains a sequence of symbols (b;);>¢. Finally set b ~
>520bj € G . The symbol b satisfies b#fa = x + r with r € . (R??). This
concludes the first part of the proof.

It remains to verify the second claim, under the additional assumption I'\ char(y) #
. This assumption implies |x (z)| > ¢ > 0 when z € "\ B, for some A’ > A for
any open cone IV C T*R?\0 such that T/ N Spg—; € T'\ char().

We note the following properties that hold due to the construction of b; € G2,

Jj =0,1,2,... in the first part of the proof, together with the new assumptions on .
We have

lbo(@)| = ela@)|™",  zel', |zl = A, (3.7)
and

10%b;(2)| S la@)| " N2y ™7 @ eN¥ zel’, |z|=A, j=0,1,2,...
(3.8)
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Pick an integer n > (m — m’) /2. We have

n—1
b=bo+ D bj+by,
j=1

where b, , € G—m' = cG™.
We obtain from (3.7) and (3.8) for some C, C{, C, > 0

n—1

b(2)] = 1bo@)| — D 1bj ()| = |bur (2)]

j=1

n—1
= ela@I™ [ 1-C 30~ Cla@l)
=1

n—1
> ela@| " [1-C D) —cm
Jj=1

> Cila(z)|™!
> Co(z)™", zel!, |z > A,

after possibly increasing A" > 0.
Secondly we have the estimate for any « € N?¢, again using (3.8),

n—1

10%b(2)| < D 18b; (@) + 10%bn.r ()]
j=0
n—1

Sla@ @7 @7 +la@i@

j=0
n—1 ‘

S la@) ™z~ Z(Z)—2J 4 (gymm =2
j=0

Sla@I' @™, zer, 2z 4

Combining (3.9) and (3.10) yields

0%b(2)

<7 zer, |zl=A, «eN¥
b(z)

This completes the verification of char_,, (b)) N T = @.

(3.9)

(3.10)

]

Lemma 3.4 Leru € ./'(RY), s € R, zg € T*R\0 and suppose a € G° satisfies
z0 ¢ char(a) and a®(x, D)u € Q°(R?). Then there exists an open conic set I' C
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T*RI\O containing zo such that b* (x, D)u € Q*(RY) for any b € G° such that
supp(b) € T

Proof By Proposition 3.3 there exists an open conic set I’ € T*R4\0 containing z
and A > 0 such that if x € G satisfies supp(x) € I'"\ B4 then there exists ¢ € G°
such that c#a = x + r with r € .7 (R%9).

LetI' C T*Rd\O be an open conic set such that zo € "' and T N Sy € T,
Suppose x € GY satisfy supp(x) € I'"\Ba and x(z) = 1 forz € T and |z| > 2A,
and let b € G satisfy supp(b) C T

Thenb(1—x) € CX(R*?), and b#y = by +r withr € .7 (R?*?) since b(z) x (z) =
b(z) when |z| > 2A. Consequently we have, with r; € (R, j=12,3,

b (x, D) = (bx)" (X, D) +r{’(x, D)
=b"(x, D) x¥(X, D) + ry’(x, D)
= b"(x, D) c”(X, D)a"(x, D) +r3’(x, D).

The result now follows from a% (x, D)u € Qs(Rd ), the fact that operators of order
zero are continuous on Q°(R?), and the fact that operators with Weyl symbols in
7 (R??) are regularizing. O

We have now reached a point where we can characterize the Sobolev—Gabor wave
front set by means of pseudodifferential and localization operators.

Proposition 3.5 Let u € ./ (RY) and s € R. The following are equivalent:

1. 0 # z0 ¢ WFps (u);
2. There exists b € G° such that zo ¢ char(b) and b* (x, D)u € Q*(R%);
3. There exists a € G* such that zo ¢ char(a) and Aju € L2(RY).

Proof (1) = (3): By definition
/<z>23|v¢0u<z)|2dz <00
r

for some open conic set I' € T*R¢\0 containing zo. We may pick a € G supported
in T such that zo ¢ char(a) and conclude that the function z — a(2)(z)’ Vy,u(z)
belongs to L%(R?4). Since V:;O - L2(R*) > L2(RY) is a continuous operator we
consequently have

@)~V (al) Vi) = Agryru € LARY).

Since multiplication by the elliptic symbol (-)* is an isomorphism G° — G* and
z0 ¢ char({-)*a) due to zo ¢ char(a), we obtain (3).
(3) = (2): By (2.5) we have b¥ (x, D)u = Aqu € L2(RY) forb = 7%~ xa €
G* and zq ¢ char(b). Claim (2) follows by applying ({-) ~*)"¥(x, D) to both sides.
2) = (1):Letgp € Y(Rd)\o. By Lemma 3.4 we may assume thatb € GV satisfies
b(z) = 1whenz € I'and |z| > 1 where ' € T*R?\0is an open conic neighborhood
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of zo and b* (x, D)u € Q*(R?). We write 1 = b+ r, where r € GV satisfies r(z) = 0
for z € I and |z| > 1. Then

Vou = Vyb" (x, D)u + Vyr” (x, D)u.

