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Abstract We study resolvents and spectral projections for quadratic differential
operators under an assumption of partial ellipticity. We establish exponential-type
resolvent bounds for these operators, including Kramers—Fokker—Planck operators
with quadratic potentials. For the norms of spectral projections for these operators, we
obtain complete asymptotic expansions in dimension one, and for arbitrary dimension,
we obtain exponential upper bounds and the rate of exponential growth in a generic
situation. We furthermore obtain a complete characterization of those operators with
orthogonal spectral projections onto the ground state.
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1 Introduction
1.1 Overview

An extensive body of recent work has focused on the size of resolvent norms, semi-
groups, and spectral projections for non-normal operators, where these objects are
not controlled by the spectrum of the operator; see [30]. Rapid resolvent growth for
quadratic operators such as

Pu=—Au+Vxu, V) =ilx)?

along rays inside the range of the symbol has been shown [3,32] and extended signif-
icantly [5,24]. Sharp upper bounds of exponential type were recently shown in [14].
The spectral projections of these operators were explored in [4], where precise rates of
exponential growth were found. We focus here on operators with purely quadratic sym-
bols, which are useful as accurate approximations for many operators whose symbols
have double characteristics.

A weaker hypothesis than ellipticity describes a broader class of operators which
includes many operators important to kinetic theory [8,9]. Hypotheses on the so-called
singular space of the symbol, particularly when that space is trivial, have been used
successfully to describe semigroups generated by such operators [11-13,22,25].

The purpose of the present work is threefold: first, we extend the analysis of [14] to
include these operators with trivial singular spaces, providing exponential-type upper
bounds for resolvents. Second, we describe the spectral projections of elliptic and
partially elliptic operators in a concrete way. Third, we exploit this description to
obtain information related to spectral projections and their norms, including exponen-
tial upper bounds, the rate of exponential growth in a generic situation, a complete
asymptotic expansion in dimension 1, and a characterization of those operators with
orthogonal projection onto the ground state.

1.2 Background on quadratic operators

The structure of quadratic forms
q(x,&):RY X]Rg’ - C

and their associated differential operators is well-studied (see e.g. Chapter 21.5 of
[15]), and here we recall much of the standard terminology which will be used through-
out this work.

With the formulation

.8 = D qupx“E’, qup C,
lo+B1=2
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we can identify the semiclassical Weyl quantization of ¢, viewed as an unbounded
operator on L?(R™), with the formula

x%(hDy)P + (hDy)Px*
5 )

q" (. hD) = > qup (1.1)

la+p]=2

The semiclassical parameter 2 > 0 is generally considered to be small and positive.
Homogeneity of the symbol ¢ and the unitary (on L2(R")) change of variables

Upu(x) = h"*uh'?x) (1.2)

give the relation
Ung" (x, hDy)U; = hq"(x, Dy), (1.3)
demonstrating that the semiclassical quantization of quadratic forms is unitarily equiv-

alent to a scaling of the classical (h = 1) quantization.
We have the standard symplectic form

G((xvé)’(ysn))zéy_nx

Associated with ¢ is the “Hamilton map” or “fundamental matrix”

1 1 2
Fetp = L(%% 9a ) (14)
2 2\ —07q —0x0:q

which is the unique linear operator on C>", antisymmetric with respect to o in the
sense that

o((x, &), F(y,m) = —o(F(x, &), (y,m), V(x,&),(,n eR™,
for which
q(x, &) =0 ((x, ), F(x, &), VY(x,&) eR™.

We will write F' = F(q) when the quadratic form is perhaps unclear.
We here consider ¢ which are partially elliptic both in that

Req(x,€) >0, Y(x,&) € R™ (1.5)

and in that the so-called singular space of ¢, defined in [11], is trivial:

S = ﬂ ker((Re F)(Im F)*) = {0}. (1.6)
k=0
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We will say that g is elliptic if there exists C > 0 with

1
Req(x,§) = =1, E)?, V(x,&) e R™. (1.7)

We note that any elliptic quadratic form has ker(Re ') = {0}, and so the conditions
(1.5), (1.6) generalize the elliptic case. We also recall that, aside from some degenerate
cases only occurring when n = 1, the assumption ¢ ~! ({0}) = {0} suffices to establish
that zgq is elliptic for some z € C with |z| = 1 (see, e.g., Lemma 3.1 of [29]).

Under the assumption (1.6), define kg as the least nonnegative integer such that the
intersection defining S becomes trivial:

K
ko = min {K € Np ¢ () ker((Re F)(Im F)*) = {0}} . (1.8)
k=0

By the Cayley—Hamilton theorem, kg < 2n — 1, and when ¢ satisfies (1.5) and (1.6),
ko = 0 if and only if ¢ is elliptic.

In the case where ¢ is partially elliptic and has trivial singular space as in (1.5) and
(1.6), we are assured that, counting with algebraic multiplicity,

#({ImA > 0} N Spec F) = #({ImA < 0} N Spec F) = n. (1.9)

We write V) = Vj(q) for the generalized eigenspace of F corresponding to the
eigenvalue A. We then have the associated subspaces

A=A = P Vi (1.10)
+Ima>0

which are Lagrangian, meaning that dimA* = n and o'| 4+ = 0. Furthermore, when
q is elliptic as in (1.7), we have that A™ is positive in the sense that

—io(X,X)>0 VX e AT\{0}. (1.11)

In the corresponding sense, A~ is negative. The extension of this fact to ¢ obeying
(1.5) and (1.6) is essentially known in previous works; see the end of Section 2 of [13]
and references therein. For completeness, we here include a proof in Proposition 2.1.

For any quadratic g obeying (1.5) and (1.6), we may write the spectrum of
q" (x, hDy) as a lattice obtained from the eigenvalues of F in the upper half plane,
written Aq, ..., A,. Define

hn
= — 2 + DA ;. 1.12
e i;(a1+), (1.12)

Then we have the formula

Specq¥(x, hDy) = {e 1 @ € N} (1.13)
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This was classically known in the elliptic case [1,29]. In the partially elliptic case,
this formula was proven in Theorem 1.2.2 of [11] under somewhat weaker hypotheses
than (1.6).

We also study the spectral projections of these operators. Following the notation of
Theorem XV.2.1 of [7] (see also Chapter 6 of [10]), let us assume that A is a closed
densely defined operator on H a Hilbert space, and Spec A = £21 U £2,, where £21 is
contained in a bounded Cauchy domain A with AN $2, =@ Let I be the oriented
boundary of A. Then we call

Poya = Qi)™ / € — A de (L14)
I

the spectral (or Riesz) projection for A and £2;.

Because the spectra we will study, given by (1.13), are discrete, we will generally
use the definition in the case that §2 is finite. We emphasize that facts about the spec-
tral projections are independent of the semiclassical parameter after scaling, as (1.3)
provides that the projection for the classical operator and 2 is unitarily equivalent to
the projection for the semiclassical operator and /1 £2;:

UnPrayqv e, i) Uy = P2y qv(x,Dy)- (1.15)

We perform much of our analysis in weighted spaces of entire functions associated
with FBI transforms (see for example [20,27], or Chapter 12 of [28]). For @ : C" — R,
we define

Hg (C"; h) = Hol(C™) N L2(C"; e 2™/ gL (x)). (1.16)

Here dL(x) = dRex dImx is Lebesgue measure on C", and we only need to con-
sider the most elementary case where @ is quadratic when regarded as a function of
(Rex,Imx) € R2" real-valued, and strictly convex. When functions do not need to
be holomorphic, we refer to

L%(C" h) = LA(C"; e 2P/ 4 L(x)),

and we will often omit (C”; h) where we hope it can be understood.
When working in weighted spaces Hg (C"; h) or Lé(@"; h), we assume unless
otherwise stated that derivatives are holomorphic, meaning that

1 :
O = 5 (ORe x — i01m,):

We finish this section with some brief remarks on notation. We use (-, -) for a
symmetric (bilinear) inner product, usually the dot product on C", and (-, -)7 for a
Hermitian (sesquilinear) inner product on a Hilbert space H. We frequently refer to
adjoints of operators on a Hilbert space. When the space needs to be emphasized,
we add it as a subscript, for example writing A3,. We use L(H) to denote the set
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of bounded linear operators mapping H to itself with the usual operator norm. We
frequently use a superscript T to indicate that an object is “‘dual” in a loose sense, but
the formal meaning may change from instance to instance.

Finally, when we say that a unitary operator U quantizes a canonical transformation
Kk, we mean that

Up” (x, hD)U* = (p ok~ (x, hDy)

for appropriate symbols p and an appropriate definition of the semiclassical Weyl
quantization. In this work, we only apply this notion to (complex) linear canonical
transformations and to symbols which are homogeneous polynomials of degree no
more than 2, in which case formulas like (1.1) may be used. We therefore use only the
most rudimentary aspects of the theory of metaplectic operators; see for instance the
Appendix to Chapter 7 of [6] or Chapter 3.4 of [20].

1.3 Statement of results

We are now in a position to formulate the four main results of this work.

First, we extend the central result of [ 14] to include partially elliptic operators, at the
price of more rapid exponential growth. In fact, the result here is identical to the main
result in [14] save that exponential growth in 2~! is replaced by exponential growth
in h~172k0_ A remarkable recent estimate of Pravda-Starov [25] provides a subelliptic
estimate sufficient to establish the following theorem, which gives exponential-type
semiclassical resolvent bounds when the spectral parameter is bounded and avoids a
rapidly shrinking neighborhood of the spectrum.

Theorem 1.1 Let g : R** — C be a quadratic form which is partially elliptic with
trivial singular space in the sense of (1.5) and (1.6), and let ko be defined as in (1.8).

If F(q) is diagonalizable, then for any Cy, Ca, L > 0 there exist hy > O sufficiently
small and A > O sufficiently large where, if z € C, |z] < C»,

1
dist(z, Spec ¢" (x, hDy)) > C—exp(—Lh—1—2k°>,
1

and h € (0, ho], we have the resolvent bound
“(qw(X, th) _ Z)_IHE(LZ(R”)) < ACXp (Ah_1_2k0),

If F (q) is not assumed to be diagonalizable, then for any C1, Ca, L > 0 there exist
ho > 0 sufficiently small and A > 0 sufficiently large where, if 7 € C, |z| < C3,

hL
diSt(Za Specqw(xv hD)C)) 2 C_a
1
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and h € (0, hg], we have the resolvent bound
w -1 —1—2k 1
1@ (x, hDx) — 2"l gr2mry) < Aexp | Ah log )

We also have in [14] a unitary equivalence between L*(R") and a weighted space
Hg,(C") of entire functions, defined in (1.16), which reduces the symbol g (x, £) to
a normal form g (x, £); we review this in Sect. 2.2. In that weighted space, we have
a simple characterization of the spectral projections for g% (x, 2 D)) as truncations of
the Taylor series.

Theorem 1.2 Let g : R*" — C be quadratic and partially elliptic with trivial sin-
gular space as in (1.5) and (1.6). Let py be as defined in (1.12). As described in
Proposition 2.2, the operator g* (x, hDy) acting on L*(R") is unitarily equivalent to
q" (x, hDy) acting on Hg,(C"; h) for some &, : C* — R real-valued, quadratic,
and strictly convex. Using the notation (1.14), write

IT, = Py o onp,) - Ho,(C"s h) — He, (C"; h).
Then

Mux) = > (@)~ @u0)x". (1.17)

o =2

The motivation behind establishing Theorem 1.2 is to provide information about
the spectral projections, particularly the operator norms thereof. The approach of using
dual bases for eigenvectors was used in [4] in finding exact rates of exponential growth
for the operators described in Examples 2.6 and 3.6; we follow a similar approach here.
The most tractable projections seem to be for eigenvalues with multiplicity 1, meaning
the expansion in (1.17) consists of a single term. Note that this is true for every py
simultaneously if and only if the eigenvalues of F(g) which lie in the upper half-plane
are rationally independent, which is a generic condition.

As explained above in (1.15), there is no reason to describe the norms of spectral
projections semiclassically; we therefore state the result with 2 = 1. We furthermore
see in Proposition 4.1 that the set of @, which may be obtained from Proposition 2.2
is exactly the set of strictly convex real-valued quadratic forms @. We therefore treat
such a @ as the object of study in the following theorem.

Theorem 1.3 Let @ : C" — R be strictly convex, real-valued, and quadratic. Write
Hyu(x) = (@)~ (0%u0)x* : Hp(C": 1) — Hep (T 1).

Then there exists another quadratic strictly convex weight @' and a constant C e for
which, for all @ € NI}, we have the formula

Co . & o
||Ha||£(H4>((C”;1)):W”x Il Ho ) IIX™ 1 H 5 (1) (1.18)
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HereCp = 2m) " det(1 —CiC+)_1/4f0r Cy € C"" asymmetric matrix associated
with ®@. In view of Proposition 4.1, one may deduce the definitions of C and ®" from
Remark 4.2 and (4.39).

This result has three simple corollaries, which we formally state in Sect. 1.4. First,
we have exponential upper bounds for the spectral projections of any elliptic or par-
tially elliptic operator. Second, we have a complete asymptotic expansion for spectral
projections in dimension one, where eigenvalues are automatically simple. Finally,
we have a formula for the rate of exponential growth, regardless of dimension, in the
generic situation when eigenvalues are simple.

It is useful for analysis of g% (x, h D) to have some orthogonal decomposition of
L2(R") into g™ (x, hDy)-invariant subspaces. That collections of Hermite functions
of fixed degree form such a decomposition for Kramers—Fokker—Planck operators
with quadratic potential was known since [26], as described in Section 5.5 of [8]. We
explore one such operator in Example 2.7, and we have the same decomposition for
an operator whose Hamilton map has Jordan blocks in Example 2.8.

The question of orthogonal spectral projections for partially elliptic operators has
been raised in the recent work [22], which focuses on semigroup bounds for such
operators. Working under the assumptions that the ground state of ¢ (x, & D, ) matches
that of g% (x, h D)™ and that the operator is totally real, the authors of [22] show strong
similarity, on the level of semigroups, between the behavior of the spectral projection
for g% (x, hD,) and {uo} and the behavior of the orthogonal projection onto the span
of the corresponding eigenfunction.

Inspired by this work, we observe that the analysis here beginning at Theorem 1.2
and leading towards Theorem 1.3 puts us in a position to describe necessary and
sufficient conditions on ¢ for this projection to be orthogonal.

Theorem 1.4 Letq : R — C be quadratic and partially elliptic with trivial singular
space as in (1.5) and (1.6). Recall the definitions of AT = Ai(q) in (1.10) and 1y
in (1.12). Let I1,, be the spectral projection for ¢ (x, hDy) and {o}, as in (1.14).
Then the following are equivalent:

1. the ground states of the operator and the adjoint match,

ker(q" (x, hDy) — po) = ker(g" (x, hDy)* — 1o);

2. the stable manifolds associated with q are conjugate, AT = A~
3. the projection I, is orthogonal on L>(R™).

s and

Remark 1.5 A further decomposition immediately follows if any of these conditions
hold. Studying the unitarily equivalent operator g% (x, hDy) acting on Hg,(C"; h),
we have that the spaces of polynomials homogeneous of fixed degree,

En = span{x® : |a| = m},

are orthogonal ¢* (x, hD)-invariant subspaces of Hg, (C"; h) which together have
dense span. We also have that
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Spec(c}w(x, th)|E,,,) = {lo : || =m}.

Some illustrations using this decomposition may be found in Sect. 2.6.

1.4 Corollaries on the growth of spectral projections

In Sect. 5 we derive three simple corollaries of Theorem 1.3.

First, we have an exponential upper bound for spectral projections for the quadratic
operators we have been considering. We note that, following Remark 3.7, we do not
expect this bound to be sharp in dimension n > 2 in general.

