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Abstract In this article we study the initial boundary value problem of semilinear
parabolic equations u, — Agu = |u|”~'u on a manifold with conical singularity,
where Ap is Fuchsian type Laplace operator investigated in Chen et al. (Calc Var
43:463-484, 2012) with totally characteristic degeneracy on the boundary x; = 0.
By using a family of potential wells, we obtain existence theorem of global solutions
with exponential decay and show the blow-up in finite time of solutions. Especially,
the relation between the above two phenomena is derived as a sharp condition.
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1 Introduction and main results

In this paper, we study the following initial-boundary value problems for a class of
degenerate parabolic type equations

du— Agu = ulP~'u x eintB, t >0,
u(0, x) = ugp(x) x € intB, (1.1)
u(t,x)=0 x€odB, t>0
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where2 < p+1 < ﬁ = 2%, and 2* is the critical cone Sobolev exponents. Here

B =1[0,1) x X, X is an (n — 1)-dimensional closed compact manifold, which is
regarded as the local model near the conical points, and dB = {0} x X. Moreover
the operator Ap in (1.1) is defined by (x; 0y, )2+ 832 + -+ 3)%”, which is an ellip-
tic operator with conical degeneration on the boundary x; = 0 (we also called it
Fuchsian type Laplace operator), and the corresponding gradient operator is denoted
by Vi = (x19y,, Oxys - - ., Oy, ). Near B we will often use coordinates (x1,x) =
(x1,x2,...,xy) for0 < x; < 1,x’ € X. In this paper, we shall prove the existence
and blow-up theorem for the solutions of problem (1.1).
In the classical case, we have

u—Au=uP'u xeQ, t>0,
u(0, x) = up(x) x € Q, (1.2)
u(t,x)=0 xe€eod, t>0

where € is an open bounded domain of R"” with smooth boundary 92 and A is the
standard Laplace operator. It’s well known that problem (1.2) has been studied by many
authors. A powerful technique for treating problem (1.2) is the so called “potential
well method”, which was established by Sattinger [9], Payne and Sattinger [8]. More-
over, potential well method was greatly improved by [7]. Recently, there are some
interesting results about the global existence and blow-up in [5] in which the authors
proved for low energy data ug, i.e. J (1) < d, problem (1.2) has a global solution in a
standard Sobolev space which will be vanishing if #g € Ny and blow up if uy € N_.
Here Ny = {u € H} (Q); K(u) > 0} and N_ = {u € H}(Q); K(u) < 0}. However
they have not proved the asymptotic behavior for the global solution.

In this paper, we shall consider the corresponding problem (1.1) on the manifold
with conical singularities. Similar to the classical case, we introduced the following

. 1,5
functionals on cone Sobolev space H, 5 (B):

d 1 d
J(u) = /|vBu|2ﬂdx — —/|u|l’+1ﬂdx’, (1.3)
p+1 X1
B

d
K(u)=/|VBM|2ﬂdx’—/|u|l’+1ﬂdx’. (1.4)
X1 X1
B B

Here the weighted Sobolev space H;’g (B) will be introduced in the next section. Then
J(u) and K (u) are well-defined and belong to C! (H;:g (B), R). Now we define

n d
N=1u eH;’é(IB%)|K(u)=O,/|VBu|2ﬂdx/ 401V,
, o



Global existence and nonexistence 331

n d
d =inf {supJ ). u e Hy' . [ [Vau2tdx’ #£0
A>0 ’ % X1

Thus, similar to the results in [7] and [8], one has 0 < d = inf,, o J ().
Next, we give the following notations with § > 0,

d d
K{;(u)=5/|vBu|2ﬂdx’—/|u|P+1ﬂdx’,
X1 X1
B

Z d
Ny = {u € 1y (B)| Ky (w) :o,/wﬁmzxilldx’ 2ot as)

d) = mf J(u)

ueN; 5

By making use of the functionals above, we introduce the following potential wells

W= {u e Hy B K@) > 0,/ () < d} U {0}

Ws = {u € HYEB)|Ksw) > 0, J ) < d(S)} U0}, 0<6< pTH,

and the outside sets of the corresponding potential wells are defined as follows

V= {u e HyEB)|K W) <0, J @) < d} ,

p+1

Vs = {u € HY Z B)|Ks(w) < 0, J () < d(a)}, 0<s<

Therefore we can construct the relation between the properties of the solution
(global existence and blow-up in finite time) and the initial datum u( via the method
of the potential wells as introduced above.