The assumption b% (x, D)u € Q° means
/ (2)%|Vb" (x, Dyu(z)* dz < oc.
R2d

It thus suffices to show that Vi r” (x, D)u, restricted to some open cone containing
20, 1s of rapid decay. This follows from [15, Corollary 3.9 and Remark 3.10]. O

We are now in a position to compare the Sobolev—Gabor wave front set with the
Gabor wave front set. We denote for a conical subset I' € T*R4\0 by T' € T*R?\0
its closure in 7*R%\0. We have the following equality:

Proposition 3.6 Ifu € .’ (R?) then

WF¢ (1) = U WF s (1) € T*R\0.
seR

Proof “27: This is an immediate consequence of WF gs (u) € WFq (1) forall s € R,
combined with the fact that WFg (1) € T*R? \0 is a closed subset.

“C”: We may assume |J,.g WFos (1) # T*RI\0. Let 0 # z0 ¢ U,cg WFor ().
By assumption, since | J,.g WFgs () € T*R9\0 is closed and conic, there exists an
open conic set I' € T*R?\0 containing zo such that T' N J;.g WFgs (1) = #. Pick
b € G° with supp(b) C T such that zo ¢ char(b). We claim b¥ (x, D)u € .7 (R%).

To prove this we fix s € R and note, again using Proposition 3.5 and Lemma 3.4,
that for any z € T' N Sp4_ there exists an open cone I', € T*R?\0 and a, € G° such
that z ¢ char(a;), z € supp(a;) C I'; and @’ (x, D)u € 0° (R?). By compactness we
have a finite covering of the form

T C LnJ 'y
k=1

where I'y = I';, for some corresponding points zx € 't N S2g—1, 1 < k < n. We may
assume that these points satisfy z; ¢ I'y for j # k.
A partition of unity gives

n
Dax) =1, zeTl, |z=1,
k=1

for ax € G such that supp(ax) € Tk, zx ¢ char(ax) (cf. [15, Remark 2.5]) and
a(x, Dyu € QS(RY) by Lemma 3.4, for | <k <n.
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By (2.2) we get

n n
b ar=bY ay+ri=b+r
k=1 k=1
where r1, r» € .Z(R?). Thus

b"(x, Dyu = > b"(x, D)aj’ (x, Dyu —r¥ (x, D)u € Q*(RY)
k=1

by virtue of @} (x, D)u € 0°(RY) for 1 < k < n, the continuity on Q*(R?) of
operators of order zero, and the continuity 7}’ (x, D) : . (RY) > . (R?) C Q% (RY).
Since s € R is arbitrary we have b*(x, D)u € ./ (R?), which shows that zo ¢
WFg (1). We have thus shown

WFG ) € | WFgs (u).
seR

4 Microlocal and micro-hypoelliptic properties

The Gabor wave front set is governed by the microlocal and microelliptic inclusions
(3.1) with respect to pseudodifferential operators with Shubin symbols. We now prove
analogous statements for the Sobolev—Gabor wave front set for pseudodifferential as
well as localization operators.

Proposition 4.1 Ifu € .7/ (R?), m,s € Rand a € G™ then
WF gs—m (a”(x, D)u) € WFgs(u) and WEF gs—m (Aqu) S WF s (u).

Proof The proof is inspired by that of [5, Theorem 5.4]. By Proposition 2.4 we have
u € Q'(RY) for some ¢t € R. Pick an integer N > 1 such that  + 2N > s. Assume
0 # zo ¢ WFgs(u). By Proposition 3.5 there exists b € GY such that zo ¢ char(b)
and b”(x, D)u € Q*(R?). We have (b (x, D))Nu e Q°, by the Q*-continuity of
pseudodifferential operators of order zero, and zg ¢ char(by) holds, where by =
b# - - - #b is the N-fold Weyl product of N copies of b.

Next we study (b™ (x, D)Na¥ (x, D)u which at a first glance can be said to belong
to Q' (RY). We may write

" (x, D)Na" (x, Dyu = " (x, D)V a¥ (x, D) b (x, D)u
e e N’
order m eQs

+ (™ (x, DYNBY (x, D), a¥ (x, D)]u.
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It follows that
B (x, DYNa¥ (x, D)u = (b™ (x, D)N B (x, D), a” (x, D)Ju + v

where v € Q*~". The order of [b" (x, D), a* (x, D)] is m — 2. We have thus replaced
a¥(x, D) by an operator of lower order, and

®" (x, DYNa"(x, Dyu € Q""" 4 Q.
Repeating the argument by induction gives
(bIU(x’ D))NaIU(x’ D)l/l c Qt—m+2N + Qs—m g Qs—m’

since t +2N > s. By virtue of Proposition 3.5 this proves zg ¢ WF gs-m (a™(x, D)u),
so we have shown

WFQS—m (aw(x, D)M) - WFQY (u)

The statement about localization operators follows from Proposition 2.3. O

Our final result is a reverse inclusion to Proposition 4.1, a micro-hypoellipticity
statement:

Theorem 4.2 Ifu € .’/ (R?), m,s € Rand a € G™ then

WFos(u) € (| WF

m'<m

Qxfml (aw(-xv D)M) U Charm’(a)

and

WF s (1) € ﬂ WEF

m'<m

stm’ (Aau) U Charm’ (a)

Proof Suppose 0 # zo ¢ WFQS_,,I/ (@¥(x, D)u) U char,, (a) for some m’ < m. By
Proposition 3.5 there exists ¢ € G° with zg ¢ char(c) and ¢*(x, D)a®(x, D)u €
o° —m’ (RY). By an argument similar to the proof of char,, (b) C char,, (a) in Propo-
sition 2.3, involving (2.2), it follows from zo9 ¢ char(c) and zg ¢ char,,(a) that
z0 ¢ char,, (c#a).

Thus by Proposition 3.3 there exist x € G° with zg ¢ char(x), and b € G with
z0 ¢ char_,, (b), such that

b#ct#a = x +r
where r € .7(R24). Hence

x%(x, D)u = b"(x, D)c" (x, D)a" (x, D)u — r*(x, D)u.
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We have r(x, D)u € . < QF, and b¥(x, D)c"(x, D)a¥(x, D)u € QF since
eV (x, D)a¥ (x, D)u € Q™ andb € G

Hence x % (x, D)u € Q°(R?) so according to Proposition 3.5 we have shown that
Z0 ¢ WFgs (u). This proves the first inclusion for pseudodifferential operators.

To prove the second inclusion for localization operators, let zg ¢ WF o5’ (Aqu)U
char,,(a) for some m’ < m. Then

z0 ¢ WF 1(b* (x, D)u) U char,, (b)

stm

2 . .. . .
where b = 7% % e~ !'l" according to Proposition 2.3. The second inclusion now

follows from the first. O

A special case of Theorem 4.2 combined with Proposition 4.1 gives two inclusions
that are Sobolev—Gabor wave front set versions of the inclusions (3.1).

Corollary 4.3 Ifu € .”/(R%), m,s € Rand a € G™ then
WE gs—n (a® (x, D)u) € WFgs (1) € WF gs-m (@™ (x, D)u) U char(a)
and
WE gs—n (Aqtt) € WEgs (u) € WF gs—n (A1) U char (a).

We note that Proposition 3.6 and Corollary 4.3 combined imply (3.1).

As a final consequence we obtain from Theorem 4.2 with the same technique
the following corollary, which says that hypoellipticity of a symbol implies micro-
hypoellipticity with respect to the Gabor wave front set of the corresponding operator.
This is the Gabor wave front set version of [5, Corollary 2.5.6].

Corollary 4.4 Ifm € R, a € G™, m’ < m and char,,(a) = §) then
WFg(u) = WFg(a® (x, D)u) = WEg(Aqu), u €. (RY).

An example provides an interpretation of the previous results from a time-frequency
point of view.

Example 4.5 Let m > O and let I'{, [, C T*Rd\O be two open cones such that
U, = T*RY \0 and I'1\I'; and T, \I"1 have non-empty interiors. Pick two positive
symbols x; € G* and x, € G~ such that

e x1(z) = 1forz e I'\TI'y,
e x1(z) =0forz € I'\(I'1 U By),
e char_,,(x1 + x2) = 9.

Figuratively speaking, A := Ay, 1y, is the prototype of a filter, that when applied
to a signal u € .’ (R preserves the time-frequency contributions in I'y \F_2 and
dampens the signal in I'2\I";. Such a splitting for d = 1 is visualized in Fig. 1. In the
following, this will be interpreted from a microlocal point of view.
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Fig. 1 A splitting of the time-frequency plane by a filter

First of all, the total singularities are preserved WFg (1) = WFg(Au) by Corol-
lary 4.4. Furthermore

WF s (Au) N T\ = WFos (u) N T1\T2

by Proposition 4.1 and Theorem 4.2, meaning that A preserves the Sobolev—Gabor
order of singularities in I'1\T".
For I'>\I"; the order changes. We claim

WEF gs+m (Au) NT2\I'y = WFgs (u) N Io\IMy. “.1)

Indeed, by Theorem 4.2 we have WF gs (u) € WF gs+m (Au). If conversely 0 # zo ¢
WFgs (1) and zg € I'2\I'; then pick a pseudodifferential operator B := b" (x, D) with
symbol b € G° supported in I';\I'; such that zo ¢ char(b). Then BA = BAy, + R
where R is regularizing, which follows from the asymptotic expansions (2.6) and (2.2),
since the supports of » and x| have compact intersection.

Thus B A is a pseudodifferential operator of order —m and zo ¢ char(b), and hence,
since by Proposition 4.1 and Theorem 4.2,

WE gs+n (Au) © WE gsim (BAu) U char(b) € WF gs () U char(b)

we obtain zg ¢ WF gs+m (Au). This proves (4.1).
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Summing up we have shown that A preserves the Sobolev—Gabor orders of singu-

larities in I'y \F_2 and decreases the Sobolev—Gabor orders of singularities in [';\I"
by m.
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