Corollary 1.6 Let g : R* — C be quadratic and partially elliptic with trivial
singular space as in (1.5) and (1.6). Let i1y, be as defined in (1.12). Using (1.14), write

M. = Piggveany  L2R") > LAR").
For @, taken from Proposition 2.2 and @; derived from @, as in Theorem 1.3, let

A = inf 4®5(w), Ay = lir‘lfl 40 ().
w|=

lw]=1
Then
T 2 r2 ey < O+ o) (A Ag) 1912,

In (spatial) dimension 1, we have a complete asymptotic expansion for spectral
projections as the size of the eigenvalue becomes large.

Corollary 1.7 Letq : R? — C be quadratic and partially elliptic with trivial singular

space as in (1.5) and (1.6). By (1.9), there exists only one (algebraically simple)
eigenvalue of F with positive imaginary part; call this eigenvalue \. Let

A
UN = 17(2N + D).
Using (1.14), write
— 72 ml 2 ml
Iy = Puy)gve.ny) - L7(RY) = L2(RY).

In dimension 1, the C. of Theorem 1.3 must be a complex number with |C4| < 1. After
dividing out the rate of exponential growth identified in [4], there exists a complete
asymptotic expansion

1—|C N\ N :
S e 1 TNl 2wty ~ D ¢ N~I1/2
(1+|C+|) D ;0 :
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as N — oo, for some {c; ?O:O a sequence of real numbers depending only on C.. We

furthermore compute that

1+|C+|)”“

co = (2n|c+|>‘/2(1 T
- +

In the case of higher dimensions, the maximization problem leading to Corollary 1.7
is much more difficult. In the generic case of simple eigenvalues, we are nonetheless
able to identify the rate of exponential growth for spectral projections along rays
{urg : A8 € Nj} for B (Ry)" fixed as A — oo.

While this provides significant information on the exponential growth of spectral
projections for a broad class of non-normal quadratic operators, the author feels that
this result in higher dimensions is rather preliminary and hopes to return to the subject
in later work.

Corollary 1.8 Let @ : C" — R be strictly convex, real-valued, and quadratic. Write
Myu(x) = (@)~ (@*u(0)x* : Hp(C"; 1) — Hp(C"; 1).

Let @' be the dual weight as in Theorem 1.3.

Consider B € (Ry)"\{0} normalized so that |B| = Z'}:l Bj = 1. For those
A € Ry for which AB € N§, we have the following exponential rate of growth in the
limit A — oo:

A~ Mog 1Ml | 2wy

1 1 )
=3 log( sup (4¢(w))—1|w/5|2) +3 log( sup (49 (w))—1|wﬂ|2)
|lw|=1 |w|=1
— > Bjlogp;+ 0O ogh).
JiBi#0

As with multi-indices, we define |wP|> = H?:] |a)j|2f3j.

Furthermore, consider q : R** — C quadratic and partially elliptic with trivial
singular space as in (1.5) and (1.6), with pq defined in (1.12). Due to the unitary
equivalence in Proposition 2.2 with @, provided therein, the same rate of growth
holds for the norm of the classical (h = 1) spectral projections

1Pp).q% . Do) 22 ey = 1HTgll 2(Hg, ;1)
so long as we assume that the eigenvalue ;g € Spec q" (x, Dy) is simple.

1.5 Plan of the paper

Section 2 is devoted to proving Theorem 1.1 and recapitulating the necessary machin-
ery used in [14]. Also included are examples in Sect. 2.3 and illustrations of partial
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ellipticity in Sect. 2.6. Section 3 contains the proof of Theorem 1.2 as well as an ele-
mentary exponential upper bound for spectral projections which is related to the work
[4]. Section 4 focuses on the properties of dual bases for projection onto monomials
in weighted spaces, and it contains proofs of Theorems 1.3 and 1.4. Finally, Sect. 5
contains computations based on these results which prove Corollaries 1.6, 1.7, and 1.8
and numerical computations based on Corollary 1.8.

2 Resolvent bounds in the partially elliptic case

One may extend the upper bounds obtained in [14] for resolvents of elliptic quadratic
operators to upper bounds for partially elliptic quadratic operators after two steps:
duplicating the reduction to normal form and finding some replacement for an ellip-
tic estimate. The former can be done after demonstrating that the stable (linear
Lagrangian) manifolds A* defined in (1.10) are positive and negative Lagrangian
planes as defined in (1.11), which follows more or less directly from reasoning in
[29]. A subelliptic estimate, sufficient to establish Theorem 1.1, may be deduced from
a remarkable recent result of Pravda-Starov [25].
In this section, we will assume that our quadratic symbol

g :R”™ > C

is partially elliptic with trivial singular space as in (1.5) and (1.6).

We begin by proving sign definiteness of A*(¢). Afterwards, we recall the reduction
to normal form in [14] and remark on some additional information which may be
derived from this reduction. Following this, we present three examples which will be
used throughout the rest of the paper. Next, we prove the weak elliptic estimate for
high-energy functions. Finally, recalling the low-energy finite dimensional analysis of
[14], we are able to prove Theorem 1.1.

Afterwards, in Sect. 2.6, we see some evidence that the elliptic estimate in Propo-
sition 2.10 may not give a sharp rate of growth in Theorem 1.1. However, the phe-
nomenon of subellipticity formalized in [25] appears to be sharp, presenting a genuine
obstacle in adapting the standard ellipticity argument found in Proposition 2.10.

2.1 Sign definiteness of A*(q)

To reproduce the reduction to normal form in [14], one must have sign definiteness of
A% (g) defined in (1.10). We include a direct proof here.

Proposition 2.1 Let g : R — C be a quadratic form and F = %Hq its Hamilton
map defined in (1.4). Assume that q satisfies (1.5) and (1.6), and recall the associated
manifolds A*(q) defined in (1.10). Then A*(q) are positive and negative Lagrangian
planes in C*" as defined in (1.11).
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Proof We begin by noting, as in the proof of Lemma 3 in [23] or in Remark 2.2 of
[31], that (1.5) implies that, whenever X € R>",

Reg(X) =0 < (Re F)X =0. 2.1
We also recall that, when g obeys (1.5) and (1.6), there exists §p > 0 and a con-

tinuous family of complex linear canonical transformations {kxs}o<s<s, acting on cn
beginning with the identity, ko = 1 2., and positive constants {Cs}o<s<s, for which

1
Re (q o k3)(X) > —I|X|>, §>0.
Cs

Details may be found in, for example, [12], Section 2, or [31], Section 2.1. These
canonical transformations induce a similarity transformation on the Hamilton map,

F(qoks) = k5 F(g)s,
and so
Ay =A% (goks), 0<8<
enjoy the relation
AF = k5 1 (AD).
It immediately follows that {A Jo<s<s, 1s a continuous family of Lagrangian planes.
When § > 0, positivity of AJr and negativity of Ay follow from elhptlclty of g o k3.
To apply a deformation argument in [29], we wish to show that A NR>" = {0).

We know from Lemma 3.7 of [29] that A # —u implies that VA (¢) and V,,(q) are
orthogonal with respect to o, and therefore that AjE are Lagrangian planes. (This may
also be seen by applying ks to A J)

Because generalized eigenspaces of an operator are invariant under that operator,
we see that X € Ag implies that F X € A(J)r. Since A(J)r is Lagrangian, we see that

XeAl = qX)=0(X,FX)=0.

If we assume furthermore that X & AS’ N R?", we have that Reg(X) = 0 and so
(Re F)X = 0 as well. But then

—iFX = (ImF)X € AJ NR*".
By induction we therefore see that, whenever X € A(J{ N R?", we have that

(ImF¥X e AT NR*”, k=0,...,2n— 1.



Spectral projections and resolvents for quadratic operators 157

We have already seen that ker Re F' contains Ag N R%" and so we conclude that,
whenever X € A NR?", we have X € § = {0}.

We may then appeal to the deformation argument following Lemma 3.8 in [29],
which shows that if {Ws}o<s<s, is a continuous family of Lagrangian planes for which
W5 NR?" = {0}, then all the W are positive so long as one is. Since A; is positive
for 8 € (0, 8], we know that Al = A1 (q) is positive. The same reasoning provides
that A~ (g) is a negative Lagrangian plane, completing the proof.

2.2 Review of reduction to normal form

Having established sign definiteness of A*, a reduction to normal form may then
proceed exactly as in Section 2 of [14]. We state the result as a proposition, following
Proposition 2.1 in that work, and review the proof to record some minor details. We
then make some minor remarks providing further information which will be used in
the sequel. The relevant symbol classes are

SR, ((x, £))™) == {p € CP®R™) : [0, p(x.&)| < Oup(((x,£))™)}.

However, as mentioned in Sect. 1.2, in this work we only require the use of symbols
which are polynomials in (x, &).

Proposition 2.2 Let g(x, &) : R? — C be quadratic and partially elliptic in the
sense of (1.5) and (1.6). Then there exists a complex linear canonical transformation
x for which

G(x,8) = (gox (x,&) = (Mx) - &

for M € C" " block-diagonal with each block being a Jordan one. Furthermore,
the eigenvalues of M are precisely those of 2F in the upper half-plane. Associated
with the transformation x are a real-valued quadratic strictly convex weight function
@, : C" — R and a unitary operator

T : L>(R") — Hg,(C")
quantizing » in that
Tp¥(x,hD)T* = (pox H"(x,hDy), Ype SR¥™, ((x,6)™). (2.2)

Proof We repeat the proof of Proposition 2.1 in [14] solely to make certain small
details and minor changes of notation explicit. There are three pieces in the reduction
to normal form: quantizing a real canonical transformation straightening A~, an FBI-
Bargmann transform reducing ¢ to a polynomial simultaneously homogeneous of
degree 1 in x and of degree 1 in &, and a change of variables reducing the matrix in
the resulting symbol to Jordan normal form.
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That A = A~ (g) is a negative Lagrangian plane is equivalent to having
AT ={(y,A_y) : yeC"}
for some
A_eC™, A" =A_, -ImA_>0

with the last in the sense of positive definite matrices. A real linear canonical trans-
formation such as

_ (~ImA_)1/? 0
K= (_(_ImA_)—1/2Re A (_ImA_)—l/Z) 2.3)

gives k(A7) = {(y, —iy)}. We have that « may be quantized by a standard unitary
operator on L2(R™), which reduces A% (g) to k (A%(q)) accordingly.
Since « is real canonical, k (A™) remains positive, and so k (AT) = {(y, A, y)} for
some symmetric A4 € C"*" with positive definite imaginary part. Straightening
K(A%) 5 {(0.6))gern
while simultaneously straightening

k(A7) = {(x, 0)}recn

is accomplished by an FBI-Bargmann transform

Ta,u(x) = Ca, h™3* / eh Ay () dy (2.4)
Rn

for
i 5, 1 ) )
pa, (x,y) = z(x—y) — E(x,(l —iAL) Aqx).

This FBI-Bargmann transform quantizes the canonical transformation, in block matrix
form,

1 i
¥ae = (—(1 —iApTAL (- iA+)_1)' 2:5)

From [14], we have that the range of the FBI-Bargmann transform (2.4) is Hg, (C"),
where

®(x) = %((Imx)z + Im (x, Bx))
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for
B=(1—-iA) A,

We rearrange @ as follows:

P1(x)

l( Y)? i(( Bx) — (X, B¥))
—8x—x +4i x,Bx)— (x, Bx

1 _ 1 ) 1 _ —
Z(x,x) — g(x, (14+2iB)x) — g(x, (1 —2iB)x)

= %(|x|2 —Re (x, (1 4+ 2i B)x)).

We will use the expression
D1 (x) = }l<|x|2 —Re (x, C+x)) (2.6)
with
Ci=1+42B=(1—-iA) A +iAy). 2.7)

We may see that @ is strictly convex through the following useful computation,
recalling that A is symmetric:

1-CiCp =1-(1+iAD) "1 —iA)A+iAp( —iA)™!
=1 +iA) T (1 +iA)A —iAy) — (1 —iA)A+iAD)) A —iAp~!
=(1+iA) ' @ImAHA —iAp) ™" (2.8)
We then see through a change of variables that positive definiteness of Im A is

equivalent to positive definiteness of 1 — C} C,.. We therefore have that |C x| < |x|
for all x € C"\{0}. Then, by the Cauchy—Schwarz inequality, when x # 0 we have

1
@ (x) > Z(|x|2 — |x] |C4x]) > 0,

establishing strict convexity of @;.
The canonical transformation (2.5) relates symbols p : R — C with FBI-side
symbols (p o x;i) : Ap, — C, with

Ag, = xa, (R?") = I(x %8x<1§1(x)) txe (C”} (2.9)

where derivatives here are holomorphic. After conjugation with the FBI-Bargmann
transform (2.4), we have reduced g to (M1x) - &, where M is not necessarily in Jordan
normal form.
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Finally, for some invertible G € C"*" chosen so that G~! MG is in Jordan normal
form, we use a final linear change of variables

Hp, > u(x) — |det Glu(Gx) € Hop, (2.10)
quantizing the canonical transformation
kG 1 C" 5 (x,€) > (G 'x, G'g) e C?. (2.11)
The resulting weight is @, (x) = @1(Gx), which is strictly convex since @1 (x) is.

We note that a real-valued quadratic form @ is uniquely determined by the two

matrices @)/, and @7 , since in this case

@ (x) = (@F,x, %) + Re (P x, x).

X

(See Sect. 4.1 for more details.) We therefore only need to record that
(@), = iG*G, (@)Y, = —%G’C+G. (2.12)
The associated canonical transformation, using (2.3), (2.5), and (2.11), is
H=KGOXA, OK.
As in [14], we note that x| 4+ is an isomorphism
x: AT > (=0} ={(x,0) : x € C"}.

Since
- 1 (M 0

and F(§) = xF(q)x~", we see that M acting on C" and 2F (¢) acting on AT are
similar linear operators and therefore isospectral. By the definition (1.10) of A™, we
then have

Spec M = Spec(2F (q)| a+) = (Spec2F(q)) N {ImA > 0}.
We furthermore remark that the change of variables (2.10) is a degree-preserving
isomorphism on polynomials. For this reason, it will sometimes be simpler to work

on Hg, instead of Hgp,.

Remark 2.3 From Section 4 of [14] we record the specific formula

qw(-xa hDX) = qg(-xv hDX) +qN(-xa hDX)
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with
n h n
~w — Y. — .
G8(x, hDy) = sz,x.,thj + - Zx.,
j=1 j=1
and
n—1
NG, hD) =D yixjpihDyy, ;€ (0,1},
j=1

As usual, the A; are the eigenvalues of F(g) for which ImA; > 0. We furthermore
remark that it is clear from the fact that M is in Jordan normal form that y; = 0 when

AjFENjyl

Remark 2.4 In order to see how complex Gaussians
1o (x) = exp (;—h(x, Fx)) . FeC™ . F'—F (2.13)

transform under 7, or under any unitary transformation quantizing a complex linear
canonical transformation x, it suffices to note that such a Gaussian may be uniquely
identified (up to a constant factor) as an ODE solution of the equation

LY (x,hDu =0, £(x,&) =Fx—E&.

Therefore 7 uo must satisfy a similar equation with £ = £ 0 !

; writing
x N(x, &) = (Ax + BE, Cx + D§),
we have that

i(x,&) = (FA— C)x — (D — FB)E.

When (D — FB)~! exists, we see that 7o must also be a complex Gaussian

Tup(x) = Cexp (L(x, ﬁx))
2h
with a new
F=(D-FB) ™ Y(FA-0).
Symmetry of F, recalling that F is symmetric, may be checked by noting that

(D — FB)(F — F')(D' — B'F)
= F(BA" — AB")F + F(AD' — BC") + (CB" — DA")F + (DC" — CD").
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That
AB' —BA' =0
(""" is canonical «= { AD' — BC' =1
CD'—-DC'=0

follows as usual from the equivalent statement

—1 —1\t _ 0 —1
x " JO ) =J, J_<1 L

This is seen to be equivalent to having » canonical by taking inverses of both sides of
%=1 J (1" = J, which completes the proof of symmetry of F.