First we introduce the following definition of the weak solution:

Definition 1.1 u = u(¢, x) is called a weak solution of problem (1.1) onintB x [0 T),
with0 < T < 400 belng the maximal existence time, if u € L*°(0, T; H2 0 2 (B))

with u; € L*(0, T’; L2 (B)) and satisfies problem (1.1) in the distribution sense, i.e.
1,z
(s, )2 + (Veu, Vo) = ([u|”'u,v)2, Vve Hy o B), te(0,T) (1.6)

with u(0, x) = ug(x) in H;g (B) and f(; ||ur||2% dr + J(u()) < J(ug), for
’ L? (B)
0<t<T. ’
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We are now in a position to state our main results. Our first result is concerned with
the global existence and the asymptotic behavior of problem (1.1) with low initial
energy data, i.e. J(ug) < d.

Theorem 1.1 Let uy € H;:g(IB%). Suppose J(ug) < d and Kug) > 0 or

”VBMOHL%(IB) = 0. Then problem (1.1) has a global weak solution u € L*°(0, oo;
2

H;:g (B)) with u; € L?*(0, oo; sz (B)). Moreover u(t) € W for0 <t < oo, and
there exist constants C > 0 and A > 0 such that

|Vgul| » < Ce™, 0<t< 0.

L7®)

The following result shows the finite time blow-up for certain solutions of problem
(1.1) with low initial energy data, i.e. J(ug) < d.

Theorem 1.2 Let ug € Hé:g (B). Suppose J(ug) < d and K(ug) < 0. Then the
existence time of the weak solution for problem (1.1) is finite, i.e. there existsa T > 0
such that

t
lim /||u||2n dt = +00. 1.7)
t—>T~ / L;(IB%)

In the next two theorems we will show the similar results as in Theorem 1.1 and
Theorem 1.2 with critical initial energy data, i.e. J (ug) = d.

Theorem 1.3 Let ug € H;g (B). Suppose J(uo) = d and K (ug) > 0. Then problem
(1.1) has a global weak solutionu € L*(0, oo; H;:g (B)) withu, € L%(0, oo; in (B)).
Moreover the global solution u(t) € WforO <t < 00, and there exist C > 0, > 0
and t; > 0 such that

[Vgull » < Ce™, 1 <t < oo. (1.8)

Ly (B) ~

1,2
Theorem 1.4 Let uy € szg (B). Suppose J(ug) = d and K(ug) < 0. Then the
existence time of the weak solution for the problem (1.1) is finite, i.e. there exists a
T > 0 such that

t
lim /||u||22 dt = +00.
t—>T—O LZZ([B)

This paper is organized as follows. In Sect. 2 we will introduce the cone Sobolev
spaces and the corresponding properties (more details can been seen [1-3]). In Sect. 3
we will give some properties of potential wells for problem (1.1) on the manifold with
conical singularity, which is very useful in the process of our main results, moreover
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we introduce the lemma of Komornik [6] which plays a critical role in the study of
exponential asymptotic behavior of the global solution here. In Sect. 4, we give the
proofs for the results of global existence, exponential decay and finite time blowing-up
for our problems.

2 Cone Sobolev spaces

In this section we introduce the manifold with conical singularities and the corre-
sponding cone Sobolev spaces.

Let X be a closed, compact, C° manifold. We set X2 = (K+ x X)/({0} x X), as
a local model interpreted as a cone with the base X. Next, we Denote X = Ry x X
as the corresponding open stretched cone with the base X.

An n-dimensional manifold B with conical singularities is a topological space with
a finite subset By = {b1, ..., by} C B of conical singularities, with the following
two properties:

1. B\ By is a C* manifold.

2. Every b € By has an open neighhourhood U in B, such that there is a homeomor-
phism ¢ : U — X* for some closed compact C* manifold X = X (b), and ¢
restricts to a diffeomorphism ¢’ : U\{b} — X".

For simplicity, we assume that the manifold B has only one conical point on the
boundary. Thus, near the conical point, we have a stretched manifold B, associated
with B. Here B = [0, 1) x X, 0B = {0} x X and X is a closed compact manifold
of dimension n — 1. Also, near the conical point, we use the coordinates (x1, x") =
(x1,x2,...,xp) for0 <x; < 1,x" € X.

Recently, the authors in [1] introduced a class of weighted Sobolev spaces (also
see [3,10,11]), and proved the corresponding cone Sobolev inequality and Poincaré
inequality. Also in [1] and [2], by applying these inequalities, the authors proved the
existence theorems for a class of semilinear equations with subcritical and critical
cone Sobolev exponents on the manifolds with conical singularities.

