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Abstract Pseudo-differential operators on Z" are introduced. We give the matrix
representations with respect to the Fourier basis and the unit impulse basis. Traces of
these operators are computed.
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1 Introduction

Let f be a signal in L>(R™). Then the Fourier transform f of f is defined by
F© = [ e an g e R

The Fourier inversion formula gives us back the signal f via
f) =@n)™""? /R 5 fe)ds, x eR"

This is the basis for pseudo-differential operators on R” or sometimes referred to
as time-varying filters. Indeed, let o be a suitable function on R” x R". Then the
pseudo-differential operator T, is defined by

This paper is part of my Ph.D. dissertation and was done at York University, Toronto, ON, Canada.

B Jiawei Li
jiawei.jli@gmail.com

I 81225 Oxley Street, Toronto, ON M5V 2J5, Canada

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s11868-015-0111-2&domain=pdf

206 J.Li

(T, )(x) = @)~/ /R o 8) fiE)ds, xR

In the case when o is identically equal to 1, then 7}, is the identity in view of the Fourier
inversion formula. Pseudo-differential operators have been used in quantizations and
time-frequency analysis. Their usefulness notwithstanding, these operators are difficult
to work with because of the convergence of the integrals. Moreover, useful information
such as eigenvalues is difficult or even impossible to compute. So, it is desirable to
obtain finite analogs of pseudo-differential operators. First of all, in applications the
numerical implementations of pseudo-differential operators require a finite setting.
Secondly, finite pseudo-differential operators are finite-dimensional matrices of which
the entries are given by the finite Fourier transforms defined in Sect. 2. Thus, the
computations of the eigenvalues can be performed using the fast Fourier transforms
and available algorithms. Furthermore, issues like LP-boundedness, which pseudo-
differential operators have to deal with all the time, are irrelevant to finite pseudo-
differential operators. In this paper, we are particularly interested in constructing such
operators on L>(Zy), where Zy is the discretization of a circle. These operators are
discrete analogs of pseudo-differential operators on the unit circle S' with center at
the origin, which have been studied in [2,3]. Pseudo-differential operators on the torus
Hl}:l S! are routine extensions of the ones on S'.

2 Finite Fourier transforms

The starting point is the additive group Zy = {0, 1, ..., N — 1}, where N is a positive

integer greater than or equal to 2 and the group law is addition modulo N. It is an

abelian group of order n and it is cyclic, which may be viewed as the multiplicative

group of n-th roots of unity and can be drawn as n equally spaced points on a unit

circle. Thus Zy is a finite analog of the circle. A function z : Zy — C is completely
z(0)

z(1)

specified by z = . We can think of the set of all n-tuples with complex

Z(N — 1)
entries as functions on Zy and we denote it by L?(Zy). The inner product and norm
in L?(Zy) are given by

N-1 _
@w) =D zmw@)
n=0
and

N—1
21> = .2y = Dz

n=0
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z(0) w(0)
z(1) w(l)
for all z = . and w = . in LZ(ZN).
Z(N —1) w(N — 1)
An obvious orthonormal basis for L2(ZN) is {€o, €1, ..., €n—1}, where
0
0
€n = 1 . m=0,1,...,N—1,

0

and €, has 1 in the mth position and zeros elsewhere. Another orthonormal basis for
L%(Zy) is {eg, €1, . .., en—_1}, where

en(0)
en(1)
ey = . , m=0,1,...,N —1,
en(N —1)
and
| Ry
em(n) = —e>™mN - =0,1,...,N — 1.
m m

Definition 2.1 Let z € L2(Zy). Then we let 2 € L2(Zy) be defined by

£(0)
A 2(1)
Z = : ’
EN —1)
where
N—-1 .
2m) = > zme "N m=0,1,...,N— 1.

n=0

We call 7 the finite Fourier transform of z.