The case F = 0, where ug is constant, will play an important role in the sequel as
the ground state of g% (x, hDy).

The case where D — F B above is not invertible should then degenerate into having
up behave as a delta function in certain directions, as may be seen by taking the
Fourier transform as an example, but we will not encounter that situation here. This
fact may be deduced from the fact that the unitary transformation quantizing the real
canonical transformation « in (2.3) preserves L (R") functions and therefore preserves
the class of Gaussians given by {F : F’ = F,Im F > 0} and from the fact that the
FBI transform takes these Gaussians to entire functions on C”, precluding the delta
function situation.

For completeness, particularly for the application to Hermite functions in Sect. 2.4,
we explicitly compute the matrix D F — B for the transformations which constitute
in Proposition 2.2. We then can see that DF — B obtained from » will be invertible
whenever Im F' > 0 in the sense of positive definite matrices. From (2.3) we have

L (CImA)TI2 0
T\ Red ) (—ImA_) 12 (—ImA_)/2 )"

meaning that B = 0 and so D — FB = (—Im A_)!/? which is always invertible.
Furthermore, for «, we have

F=(-ImA_)"Y2(F —Re A_)(~Im A_)~/2,
and since (—Im A_)"Y2isareal positive definite matrix, we see that Im F' > 0 if and
only if Im F > 0. Next, from (2.5), we see that

S ¢ —iAp~h
Av T\ AL —iAp™ 1)
and so D — FB = 1 — i F which is certainly invertible if Im F > 0. (One can
furthermore easily check that Im F > 0 means that the resulting F = 0 if and only if
F = A,.) Finally, the transformation KG given by (2.11) obv10usly has B = 0 and

D = G~' which is always invertible; naturally, the formula for F here may be more
easily obtained from the associated change of variables.
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We are therefore assured that 7 from Proposition 2.2 always carries a Gaussian
given by (2.13) to another Gaussian.
We make a final note that

x%exp (i (x, Fx)/2h) Z)(kw(x, hD.))%exp (i (x, Fx)/2h)

for some linear k(x, £) : R — C". As a consequence, if p(x) is a polynomial of
degree N,

p(x)exp (ﬁ(x, Fx)) % Bx)exp (ﬁ(x, ﬁx))

with p a polynomial of degree less than or equal to N. Because this procedure may
reversed, we see that degp = N.

Remark 2.5 In our first application of the proof of Proposition 2.2 and Remark 2.4,
we can now easily show that the set C[xy, ..., x,] of polynomials in n variables is
dense in Hg,(C"; h). Since the invertible linear change of variables (2.10) induces
an isomorphism on the space of polynomials, it suffices to show that polynomials
are dense in Hg,. As discussed in Remark 2.4, the constant functions are uniquely
determined by the equation

9 (x,hDy)u =0, £(x,§) =&.
Inverting the FBI-Bargmann transform quantizing x4, provides a unitary map
Ha,(C"; h) 2 Clxi, ..., %] = Clxi, ..., xalug S L*(R),

where the image of 1 € Hg, (C"; h), denoted ug € L2(R™), is uniquely determined
up to constants by the equation

(€ oxa )" (x,hDy)ug = 0.
We compute that
Coxp, =(1—iAp)  (—Arx +8),

so (up to a constant factor)
up(x) = exp (Zl_h(x’ A+x)) .

Density of C[xy, ..., x,]ug in LZ(R”) is established in Lemma 3.12 of [29]. Density
of C[xy, ..., x,]in He, (C"; h) follows by the unitary equivalence, completing the
proof.

In view of Proposition 4.1, we see that polynomials are dense in Hg (C”; h) for any
real-valued quadratic strictly convex @.
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2.3 Examples

We begin by describing the reduction to normal form in three examples: the rotated
harmonic oscillator studied in [4], a Kramers—Fokker—Planck operator with quadratic
potential like those studied in [9] (among many other works), and small perturbations of
an operator for which F(g) has Jordan blocks, studied in [14]. The rotated harmonic
oscillator is a model operator in dimension 1 against which Corollary 1.7 may be
checked. Next, the Kramers—Fokker—Planck operator is of physical interest, is partially
elliptic but not elliptic, and may be analyzed via an orthogonal decomposition in view
of Theorem 1.4. Finally, the perturbations of the operator with a Jordan block admit a
similar decomposition, and the unperturbed operator has rapid resolvent growth while
having orthogonal spectral projections with large ranges.

The reader who wishes to continue with the proof of Theorem 1.1 is invited to skip
this section.

Example 2.6 We first consider the operator on L>(R!) given by

. 42 .
01(h) = —e‘”fﬂﬁ + 0% (2.14)
with symbol
Gr(x, £) = e 202 4 o%0x2, (2.15)

The symbol is elliptic for 6 € (—m /4, w/4). In [4], exact rates of the exponential
growth for the spectral projections associated with this operator were computed, and
we will compare the results in this paper to those previously known results.

We begin with the observation that

0 e—2i0
F= (_621'9 0 )’

with eigenvalues i and eigenspaces

AE = {(y, 2ie¥%) 1 y e C).

We have then that A~ = {(y, A_y)}yec» for A_ = —ie*?, and so following (2.3)
gives
. — (cos20)!/2 0
“ \ —(cos20)"12(sin20) (cos20)~ /2 )"

Asa consequence,

K(AT) = {0, =inlyeer, k(A7) ={(y, (i —2tan26)y)} ecr.
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Therefore we can compute from
AL =i—2tan26
that
Ci=1—-iAp) "0 +iAp) = %(—1 + e 49,

In one dimension, there is no need for an FBI-side change of variables reducing to
Jordan normal form, so it suffices to use

1
D (x) = Z(|x|2 —Re (x, C4x)).
We conclude that Q1 (k) from (2.14) is unitarily equivalent to
01(h) = 2ixhDy + h

acting on Hg, (Ch). We note that the symbol of 01(h) is 6-independent.

Example 2.7 We next consider a specific semiclassical Kramers—Fokker—Planck oper-
ator with quadratic potential

1 2 292 1
Q2(h) = 5 (w* = h*07) + hvdy — Shxd, (2.16)

acting on L?(R?), for simplicity. The classical derivation from [19] may be found
in, for instance, Section 13 of [9]. We have chosen y = | and V(x) = x2 /4. The
corresponding symbol is

1 2 2 . l
QZ(xa U,S, 7)) = E(v +77 )+l(v$ - Exn)

In this situation we have

0 i/2 0 0
o |40 0 12
271 o 0 0 /4

0 —1/2 —i/2 0

We may then check that the eigenvalues of F; are given by

1 i
) =1+t-+ -
Spec(F?) I 2 4],
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with eigenvectors determined by

ker(Fy — ) . 4A2+i 4A2+i
r - = n ) = s Loy TV T ~ 1, =1
erira Spanti, U i\ "2) T T2

We can easily determine A_ by writing

(Cmn )=

— V_1/4—i/4 —

for By, By € C2*2, Then

A-=B'B)= (_i)/2 _Oi)'

The same procedure applied to eigenvalues with positive imaginary part shows that
A% (g2) = A~ (q2), which is condition 2 in Theorem 1.4.
We therefore take

1/¥2 0 0 0
| 0 100
1 0o 0420

0 0 0 1

to obtain
Qo6 0.6, 1) = (@2 0 k™), 0.6 m) = 5 (02 + 1)+ = (08 — x1).
The same procedure applied to F(gz r) =« F (g2)k~! shows that

i 0
= (3 ?)

We therefore may conjugate with an FBI-Bargmann transform quantizing the linear
transformation

1 0 —i 0
| oo 10 —i
%=1 iz 0 12 0

obtained from (2.5). This results in the symbol

i i
G2.0(x, v, 6,1) = (qa.r 0%, (X, v, &, ) = ivn — —=xn + —=vE, (2.17)
q &1 q ; &1 nﬁn ﬁé‘
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where g5’ (x, v, hDy, hDy) is viewed as an operator on

1
He, (C% h), ®1(x) = 716 v)?

since C4+ = 0 from (2.7). Note that

62,0()(71)1&7 n):(Ml(va))'(gv n)’ Ml = (—l;)\/z l/;/z)v

and that the eigenvalues of M are the same as those of 2F (¢) which lie in the upper
half-plane.

Then the matrix G corresponding to the change of variables kg may be computed
via the assumption that

(G200 kG0, v, E,m) = (M(x, ) - (5, 1)
where M is diagonal because the eigenvalues of M are distinct. Letting

G = ((1 +§)/ﬁ ¢ —§>/ﬁ) 2.18)

gives our final result, that Q> (h) is unitarily equivalent to the operator
02(h) = G (x, v, hDy, hDy)

for

1+i€+—1+i
X
2 2

@x,v,8,n) = v

acting on Hg, (C2; h) with

@ _ 1 2 _ 1 . o2 2
2(x,0) = Z|G(x, v)I7 = S|+ Dx 4+ (1= Do+ | + o]

We also note that our choice of G was not unique. For instance, replacing G with rG
for any r > 0 would suffice.

Example 2.8 As a final example, we discuss an elliptic quadratic form whose Hamil-
ton map contains Jordan blocks, also studied in Section 4 of [14]. The example is
notable for exhibiting rapid resolvent growth while having orthogonal spectral projec-
tions whose ranges have high dimension. Under small perturbations which split the
eigenvalues of the Hamilton map, the resulting split spectral projections are no longer
orthogonal and in fact have norms with rapid exponential growth in 1/ /.

The easiest place to begin is on the FBI transform side, as we are free to write

G3(x, &) = (Mx)-&, (x,&) e R* (2.19)
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for M already in Jordan normal form:

2i 1
M= (0 2i) '
We regard g3’ (x, hD,) as acting on

1
Hgp, (C% h), ®(x) = Z|x|2.

If one wishes, one may invert the FBI-Bargmann transform and canonical transforma-
tion used in Example 2.7 to obtain a unitarily equivalent operator on L>(R?); a similar
formula in terms of creation-annihilation operators is in found in [14].

As an example of a small perturbation, we consider the operator

G3.6(x, &) = g3(x, &) + ex263.

Instead of passing back to the real side and beginning to straighten A~ anew, we

merely note that
2i 1
M. = ( 0 2i+ 8)

may be diagonalized by the change of variables given by

11
G: = (0 8). (2.20)

Ellipticity of the operator on Hg, given by (M,x) - £ when € € R is easy to check on
the FBI transform side. By (2.9), we have that

2 2 (1 _) 1_
E(x) = -0xD1(x) = =0y | ~xx ) = ==X,
i i 4
and so
1
Re((Mcx) - &) = |x|2 + Re (szil) , Y(x,8) € Ag,.

Ellipticity follows from the Cauchy—Schwarz inequality.
We will see in Sect. 4.4 that, in this case, Theorem 1.3 depends on

1 1 _
®s(x) = Z|G€x|2, @) (x) = i) 2.

This means that the large condition number ||G.|| [|(G¥)~!||, which occurs because
M, is nearly a Jordan block, should result in a very large rate of exponential growth
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in A~! for spectral projections for 43, (x, hDy). This dependence is verified for 0 <
¢ < 11in Sect. 5.4.

We furthermore may examine the case where the operator g3’y (x, 1Dy ), obtained
by setting ¢ = 0, acts instead on Hg, for @2(x) = 4—1‘|Gx|2 where G € C2*2 is
an invertible matrix for which g3 o(x, &) is elliptic along Ag,. (While this ellipticity
condition is necessary, the collection of such G is certainly an open set containing the
identity matrix and is therefore nontrivial.) By Theorem 1.2, we see that the ranges of
spectral projections associated with g3’ (x, h Dy) are precisely the spaces

Ey = span{x® : |a| = m} C Hp,.

The spectral projections of this non-selfadjoint operator are orthogonal, yet Corollar-
ies 1.6 and 3.5 indicate exponential growth. Furthermore, following [14], we expect
the resolvent of the operator to be quite large, particularly when close to the spectrum.
This demonstrates the significant complications in the case where F(g) has Jordan
blocks, where the dimension of the range of spectral projections becomes large.

2.4 A high-energy subelliptic estimate

The elliptic estimate in Section 3 of [14], like those in many other works, relies
essentially upon a lower bound for Re (u, ¢ (x, hDy)u) Ha, for u € Hg, supported
away from the origin, and this lower bound is a consequence of a lower bound for
the symbol on supp u. Lower bounds for g* (x, hD,) — z are then obtained from
the triangle inequality. As we have already seen in Example 2.7, quadratic symbols
satisfying (1.5) and (1.6) are generally not bounded from below away from the origin.
Numerics presented in Sect. 2.6 suggest that the lower bounds which hold for elliptic
operators are false in the partially elliptic case, since exponential resolvent growth
appears to persist for energies C/h even when C is taken large.

Instead, we may use a result of Pravda-Starov [25]. In the elliptic case, one may
bound g% (x, Dy) from below (with error) by x2 + D)%, which corresponds to the
symbol bound

q(x, &) > l|(x,§>|2.
C

In the non-elliptic case, one is forced to accept a lower bound given by a more slowly-
growing symbol.
We recall from Theorem 1.2.1 of [25] the non-semiclassical estimate

(e, )2 FRFDY Y| gy < C(llg™ (s Diull 2y + Hull 2y

Here, k¢ is defined in (1.8). One might convert this to a semiclassical estimate via
conjugation with the usual unitary change of variables (1.2). This induces a unitary
equivalence between

q" (x, Dy) ~ h™'q" (x, hDy)



170 J. Viola

and
(e, )Y FHDYw ~ =V o (x hDy)
for
o, £) = (h+x 4 £3)!/@FD.
Derivatives of this symbol grow rapidly at the origin as # — 0%, and therefore
one could possibly modify the symbol calculus in some way to obtain lower bounds
directly.

To avoid these issues, we follow [22] in passing to the functional calculus for the
operator

A% =1+4x%*+ D2,
since the study of the semiclassical harmonic oscillator x2 + (hD,)? falls well within

the subject of the present work. From (43) in [22] with v = 0 and § = 2ko/(2ko + 1)
for kg as in (1.8), we have

HAD P ull 2y < C1g™ (s Diull 2y + lull 2y

Using the same unitary change of variables (1.2), which may be passed inside the
exponent 1 — § via the functional calculus, we have

NAD P ull 2@y < C7MIg" (e, DUl 2@y + Null 2@y (2:21)
for
A7 =14+ h7 (x4 (hDy)?). (2.22)

We recall that, for all o« € Ng, there exist Hermite polynomials f, (x; /) of degree
|| where { f (x; h)e_xz/ Zh}o,eNg orthonormally diagonalizes x> 4+ (hD,)? acting on
L%(R™), with eigenvalues

(% + (hD)?) fu s e ™ 1M = h(@lat| + ) fo (s hye™ /2
Explicitly, we recall that f (x; h)e_"z/ @M may be obtained as the normalization
in L>(R") of (x — i th)"‘e’xz/ 1) Conjugating with the unitary transformation in
Proposition 2.2 which maps L2(R™) to Hg, (C") takes the collection { fae’xz/ Zh}aeNg

to some orthonormal collection of

Vo (X) = po(x; h)e” 20/ 1 (2.23)
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in He, (C") with degp, = || (see Remark 2.4). Furthermore, because
vo(x) = Ce= 2/ ¢ Hy,

for some h-dependent constant C, we have that

1 l——— 2
lvollae = ICIZ/GXP (_EQO(X) - ZQO(X) - Ed)Z(x)) dL(x) < oo.
(Cn

We conclude from this that
@ (x) 1= P3(x) + Re Qp(x) (2.24)

is a strictly convex real-valued quadratic weight.
As in [14], we divide Hg, into low and high energy subspaces, where the energy
of a monomial x¥ is considered to be 2~ !|«a|. We will here use the notation

Kcy =Kcyo = {u € Hp : 3°u(0) = 0,V]a| > Coh™ '}, (2.25)
He, = Hego = (4 € He : 9%u(0) = 0, V]a| < Coh™'}. (2.26)

Recall that K¢, and Hc, (with weight function @) are g% (x, hDy)-invariant. We
effectively repeat the proof of Proposition 3.2 in [14], making simple modifications,
to establish a characterization of the localization of high- and low-energy functions in
terms of the spectral projections for a semiclassical harmonic oscillator. We remark that
the semiclassical harmonic oscillator could easily be replaced by the Weyl quantization
of any real-valued elliptic quadratic form with only minor changes due to changing
eigenvalues of the operator. We also remark that the upper bound e~/ ") s essentially
arbitrary in that it could be replaced with e ~€/” for any fixed C at the price of increasing
Co.