In order to make the paper readable, we shall give some definitions and properties
of the cone Sobolev spaces as follows:

Definition 2.1 Let B = [0, 1) x X be the stretched manifold of the manifold B with
conical singularity. Then the cone Sobolev space Hr;'y(IB%), form € N,y € R and
1 < p < +00, is defined as

HyV B) = {u e Wil (intB) | ou € HyyV (XM},

loc

for any cut-off function w, supported by a collar neighborhood of (0, 1) x 9B.
Moreover, the subspace HZ"’())/ (B) of H';f’y (B) is defined by

HIY (B) = [l H ] (X7) + [1 — 0] Wg"” (intB),
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where W(;" P (intB) denotes the closure of Cgo (intB) in Sobolev spaces W7 (f( ) when
X is a closed compact C* manifold of dimension n that containing BB as a submanifold
with boundary.

Definition 2.2 Let B = [0, 1) x X. We say u(x) € L,(B) with | < p < +oc and
y e Rif

llall?

_ dx1
— 14 /
@) _/x’f [ x; "ulx) P ?dx < 4o00.

B

OMﬂwmmﬁwmELE@LMmeLj@Mmmyqe(Lm»md%+%=L
Then we have the following Holder’s inequality

1
P
d d d
/ Lu(vx) | Ldx' < / lu(x) P Sy / o) | S gy
X1 X1 X1
B B B
2.1)

In the sequel, for convenience we denote

d d
(. v>2=/u<x)v<x>ﬂdxc lu)l? =/|u(x>|!’ﬁdx’.
4 X1 L) B) % X1

Proposition 2.1 (cf. [1]) [Poincaré Inequality] Letr B = [0, 1) x X be a bounded
subspace in R, with X C R* and1 < p < 400,y € R. Ifu(x) € H;’,){)(B), then

ey @y = clVBUI Ly ), (2.2)
where Vg = (x10x,, Ox,, - . ., Ox,), and the constant ¢ depending only on B.

Proposition 2.2 (cf. [2], Prop. 3.3) For 1 < p < 2%, the embedding H;:g B) —

n

H p”(’)’ (B) is continuous.

Proposition 2.3 (cf.[2],Prop.3.4) Thereexist0) <A <Ay <Az <--- <A <---,
and A — 400, such that for each k > 1, the following Dirichlet problem

{4mmzmm,xam®x 03

¢r =0 on 0B,

. .. . . L5 ..
admits non-trivial solution in 'H, 5 (B). Moreover, we can choose positive {¢y}k>1

. . . 15 . .
constitute an orthonormal basis of Hilbert space H, ; (B), and the inequality
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1
22 n < ||Vpu 24
1”u(x)”L22( 5 'VBu (x)”LZ(IB) 2.4

holds.

3 Some auxiliary results

This section is devoted to introduce a family of potential wells for problem (1.1) and
to prove a series of properties which are useful in the proof of our main results listed
in Sect. 4.

The results in the following lemmas give the relations between the functlonal Ks(u)

and ||V153u|| . 5y First, let | < p < 242 5 > 3. Assume that u € H20 B), u # 0,

we denote C* = sup {||u|| /IVull . }, the constant C, can be obtained
5 (B

p+l
n+1
from Proposition 2.1 and Pr(;posr[ion 2.2. Thus we have

Lemma 3.1 If0 < ||Vpu| - < r(8), then Ks(u) > 0. In particular, if 0 <

n

2

2
_L

I BMHLZ%(IB%) < r(l), then K (u) > 0, where r(8) = (CPH)P*I.

Proof From 0 < || Viu|| p < r(§), we get
Ly (B)

dx) +1 +1
/|u|"+‘—dx’ < P Vau )"
X1 L7 (B)

p+1 p—1 2 2
=Cy |IVul™y IVBull®y < 8|IVRull®y
2B Z(B 2

Ly (B) Ly (B) Ly (
. 1,2 4 . .
Here we use the embedding H2 o (B) — prflo(B) is continuous and Ks(u) > 0.

O

Lemma 3.2 If Ks(u) < 0O, then ”VEMHL%(]B) > r(8). In particular, if K(u) < 0,
2
then | Viu|| > r(l).

Li®
Proof Notice that Ks(u) < 0 gives | Veull® . # 0 and
L} (B)
dx
SIVpul?, < / P g < e gt
LI B) X1 L7 B)

p+1 p—1 2
=Ci IIVBul™ s [IVBuUll® 4
2 B 2

Ly @) L;

p—1 E) _
Hence || Vu|”, > —3 =17 L(8). o
Li® &
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Ifue H;:g(lﬁ%) and HVIW”L%(JB) # 0. From (1.3), we deduce that
2

3J (M)
ar

dx
lim J(Au) =— = M| Vgu| = _kP/|u|P+1_ld !
rA——+o00 L22 (B) X1

1
HVJBMHZ% T
Ly (B)
. dx
I |M\”+1711d"/

. Also,

Let aja%“) |A=A* =0, then \* =

82 J (Au dx
L )—anuu y P 1/| P
A2 7 (B) X1
Hence
327 (hut) 5 5
— =Vpuls —plVeull"y <0, asp>1.
ar A=A* L22 B) L22 B)

Therefore we have the following lemma:

Lemma 3.3 () When . = A*, J(Au) takes the maximum value. Also, J(\u) is
strictly increasing if 0 < A < A*, and is strictly decreasing if \* < A < +o00.
(i) K(A\*u) =0, and K(Au) > 0for0 < 1A < A*, K(Au) < 0 for A* < A.

n _2(p+D
. 1,5 -1 —
(ili) d = inf{sup;.oJ(Au),u € H,, [p |V15;u|2%dx’ £ 0} = 2(p+1) L—Lc, " .