Of particular importance to us is the following inversion formula,
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Theorem 2.2 Let 7 and % be in L*(Zy). Then
| Nl
z(n) = N Z m)eX N - =0,1,...,N — 1.

m=0

To simplify the Fourier inversion formula in Theorem 2.2, we define

Fn(0)
Fn (1)
m = . ) mzoalv' 1N_17
Fu(N —1)
in L2(Zy), where
1 2rwimn/N
Fm(n)zﬁe , n=0,1,...,N—1. 2.1
Obviously, {Fy, F1, ..., Fy—1}is orthogonal, but not orthonormal in LZ(ZN). Being
an orthogonal set of N elements in the N-dimensional vector space L*(Zy),
{Fo, F1, ..., Fy_1}is abasis for LZ(ZN) and we call it the Fourier basis for LZ(ZN).

By Theorem 2.2, we getfork =0,1,...,N — 1,

N-—1
Fp = Z Fi(m)Fy,.
m=0

Therefore
1, k=m,
Fi(m) =
0, k#m,
and
Fi(m) = €.

Using the Fourier basis for L?(Zy) defined in (2.1), the Fourier inversion formula in

Theorem 2.2 becomes 1
Nf

2= D im)Fy. 2.2)

m=0

Details on the results in this section can be found in [5].
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3 Pseudo-differential operators

Now we look at Theorem 2.2 more carefully in the perspective of representation theory.
Since Zy is an abelian group with respect to addition modulo N, it follows that the
irreducible and unitary representations of Zy are one-dimensional. In fact, they are
given by the elements in orthonormal basis {eg, e1, ..., exy—1} for L2(Zx), which can
then be identified with Zy . Thus, the dual group of Z is the group Z itself. We can
now give the definition of pseudo-differential operators on the group Zy.

Let o be a function on the phase space Zy x Zpy. Then Ty, the pseudo-differential
operator on Zy corresponding to the symbol o, is defined by

N—1
(To2)(n) = D o(n,m)z(m)Fp(n),
m=0
for all z € L*(Zy), where
N—1 .
m) = D" z(mye MmN =0,1,... N - 1.
n=0

3.1 Matrix representations
We give the matrix of the pseudo-differential operator 7, : L2(ZN) — L*(Zy) with

respect to the Fourier basis {Fy, Fi, ..., Fy—_1} for L2(Zny).
Fork=0,1,...,N — 1, we get

N—1

1 ~ .
(To F)(n) =+ > o n,m) Fie(m)e*™ /N
m=0
— lo_(n’ k)eQ,ﬂikn/N
N
=o(n, k) F(n)
forn =0,1,..., N — 1. Denoting the Fourier transform of ¢ with respect to the first

variable by Fjo, we get by Theorem 2.2

N—-1
(T6 Fi)(n) = ZT1o(j,k)Fj(n)Fk(n)
Jj=0
" N
N2 Z Fio(j, k)e2ritthn/N
j=0
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forn = 0,1,..., N — 1. Changing the summation index j to m by means of the
equation j + k = m, and using the periodicity of o with respect to the first variable,

1 N—1+k
(Ty Fr)(n) = m Z Fio(m —k, k)eZJTlmn/N
m=k
1 N-1 '
= m Z Fio(m —k, k)eZTHmn/N
m=0
1 N-1
=N Fro(m —k, k) Fy(n)
m=0
forn=0,1,...,N — 1.
1 N-1
Tan:NZflo(m—n,n)Fm, n:O’l’_..’N_l.
m=0

So the matrix (7, ) r of the pseudo-differential operator 7, with respect to the Fourier
basis is given by

(Ts)F
(F10)(0—0,0) (F10)(0— (N —1),0)
1 (Fio)(1—=0,1) (Fio)(1 — (N —1),1)
"N ; : ;
(F1o)(N = 1) =0, N = 1) ... (Fio) (N — 1) = (N = 1)), (N = 1))
(F10)(0,0) (Fio)(N —1,0) ... (Fi0)(1,0)
1 (Fio)(1, 1) (F10)(0, 1) o (Fio)@2, 1)
"N : : : :
(Fio)(N —1,N —=1) (Fio)(N —=2,N—-1) ... (F10)(0O, N — 1)

