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Abstract We give a characterization of and a trace formula for trace class pseudo-
differential operators on the unit sphere S"~! centered at the origin in R”.
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1 Introduction

In the paper [S] and the book [9], a characterization of Hilbert—Schmidt pseudo-
differential operators on the unit circle S' centered at the origin is given. The condition
given on the symbol is L2 in nature and is different from Hérmander’s S condition that
is prevalent in the study of partial differential equations [4,8]. The L? and the related
LP, 1 < p < oo, conditions on the symbols allow singularities and are ideal for a
broad spectrum of disciplines ranging from functional analysis to operator algebras
and to time-frequency analysis. Trace class pseudo-differential operators on L?(S!)
and their traces can be found in the paper [3].
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The aim of this paper is to give a characterization of trace class pseudo-differential
operators on the unit sphere S”~! with center at the origin in R” and we give a formula
for the trace of each such trace class operator. Spherical harmonics on S"~! are the
natural analogs of Fourier series when we pass from the circle S' to the sphere "~
The main technique is to obtain a formula for the symbol of the product of two pseudo-
differential operators 7, and T on S"~!.

We give a brief recall of Hilbert—Schmidt operators and trace class operators in
Sect. 2. In Sect. 3 is a summary of results on spherical harmonics on S"~! that we
need in this paper. We give a product formula for pseudo-differential operators, a
characterization of trace class pseudo-differential operators and then a trace formula
for pseudo-differential operators on S! in Sect. 4. The same is done for S~ ! in Sect. 5.

The study of trace class operators and their traces can best be put in the
context of noncommutative measure theory in which trace class operators are
the noncommutative analogs of measurable functions and traces are noncommu-
tative analogs of integrals. See the book [2] by Alain Connes in this connec-
tion.

2 Hilbert—-Schmidt operators and trace class operators

Let X be a complex and separable Hilbert space in which the inner product and norm
are denoted by (, )x and || || x respectively. Let A : X — X be a compact operator.
Then the absolute value |A| of the operator A is defined by

|A] = (A*A)!/2.

The operator | A| is compact and positive. So, by the spectral theorem, there exists
an orthonormal basis {gz)j}j:1 of eigenvectors of |[A]. For j = 1,2,..., let s; be
the eigenvalue of |A| corresponding to the eigenvectors ¢;. We call the numbers
sj, j =1,2,..., the singular values of A. The operator is said to be in the Hilbert—
Schmidt class > if

oo
E s,z. <00
j=1

and in the trace class S; if

oo

ESJ'<OO.

j=1

We need the following three theorems on Hilbert—Schmidt operators and trace class
operators, which can be found in, say, the book [6] by Reed and Simon.
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Theorem 2.1 Let A : X — X be a bounded linear operator. Then A € S, if and only
if there exists an orthonormal basis {¢;} for X such that

o
> lAgjI% < oo.
j=1

Theorem 2.2 If A : X — X is in Sy, then for every orthonormal basis {(pj}?‘;l for

X, Z?‘;l (Agj, 9j)x converges absolutely and the limit is independent of the choice
of the orthonormal basis.

Let A: X — X be in the trace class. Then we define the trace tr(A) by

r(A) = D (Ag;, 9))x,
j=1

where {¢ j}?‘; | is any orthonormal basis for X.

Theorem 2.3 Let A : X — X be a bounded linear operator. Then A € Sy if and only
if A = BC, where B and C are in S».

Let o be a measurable function on S' x Z. Then for all f in L2(SY), we define the
function T, f on S! formally by

(T O = > "a@.nfm), 0el-n 7l

We call T, the pseudo-differential operator associated to the symbol o.
The following result can be found in [5,9].

Theorem 2.4 The pseudo-differential operator Ty : L*(S') — L*(SY) isin S, if and
only ifo € L*(S' x Z). Moreover, if Ty : L*(S") — L*(S") is in S», then

IT51ls, = @r) " 2lo |l 21 %2y

where || || s, is the Hilbert—Schmidt norm in S;.

3 Spherical harmonics

Let P be a homogeneous polynomial on R” of degree k, which is harmonic on R”",
i.e.,

P(x) = Z agx®

lae|=m
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and
(AP)(x) =0, xeR",
where
n 82

A spherical harmonic Y} of degree k is the restriction to §"~! of a harmonic and
homogeneous polynomial of degree k. Let /) denote the space of all spherical har-
monics of degree k. The collection of all finite linear combinations of elements in
U,fil Hy is dense in L2(S"1). If {Y(k) Y(k) Y(k)} is an orthonormal basis for
Hy, then (g2 {Yl(k), Yz(k) Y(k)} forms an orthonormal basis for L2(S"*~!). Thus,
for f € L>(S"1), f can be expanded into a Fourier series to the effect that

f= izk)(f, Yy,

k=0 j=1

where (, ) is the inner product in L%(S"1). In the case when n = 2, the expansion of
a function in L?(S!) into spherical harmonics on S! coincides with the usual Fourier
series expansion when polar coordinates are used. See, for instance, the books [1,7]
for more details on spherical harmonics.