Proof From the discussion above we only need to show (iii). While sup, o J (Au) =
J(A*u), we complete the proof from the definition of C* directly, O

Lemma 3.4 d(8) > a(8)r%(8) for a(s) = % — 1 and (0 < 6 < pTl. Moreover we
have

15 \2(p+1 1
d(8) = inf J(u)—apl(———) 2eth, s 2T Gy
ueN; 2 p—l—l p—l 2

where Ng is defined by (1.5).

Proof Let u € Nj. Similar to Lemma 3.2, we have || Vgu|| 5 g > r(§). Thus
Ly 1)

1 x1
J(u) = = Vgull?, /| |P+‘ X/
2 L] (B) p+1

(1 L )u WPy +——Ks)=a@®) | Vaul?s = a@)r@)
=(=-- BU s(u)=a Bull » = alo)r-(0).
2 p+1 L@ p+1 L7 (B)

The first part of this lemma is proved. Now let us prove Eq. (3.1).
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(1) If§ > 0, i € N is aminimizer of d(§) = inf, e, J (), i.e. J(u) = d(5). In this
case we define A = A(8) by ||V]B(M"¢)||2% =Jp |)\ﬁ|P+1%dx’. Then for each
L2 (®)

6 > 0, there exists a unique A which satisfies
_ 1
IVBal?, P
L} (B

| =)
Jg lu|P 1L gy 8

Thus for such A and Az € N, we get from the definition of d

IA

p+1

2 p+1
L) e, - (s / @ |"+1dx‘ /
L}® P+ l 8

2\6
% 1 _ 1 _ pdel ,
(5)"" [ hvsal?y, - ——— [ 1@ ax
Lw (p+1)3 J X
() 5s

B A2 ~ p+1 dx1
d < J(ai) = 7||vmu||2g - /| |*”+1 X'
Ly (B)

1
8
1\ -2

p—1 p - —
|| Vgal?,
2p+ 1D L} ®)

8

Notice that d(8) = J (i) = (% — %)HVBL?HZ% , we get
L ®)

24 p—1 (1 5 \!
4= (5) 2(p+1>(5_p+1) .

which implies

2 (1 8 2(p+1) p+1
d@) =57 (-2 )Ty s < 20 3.2
©) =8 (2 p+1) 1 =0T (3:2)

(2) If § > 0, and & € N is a minimizer of d = inf, e J (1), i.e. J(i1) = d. In this
case we define A = A(5) by8||VB(MZ)||2% = Ip |Aﬁ|”+1%dx’. Then for each
Ly (B)

8 > 0, there exists a unique X satisfying

1
8| Vgitl?,
- L} (B) . 81’1*1
f; |,;|p+ldﬂdx/ )
B X1
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Thus, for At € N, we get from the definition of d(8) that

2 1
d©) < Ji) =871 (= — —— ) IVgi|* .
(8) < J(xi) (2 erl)II IBM”L;

Notice that d = J (i) = (l — L)anﬁuzﬁ ==L vgi|2, , we get
2 p+1 L22 ®) 2(p+1) L22 ®)

2 (1 8 2 1 1
d@ <s7 (Lo 2 ) 2D, g s 2L g3
2 p+1 p—1 2
From (3.2) and (3.3) we obtain the conclusion (3.1). O

Remark 3.1 We deduce immediately the following results from (3.1).

(@) lims—0d(8) =0,lim;_ p+1 d(8) = 0;
2
(b)  d(§) is strictly increasing for 0 < § < 1, is strictly decreasing for 1 < § < pTH.

2
(c) d(8) takes the maximum at § = 1, since d’(8§) = %aﬁ*‘ (1-9).

1.z
Lemma 3.5 Let 0 < J(u) < d for some u € ’szg (B), 81 < & (infactd <1 < &)
are the two roots of the equation d(8) = J (u). Then the sign of Ks(u) are not changed
foréy <6 < 8.
Proof We can deduce HVBMHL%(B) # 0 from J(u) > 0. If the sign of Ks(u) are
2

changed for §1 < § < &7, then there exists a o € (81, §2) such that K5, () = 0.
Thus by the definition of d(8) we have J (1) > d(8p), which contradicts with J(u) =
d(51) =d(82) < d(8p). O

Now we discuss the invariance of some sets under the flows (1.1). Here we use the
similar methods in [7] and [8].