Some of the computations in polar coordinates below were inspired by similar
considerations in Lemma 4.4 of [18].

Lemma2.9 Ler @ : C" — R be strictly convex and quadratic, and let A be an
unbounded operator on Hg (C") which is unitarily equivalent to the semiclassical
harmonic oscillator x* + (hDy)? acting on L2(RM). Specifically, assume that there
exists some Qq : C* — C holomorphic and quadratic and {py (x; h)}aeny holomor-
phic polynomials for which the following hold:

the weight given by QS(x) = @ (x) + Re Qo (x) is strictly convex,

for each a € N, we have degpy = |«],

the collection {v, }aeNg definedvia vy (x) = py (x)e_Q"(x)/hform an orthonormal
basis for Hep, and

the {vy} obey
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Avy = hQlal +n)ve, Yo €N,

and thus diagonalize A.

With C1 > 0, write Ic, for the spectral projection associated with A and the interval
[0, C1]; this may be written explicitly as

Meu = > (i, Vo) Hy Ve (2.27)
o 2a|+n<Cih~!

Then, for every C1 > 0, there exists Co > O sufficiently large and hg > O sufficiently
small for which, forallh € (0, ho] and with Hc, definedin (2.26), we have the estimate

1M ulla, < OWe™ VN ul|y,, Vu e He,.

Proof Because the {vy : 2|a| +n < C1h~!} are low-energy and the u € Hc, are
high-energy, it is natural to use a radial cutoff function (which does not need to be
smooth) and the Cauchy—Schwarz inequality:

U, va) oo | < [(Lqx<k)ut, Uot>L<21)| + [{u, ﬂ{\x|>K}Ua>L(2p|

= Myxi=yullpy + x> kyvell s Hullp -
From (3.3) in [14] we have the estimate
L=kl < Ok (De™ /P ullp,

when u € H¢, for Cyp taken sufficiently large depending on K.
We will establish the corresponding bound

11> k) Vall 2, < Ocy (De™ /D (2.28)

for K sufficiently large depending on C; and for all & with 2|a| +n < C;h~!. With
these two bounds, we may choose Cy sufficiently large depending on the K obtained
from C; to ensure that

(U, va) 1y < Oc,(De VW | ul|y,,

uniformly when u € Hc,, when 2|a| +n < Clh’l, and when £ is sufficiently small.
The lemma then follows from the simple observation that there are at most O(h™")
such «: since h™"e~ 1/ « ¢=1/4M 35 b — 0%, the lemma is established by the
triangle inequality.

The bound (2.28) follows from the same method as in the proof of Proposition 3.3
in [14]. We begin by switching to the weight @ by noting that

||]1{\x|>K}Ua||L§) = ||]l{|)c|>1(}pot||L2~
&
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and that {py}yens forms an orthonormal sequence in Hg. Furthermore, it follows
from the assumption 2|ae| +n < C1h~! that p, € Kcl/z,é'

Strict convexity of & means that there exist C ¢, Cy, > 0 for which
Celx|* < D(x) < Cylx>, VxeC.

We will write @ (x) = C¢|x|? and @, (x) = C,|x|>. The reasoning leading to (3.14)
in [14] shows that, when w = Z|a\5 N dox® is a polynomial,

) ) ) h n+lo|
iy, = i, = > ladl (—) a. (2.29)
’ Y 2Cu

2
2
Lg

radial weight ®;, which is convenient because then x* L x# when o # S:

To obtain the reverse estimate for ||1{x> xyw||, , we use a similar bound with the

2 2 2 2 —2C¢|x|*/h
xsxywlly, < xsxywlls. = lag| |x®2e2C T R gL ().
L2 2
(]
la|<N Ix|>K

(2.30)

In one (complex) dimension and integrating on {|x;| > R}, we obtain an upper

. . . . 12
bound with exponential decay by factoring out the maximum value of e~Ct1iI”/% on
{R < |xj] < o0}:

o
.2 12 . _ 2
/ |Xj|2a/€ hCllxll dL()C/) — 271/,,2(1/4-16 2Cr=/h dr
[xj|>R R
o

2 ) 2
< 2me CeR* /b [ 201 =Cor?/h g

R
oo
2 ) A2
< 2me CiR /h/r2a,+1e Cer?/h g,
0

h Dtj+1
= 2w CeR i (- :
2C,

Returning to C", we note that in order to have |x| > K there must exist at least one j
for which |x;| > K n— 12, We therefore estimate
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n
/ |xa|2€—%C5|x|2dL(x)§Z / ¥ [2e= AP gL (x)

[x|>K j=1|xj|>Kn*l/2

n
> / ;PRI AL (xj) H/ e ke R L ()
j=1 :

lxj1>Kn—1/2 k#iT
n c KZ/( " h aj+1 h or+1
— n o . . o, .
< ; e Ct 2! (2@) H(Zn)Z ko ! (2Ce)

k#j

n—+|a|

< ne~CeK?/nh) (i) 7"al.
Cy

Applying this to (2.30) yields the estimate

B 5 h Yl+|0[‘
||]1{|x|>K}LU||iZ_ < Z lag |>ne=CeK=/h) (C_) 7"l (2.31)
® lal=N ¢

Uniformly in « for which || < hlc /2, we have that

h n+lo| 2Cu n+C1/(2h) h n+la|
— < | — .
(Cz) - ( Ce ) (ZCu)

Combining (2.29) and (2.31) with w = p, € Kcl/z,é then yields

+C1/(2h)
—CyK?/(nh) 2C.\" / 2
= 1Pl -

x>k} Pall?s < ne
{Ix|>K} Pa Lé C

The corresponding estimate holds upon replacing p, € Hg with v, € Hg and
changing norms accordingly. Taking a square root and a logarithm reveals that (2.28)
is certainly established for % sufficiently small if

1 Co -, C 2C, 1
Y iy S| .
2( P Og( Cy )) =72

This is accomplished by setting K sufficiently large, and this completes the proof.

With the preceding lemma, we are in a position to prove an elliptic-type estimate
upon restricting to u € Hc,. However, the weaker ellipticity forces us to choose our
spectral parameter in a set of size 1% < 1.

Proposition 2.10 Let g(x, &) : R* — C be a quadratic form which is partially
elliptic and has trivial singular space in the sense of (1.5) and (1.6). Let @ : C" — R,
strictly convex, real-valued, and quadratic, and let

q(x,8) = (Mx) -§,
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with M in Jordan normal form, be as in the reduction to normal form in Proposition 2.2.
Let § = 2ko/(2kg + 1) with ko from (1.8).

For every Cy > 0 there exists Co > 0 sufficiently large and hy > O sufficiently
small that, for every u € Hc, = Hc, o, defined in (2.26), every h € (0, hol, and
every z € Cwith |z| < Czh‘s, we have the a priori estimate

llll 0, < OA™(1G" (x, hDx) — 2t g, -

Proof Let T : L2(R") — Hg, (C") be the unitary operator in Proposition 2.2. Then
write A2 as in (2.21) and write

A7 =T AT
From (2.22) and the discussion following, we see that
A=h(A7 -1)

is unitarily equivalent to the semiclassicassical harmonic oscillator in the sense of
Lemma 2.9; write I1¢, for the associated spectral projection onto [0, C1] and {vy Jaenr
for the associated orthonormal eigenbasis there. Therefore

Avy = Qla| + 1+ Dvg.

It follows immediately from the fact that the {v, } are orthonormal and the characteri-
zation (2.27) that

1A ully,, = 3 @lal +n 4+ 17D, )2
aeNj

> (14 Ch~ Y2 =91 = e ul .

Upon specifying C; later, we will choose Cy as in Lemma 2.9 and /¢ > 0 sufficiently
small such that

1
N = Teull = Sllull, Vu e Heys VR € (0, hol. (2.32)

If we apply this inequality to (2.21), after conjugation by the same 7 afforded by
Proposition 2.2, we obtain the estimate

1 T ~y 1 1y~
U Cn™ Dl < ICAD ™ ull < C5(H1g" (e, hDul | + llul) - (233)

for all u € Hc, and for all & € (0, ho].
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From the triangle inequality and the hypothesis |z| < C»h%, we have, for u € He,
and & € (0, ho],

11(g" (x, hDx) — 2ull = 11" (x, hDx)ull — |z| [|ul|
h —1\1-6 8
> =—0+Cih ") °=h—0Ch°)|ull. (2.34)
2C3

We are then free to choose C; > 0 such that Cllf‘s/(2C3) = C, + 1 and choose
Co, ho > 0 to establish (2.32) by Lemma 2.9. We thus have from (2.34) that

11G" (x, kDy) — 2)ul| = (h® — h)|jul|,

which establishes the proposition so long as hg < 1.

2.5 Finite-dimensional analysis and proof of Theorem 1.1

The finite-dimensional analysis proceeds identically to the analysis in Section 4 of
[14], as it relies only on the formula

q(x,§) = (Mx)-§

for M in Jordan normal form (see Remark 2.3 above). We obtain the following anal-
ogous proposition to Proposition 4.2, and the remark afterwards, in [14].

Proposition 2.11 Let g(x, &) : R* — C be a quadratic form which is partially
elliptic and has trivial singular space in the sense of (1.5) and (1.6), and as in Propo-
sition 2.2, consider the operator g (x, hDy) acting on He,(C") which is unitarily
equivalent to g™ (x, h D) acting on L*(R"™). Fix any Co, C1 > 0 and L > 1. We use
@y = |x|2/2 as a reference weight. We assume that Kcy, = Ky, 0, defined in (2.25),
is equipped with the Hg, norm. First, assume that z € C satisfies

hL
dist(z, Spec ¢* (x, hDy)) > o (2.35)
1

Then there exist implicit constants and hy > 0 sufficiently small where, for all h €
(0, hol, we have the following operator norm estimate

~ _ _ 1
1z = G @ hD) Ml 2ty o) = ODexp (O(l)h Hog E)'

If we assume instead that F(q) is diagonalizable with no assumptions on z € C,
we have

1 = G @ hD)) Iy ap) < (dist(z, Spee®(x, hD,))) ™!
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Remark 2.12 1In [14], exponential upper bounds (with no logarithmic loss) could also
be obtained from the assumption

1
dist(z, Spec §% (x, hD,)) > o
1

However, from the rescaling argument (2.38) leading to the proof of Theorem 1.1, we
would need to require

—2ko
dist(z, Spec ¢ (x, hDy)) >

1

In the non-elliptic case, where kg > 0, this combined with the assumption that |z] < C3
makes the estimate vacuous for £ sufficiently small.

We may then follow the proof of Theorem 1.1 in [14] to establish Theorem 1.1 in the
present work. We begin by assuming our spectral parameter ¢ € C obeys |¢| < C2h®,
and we choose Cp > O sufficiently large and ko > O sufficiently small that the
conclusion of Proposition 2.10 holds. We henceforth consider only z € (0, ho].

Recalling the definitions (2.25) and (2.26), write t for the projection uniquely
characterized by the decomposition of Hg, into K¢, ® Hc,:

Hp, > u > (tu, (1 —)u) € K¢, ® Hey-
As in Proposition 3.3 of [14], we have the operator norm bounds
Tl £ettay): 11 = Tll£itg,) < Ce/™ (2.36)

with constants depending on @, and Cp. (We will allow C to change from line to
line.) Using analogous considerations which establish (4.13) in [14], we have with
®o(x) = |x|?/2 the estimates

el gy < Ce M ulltigys el gy < Ce M ullrg,, Vit € Koy,
where constants depend again only on @, and Cy.

We introduce notation for the restricted resolvent norm, with norms in Hg,, which
is the quantity bounded in Proposition 2.11:

B(&;h) = 11@" (x, hDy) = )7l £ice, ay)-

Because t and g% (x, h D, ) commute and because we have the exponential bounds in
(2.36), we see that

lzulltg, < Ce/" B MIIG" (x, hDy) — Oull g, -
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Using also the estimate from Proposition 2.10, we have
(= D)ully, < Ch°e MG (x, kDY) — Oull g,
We combine these estimates to obtain
el g, < Ce/"(B(: h) + )G (x. kD) = O)ull 1, -

We then rescale using a change of variables like (1.2). Assuming |z] < C, and
writing ¢ = h%z, the above estimate provides that

Nl 1y, < CeM(B@: h) +h™2)IG" (x, hDy) — B 2)ul| g,
=’ Ce" (B ) +h )G (x, kD) — D)ull g, -
Writing 4 = h'~%, a change of variables provides

il oy <h° CeS M (BE@: M+R™D)I@G" v, kDY) = Dully, oy (237)

_ Al that remains is to apply Proposition 2.11 to bound B(¢; k). We will make
h = h'~% our semiclassical parameter, and a change of variables shows that

dist(¢, Spec " (x, hDy)) = h’dist(z, Spec 3 (x, hDy)).

Our strategy will be to show that the hypotheses in Theorem 1.1, in terms of spectral
parameter z and semiclassical parameter &, imply conditions on ¢ and & which are
sufficient to establish the hypotheses in Proposition 2.11. Recalling that § = 2k /(1 +
2ko), we obtain the general rule that

dist(¢, Spec G¥(x, hDy)) > f(h)
< dist(z, Spec g™ (x, hDy)) > E_Zkof(};1+2k0)_

(2.38)
For Cy, L> 0, under the hypothesis

KL
dISt(§9 Specéw(xs th)) Z C_s (239)

1

we have for & sufficiently small
1

R CeC'"(B(z; h) +h~%) < O(1)exp ((’)(l)h_l log E) . (2.40)

From (2.38), we see that (2.39) is equivalent to having

fl(l+2k0)i—2k0

dist(z, Spec §* (x, hDy)) > c
1
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This is implied by the assumption

~ hl
dist(z, Spec g% (x, hDy)) > ok
1

taken from Theorem 1.1, if we set L = (L 4 2ko) /(1 4 2ko).
On the other hand, if we assume that F(q) is diagonalizable and that

1 5
dist(¢, Spec G (x, hDy)) > oxp (—=Lh™, (2.41)
1

we have for £ sufficiently small
e (B(t: h) +h~%) < O()exp (O(H)h™H. (2.42)

Again applying (2.38), we have that (2.41) is equivalent to

};72k0

dist(z, Spec G (x, hDy)) > exp (—Lh~1~2k0),

This follows for & sufficiently small under the assumption
. ~ W 7 1 7 —1—2k
dist(z, Spec¢” (x, hDy)) > C—exp (—Lh 0)
1

so long as we choose any fixed L > L to absorb the polynomially growing /20,
Replacing & with /2'72%0 in the upper bounds (2.40) and (2.42) completes the proof
of Theorem 1.1.

2.6 Computation of resolvent norms on energy shells

In Examples 2.7 and 2.8 we have representatives of Theorem 1.4 where one has an
orthogonal decomposition into g* (x, h Dy )-invariant subspaces. As mentioned in the
proof of Proposition 2.2, it is easy to see that linear changes of variables leave

E = span{x® : |a| = m}

invariant. Similarly, if g(x, &) = (Mx) - €, then the E,, are g% (x, h D, )-invariant,
even if M is not in Jordan normal form. We will use this decomposition to illustrate the
differences in resolvent norm behavior for partially elliptic and fully elliptic operators,
when restricted to high-energy functions.

