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Abstract We consider modulation space and spaces of Schatten—von Neumann
symbols where corresponding pseudo-differential operators map one Hilbert space
to another. We prove Holder—Young and Young type results for such spaces under
dilated convolutions and multiplications. We also prove continuity properties for such
spaces under the twisted convolution, and the Weyl product. These results lead to con-
tinuity properties for twisted convolutions on Lebesgue spaces, e.g. Lf ) is a twisted
convolution algebra when 1 < p < 2 and w is an appropriate weight.
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0 Introduction

In the paper we consider pseudo-differential operators with small or minimal regular-
ity conditions on the symbols. For such classes we establish continuity properties for
different types of products which are important in the theory of pseudo-differential
operators. Especially we establish Holder and Young type results for the Weyl prod-
uct, dilated convolution, twisted convolution and dilated multiplication on Schatten—
von Neumann classes, (weighted) Lebesgue spaces and on (weighted) modulation
spaces.
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We recall that the composition of two Weyl operators corresponds to the Weyl
product of the two operator symbols on the symbol side, and the twisted convolu-
tion appears when Weyl product is conjugated by symplectic Fourier transform (see
Sect. 1 for the details). Convolutions and multiplications appear when investigating
Toeplitz operators (also known as localization operators) in the framework of pseudo-
differential calculus. More precisely, each Toeplitz operator Tp(a), with (Toeplitz)
symbol a, agrees with a pseudo-differential operator Op(b) with symbol b. The sym-
bol b is obtained by an ordinary convolution of the Toeplitz symbol a and a symbol
to an operator of rank one. This convolution corresponds to a multiplication on the
Fourier transform side. We remark that Toeplitz operators can be used to approxi-
mate certain pseudo-differential operators with smooth symbols (see, e.g. [7,38]), and
that Toeplitz operators might be convenient to use when estimating kinetic energy in
mechanics (cf. [26]).

Assume that {1 and H are Hilbert spaces of tempered distributions on R¢ which
contain S(R¥) (we use the same notation for the usual function and distribution spaces
asin [24]). Let Z,(H1, H2), p € [1, oo], be the set of Schatten—von Neumann opera-
tors of order p from H; to H», and let s;’ (H1, H») be the set of all distributions a €

S’(R??) such that the corresponding Weyl operators Op® () belong to Z p(H1, H2)
(see below or Sect. 1 for notations and strict definitions).

For spaces of the form s, = 5,(H1, H>) it is an easy task to establish continuity
properties under the Weyl product and twisted convolution, because such questions
can easily be reformulated into compositions for Schatten—von Neumann operators.
For example, it is well-known that the Hélder condition p~! 4 ¢! Uis sufficient

for the embedding

=r

Ip(H2, H3) 0 Zg(H1, H2) € Z,(H1, H3)

to hold. Similar properties carry over to the case when the 7, spaces are replaced
by s;’ spaces, and the composition o is replaced by the Weyl product or the twisted
convolution.

It is more tricky to find continuity relations for dilated multiplications and con-
volutions on the sl'f spaces, because such products take complicated forms on the
operator side. In this situation we use certain Fourier techniques, similar to those in
[38, Section 3], to get convenient integral formulas. By making appropriate estimates
on these formulas in combination with duality and interpolation, we establish Young
type results for s, spaces under those dilated products.

However, when applying the Fourier technique and performing the estimates, we
need some additional structure on the involved Hilbert spaces, and in our approach we
assume that H and H; are appropriate modulation spaces of Hilbert type. We remark
that this should not be an essential restriction for the applications, since the familly of
modulation spaces of Hilbert types contain every Sobolev space HSZ, weighted Hilbert
Lebesgue space and mixed versions of such spaces.

For Lebesgue and modulation spaces, the difficulties appear in the opposite sit-
uations. That is in contrast to spaces of Schatten symbols, it is tricky to find
results under the Weyl product and the twisted convolution, while finding Holder—
Young results under convolutions and multiplications are straight-forward. Continuity
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properties for modulation spaces under the Weyl product have been investigated in,
e.g. [19,23,25,32], and in Sect. 2 we use Theorem 0.3’ in [23] to prove continuity
results for modulation and Lebesgue spaces under the twisted convolution. In partic-
ular we obtain a weighted version of the fact that L? is an algebra under the twisted
convolution.