Lemma 3.6 Suppose ug(x) € H;:g (B),0 < e < d. Let ) < 8 are the two roots of
the equation d(5) = e. Then we have

(1) All solutions of problem (1.1) with 0 < J(ug) < e belong to Ws for §1 < § < 82,
provided K (uo) > 0 or [|[Vguoll 2 =0;
Ly (B)

(2) All solutions of problem (1.1) with 0 < J(ug) < e belong to Vs for 61 < § < 82,
provided K (up) < 0.

Proof (1) Let u(t) be a solution of problem (1.1) with initial datum u¢(x) satisfying
0<J(y) <e<d,K(ug) >0or ”VBM”L%(B) # 0. T is the existence time of
2

u(t). If HVBMOHL%(IB%) = 0, then ug(x) € Ws. If K(ug) > 0, then from Lemma
3.5 and ’

0<J) <e=d) =d6) <d6) <d, 8 <8 <26,
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it follows that Ks(ug) > 0. That means ug(x) € Ws for §; < § < §>. Next we

should prove u(t) € Ws for 61 < § < §p and 0 < ¢t < T. Otherwise, we can

find ro € (0, T) such that u(fg) € dW;s for some 6; < § < §. That implies

that K5(u(tg)) = 0 and ”VBMHL%(B) # 0 or J(u(tg)) = d(5). Since the energy
2

inequality

/ lucll® s dt+ J() < J (o) < e < d(d),
L3 (B)

for 51 <8 <8y, and O <t < T. 3.4

Thus it is not possible to get the result J(u(fy)) = d(5). On the other hand,
if Ks(u(tg)) = 0, ||V15;u|| 3 . # 0, then by the definition of d(§) we have

J(u(tg)) > d(8) which is contrad1ct1ve with the energy inequality (3.4) again.
(2) Similar to the first part, we can easily deduce that up(x) € Vs for 61 < § < &
provided K (uo(x)) < 0. Next we should prove u(z) € Vs for §; < § < 8, and
0 <t < T. Otherwise, if ty € (0, T) such that u(z) € Vs for0 < t < 1y and
u(tg) € Vs, i.e. Ks(u(tp)) = 0 or J(u(ty)) = d(8) for some 61 < § < 87.
We can deduce that J (u(tp)) = d(8) is impossible from (3.4). If Ks(u(#)) = 0,

then Ks(u(t)) < 0 for 0 < ¢ < t9p and Lemma 3.2 show that ||V3u(t)|| B >

7B

r(8) and ||Vu(ty)|| 3 5 > r(8) # 0. Hence by the definition of d((S) We get
Ly (B)

J(u(tp)) > d(8) which contradicts with (3.4) again. O

Remark 3.2 (a) Letug(x), e and & be the same as those in Lemma 3.6. Then both sets
Ws and Vj are invariant for any é € (81, 82). Moreover both sets

Wsis, = U Ws, and Vs;s, = U Vs

§1<8<87 §1<8<dy

are invariant respectively under the flow of (1.1), provided 0 < J(ug) < e.
(b) By the definition of d and the proof of Lemma 3.6, we see that K (z9) = 0 and
HVBMHL%(B) # 0 is impossible provided 0 < J(ug) < e < d. Thus the result
2

of Lemma 3.6 shows that for any solution of problem (1.1) with 0 < J(up) < e
which would be not in the region U, = N5, = Uy, 255, Ns-

4 Proofs of the main results
In this section we prove the main results by making use of the family of potential wells

introduced above. First we have the following lemma which will be used in the proof
of the asymptotic behavior for global solutions of problem (1.1).
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Lemma 4.1 Let y(t): RT™ — R™ be a nonincreasing function, and assume that there
is a constant A > 0 such that

+o00
/ y(®)dt < Ay(s), 0=<s < o0,

N

then y(t) < y(0)e!~"/A, forall t > 0.
Proof of Theorem 1.1 We divide the proof in two steps.

Step 1 Proof of global existence.