For this reason, we will analyze both examples acting on the space

1
Hgp (C"; h), @(x) = Z""z‘
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Following Section 4 of [14], it is easy to check that

Qo (x) 1= 2rh) ™" (!(2h)1¢) 71/ 2x (2.43)
forms an orthonormal basis for Hg,. In order to have simpler formulas, we use the
notation that ¢, = 0 if o; < 0 for some j.

Itis then elementary that, if g (x, £) is such that the orthogonal subspaces E,, C Hgp,
are ¢ (x, h D, )-invariant,

1" @ hD) = 2 iz, = sup 11@" @ hDDIE, =27 £ I lay, -
mENO

Furthermore, writing Q,, as the matrix representation of ¢* (x, h Dy )|, with respect

to an Hg,-orthonormal basis, we have the restricted resolvent norm as the inverse of
the smallest singular value:

1g" @ hD) £, = 27 £, )
= (inf{\/x : A€ Spec(Qm — 2)*(QOm — z)})_1 .
In Example 2.8 we have the operator
Q3(h) = 2i(x1hDy, + x2hDy,) + h + x2h Dy,

acting on Hg,. A simple computation yields a bidiagonal matrix, represented with
o = (a1, @2):

- h
03(M)ge = hQ2larl + Do + — (@1 (2 + N0 —1.ar+1)-

Turning to Example 2.7, from (2.17) we have that (2.16) acting on L2(R2) is
unitarily equivalent to

- i h
QZ,O(h) = _2(1) -hDy —x -hDy) +iv-hDy, + 5

7

acting on Hg,. Therefore, with ¢, defined in (2.43) and o« = (a1, a2), we have a
tridiagonal matrix:

~ h

Q2,0(h)(ﬂa = 5(2052 + D¢q
" h

ﬁ

In Fig. 1, we compare ||[(Q(h)|g, — z)~'|| for Q20(h) at z = 0.5 + 0.1i and
03(h) at z = 2 + 0.4i, taken as a function of the energy, mh. We remark that the

((Ofl(otz + )20 —1.ar 1) — (@1 + 1)“2)1/2(p(a|+1,a2—1)) .
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Fig. 1 Log-log graph comparing resolvent norm versus energy mh for (left) a partially elliptic operator
and (right) a fully elliptic operator for 4 = 0.1, 0.05, 0.025. Dotted lines are for the resolvent norm of a
harmonic oscillator

difference in |z| is explained by the difference in the real part of the eigenvalues of the
two operators. For reference we include the harmonic oscillator with symbol 2ix - &
acting on Hg,, with resolvent norm taken at z = 2 4 0.41.

It seems apparent that both operators have maximum resolvent norm at a bounded
value of energy mh. This is proven for non-normal elliptic operators in [14], but the
author knows no proof in the partially elliptic case. There is also an apparent marked
difference between the behavior after the energy passes this peak: in the elliptic case,
the non-selfadjoint behavior is seen in an exponentially large peak, but for high energies
the resolvent norm of the non-selfadjoint operator behaves quite similarly to that of
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the harmonic oscillator. For the partially elliptic Kramers—Fokker—Planck operator, it
seems that exponentially large resolvent norms persist for energies significantly larger
than the energy at which the maximum resolvent norm occurs.

3 Characterization of spectral projections

In Proposition 2.2, we reduce our partially elliptic operators to a normal form whose
action on polynomials is easy to describe. In fact, the monomials form a basis of
generalized eigenvectors for g (x, i D,) on the corresponding weighted space Hg, .

The goal of this section is to prove Theorem 1.2, which confirms that the spectral
projections defined in (1.14) respect the natural Taylor series decomposition of Hg,
into monomials. Following the methods of [14], we then have an elementary expo-
nential upper bound for the spectral projections. We compare with the known rate
of exponential growth for Example 2.6, discovered in [4], to see that this elementary
upper bound is in fact sharp for dimension 1.

3.1 Characterization of the spectral projections

We begin the proof of Theorem 1.2 with two elementary lemmas. First, a spectral
projection respects a decomposition, even when not orthogonal, of a Hilbert space 'H
into invariant subspaces of an operator A.

Lemma 3.1 Let Hy, Hy be closed subspaces of a Hilbert space 'H, complementary
in the sense that H = H1 @ H,. We then have a unique decomposition for v € 'H into
v = vy + vy withvj € Hj, and we will write mjv = v;. Let A be a closed densely
defined operator on 'H such that Hy, Ha are A-invariant subspaces. Let Aj = Alyy;.
As in the assumptions for (1.14), let 2 C C be such that Spec A = §2 U §2,, where
2 is contained in a bounded Cauchy domain A with A N 25 = @. Then

Po. A = Po a1 + Po a0, (3.1
Proof By the Closed Graph Theorem and the fact that the 7 ; are closed, clearly the
7 j are continuous; we record the standard facts that 72 = mj, that w1 + 7 = 1, and
that w171 = oy = 0. The statement that the 7 ; are A-invariant is equivalent to the

statement that [A, m1] = [A, 2] = 0. We see that, when ¢ ¢ Spec(A), the resolvent
¢—-A j)_l exists as a bounded linear operator on H; by writing

C—Av=w = v=(0C - Aw

and observing that x = y if and only if both m1x = m1y and mox = mpy. The same
facts imply that

C—-A =@ —-AD T+ (¢ - A7, (3.2)

from which (3.1) immediately follows after integrating.
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Remark 3.2 One may view (3.1) as part of a natural extension of the relation
A= Am + Ay
to the functional calculus:

f(A) = f(ADm + f(A2)ma.

On the level of Taylor series, this follows immediately from noting that A j7; = An;
and using that [, A] = 0 and w7y = mom; = 0. For non-analytic f satisfying
appropriate hypotheses, this follows from (3.2) and the Helffer—Sjostrand formula
([6], Theorem 8.1 and remarks thereafter).

The finite-dimensional analysis in [14] summarized in Sect. 2.2 rests on the fact
that g (x, hDy)| Key» with [Cc, defined in (2.25), resembles a matrix in Jordan normal
form. The following lemma establishes that such matrices have the usual spectral
projections, given by picking out those basis vectors associated with the Jordan block
corresponding to the eigenvalue.

Lemma 3.3 Let dimH = N < oo, let A be an operator on 'H, and let {Vj}j-\]:1 be a

basis for H with respect to which the matrix (a i) 7 v~ representing A is Jordan-like
in the sense that (aji) is upper-triangular and ajx # 0 = ajj = ay. Then,
following the notation of (1.14),

Pepa(@ivi+---+ayvw) = > a;v;.

Jraji=¢

Proof The assumption that aj; # 0 = a;; = ay implies that we may write H as
a finite direct sum of the A-invariant subspaces

E. =span{v; : aj; = z}.
In view of Lemma 3.1, it suffices to show that

le,, ¢=z
Py alg, = [07‘ ¢4z

Restricted to each such subspace, we have
Alg,=z+N

with N nilpotent because A is upper-triangular. We expand the integrand in (1.14) in
a finite Neumann series:

o)
h—Ale) ' =0 -7 + D -/ TIN
j=1
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The lemma then follows from the elementary fact that, for j € N,

/ (A —2)7'dz

[¢—z|=¢
is zero for ¢ sufficiently small unless j = 1 and ¢{ = z, in which case one obtains 27i.

We combine these lemmas to form the characterization of the spectral projections for
q" (x, hDy) acting as an operator on Hg, (C"; h) as in Proposition 2.2, thus proving
Theorem 1.2. Because the spectral projections are continuous and polynomials are
dense in Hg, (following Remark 2.5), it suffices to compute a spectral projection for
u apolynomial. Fixing suchau andan 2 > 0, we may then choose Cy sufficiently large
that u € K¢, defined in (2.25). We recall from [14] that K¢, is ¢ (x, h D )-invariant,
and it then follows from Lemma 3.1 that spectral projections for g% (x, h D), acting
on u, are identical to the spectral projections for g% (x, hDy)| Key-

We recall the characterization of ¢ (x, A D, ) reviewed in Remark 2.3. In particular,
with respect to the basis {x*} ;| <c,n-1 for K¢,, we have that

n—1
. vihaj o
Y(x,hD)x% = ugx® + x5,
q"( ) Mo ]Zl ;

writing oz; € Nj for the multi-index obtained from « by decreasing «; by 1 and
increasing oj41 by 1.
Because y; = 0if A;11 # A, we have that ¢* (x, D, )x® is a linear combination
only of certain x®/ for which 11, = fe. In the language of Lemma 3.3, this means
J

that the matrix representation of ¢ (x, 1 D) acting on K¢, with respect to the basis
{x*}aj<con-1 1s Jordan-like so long as it is upper-triangular: that is to say, writing

§" (e, hD)x* =" apax’,
5

we have that ayy = e for all o and that agy = 0 if ug # . To ensure that the
matrix of g (x, hDy)| Ke, is upper triangular with respect to this basis, it suffices to

equip the o with |a| < Coh~! with an ordering < in such a way that Ol} < «a. Since
the degree of a monomial is preserved by ¢* (x, hD,), we only need to order the «
with |«| fixed, and we do so by saying that

a< B = D jaj> > jB;. (3.3)
j=1 j=1

Note that this simply reverses the ordering used in the proof of Lemma 4.1 in [14].
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Because each polynomial certainly has a unique expression as

u(x) = D (@) (@%u(0)x?,

la|<N

Theorem 1.2 is therefore proven for any polynomial by applying Lemma 3.3 to
q" (x, hDy) acting on K¢, with C¢ sufficiently large. This extends to all of Hg,
via density of polynomials and the fact that

3%u(0) =0

is an Hg,-closed condition, as it is leoc (C™) closed for entire functions and the He,
topology is finer.

3.2 An elementary exponential upper bound

We present the following minor extension of Proposition 3.3 in [14].

Lemma 3.4 Let @ :C" — R be strictly convex, real-valued, and quadratic. Let
Cy, Cy > 0 be such that

Celx* < @ (x) < Cylx|?

For S C Nj a finite collection of multi-indices, define M = maxyes || Write

Tsu(x) = D (@)~ (0% u(0)x*.

aeS

Then

n+M

Cll 2
T <=
lTslloHg) < (Cz)

Proof Note that polynomials are dense in Hg ; see Remark 2.5. It therefore suffices to
consider u € Hg a polynomial, since continuity of ts follows from the closed graph
theorem. Replacing 1/C with Cy turns (3.12) of [14] into

5 5 h n+la|
TSU < Z a — a"al,
lTsullg, |G| (2Cg)

aeS

and similarly (3.14) becomes

h n+|o|
el 3y = D laal® (2C ) mal.
u

aesS
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When examining the ratio ||rgu||%1¢/| |u||%{(p, we may factor out (C,,/C¢)" ™ This

replaces the C, "1l in the numerator with Céw_‘al and likewise for C;," ! in the

denominator. Since M — |¢| > 0 and C,, > Cy, the conclusion follows after taking a
square root.

This can be immediately applied to the spectral projections for g% (x, h D, ): because
i h
Re g > 2la| +n)hminIlmA; > E|a|,

those « appearing in the expression (1.17) for [T, have modulus bounded by C =t
with constant depending only on ¢ and an upper bound for |{o|. This establishes the
following corollary.

Corollary 3.5 With II, the spectral projection for q*(x,hDy) and {z} as in
Theorem 1.2,

Tl £ty < CeC/M.

(The constants may be made uniform for z € $2 so long as $2 C C is bounded.)

Example 3.6 We recall from Example 2.6 that ¢ (x, ) is diagonalized on Hg, (Ch
for

L 1 —4i0
¢1(x)—z(|x| —Re (x, C1x)), C+—§(—1+€ ).

[1
Il =/ 7(2 = 2cos46) = [ sin 26]. 34

The principal advantage of the estimate in Lemma 3.4 is that C; and C,, are easy to
compute as the least and greatest eigenvalues of the 2n x 2n real symmetric matrix
l 2 . i . . _ . _
ZVRex,Iqu)' In this one-dimensional example, and with § = {N}, we easily com
pute that

Notice that

V2 @ _l 1—RCC+ IIIlC+
RexImx ! = 2 ImC;y 1+4+ReCy

with eigenvalues (1 & |C4|)/2 and therefore, using (3.4),

n+N
1+|sin29|)2 33)

P i
eyl 2oHa,) = (1 s 28]

In view of Theorem 1.2 and the unitary equivalence in Proposition 2.2 described
in Example 2.6, the same upper bound holds for the operator norm of the spectral
projection
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My = Pywx.py.on41y - LPRY — LARY)

using the definition in (1.14).

The other notable property of the estimate for this operator is that this rate of expo-
nential growth is optimal, which is proven in [4] and reaffirmed in Corollary 1.7.
Because the formulas are not obviously identical, we indicate the necessary compu-
tations to show equality.

In Theorem 3 of [4] (with the necessary changes of notation), Davies and Kuijlaars
proved the exponential rate of growth

Jim NVlog||Ty|| = 2Re [ £ (r(©)e)]
with
fz) =log(z + (22 = D) —z(z> = D'/?
and
r(0) = (2cos(20))" /2.

Here, we are taking 0 < 0 < 7/4.
First, with ¢ = r(@)e’g,

2 —1=(2cos20) '(cos26 +isin20) — 1
6721'9

2cos26°

= (2¢0s20) (= cos26 +isin20) = —

Recalling the definition of r(0), we therefore have (¢ — 1)1/ = +ir(@)e="?. We
expand

Fr@)e?) =log(r©)e’® +ir@)e ) Fir(6)>.

We are taking a real part of f (r(©)e'?), so the second term is irrelevant. Since
2Re log u = log |u|?, we obtain, again using the definition of r(6), that

i i0 4 . ,—if2 (1 :l:sin29)
2Re[f(r(0)e'”))] = —log(2cos20) + log(le’” £ie 7)) =log| ————— ) .

cos 26

The fact that projections should grow exponentially quickly indicates that the positive
branch is the right choice. One may then easily check that

1+5sin20\>  1+sin20
cos 20 ~ 1—sin260

for0 < 6 < m/4, indicating that (3.5) is optimal there. That (3.5) is optimal for 6 = 0
is obvious from the fact that 1 is the norm of any spectral projection for a normal
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operator, and the extension to —m/4 < 6 < 0 is easily seen by using the Fourier
transform to interchange x and £ in the definition (2.15) of g1 (x, &).

Remark 3.7 1t is clear that neither Corollary 3.5 nor Corollary 1.6 should be sharp in
general in higher dimensions. Consider some 0 < r; <rp <--- <ry and

n

1 2
@) =7 > ikl

j=1

and note that it is easy to check using polar coordinates that {x"‘}aeNg form an
orthogonal basis for Hg. Therefore, normalizing the x%, we see that g% (x, hD,)
is orthonormally diagonalizable and therefore normal whenever g(x, &) = (Mx) - &
for M diagonal. (Alternately, @ may be viewed as coming from the standard weight
®o(x) = |x|?/4 after an anisotropic change in semiclassical parameter similar to
(1.2))

However, both Corollary 3.5 and Corollary 1.6 provide an exponentially growing
upper bound like (r,/r1)%!. Since normal operators have orthogonal spectral projec-
tions, we see that these estimates are not necessarily sharp.

4 Dual bases for projections onto monomials

Following the methods of [4], a continuous projection IT onto a one-dimensional
subspace span i of a Hilbert space H may be analyzed by treating the resulting
coefficient of ¥ as a continuous linear functional on H. Therefore there exists some
unique ¥ where

Hu = (u, ¥y, Vue™H.
The operator norm of IT may then be computed from v and v :

Ty = I

When the ranges of spectral projections described in Theorem 1.2 have higher
dimension, formulas for || 1] like the one above are unavailable. Example 2.8 demon-
strates that one may have a weighted space where the natural projections onto mono-
mials grow exponentially quickly, yet spectral projections associated with a quadratic
operator acting on that weighted space may be orthogonal. We therefore focus on the
simple one-dimensional case

Myu(x) = (@)~ (0% (0)x® : Hp — Hep.