Let o be a measurable function on S"~! x N x N. For all functions f in L?(S"~1),
we define the function T, f on S"~! formally by

o0 ak

T @) =D > ok DY@, oes

k=0 j=1

We call T, the pseudo-differential operator corresponding to the symbol o.

4 Pseudo-differential operators on S!

We first derive a formula for the product of two pseudo-differential operators 7, and
T; on S!, where o and T are suitable measurable functions on S! x Z. Indeed, let f
be a suitable measurable function on S'. Then for all § € [—m, 7],

> oO. (T f) e

n=—00

(I, Tz f)(©)

o0 T

1 X .
> o / T ) (@) dp | e

n=—0oo

g
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= n:z_:ooo(é, n)% (/ e in® mzz_:oo (¢, m)f(m)ei'”¢d¢) e
— Z L Z a0, n) / efi(nfm)qbei(nfm)QT(qs’m) d(b) f(m)eimé
m=—00 2 n=—00 g
=Y X eem / e~ r (g mydg | fom)e™
m=—0oQ 27[ n=—0oo —
= Z L Z G(Q,H)/e_i(m_”)¢r(9—¢,m)d¢) f(m)eime
m=—o00 2 n=—00 v
= > MO.m)fmye™,
where
A@,m) = (o ® 1)(0, m),
and
1 [ & o
_ —i(m—n)¢p _
(oc®1)O,m) = e n;ooa(e, n) / e (0 — ¢, m)do
Thus,
5T = Toor-

For n € Z, we define the function e, on [—x, 7] by

en(0) = Qn)" 2" g e [—7, 7).

Then {e,, : n € Z}is an orthonormal basis for L?(SY). Furthermore, leto € L*(S! xZ).
Then forn € Z,
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(Toen)0) = D ™0 (0, k)én (k)

k=—0o0
00 s
- Z o6, k)2r)3? / e kP g
k=—00

— (27'[)_1/26”190(9, }’l)
=0 (6, n)en(0)

for all 8 in [—m, ]. Thus, if o € L2(S1 x 7Z) is such that T, € S, then the trace
tr(7,,) of T, is given by

w(Ty) = D" (Toen en). (4.1)

n=—oo

The following theorem is an immediate consequence of Theorems 2.2 and 2.3.
Theorem 4.1 Let A be a measurable function on S' x Z. Then Ty, is in Sy if and only
if there exist symbols o and T in L*(S' x Z) such that

A=0®T.

We can now give a trace formula for trace class pseudo-differential operators on S'.

Theorem 4.2 Let ) € L*(S' x Z) be such that there exist symbols o and T in L>(S! x
Z) for which

A=0®T.

Then T, € S| and

tr(Ty) = Z /A(@,n)d9=2n Z Z o(m—n,n)t(n—m,m).

712—00_7r m=—0o0 n=—00

Proof We begin with a check on the absolute convergence of the series > o

> oG (m — n,n)t(n — m,m). Indeed, using the Schwarz inequality and the

Plancherel’s theorem for Fourier series, we have

3

oo
D 16 —n. )t —m m)
X0 nN=—00

o o ]/2 o o 1/2
> 2 |&(m—n,n>|2) (Z >, |f(n—m,m>|2)

IA

m=—0o00 n=—00 m=—0o00 n=—00
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i o 1/2 00 00 1/2
=( > |&(m,n)|2) (Z > If(n,m)lz)

| 172 - 172

=12 Z /IG(H n)|*do Z /|r(<9 m)|>do

n=—0oo__ m=—00__

1
= m||O||L2(SIXZ)”T”Lz(SIXZ) < Q.

Since forn € Z,

(Tsen, en) = (o (-, n)ey, ey)

e

= / o (0, n)e,(0)e,(0) dO

= /0(9, n)deo,

-7

it follows from (4.1) that

tr(T,) = Z (Tyen, €n) = Z /0(9 n) do.

n=—oo n=—00__

Now,

tr(Ty) = Z /)\(9 m) do

m=—00_"
m
- Z / a(e,n)/e—"<m—">¢’r(9—¢,m)d¢> do
m=—00__ 27'[ n=—0oo
Z / z a0, m)e "0 — m, m) do
m_—oo n=—0oo
o0

=27 Z z om—n,n)T(n —m,m).

m=—0o0 n=—00
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5 Pseudo-differential operators on S"~1
We first give a result on the L2-boundedness of pseudo-differential operators on §" 1.

Theorem 5.1 Let o be a measurable function on S"~' x N x N such that

oo ak
> / o (@, k. )Y (@)Pdew < co.

k=0 .j:lSn—l

Then Ty : L*(S"™1) — L*(S"") is a bounded linear operator and

1/2

00 ag
Tl = [ X2 [ otk prPerdo|

k=0 j=lgi,

where || ||« denotes the norm in the C*-algebra of all bounded linear operators from
L2(S" Yy into L2(S"71).