From Proposition 2.3, we can choose {w;(x)} as the orthonormal basis of

H; o (B)). Now we Construct the following approximate solutions u, (¢, x) of

problem (1.1) as done in [4] and [7]:

un(t,x) = D djmOw;(x), m=12,...,

j=1
which satisfy

(mes w2 + (VBim, VBWE)2 = W |um|P " wi)a, k=1,2,...,
“.1)

(0. %) = " djm(O)w;(x) = uo(x) in Hég B)). 4.2)
j=1

Multiplying (4.1) and (4.2) by d;,, (¢) and summing for k we can deduce that

1d dx
2 2 p+1 X1 /
u n o= u dx . 43
[ mt”L;(B) IV mII f® p+1dt/| Upn| (
Integrating (4.3) with respect to  we obtain

1
/numu% dt + =Vt
L2 (B) 2 L3 (B)

p+1/|u |l’+1 dx = J(umo) <d, (4.4)
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and u,, € W for sufficiently large m and 0 < ¢t < oo by Lemma 3.6. Hence
from (4.4) and

1 xl
J () = Eanumnz . p+1/| m|l’+1 x'
2

1 1 2 1
= __p_ IVBumll® n + ——K(un)

2 +1 Ly ptl
p—1
Veu n 5
> 2(p+1)” Biml| 5

it follows that

2 p—1 2
a d — ||V n d, 0<t < o0, 4.5
/”umr”L;(B) t+2(p+1)|| B”m”L;(B) < <t< 4.5)

for sufficiently large m. Thus from (4.5) we can deduce that

IVBuml?, <2254 0<1 < oo, (4.6)
e 7

/””mr” . dt<d, 0<r1<o0, 4.7
L} (B)

p+l
- 2 d d
S et 1P~ | 7 B dx = [ [P
p+|

1 1 1
= CI I Vaunl”y! < P (Xea) T “8)
L; (B)

From (4.6), (4.7) and (4.8) it follows that there exist # and a subsequence still
denoted as {u,,} such that, as m — o0,

Uy — u in L°(0, oo; H;g(B)) weakly star and a.e. in intB x [0, 00),

Upr — Up 1IN L2(O, o0; sz (B)) weakly star,

_pn_
luml? iy — |ulP~lu in L0, oo; Liﬂ (B)) weakly star and a.e. in

intB x [0, 00). !
Hence in (4.1), for k fixed and m — oo, we have

(ttr, w2 + (Vpu, Vewi) = ulul?~", wi)s.

On the other hand from (4.2) we obtain (0, x) = ug(x) in H;:g (B). By density

we obtain u € L°°(0, oo; Hé:g (B)) with u; € L*(0, oo; sz (B)) is a global
weak solution of problem (1.1). It is obvious that u(t) € W for 0 < r < oo.
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Step 2 By Step 1, K (u(t)) > 0 for all t > 0. Thus

1 1 1
J(uo) > J(u(t)) = (5 - T) | Vpu ||2 5 + mK(u)

p—

- . 4.9
Z %0 +1)II IB%” ' ) (4.9)

2
Hence the definition of C, or Proposition 2.2 implies

p—1

dx, (20 + 1) =R
/|u|”“—dx’s pt (—J( o) IVeul?
% X1 14 L

Let Cf+1(2(”+])J( )) — 6 (0 < o < 1 by (iii) of Lemma 3.3 and
J(ug) <d),y =1— o, then

dx; .
/|u|”“—dx’s(1—y>||vBu||2ﬂ , i yIVBul?s < K@)
X1 LI (B) L7 (B)

2

(4.10)

Let T > 0 be a fixed time, we have % fIB% |u(t)|2”%dx/ = —2K(u(t)), thus
from (2.2) we obtain

T

1 d 1 d
/K(u<f)>df = —/lu(t)lzﬂdx’— —/|u(T)|2ﬂdx’
2 X1 2 X1
B B

t

IA

CB®IVeuI?y . (@.11)
Ly B)

By (4.9) and (4.11) we have

T

/K(u(f))dt =C®)

t

(2(5 + 1)1( (t))) = C1J(u(t)), fort € [0, T].

Furthermore, (4.9) and (4.10) imply that

p—1 1
Ju()) < (Zy(p iy + Py 1) K (u(t)).

Hence on [0, T], we obtain ftTK(u(‘L'))d‘L' < AK(u(t)) with constant

A = C; (#__IH) + ﬁ) Then by the arbitrariness of 7 > 0, it follows
that
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e¢]

/K(u(t))dr < AK(u(1)).

t

That means, from Lemma 4.1, that

Ku@)) < K@up)e' ™4, t>0.

Thus we can deduce the asymptotic behavior of the solution immediately

from (4.9).

m}

Proof of Theorem 1.2 We shall employ the classical concavity method. Let u(¢) be
any solution of problem (1.1) with J(ug) < d and K (up) < 0, T being the existence

time of u(¢). We should prove T' < co by contradiction. Let

t
M(z>=/||u||2a dr.
Ly (B)
0

Then M(t) = ||lul|®>, and
Ly (B)

M (1) = 2(ur, u)y = 2((ululP™", u)s — ||vBu||i% . ) = —2K (u).