We are interested in those @ which can be obtained from Proposition 2.2, but we
begin by observing that it is equivalent to assume that @ is real-valued, quadratic,
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and strictly convex. Next, we write a elementary formula describing the family {d)g},
which is defined by the relations

(X, $}) 1y = Sup

in terms of adjoints on Hg, and we derive formulas for these adjoints. After relating
these {¢;} to the eigenfunctions of ¢ (x, hD,)*, we are in a position to prove Theo-
rem 1.4. Finally, we describe how {q);} are unitarily equivalent to {x“} after a change
of weight, thus proving Theorem 1.3.

4.1 Reversibility of the reduction to normal form

In Sect. 2.2, we have a reduction to an operator on Hg, (C"; h) for @, a strictly convex
real-valued quadratic weight described in (2.12). Here, we show that every strictly
convex real-valued quadratic weight @ may be written as @, for some appropriate G
and Cy.

We begin with some general facts about real-valued quadratic forms and a useful
decomposition thereof. We may write

1 1
P (x) = E(x, D7 x) + (x, LX) + E(X, PLLx). 4.1

xxX
That @ is real-valued is equivalent to the two statements

N "
D = D;

XX

(Q)/r/)_c)* = ¢)/c/)?‘

It is natural (see for instance [2], Appendix A) to decompose @ into Hermitian and
pluriharmonic parts, obtaining @ = Pnerm + Ppm with

1
Pherm () = (x, PYeX) = 5(45(36) + @(ix)) 4.2)
and
1
Ppin(x) =Re (x, P/ x) = E(@(x) — @ (ix)). 4.3)

We also note that strict convexity of @ implies strict plurisubharmonicity of @, which
is in the quadratic case case equivalent to the strict convexity of @perm. This in turn is
equivalent to having @7 be a positive definite Hermitian matrix.

We now prove reversibility of Proposition 2.2, summarized in the following propo-
sition.

Proposition 4.1 Let @ : C" — R be a strictly convex real-valued quadratic weight.
Then there exists some G and C, with C. given by (2.7) for some symmetric Ay with
Im Ay > 0, for which @ = @, as in (2.12).
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. . _ . N o
Proof We beglp by redl.lcmg to the case G+ = 1. Having seen that @¢ is a positive
definite Hermitian matrix, we may write

1
i = GG

for some invertible G € C"*”. We then see that & (G~ 'x) is strictly convex and that
-1 L. s
(G 'x) = Z(|x| — Re (x, Bx)) (4.4)

for B = —4G~'®! G~!, which is clearly symmetric. We naturally propose that
C. =B

and set out to find some symmetric A4 with Im A > 0 which yields C via (2.7).

By Takagi’s factorization (Corollary 4.4.4 of [17]) there exists some unitary
U e C™" and a diagonal matrix X whose entries, the singular values of C, are
nonnegative real numbers for which

C.=UZU"

But then, since U is unitary,
t 1 2
O (U'x) = Z(|x| — Re (x, Xx)).

(See also Lemma 5.1 of [16], which provides the same reduction to normal form.) It is
then immediate that strict convexity of @ is equivalent to requiring that the diagonal
entries of X' must lie in [0, 1). Since the diagonal entries of X are the square roots
of the eigenvalues of C% C., this in turn is equivalent to requiring that the selfadjoint
operator 1 — C{ C is positive definite.

Since the spectral radius of a matrix is at most its largest singular value and since
the singular values of C lie in [0, 1), we see that —1 ¢ Spec C;. We may therefore
solve (2.7) for A and propose that

AL =i(l+Cpa—-cy). (4.5)

Symmetry of Ay follows from symmetry of C .

We then recall that 1 — C}Cy and Im A are related through (2.8), where it was
seen that positive definiteness of 1 — C% C is equivalent to positive definiteness of
Im A, Since we have established positive definiteness of 1 — C% C through strict
convexity of @1, this completes the proof of the proposition.

Remark 4.2 We also record that the invertible matrix G and the symmetric matrix C
in (2.12) may be written in terms of derivatives of the weight @. We see that we may
make the (non-unique) choice



Spectral projections and resolvents for quadratic operators 191

G = 2(¢)/?/x)1/2’

using the usual square root of a positive definite Hermitian matrix. We then note that
we used

C, =—4G"0! G\

We furthermore note the geometric characterizations that G may be regarded as deter-
mining the Hermitian part of @, defined in (4.2), while C determines the plurihar-
monic part, defined in (4.3), of the reduced weight function @ (G~ 1x).

4.2 Characterization of the dual basis to {x“} in Hg

The main goal of this section is to obtain a formula for {¢;}aeNg for which

(X%, §}) Hy = Sup.
Throughout this section, @ : C* — R is real-valued, strictly convex, and quadratic.
We note that these relations determine the qb; uniquely in Hg since the functional

u +— (u, ¢;) Hy 1s then prescribed on the polynomials, a dense subset of Hg (see

Remark 2.5). We show that ¢73 € Hg below as a consequence of (4.14).
We will show that, when

5 (x) = Coexp (%(x, cbjgxx)) (4.6)

we have
¢l =0, 4.7
where x = (x1,...,x,) is a multiplication operator, the adjoint represents x* =
(x}, ..., x}) acting on (Hg)", and equality here is naturally in (Hg)". So long as the

h-dependent constant Cy is chosen such that

1
(1, 00) o =/CoeXP (}—I(X,@)’C’XX))e_m(")/hdL(x) =1, (4.8)
Cn

it will then be immediate from (4.7) that
(. dg) o = (1. () D) Hp = S0,

Passing to adjoints, we may then easily see that

(% (BYTHOHP O Hy = Sup-
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Indeed, when ¢« = B we only need to use that 8)‘? x# = B! 1. When there exists
some j € {I,...,n} witha; < B;, we have that 8fx°‘ =0, and if ; > B; for all
jefl,...,n}yeta # B, then

%, BY T @ P Hy = Capx® P, By =0

by (4.7).
Once we establish (4.7), we will therefore have that

¢ = (BY' 0D gy 4.9)

What remains is to express x* and 9; in useful ways. We will show that both operators
may be represented as Ax + B(hDy) for matrices A, B depending on the weight @.

We begin with a bookkeeping rule for adjoints of n-tuples of operators. Let H be a
Hilbert space, and let A = (A, ..., A,) and B = (By, ..., B,) be operators on H"
subject to the rule

B=MA, M= (mjk);l',kzl'
Writing B* = (BY, ..., B), we then have the rule
B* = MA*, (4.10)

obtained by taking complex conjugates of the entries in M but without transposition.

We return to the specific context of Hp with @ real-valued, quadratic, and strictly
convex, recalling the decomposition (4.1) and related facts at the beginning of Sect. 4.1.

We now compute the operators x* and 9}, with adjoints hereafter in this section
taken in Hp. We remark that formulas (4.11) and (4.13) below may be obtained from
the unique expression of the symbols x and & as holomorphic linear functions of x and
& when (x, &) € Agp defined in (2.9). For completeness, we include the usual proof
via integration by parts.

Note that holomorphic and antiholomorphic derivatives 9, and 0z are formally
antisymmetric on the unweighted space L%(C", dL(x)). There is a dense subset of
u, v € He with sufficient decay at infinity to justify the following computation:

(hDyu, v)p, = / (hDyu(x))v(x)e >*O/" dL(x)

(Cn

- / u(x)hD, [me_w(")/h] dL(x)
(Cn

—/u(x)m}llf (—%) 3, @ (x)e 2P/ g (x)
(Cn

—2
/u(x)v(x)lT (@) x + @L:x) e 22 gL (x).
(Cn
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For instance, one may take |u(x)| < (’)N,h(l)(x)_Ne@(")/h

estimates, as in page 8 of [27]. This gives

and v(x) obeying similar

<(1—th — q);/xx) u, v> = (u,<1§_)/c/ixv)y¢,
2 qu3
from which
— O\ % i
(¢)/C/Xx) = —CD)/C/xx + Eth,
which leads immediately to
X = (@) (_cpgxx + %th) @.11)

in view of (4.10).
We recall from Sect. 4.1 that @7/ is a positive definite Hermitian matrix. We there-
fore have that, if

1
¢S(X) = Cpexp (Z(x, FX)), FeC", F'=F,
then

* T 7 N—1 ” i h (1 ¥
X Py (x) = (Dy3) (—d)”x + 37 (Z) 2Fx) $o(x).

Thus x*d)g (x) = 0 exactly when
F=o].

We recall Definitions (4.2) and (4.3). That ¢g € Hg follows from the convenient
fact that

2
ICy g (0)1? = exp (E%m(x)) :

and so
2
g ()22 @/ = o[ 2exp (—}—léhmm) , (4.12)

where we have seen that @perm (x) is strictly convex. That (1, qﬁg) Hy 1s finite follows
from the Cauchy—Schwarz inequality, since both ||1||%{¢ and ||Cyy 1¢g | |%1¢ may now

be seen as integrals of 1 against exp (—2® (x)/ h) for some & which is a real-valued
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strictly convex quadratic form. We may therefore choose an #-dependent constant Cg
such that (4.8) holds, and we will compute this constant below.
Moving on to (hD,)*, we obtain from (4.11) that

4)” x = —QD” x* = —(hD )*,
and so
* 2 YRR YA
(hDy)* = —lf(cbxxx + @:x)
2 R
== (—@Zi + @j{x(cbgi)_ldifx) x—@ (95” )_lhD (4.13)
i

The former formulation is particularly convenient because x*qbg = 0. It follows
from (4.11) and the Leibniz rule that

X*(fg) = f-(x*g) + %((@;})_lthf) g
Therefore
@)*(fol) = —i(th>*<f¢$)

2—- 22—
= ¢Nx(f¢0 + - d) x(f¢()

h
_ 25T (fx*w + —((cp”—)‘lhD f)¢*) ol xfo)
- h XX 0 2 XX X 0 0

1
- [(fﬁ&x + ¢;/x<a>!;>‘ax) f} 9.

We conclude that
T -1 2 7" // " T
¢, = (a!) Eq)xxx + Q! (Do)~ 8 1 ?o- 4.14)

Since this formula makes it apparent that each qﬁzl is a polynomial times ¢g , we deduce
qﬁ; € Hgp immediately as a consequence of (4.12).
To compute Cy in (4.6), we write

(1, 63 oy = /Foez’iQ“‘) dL(x) (4.15)
(Cn

with

Q(x) = —i(%, @7 %) + 2D (x) = i(x, D x) + 2i(x, P %). (4.16)
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We may apply Lemma 13.2 in [33] to see that, when
Q:C"~Rg., xRt ., —>C
is a quadratic form with Im Q strictly convex, we have

L | ~1)2
/eh PO gL (x) = (det (mvl%ex,lme)) :

Cn

We then note that
I, 1 \=2n 2
det ( 5 Vierimi Q) = i)™ det Vi 1, Q.

since V2 Q is a 2n-by-2n matrix. Next, we use block matrices to write

Re x,Im x

_((Rex) 1o Rex\) ([(*) lo2 X
o= ((52) 2 (52) - () S0 (2)
_ 1 i Rex) 1_, 1 i Rex
=((0 ) Gan)-aviee (0 5) ()
We therefore have that

2 1 1 ) 1
VRe)c,Imez(l' —i Vx,)EQ 1 —i )

Recall that we are considering 2n-by-2n matrices formed of n-by-n blocks, and so in

this context
1 1 o
det(l. —i) = (=2i)".

We may conclude that

| L —1)2
/eEQ(x)dL(X) = (det (vaex,lme))
C’l

= ((—20)*" Qrih) > det Vi O) ' = (xh)" (Vi 0)~'/2. (4.17)

With Q(x) given by (4.16), we may write in block form

2 " "
2 oo R0 %0\ _ . (DL @
Vi QW) = (axa,;Q 020 ) =% el 0 )
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Permuting n rows to interchange rows in the block matrix representation, we therefore
have

ol 0

det(V ; Q) = (20)*"(—1)" det (q),, ¢) = 27" det(®},) det(®};).
XX XX

Since @7 = (®.)", the two determinants are equal. From (4.15) and (4.17) we obtain

RN n
Co = 2 det®’. = 2 det @ 4.18
0= % et i = % et ) ( . )

since @' is a positive definite Hermitian matrix.
We end this section with an elementary lemma that proves the well-known fact that
the collection {¢, }aeNg form the eigenfunctions of the adjoint operator

Q) = (G (x, D))}y,

when

q(x.§) = (Mx)-§

with M in Jordan normal form.

Lemma 4.3 Let both the quadratic form §(x,€) = (Mx) - £ : C¥ — C and the
strictly convex quadratic weight @, : C" — R be obtained from applying Proposi-
tion 2.2 to a quadratic g : R* — C which is partially elliptic and has trivial singular
space in the sense of (1.5) and (1.6).

Then {q); }aeNg given by (4.14) form a basis of eigenfunctions for

qw(x, hDXY;{(pZ : 'D(qw(x7 th)*) — Hg,,

where specifically ¢:§ is a generalized eigenvector of g% (x, hDX)Z¢2 with eigenvalue
o, With iy defined in (1.12).

Proof We work in the space Hp, with corresponding inner products and adjoints
throughout. What follows is essentially the classical proof which generates the eigen-
functions of the harmonic oscillator via creation-annihilation operators, with small
modifications.

We recall from Remark 2.3 that we may write

G"(x,hDy) = Qp(h) + On(h)

for QD(h) =qp(x, hDy) and QN(h) = gy (x, hDy). We begin by focusing on

n n
~ h

h) = E 20 ix;hDy. + — 2 Ai,
Op(h) = jXj X; + ; < j
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and we show that

Op(h)*¢} = Tady,- (4.19)
‘We have that
n
Op(h)* =D 22;(hDy))*x} + o,
j=1
and so the fact that
Op(h)*¢) = oo,

follows immediately from the fact that x*qbg =0.
The statement (4.19) for all ¢:§ follows by induction. For u, v € D(Op(h)) C Hop,
using the definition of O p(h) and the Leibniz rule for derivatives gives the relation

(u, Op(h)*d; v) = (3y; Op(hu, v)

= <2hﬁaxju, v> +(Cnmdu, v)
l

r -
<u, —2h7"8;“jv + 0y, QD(h)*v>.

We apply this to v = ¢]; under the induction assumption Q D(h)*qbz = mqﬁg, and

immediately see from (4.9) that O p(h)* ¢, e = m¢;+ej fore; = (8;3))_, the

standard basis vector. Having established the base case o« = 0, we have proven (4.19).
Now write

n—1

On(h) =D yjxjt1hDy;,
j=1

recalling that y; € {0, 1} and that y; = O whenever A;1 # ;. We now show that

Qn (h)* is nilpotent on each {¢:§}|a|:m, though the degree of nilpotency naturally
may increase with m. We continue to write e; for the standard basis vector. A similar

approach shows that, for u € D(Q p(h)),
n—1
(. On () ¢)) = > yj (@)™ (0%x 1 1h Dy u. ;)
j=1

n—1
= > @)@ + xj 109Dy, b)
j=1
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n—1
= >y (—ih(u, @)FIg0))
j=1

n—1

+ i) T IR D, XL g)
j=1

The second term vanishes because x*qbg = 0, and we therefore have that O n (h)*qb;

is a linear combination of {y;¢l+ej —ej41 };’;%. From (1.12) and the fact that y; = 0

when A1 # A}, we conclude that
Vi 70 = Hatej—ejr1 = Haj-

Having seen that O (h)* takes ¢>; to a linear combination of some ¢g which are
also eigenvectors of Op(h)* with eigenvalue 714, we therefore have that, for K € N,

(G"(x, hDy)* — i) ¢l = (On ()X p].