1
= N(flo'(m —n, n))Ofm,an—l'

Similarly, we give the matrix of the pseudo-differential operator T, : L*(Zy) —
L%(Zy) with respect to the unit impulse basis {eq, €1, ..., exy—1}.
Fork =0,1,..., N — 1, we get

N—-1
(Toe)(n) = D o (n, m)&(m)Fp(n)
m=0

1 .
k & 2mmn/N.
= —No(n )ér(m)e
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The entries of the matrix denoted by [a;x] is computed

N—-1N-1
(T e, €1) = o(n, m)EAk(m)Fm (n)e
n=0 m=0
1 N—1N-1
== o (n, m)&me*™ " Nei(n),
n=0 m=0

where [ is the row index and k is the column index in the matrix.
Since €, has 1 in the kth position and zeros elsewhere,

N—1

&(m) = D ex(me /N
n=0
— p—2mikm/N

Hence, denoting the Fourier transform of o with respect to the second variable by
Fro

N—-1N-1
ap = (Tafk» Gl) — N z Z U(n, m)672ﬂikm/N627Timn/N€—l(n)

n=0 m=0

1 N—1
- Z o(l, m)efbri(kfl)m/N
N m=0
1
= (F20) (L k=D, (3.1)

The matrix (7,);y of the pseudo-differential operator 7, with respect to the unit
impulse basis is given by

Ts)ut
(F20)(0,0) (Fr0)(0,1) ... (F0)(O,N—1)
_ 1 (Foo)(, N —1) (Fr0)(1,0) ...(Fro)(1,N—2)
— N . . . . )

(.7:20)(1\} -1, (.7-'20)(1\.] —-1,2) (.7-'20)(1\./ —1,0)

where [,k =0,1,..., N — 1.

3.2 Trace of the pseudo-differential operator 7,

Using the matrices hitherto computed, we can obtain the explicit eigenvalues using
MATLAB or other softwares [1,4]. But we are still interested in computing the trace
of a finite pseudo-differential operator in order to see that the formulas are compatible
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with the ones for pseudo-differential operators on R” under suitable conditions on the
symbols. The beauty of the finite analogs is that no restrictions on the symbols are
required.

The trace of T,;, which is independent from the choice of the bases, can be computed
as follows.

Theorem 3.1 Let o be a symbol in L2(Zn x ZN). Then the trace tr(Ty) of the linear
operator T, associated with the symbol o is given by

N—-1N-1

tr(T,) = Z > om.m).

nOmO

Proof Let {@o, @1, ..., ¢n—1} be any orthonormal basis for L>(Zy). Then

w(Ty) = D (T50).9))

N—-1N-—

IN-1
j=0 n=0 m=0

o(n,m)z(m)Fy(n)p;(n).

Since

Z(m) = N(z, Fy)

and

N—-1
Fu(n) = D (Fu, )0 (),
j=0
N—1N-1N-1
w(Ty) = D D D> o(n,mN(@j, Fn)Fn()@j(n)
j=0 n=0 m=0
N—-1N-1

= > > o, m)NFun) Z(go,, Fu)@j(n)

n=0 m=0

N—-1N-1

=> > sm.mNF, (n)Z(Fm,wj)wj(n)
n=0 m=0
N—-1N-1

= Z Za(n,m)NFm(n)Fm(n)

n=0 m=0
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= % Z Za(n,m).

n=0 m=0
This completes the proof. O

Another way to calculate the trace of T is to sum the diagonal entries of the matrix
in (3.1), i.e. when [ = k.

| NoIN-
tr(T,) = 5 z Z o (1, mye~2mik=Dm/N
1=0 m=0
| NoIN-
== Z @, m).
N =0 m=0

Obviously, the trace is the summation of the chosen symbol.
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