5 (B)

We can obtain

.. d
M) = =2 | |Vul?, —/|u|P+1ﬂdx/
L} (B) 4 X1

=2(p+ DJ @) + (p = DI Vpul 4
L} (B)

v

where A1 is constructed by (2.4). Since

2 ; 2

t
1 d
/(ur,mzdr = —/—nun% dt
/ 20 dt LI (B)

FN

t
2(p + 1)/ ||ut||i%(B)df +(p = DM (1) = 2(p + 1J (o),
2
0

M) = 2lluoll>, ~ M)+ luol*, ),
L} (B) L} (B)

(4.12)

(4.13)
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we obtain
. 2

t t

. +1 .

M- > 2(p 1) /nuuzﬂ dr/nufn% dr— /(uf,undr
2 / L} (B) / L] (B) )

+(p— DMMM — (p+ Dluoll>y M
L} (B)

+1
2p + DI oM+ F5 ol

By cone Holder inequality (2.1) we get

. p41 . . .
MM — f”TM2 > (p— DMMM — (p + D luol? %(E)M —2(p + DJ(up) M.
LZ

(4.14)

(a) If J(uo) < 0, then MM — ZEL M2 > (p — DM MM — (p + 1)||u0||2% M.
Ly (B)
First we prove K (1) < 0 for ¢t > 0. Otherwise, we must have #y > 0 such that

K(u(tg)) = 0 and K(u(t)) < 0 for all 0 < t < t9. Hence from Lemma 3.2
we have ||V1Bu|| @ > r(l) for 0 <t < 9. Then ||V15;u(t0)|| @ > r(1)

and J(u(tp)) > d which contradicts with the energy inequality. So we obtain
M (t) > 0 from (4.12) immediately. Since M ) = ||u0||2% > 0, then there
L} B)

exists a typ > 0 such that M(to) > 0 and
M(t) > M(to) + M(t0)(t — to) > M(1o)(t —10), > to.

Thus for sufficiently large r we have (p — DA M > (p+ 1) ||u0||2% and
L} ®)

.. 1
MM—i
2

M? > 0. (4.15)

) If 0 < J(uo) < d, we can obtain u(¢) € Vs for 1 < § < §, andt > 0 by
Lemma 3.6. Here §; is the larger root of equation d(8) = J(up). From the result
of Lemma 3.2 we have ”VBMHL%(IB) >r(d)forl <8 < 8. Soweget Ks,(u) <0

2

and ||[Vgu| = > r(5) fort > 0. By (4.12), we obtain
L3 (B)
M(@0)==2Kw)=2(6 = D|[Vsul®y —2K5w) = 2(8 — Dr’(%), 120,
L; (B)

M) > 282 — Dr2(82)t + M(0) > 2(8, — Dr2(8y)t, t >0,

M) > (53 — Dr2(8)t> + tM(0) > (8, — Dr? ()%, t > 0.
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Hence for sufficiently large ¢, we have
1 ) 1 .
5(17 — DM@ > (p+ Dluoll*n , (p—DrMM@) > (p+ 1J (uo).
L;® 2

Combining with (4.14) we get (4.15) immediately for sufficient large ¢ again.

By a directly computation we can see that
M~ = —aM " 2(MM — (o + 1) M?).

Leta = ”T_l, (4.15) implies (M _%4)/’ < 0 for sufficiently large 7. That means, for
t > 1, that

- S — 1\ M@ 8
M= (1) < M_p21(t)(l - (p—) M@, _ z)),
which implies that there exist a 7 > 0 such that

lim M~ (1) = 0.

t—T-

Theorem 1.2 is proved. O

Proof of Theorem 1.3 Let u,, = 1 — % and ug,, = wmug, m = 2,3, .... We consider
the following problem

du— Agu = ulP~'u x eintB,t >0,
u(0, x) = ugm (x) x € B, (4.16)
u(t,x)=0 x € 0B, >0.

From K (u¢) > 0 and Lemma 3.3, we have u* = u*(ug) > 1. Therefore K (ug;,) > 0
and J (ugy) = J(umuo) < J(ug) = d. Here

1 1 dxi
J ==V 2, —— P gy’
(tom) 2|| B“Om”Lg(B) p+1/|“0m| 5 x
B

1
= (— - —) IVBuomll*n 4+ ———K (om) > O.
p ;@ P+l
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So it follows from Theorem 1.1 that, for each m, problem (4.16) admits a global weak

solution u,, (1) € L*°(0, oo; H;:g (B)) with u, € L0, 0o; sz (B)) and u,, (t) € W
for 0 <t < oo, satisfying

- 1.4
(umt, )2 + (VBitm, VBV)2 = (P~ tm, v)2, forany v e H, ¢ (B), and 1 € (0,00),

!
3 dt + J(um () < J(ugy) < J(ug) =d. “4.17)
B

/numn2
0 Ly (B)

2

By a direct computation we can see that

t
/ lume |2 dr + (1 - #) IVitnl?s  + —— K () <d.
/ L} (B) 2 p+1 i@ p+1

Since K (u,,) > 0, we can deduce (4.6), (4.7) and (4.8) for each m. Hence there exist
a u and a subsequence still denoted as {u,,}, such that, as m — oo,

Uy, — u in L0, oo; H;:g (B)) weakly star and a.e. in intB x [0, 00),
ume — u; in L?(0, 00; L} (B)) weakly star,

ltm P iy — |u|P ' in L0, 00; L

B x [0, 00).
The proof of global existence for the solution is the same as that in the first part of the
Theorem 1.1.