The argument of Lemma 4.1 in [14], which is essentially the observation that On(h)
acts to strictly decrease the ordering (3.3), then shows that

G"(x.hDy)* — ) pf =0

for K sufficiently large depending on «.
Since we now know that the ¢/ are generalized eigenfunctions of g% (x, hDy)*,
the proof of the lemma is complete once we show that the {¢2}QENS have dense span

in Hgp,. Via (4.14) we see that ¢Z / ¢g is a polynomial of degree || with leading term

2/ h)(d)z);/ix)“, and since (452);5/; is invertible by strict plurisubharmonicity of @,,
we see that

span{g,taery = Clx1. ..., Xal¢p S Ho,.

We furthermore see from (4.12) that, with the strictly convex weight (@2)herm defined
in (4.2), we have that the map

Co

g (x)

Hp, > u(x) — u(x) € Hdy)perm

is unitary and takes span{¢;} to the polynomials C[xy, ..., x,]. Since polynomials
are dense in any strictly convex quadratically weighted Hy (Remark 2.5), this shows
that the {qb;} have dense span in Hg, and completes the proof of the lemma.
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4.3 Proof of Theorem 1.4

We are now in a position to prove Theorem 1.4.

Let g and @, be provided from Proposition 2.2 applied to some quadratic form g
which is partially elliptic with trivial singular space in the sense of (1.5) and (1.6). We
will proceed by showing that each condition in Theorem 1.4 is equivalent to showing
that (@2)pin = 0, using definition (4.3), or equivalently that (@, v =0.

If T is an n-by-n invertible matrix with real entries and V, W are two subspaces of
C", it is easy to see that

V=W < TV)=TW).

We have such a transformation on C?" appearing in the « in (2.3) in the reduction to
normal form. For this ¥ we have

K(AT) = {0, =iNlyecr, K(AT) ={(, Ax)}yerr,

and so we see that condition 2 in Theorem 1.4 is equivalent to claiming that A, = i.
By the Definition (2.7) of C4 in the reduction to normal form and (2.12), we see
furthermore that this condition is equivalent to the claim that (@,), = 0.

On the FBI transform side and using the notation of (1.14), write

My = Plugy,g»enpy) * Hoy — Ho,
for the spectral projection for ¢g* (x, hDy) and {uy}, with py d~eﬁned in (1.12). In
view of Theorem 1.2, condition 3 is equivalent to claiming that I7,,,, whose range is
the set of constant functions, is an orthogonal projection. It is sufficient to show that

(1 = My)u, Mgty sy =0

for each polynomial u, because polynomials are dense in Hgp, and we know that 1 o
is continuous (e.g. from Lemma 3.4). Since

(1 -1, Z agx® | = E agx”
le| <N I<|a|<N
and
IT,, z agx® | = ap,
le| <N

condition 3 is equivalent to the condition that the constant function 1 is orthogonal
to any polynomial vanishing at the origin. This is turn is equivalent to requiring the
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constant function 1 to be orthogonal to any polynomial multiplied by any x;:
(xjpx), l)Hq,2 =0, Vpkx)eClxy,...,x,], Vj=1,...,n.

Taking adjoints and using the density of polynomials in Hg, gives the equivalent
condition

x}f,@zl =0. (4.20)
Via (4.11), we thus have that
iy, 1 = —(@2)1) T (@) x =0,

which establishes that condition 3 is also equivalent to the statement (@), = 0.
The same unitary equivalence from Proposition 2.2 makes condition 1 equivalent
to

ker(q" (x, hDx)* — o) = ker(¢" (x, hDx) — o),

where the right-hand side is the span of the constant function. From Lemma 4.3, it is
clear that this is equivalent to assuming that ¢g is a constant function. We have already
seen in (4.6) that this is the same as insisting that (@,)y, = 0.

This completes the proof of the theorem. Some numerical analysis based on the
resulting decomposition in Remark 1.5 is presented above in Sect. 2.6.

4.4 Transferring 9} to a multiplication operator

In the reduction to normal form in Proposition 2.2, we reduce ¢* (x, h D) acting on
L*(R") to an operator ¢ (x, hDy) acting on Hg,(C"; h) for which the monomials
form a basis of generalized eigenvectors. We have seen in Lemma 4.3 that the {¢;} of
Sect. 4.2 form a basis of generalized eigenvectors for g% (x, th)"I‘_I¢2. It is therefore

natural to expect that applying Proposition 2.2 to g% (x, h Dy )* would convert the {4’;}
into {x“} in a different weighted space.

We do not reference g% (x, h D,)* here explicitly; we merely use the fact that taking
adjoints of quantizations acting on L2 (R") takes the complex conjugate of the principal
symbol. We only need to consider the obvious effect on the stable manifolds defined
in (1.10):

AE(G) = AF ().

Given this strategy, the computations which follow are natural and routine, but are
included for completeness.
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In view of Proposition 4.1, we assume that @ is in the form given by (2.12). We
begin with the case G = 1, meaning that we take

D) = &) = (1~ Re (x, Cy)
for
Ci=0-iAn) "1 +iAy), AL =A;, ImAy > 0.
This will be easily extended, since (9 Z’% = (@i/ h)éw)*H(p2 may be computed as an
operator on Hg, because the change of variables which maps He, to Hp, quantizes the

map (x, &) — (G~ 'x, G'¢). This means that there is a unitary equivalence between
(ax)’g¢2 and

((Gt%é:) ) = G0, 4.21)
H‘Pl

We therefore continue with @ and apply this computation afterwards.
We then apply (4.13) and (4.11) with derivatives taken from (2.12) when G = 1,
the identity matrix. We obtain

oo 1 1 * 2 *h 4.22
(ax)qul = (I-CiCp)x + 7C+ Dy (4.22)

and
xﬁhpl = Cqx 4+ 2ihDy. (4.23)

We then invert the FBI transform described in the proof of Proposition 2.2 with
canonical transformation from (2.5),

XAp = (—(1 - if1x+)‘1A+ (1- i_f§+)“)'
Recalling that
2, (=0 = A7 = {0y, =iN)lyers
and

i L{E =0 = AT = {(, A4y} yeor,

+
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we reverse the roles of A* and A~ by taking their complex conjugates. We straighten
AT to {(y, —iy)} as in the proof of Proposition 2.2. From (2.3) we recall that with

(ImA4)'/? 0
—(ImAL)""?Re A, (ImAL)~1/2

we have
K (AF) = {0, =iD)}yecr,
and we furthermore note that
k(A7) = {0 AL p))yecn,
where here
AL =(ImAy) "2 —ReA)ImAL) "2 (4.24)

We expect that canonical transformations of these Lagrangian planes should be
performed via unitary operators quantizing these canonical transformations, since we
have the rule

AE(q ok = k(AF(@)).

We only need to recall, following the proof of Proposition 2.2, that there exists some
unitary transformation

’f():H¢,—>H¢1T

quantizing the complex linear canonical transformation K ~! with

Loyl

K = x5, ok~

Here
+ [P =
D (x) = Z(le —Re (x, Cyx))
for
Ci=0—iAp) ' A +iAy).

All that remains is to compute K and discover what becomes of the symbols of
(3x)2¢ and x};{p by computing, using (4.22) and (4.23),
1 1

1

* * 2
U((ax)H¢l) oK = E (1 - C+C+)y + lTC+77

(4.25)
,m=K(x,§)
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and
U(x};(pl) oK =(Cty+ 2i77)|(y,,7)=[((x’§). (4.26)

Note that the symbols a((ax)>;1¢l) and G(x71¢1) naturally take their inputs from Ag,
defined in (2.9), while o ((0y ’;1(1)1 ) o K and U(x;k{%) o K take their inputs from A 1
1

for @If associated with A+.
We decompose the maps involved in K as much as possible:

(1 0 1 -
= o 1—iapt)\—ap 1)

1 1 0\ [(mA,)~1/? 0
Kk = 12 |
ReA, 1 0 (ImAy)

I (1—iAp)~" 0
A Ay 1 0 1

In addition to the definition (4.24) of A, we compute

and

(1—id™ = (mAp am A, — i ~ReA)amA,)?)
=mAD (1 +iA%)  am A2, 4.27)

It is then easy to show that

. L axn—1 1/2
ol = l . z* (I+iA%) 0 (ImAy) 0 1
Ay i iA% 0 1 0 (Im A4)

and, recalling definition (2.7) of C, that

o 204iA) T Am A2 i1 —iA%)Im A2
“\iC A +iAD) I AmADY? 2(1—iA) M Am A2 )

We now wish to compute the symbols corresponding to (ax)*qu and x}k{q) . From
1 1
(4.25), we have

20 (B, ) o K
= (1-CiCy) (2(1 i) Im A 2x +i(1 —iA%)(Im A+)_1/2$)

2
+ict (iC+(1 +iA) T am A 2x 421 —iAy) " (Im A+)1/2§) .
l

The coefficient of x is clearly 2(1 + iAi)_l (ImA;)'/2.



204 J. Viola

We expect the coefficient of & to vanish. Using (2.8), we have that the coefficient
of £ is

i(1—CECy)(1—iA%)(ImAL)~ 1/2+ c 1 —iAp) M Am A2

=4i(1+iA%) " AmAL(1 —iAp)~ 1(1—1A )
—(1—iA*)(1 —iAp) "ImA)Im AL ~2

Since A4 is symmetric, we see that the coefficient of £ vanishes if and only if the
matrix

ImAL(1—iAp) (1 —iA%)

is symmetric. The computation

ImAL(1—iAp)~ (1 —iA%) = —,(A+ A1 —iAp)~ (1 —iA%)
l
:—(1—1A+—(1—1A N —iA) N1 —iA%)

:%(1 (1—iA*)(1—iA)~' (1 —iA%))

yields an obviously symmetric matrix. This completes the proof that the coefficient of
& is zero, and so

1 k-
0 (D)) 0 K = (1 +iA%) "Im A 2x.

Next, from (4.26), we have
a(xf,(p )oK
=C, (2(1 +iA) M Im A 2x +i(1 —iA*)(Im Ay)~ 1/25)
12 (iC+(1 +iAh) N Im A 2x 4 2(1 — iA+)_1(ImA+)1/2§) .
Here, it is easy to see that the coefficient of x vanishes. We then compute

O'(x;il¢l) oK =i(1—iAy)~! (A +iAp)(1 —iA%) +4ImAy) (Im A4)~1/%¢
=i(1—iA) "1 —iAp)(A +iAY *)(Im A4)~ 12¢

We therefore arrive at the conclusion that

o (xfy, ) 0 K =i(1+iA%)(ImAy)” 172
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We now extend our discussion from @1 to include @; as in (2.12). As a result, our
new unitary transformation

7:H¢, > H (D;f
may be obtained by composing 7o with the unitary change of variables
Hg, > u(x) — |det G|~'u(G~'x) € Hg,. (4.28)

As in the discussion leading up to (4.21), it is straightforward to use the canonical
transformation quantized by the change of variables u(x) + | det G|u(Gx) to obtain
the following unitary equivalences:

- R

T@p,, T" = ch(l +iA%) Im AP Hyi — Hyy (4.29)
and

Tx,*,qbzf* =iG1(14+iA*)(ImA;) " V?hD, Hyp — Hy.

Because gbg was defined via the equation x}‘;q) qbg = 0, we know that
2

hD T ¢} = 0.

We conclude that ’ﬁbg € H ¢+ is a constant function, and since T is unitary, we may
1
determine the constant through the equality

1T dd 11, = g1, - (4.30)
1

We begin with | |¢8 || g, » recalling having already computed Cy in (4.18). Noting from
(2.12) that

1
(P2)yz = ZG’G,
we have that
2 n
Co= (—h) det(®7)"- = 2mh)™"|det G|*.
T

We refer to the observation (4.12) to see that

il —
||¢O||H¢2 - |CO| ||1||H(‘p2)herm.
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The change of variables (4.28) allows us to see that
11ty = 1det Gl 11y,

but it is clear from (2.6) and (4.2) that (@ )herm = }‘|x|2. Therefore

172
. - 1
ll¢gllHy, = 2h)™"|det G| /eXp (—ﬁIXIZ) dL(x)
(C)l
= 2h) " det G|(2wh)"? = 27h)™"/?| det G|. (4.31)

We know that there exists some C. o for which T qbg =C 0, and so we need to compute
17511, = 1Col 1111, 432)
1 1

(Naturally, we are only interested in the absolute value of Cy.) In order to apply (4.17),

we write
2 ;

/CXP (_E@r(x)) dL(x) =/65Q(") dL(x)

(Cn (C”
for

i -
0 = 3 (I —Re(x. Cyv).

Then

) i (—Cy 1

To avoid issues with block matrices, we perform row reduction by adding to the first
row the result of postmultiplying the second row by Cy and permute n rows, obtaining

—-C, 1 0 1-C*Cy 1 —C*
det ~ ) = det =t = (—1)" det o).
e( 1 —Cj*;) ¢ (1 —Ct DMty 1 eie,

At this point, it becomes clear that

2n
det(V; :0) = (15) (—=1)"det(1 = C5.Cy) = 272" det(1 — C1Cy).

We therefore conclude from (4.17) that

1l = @uh)"/?det(l = CLC4H)™'™. (4.33)
1
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We see from (4.24) that Im A+ = (Im A+)_1. We may then use (2.8) and (4.27) to
compute that

1-CiCy =1 +iA%) T@mALH1 —iAp)™!
=4Im A 21 —iAp)T A +iA) T Am A2,

and therefore, again using (2.8),
det(1 — C*Cy) = det(l — CXCy). (4.34)
We therefore use (4.32) and (4.33) to obtain
19011, = |Col )"/ det(1 — CLCTH™.
From (4.30) and (4.31) we then compute that
|Col = 2h)™"| det G| det(1 — C*C)'*. (4.35)

So far, we therefore have from (4.9) and (4.29) a unitary equivalence between
¢ € Hp, and

Colah™'@m) 7 (2671 +iAD) " am A D x) " € Hyr
We then make a final change of variables u(x) — | det G|u(éx) with
G= %(ImA+)—1/2(1 +iA%)(GH (4.36)
Writing as usual dig x)= dﬁ(éx), we have from the unitary equivalence
19all1g, = |Col (@)™ @)™ det G 1l

Using (2.8) and (4.36), it is easy to see that

|det G|* = det(1 +iA%)det(1 + i A%) det(4Im AL)~'| det G| >
= det(1 — C31Cy) "' det G| 2.

Combining this with (4.35) gives

|Col | det G| = (2mh) ™" det(l — C*Cy)~"/4
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In order to simplify

I (x) = %(|C~?x|2 —Re (Gx, C+Gx))
= %«x, (G)*Gx) —Re (x, (G)' C4+Gx)),
we may compute
4@, = (GG, 4@}, =—(G)'C,G.
First, using (2.8),
!

4
=G '1-cicyT'G.

(G)*(G) = -G (1 —iAp)Im AL (1 +iA)G

Then we have

-~ ~ 11—
(G)'Ci(G) = ZG—1(1 +iA)Am A T2 Am A1 +iAa%) ™!

x(=1—iA)Im AL 2 Am AL "V2 (1 +iA%)G

l— - —
- —ZG*1(1 +iA)AMALD) (1 +iA%)G

= -G 1C (1 -CxC)™'G,

Following Remark 4.2, we seek to write @; using an invertible matrix G' and a

symmetric matrix C 1 for which

@D, = i(G*)*G"'
and

ty — _Yoatyetat

(D)) = _Z(G ) CLG".

It is natural then to define

E=(1-cicp)™'?
via the usual selfadjoint positive definite functional calculus. We then write

G'=EGH™!

(4.37)
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and
cl =—E7'C,E. (4.38)

The formula for @; then follows from the formula (2.12): in the same way, since @
is quadratic and real-valued, it is sufficient to identify the derivatives

.
[

1 1. _
(@), = Z(GT)*GT, C —Z(G‘)’CLGV (4.39)
With this qD; , we have that

1Tl £tay) = 11511, 1104116,
= Quh) " det(1 — CEC) ™)™ @ T Nx g, 1311 -
2

As the h-dependence can be eliminated by a simple change of variables, this proves
Theorem 1.3.