Proof Let f € L>(S"~!). By Minkowski’s inequality and the Schwarz inequality,

||T<rf||L2(Sn71)
2 1/2
oo Ak
. k k
= D> ok YY) do
g1 k=0 j=1
By 1/2
o0 ar
. k k
<> > o k. N YY) do
k=0 S Jj=1
1/2
00 ag Ak
k . k
<> (LY D ok HY P @) ) dw
k=0 sn—1 Jj=1 Jj=1
1/2 172
9] ak (3
k . k
<> D12 /Zw(w,k,J)Y;)(w)Fdw
k=0 \ j=I g1 J=1
12 1/2
oo ag o0 ak
k . k
S DIPNOREOTE Z/ o (@, k. Y (@) de
k=0 j=1 k:OSn_| j=1



Traces of pseudo-differential operators on sn-l 21

1 172

2
o0 Ak oo ag
DAY > / o (@, k, )Y (@) de

k=1 j=1 k=1 j=lgi

1/2

oo dg
1f 2y | 222 / o (@. k. )Y (@)de

k=0 j:l g1

m}

We denote by L% (S"~! x N x N) the set of measurable functions o on " ! x Nx N
such that

o0 ak

> / o (. k. )Y} (@)Pdw < co.

k=0 jZISnfl

It coincides with L2(S' x Z) when n = 2.

Theorem 5.2 Let o be a measurable function on S*~' x N x N. Then T, € S» if and
onlyifo € L3(S"~! x N x N).

Proof Forkg =0,1,2,...,and jo = 1,2, ..., ax,, we get for all w in "1,

oo ak

k . k k . ki
(LY i) (@) = D> o,k NP Y)Y () = 0@ k. jo)Y V().
k=0 j=1
Therefore
00 ak
k
DY g,
k=0 j=1
oo ag
=S| [ mrde
k=0 j=1 Sn—1
00 ag
=>> / o (. k. )Y (@) Pde
k=0 j=1 Sn—1
and the proof is complete. O

As in the case of the circle, we first derive a formula for the symbol X of the product
of two pseudo-differential operators 7, and T; on S"~!. Indeed,
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(ToT: f)(§)
= (T5(Tx [)(&)

0o ag

=D > ok NI LYY P E)

k=0 j=1

oo ag

= ZZU@,/@JJ( /(Trf)(w)Y;k)(w)da)) r® &)
Sn—1

k=0 j=1

oo aq

o ak
- o€, k,j A, , i[ ()Y (w)dw
> Dok '>( / D>t L i) £ Y)Y (@)Y () d )

k=0 j=1 g1 1=0 i=1
k
&)

o q

oo dg
=>" > o0k J) (ZZ(ﬁ v / r(w,l,i)Y,-‘”(w)Y}"’@)dw)

k=0 j=1 =0 i=1 -1
k
Y &)

0o ay

oo q _
= (/r(a),l,i)Y}”(w)ZZa(g,k,j)Y}")(w)Zf"’(s)dw)
i §n—1

k=0 j=1

e Y@
o0 ay
= > > &L YYD E)

1=0 i=1
for all £ in S"~! where
AE LD =00®1)E L)
and
(c®1)E, 1, 0)

oo dg S
—( / r(w,z,i)Yf“(w)ZZa(Mj)Y}’”(w)Y}k’@)dw) v En.
S

k=0 j=1

n—1
Thus,

TA = TOT‘Ev
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where
A=0®T.

We can now give a characterization of trace class pseudo-differential operators on
sr—1.

Theorem 5.3 Let A be a measurable function on S"~' x N x N. Then Ty, € Sy if and
only if there exists symbols o and T in L% (8" x N x N) such that

A=0®T.

A trace formula for trace class pseudo-differential operators on S"~! is given in the
following theorem.

Theorem 5.4 Let A € L%,(S"_1 x N x N) be such that there exist symbols o and t
in L2(S"™") x N x N for which

A=0®T.

Then T, € S| and

0o a
wr) =33 [ et ks

=0 i:lSn_l

a oo ag

oo
=222 2 @Gk P yOa e Loy v,
1=0i

=1 k=0 j=1
Proof The absolute convergence of the series

a oo ag

PIDIDIDNCI N SEN ADICINNN A S

=0 i=1 k=0 j=1

can be proved as in Theorem 4.2. Since [J{2 {YF, Yz(k), - Yéf)} is an orthonormal
basis for LZ(S"1), it follows that

tr(73)

0o a
1 I
=2 2my v
=0 i=1
0o a

=>> [ reror erd e
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oo a
=33 [ rerimera

=0 i:lSn_]

55

1=0 i=lg |

oo ag _—
/ .10V (@) D D ok )Y @)Y E) do

e k=0 j—1
v e
333 [ et @rPwds [ ok
=0 i=1 k=0 =1g St
Y ey ) as

a oo ag

o
=2 > > >0tk DY v ae Lyl v

1=0 i=1 k=0 j=I
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