Now it sufficient to show the asymptotic behavior of the solution. Let u(f) be
the global solution of problem (1.1) with J(ug) = d, K (ug) > 0, then we obtain
K(u(t)) > 0for 0 <t < oco. Next we consider the following two cases

pn_
P71 (B)) weakly star and a.e. in int

P

(i) Assume that K (u(t)) > 0 for 0 <t < oo. Then from (u;, u)) = —K(u) < 0,
it follows that |Ju,|| 1 > 0 and f(; lucll>, dr is strictly increasing for
Ly (B) L} (B)

0 <t < oo. Taking any #; > 0 and letting
1
dy = J(u(tr) = J(uo) — / I|ur||2% dr,
0 Ly (B)

then by the energy inequality we get 0 < J(u) < d; < dforty <t < oo.
Similar to the proof of Theorem 1.1, we can deduce the exponential decay (1.8)
if we take ¢ = 1 as the initial time.

(i1) Assume that there exists a 7; > 0 such that K(u(z;)) = 0 and K(u) > 0

for 0 <t < t1. We also have |lu,|| 1 > 0 and fot lucll>, dr is strictly
Ly (B) L7 (B)
increasing for 0 < ¢ < 1. From the energy inequality we can also deduce that



Global existence and nonexistence 347

t
S = o) = [ el dr <d.
0 Ly (B)

which implies that the result |Vpu(t)|| . # 0 is not true. If ||Vp
Ly (B)
u(ty)||

from

2
% =0, i.e. J(u(t1)) = 0, then we get J(u) < Oforty <t < 00
2

J(u(n))z/nufn% dv+J@), n<t<oo.
/ L7 (B)

Hence from

| /\

1 dx
L Vaul?, /||f’+l iy
2 Li® ~ p+1

+1 1
ST CE Vel VBl y
p+l ! ®) L} ®)

2

IA

it follows that either ||V]Bu||L2(B) = 0 fort; <t < o0, hence (1.8) holds;

or ||V13u|| 1 ( PELYP=T for f; < t < oo, which is impossible since

(]B p+|
%:1 =0. ThlS completes the proof. O

L3 (B)
Proof of Theorem 1.4 Let u(t) be a solution of problem (1.1) with J(up) = d and
K (ug) < 0, T is the existence time of u (7). We need to prove that T < +o00. From the
continuities of J (1) and K (1) with respect to ¢, we know that there exists a sufficient

small #{ > O with #; < T such that J(u(#;)) > Oand K(u) < Ofor0 <t < #1. So

we can deduce (u;, u)o = —K (u) > 0 and ||u,|| i > 0, for 0 <t < t1. Therefore
Ly (B)
fot |- ||2 »  drt is strictly increasing for 0 < ¢ < 71, and we can choose 1 such that
Ly (B)

0 < d, :d—/nutn?ﬂ dt <d.
Ly (B)
0
From the energy inequality, we have

0 < J(u(tr)) = J (uo) — / lucl®y  dt < J(uo) =d
; L} (B)
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In Theorem 1.2, if we take t = #; as the initial time, then the Theorem 1.2 implies
that the existence time 7 of u(z) is finite and

t
lim /||u||22 dt = +00.
t—>T- Lzz(B)

m}

Remark 4.1 From Theorem 1.1, Theorem 1.2, Theorem 1.3 and Theorem 1.4, we can
moreover obtain the following exact conditions for the global existence of solutions
for problem (l l)

Letug € H2 0 2 (B), and J(ug) < d. Then the sign of K (uo) makes critical role on
the solutions of problem (1.1), namely

(1) When K (up) > 0, problem (1. 1) admits a global weak solution u € L*(0, co;

H2’g (B)) with u; € L*(0, 0o; L3 (B)).
(2) When K (ug) < 0, there is no global weak solution for problem (1.1), that the
solution of problem (1.1) blows up in finite time in the sense of

lim /||u||2,, dt = +o00.
t—T~ LZT(B)

Therefore, by means of cone Poincaré inequality (2.2), we have

limsup | Vgul|| = =400
t—T- 2203)
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