5 Computation for norms of spectral projections

We here perform explicit computations using Theorem 1.3 in order to obtain informa-
tion about the norms of spectral projections. Throughout, we assume # = 1, in view
of (1.15).

We beginin Sect. 5.1 by using polar coordinates to reduce (1.18) to an integral on the
unit sphere {|w| = 1}, whichimmediately gives Corollary 1.6. In Sect. 5.2, we consider
the case of (spatial) dimensionn = 1 and use Laplace’s method to deduce the complete
asymptotic expansion in Corollary 1.7. We then expand the discussion to arbitrary n
in Sect. 5.3, proving the general rate of exponential growth in Corollary 1.8. Finally,
we present the numerical computation of these rates of growth for certain examples
in Sect. 5.4.

5.1 Reduction to the unit sphere

In view of Theorem 1.3, it is appropriate to study
J(®, &) := 2m) " 27 @) x| 13, - (5.1
since

e lZ g,y = det(1 = CLC) 2T (@,0) ) (@7, ). (5.2)
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Write

||xa||%{¢ =/|xa|2e_2¢(X)dL(x)

(Cn
o0
_ / /r2\a|+2n—l|wa|2€—2r2¢(w) dr dL(w)
lw|=1 0

= 2=l (g 4 — 1) / 0** (40 () "1™ dL(w),

lw|=1

where d L(w) is induced by Lebesgue measure restricted to {|w| = 1}.
We may see that

(zn)*”gfijﬁ;;llnznflt/)|w“Fdl&w>==1 (5-3)

lwl=1

through explicit computation of ||x?| |%1¢ where @ (x) = 4—1‘|x|2. Alternately, we may

note that ®(x) = &T(x) = 4—1‘|x |2 are the weight function and dual weight function
obtained when considering the operator

> ri} 4+ (hDy)?) (5.4)

j=1

for r; > 0 chosen rationally independent. This may be directly deduced from com-
puting that AT = {(x, +ix)},ccn. The rational independence of the r 7 means that all
its eigenvalues, obtained from (1.12), are distinct, and since the symbol is real-valued,
the operator is selfadjoint and so the spectral projections all have norm one. We then
may combine our computation of ||x%| |%1¢ in polar coordinates with (5.1) and (5.2) to
arrive at the conclusion that, in this case,

2
lal+n—1 — 1!
1=J(® )= (laf +n = 1) / 0P dL() |
Q2m)n2lelg!
lw|=1

proving (5.3).
Regarding

c a2 g o 5.5

o;n) = w Lw) =2n" —— .
(a; n) /I |“dL(w) T (5.5

leo|=1
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as a normalizing factor, we obtain

o2
J(®,a) = /(4q§(a)))—\al—"M_ (5.6)
C(a; n)

lw|=1
For p, defined via (1.12) with 4 = 1, recalling that Im A j > 0, we may write
m=minIlmA;, M =maxIma;.
Then, for any & € N7,
Qla| +n)m < Re po < QLlee| +n)M.

We then compute that g = 11, implies that

Tal =2 (1= ") <181 < Tt + 2 (2 -1
— o] — =l —— —J|+=——-1).
M 2 M)~ T m 2 \m

It is then elementary that
#{B 1 g =) = O+ o' ).

(See, for instance, the proof of (68) in [31].)
Corollary 1.6 then follows from the triangle inequality and the elementary bound

_ jal—n |0 P dL (o)
J(@,a) = /(495(60)) TC@n)
|lw|=1
< (it s0@) [ letPdl@) o) ( inf 40 -
= (nﬂn:l (‘”)) | |/1 Cla;n) ()(Jfﬂ:] (w))

applied to (5.2).

5.2 Asymptotic expansion in one dimension

In the dimension 1 case, we may write N instead of «. We note from (5.5) that
C(N, 1) = 2x. Furthermore, {|w| = 1}, as a subset of C with measure induced by
Lebesgue measure dRe x dIm x, is the same as {¢'! : 0 <t < 27} with measure dt.
Then

27
J(®,N) = %/(w(ei’))—’v—l dt.
0
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Using (4.1) in dimension 1, we see that
(") = o (1+Re (@)~ 0.

The dimension 1 case is particularly simple to analyze because complex numbers
commute. Following Remark 4.2, we may take

17 N\1/2 (1)//
G=22!)'? Cy= —cbif;‘.
XX

We then have that
it G2 2it G2
() = = (1 _Re(Cye )) = == (1= |Cylcos(2t +arg C1)).

We furthermore have G > 0, since @ is positive definite Hermitian in any dimension.
We also note that |C4| < 1 by strict convexity of @, either as shown in the proof
of Proposition 4.1 or, more simply, by observing that strict convexity requires that
@ (e122C+/2) 5 (. Making a change of variables T = r 4 arg(C,)/2 reduces the
study of J(®, N) to the study of

2
1
J(®,N) = 2—(G2)_N_1 /(1 —|Cqlcos2t) N1 ar. (5.7)
T
0

We turn to @ T in the dimension 1 case, where
Gh=a-|cyH V267!, ¢l =-cy.

We use the same reasoning which provided (5.7) to obtain
2

2
1
J(@, N)J( @, N) = (1 —|CyHNH! 2—/(1—|C+|cos2t)_N_ldt . (5.8)
T
0

We turn to finding an asymptotic expansion for the integral.
Such integrals are well-studied by means of Laplace’s method (see for instance
Chapter 3 of [21]). We rewrite the integral in (5.8) as

2 /2
/(1—|C+|0052t)_N_1dt=2 / exp (N + DR(1)) dt, (5.9)
0 —7/2

for

R(t) = —log(l — |C4|cos?2t).
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Since the case C+ = 0Ois trivial (and corresponds to a normal operator), we assume that
C4 # 0. Therefore the function R(¢) for t € [—m /2, w/2] has a unique maximum at
t = Osince |C4|is positive. We therefore know that there exists a complete asymptotic
expansion

/2 00
o~ (N+DR©) / exp (N + DR() dt ~ > a;N~I71/2 (5.10)
—/2 =0

for some sequence of real numbers {a j}?io and

A L)
ao_\/R”(O)_\/ TR (5.11)

Of course, e~ V+DRO) — (1 —|C N+,
We deduce from (5.2), (5.8), and (5.9) that

1 i (11T
IIy|1* = — (- IC4 P!/ (1_—|C+|)
/2 2
< [ (1= c ! / exp (N + DR(1)) dt
In

From (5.10), we obtain the asymptotic expansion

1— |C+|)N/2 o i
= [[In|| ~ c. N~V
(1+|C+| Z(:) !

for

1 o (1H1CN\Y?

= (1= |Cc A .

Cj 7_[( [C+7) = |Cyl aj

The computation of ¢ in Corollary 1.7 immediately follows, completing the proof of
the corollary.

5.3 Rates of exponential growth in any dimension

We now consider the case where n may be arbitrary. We will prove the exponential
rate of growth in Corollary 1.8 as a straightforward consequence of (5.6), Laplace’s
method, and Stirling’s approximation. The analysis here is not particularly deep, and
we presently do not attempt to analyze the suprema involved or to make estimates
uniform.
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We consider 8 € (@Jr)” with |B] = Z?:] Bj = 1 fixed throughout this section
and analyze J (@, AB) defined in (5.6) as A — oo.

We here use only the most elementary version of Lapace’s method for multidimen-
sional integrals. Specifically, we assume that f € C*°(M; [0, co)) for M a compact
boundaryless manifold of real dimension m equipped with a natural volume u, a pos-
itive measure with smooth density with respect to any coordinate chart. Then there
exists some C > 0 for which

N A
l)\—m/z (Sup f) < / F) M du(x) < n(M) (sup f) , (5.12)
C M W M

valid for A € Ry sufficiently large. The right-hand bound is trivial, and the left-hand

bound is easily obtained from estimating f from below in local coordinates
p:R"2U—>VCM, ¢0=x

centered at some xo where f attains its maximum:

(fop)(y) > (sup f)—Cy~

The error induced by multiplying by a cutoff function localizing to a neighborhood of
y = 01is exponentially small in A, and so we have the estimate (5.12) for A sufficiently
large.

We note that strict convexity of @ certainly means that (@ (w)) ™" ~ 1 when|w| = 1.
We also note that, when A € R,

2
n
2 = Hw,\ﬂj = PP,
j=1

Applying the upper bound in (5.12) with
f(@) = @) o ?
for fixed B with |8] = 1 then gives
log / (4 (@) MMM 2 dL(w)
|lw|=1

< log( sup (4@ (w)) ! w? |2) +1og C(0, n) + log sup (4®(w)) ™",
|

wl=1 lw|=1

recalling from (5.5) that C(0, n) is the induced Lebesgue measure of {|w| = 1}. A
similar application of the lower bound in (5.12) gives
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log / (40 () M= 2 d L(w)

|lw|=1

lw]=1

~1y, B2 2n—1 : —n
> log{ sup (4@ (w))” |w"|” | —1logC — 5 log)\+log|;)1‘1:f1(4d>(w)) .

Naturally, when we consider the limit A — oo, we have log > 1.
We therefore have that, for 8 € (R4)" fixed with |8] = 1 and for A sufficiently
large,

log / (40 () MM 12 d L(w)

|ow|=1

lwl=1

= Mog( sup (4q>(w))‘|wﬂ|2)+ O(log 1). (5.13)

We then use Stirling’s approximation in the form

Fx+1) = (f)x V2rx(1+0x7Y), x — +oo.

e

In the end, the projections discussed only make sense when A8 € N, but we may
regardless follow (5.5) and write

2" "
C(\B;n) = Fom ;131 C(ABj+1).

We may ignore terms where 8; = 0 as these yield a factor of 1; the same result
follows if we use the usual convention that 0 log 0 = 0. We also reiterate that we are
considering S fixed, since this application of Stirling’s approximation cannot be said
to hold uniformly in B, particularly when some g8; — 0.

We analyze the three pieces of Stirling’s approximation separately: the error factor
1 + O(x~1), the exponential (x/e)*, and the square root /27x. By the Neumann
series, for A sufficiently large, we have

1 1y _ ~1
l—l—O—()»_l)H 1+0A")=1+01"").

Jj:Bj#0

For the exponential in the denominator, we note that

_ Atn—1
log[<Lﬂ) ]:(x+n—1)(log(k+n—1)—1)
e

= (ht+n—1) (1ogx 1+ O(rl)) = adog — 1) + Oog 1),
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in particular using the Taylor expansion of log(x + &) & log x + h/x to approximate
log(A 4+ n — 1). We also have that, using Z/ 8,£0 B =I1Bl=1,

)\.,Bj MBj
log H (T) = Z ABj(logA +logB; — 1)
J:Bj#0 J:Bj#0

=Alogh -1+ Z BjlogB;.
j:Bj#0

Therefore we have the contribution

1 8\
o 1L (2)7) - 3 s
(h+n—1)/e)+ 1;:5;;&0 ¢ JiBi#0 T

The contribution from the square root is negligible:

H V2B, O(logh), A — +oo.

log
«/271()»+n— 1) JB0

We therefore conclude that, for A sufficiently large,

logC(AB;n) = A Z Bjlog B; + O(log ). (5.14)
j:Bj#0

From (5.6), (5.13), and (5.14), we have that

log J (@, AB) = A log(sup (4<p(w>)—1|wﬂ|2)— Z BilogB; | + Ooghr).
lwl=1 J1Bi#0

Finally, we have from (5.2) that

_ 1 _
A ‘log||nw||g<H¢>=Elog(sup (40 (w)) ‘|wﬂ|2)

|lw|=1

1
+§log(sup(4@T(a)))_1|wﬂ|2)— z ,leogﬁj+(k_llogk).

=1 J B0
This proves Corollary 1.8.

Remark 5.1 We can see that the role of >_ 8 log 8 is nontrivial by examining the case
(5.4), a self-adjoint operator with simple eigenvalues and weights @ (x) = o (x) =
%|x |2. The norms of the spectral projections are uniformly one, and therefore the rate
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of exponential growth limy,_, oo A~ log ||/T. 21l is zero for every B. This allows us to
indirectly deduce that

log(SUP Iwﬂ|2)= > Bjlogp,.

lol=1 JiBi#0

5.4 Numerical computation of growth rates in dimension 2

In order to show new information which may be obtained through Corollary 1.8, we
consider Examples 2.7 and 2.8. The author feels that these numerical computations
shed some light on the connection between the norms of spectral projections and
geometry and may point to interesting directions for future work.

In dimension 2, we naturally parameterize 8 € (R4)* with |8| = 1 via

B=0~—t1), tel0]1]
Following Corollary 1.8, we will study

g(B, ®) = lim A~ 'log||Msllm,-
A—> 00
ABeNG

We will focus on the case of Examples 2.7 and 2.8, as well as Theorem 1.4, with
1
DG (x) = Z|Gx|2, G € GL,(C).

For Gkgp as in (2.18), we record g(B, @gypp) in Fig. 2. It seems apparent that a
maximum occurs at 8 = (1/2, 1/2). We furthermore see that the exponential growth
rate decreases significantly as 8 — (0,1) or 8 — (1, 0), but certainly does not
approach zero; we remark that this corresponds to spectral projections onto eigenvalues
whose argument approaches /4 or —m /4.

We may also observe an apparent connection between the geometry of @ and &7
and the exponential growth rates. From Corollary 1.7, we see that in dimension 1 the
upper bounds given by Proposition 3.5 and Corollary 1.6 are identical and sharp. In the
case where @ (x) = ®@g(x), it is easy to see that the bounds given by Proposition 3.5
and Corollary 1.6 are again identical and are equal to the logarithm of the condition
number of G:

g(B, @) < log(lIGII [IG™ ). (5.15)

This simply follows from writing the minimum of @ on the unit sphere as the square of
the least singular value of G and observing that the maximum of @ and the reciprocal
of the minimum of @7 are both given by the square of the greatest singular value of
G.
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0 0.2 0.4 0.6 0.8 1

Fig. 2 Growth rates g(g, @GKFP) versus B = (1 —1,1)

Fig. 3 Growth rates g((1/2, 1/2), &, ) versus loge

Asdiscussed in Remark 3.7, this estimate is not generally sharp. However, it appears
to be sharp or extremely nearly sharp for the maximum growth rate for Ggrp, to an
error of less than 107!2:

§((1/2,1/2), Biy) ~ 0.8814 ~ log ([|Girell [|Gicfell)

We may also consider G from (2.20). One may compute that the profile of G,
appears similar to that of Ggpp, with a strict maximum at 8 = (1/2, 1/2); we therefore
examine g((1/2, 1/2), G;) in Fig. 3 as a function of log .
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We may note that (5.15) gives an accurate picture of the growth of the spectral
projections as ¢ — 0. In fact, the relative error

1g((1/2,1/2), Ge) = log(l|Gell |G D]
g((1/2,1/2), G)

is extremely small for small ¢, e.g. error < 10~13 when loge = —6, but increases
steadily to nearly 0.1 when ¢ = 1. The author therefore considers the connection
between condition number and spectral projection growth to be a nontrivial and inter-
esting question.

As afinal note, we may observe that the phenomenon of g(8, G) having a maximum
at B = (1/2,1/2) is not true for all @, particularly when @, # 0, defined in (4.3).
In fact, let us consider the simplest such example:

1 1
O (1, x2) = B1(n) + Pax2) = 7 (Il —Re(@x)) + 71l ol < 1.

Using Theorem 1.3 and decomposing for instance

117, = / i [P 2 P10 g L (xy) / g [P 2 P20 gL (xy) |
C C

it becomes clear that

gB. @) = p1g(l, @1) + Bag(l, P2).

From Corollary 1.7, we see that g(8, @) is linear in S;:

1 1+ |al
8B, @)= 210g (—1 — |a|) Bi.
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