In order to be more specific, we recall some definitions. Assume that 7 € R is fixed
and that @ € S(R??). Then the pseudo-differential operator Op, (a) with symbol a is
the linear and continuous operator on S(R¢), defined by the formula

(Op, (@) )(x) = 27) / / a((1 = 0x + 1y, £) F()e 9 dyde.  (0.1)

The definition of Op, (a) extends to eacha € S’ (R??), and then Op, (a) is continuous
from S(R?) to S’ (RY) (cf., e.g. [24] or Sect. 1). If t = 1/2, then Op, () is equal to
the Weyl operator Op* (a) for a. If instead ¢ = 0, then the standard (Kohn—Nirenberg)
representation a(x, D) is obtained.

The modulation spaces was introduced by Feichtinger [11], and developed fur-
ther and generalized in [12,14-16, 18]. We are especially interested in the modulation
spaces M (1;);1 (Rd) and W(Z;)q (Rd) which are the sets of tempered distributions on R
whose short-time Fourier transform (STFT) belong to the weighted and mixed Lebes-
gue spaces L ”(qw) (R%) and Lg”(qw) (R%?), respectively (cf. (1.16) and (1.17) below for
the definition of the latter space norms). Here the weight function w should belong
to P (R??), the set of all polynomially moderated functions on the phase (or time-fre-
quency shift) space R??, and p, ¢ € [1, oo]. It follows that w, p and g to some extent
quantify the degrees of asymptotic decay and singularity of the distributions in M (/;;1

and W(’;’)q (we refer to [13] for the most updated description of modulation spaces).
In the Weyl calculus of pseudo-differential operators, operator composition corre-
sponds on the symbol level to the Weyl product #, sometimes also called the twisted
product. A problem in this field is to find conditions on the weight functions w; and
Pj.qj € [1, 00], for the map (a1, az) = ay#az on S(R2d) to be uniquely extendable

to a continuous map from Mfal)g‘ (R*) x M&z}gz (R*) to /\/lfcgo‘)’o (R%%). Here the

modulation spaces /\/l’(” w()’ and W&;’ are obtained by replacing the usual STFT with the
symplectic STFT in the definition of modulation space norms. Important contributions
in this context can be found in [19,23,25,32,37], where Theorem 0.3’ in [23] seems
to be the most general result so far (see also Theorem 2.2).

The Weyl product on the symplectic Fourier transform side corresponds to the
twisted convolution *, . It follows that the continuity questions here above are equiv-
alent to find appropriate conditions on w; and p;, g; € [1, o], in order to allow the
map (aj, az) > aj %4 ay to be uniquely extendable to a map from W&l’)q' (RZd) X

W(pofz’;” (R¥) to W([Zgo’;lo (R%%), which is continuous in the sense that

llai %o azllyyro-e0 < Cllatllyyri-a ||azllyp,r2-a2, 0.2)
7 W(ﬂ)()) W(w] ) W(a)z)

should hold for some constant C > 0 which is independent of a; € W&l’;j ! (RZd) and

a) € W(p;;jz (R2?). Appropriate assumptions are then
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woX,Y) <Caon(X —Y+Z,2)an(Y —Z, X+ Z), X,Y,Z cR*,  (0.3)
1 1 1 1 1 1
—_—t =1+ —=-— (0.4)
D1 P2 Po 91 92 4o
and
1 1 1 11 1 1 1

OS_+___S_3_§_+___3 j=05172‘ (0'5)
q1 q2 9o Pj 4j P1 P2 Po

The results for twisted convolution which corresponds to Theorem 0.3’ in [23] is
the following.

Theorem 0.1 Assume that wo, w1, w>» € PR*) satisfy (0.3), and that pj.qj €
[1,00] for j = 0, 1,2, satisfy (0.4) and (0.5). Then the map (a1, az) +— aj *¢ az
on S(R*?) extends uniquely to a continuous map from W(IZ}I’;“ (R2) x WP2a2(R2d)

(@2)
fo W(IZ‘)’(;;IO (R?%), and for some constant C > 0, the bound (0.2) holds for every
ar e W[, \! (R*?) and ay € Wi T (R*).

In the end of Sect. 2 we especially consider the case when p; = g; = 2, and the
involved weights w; (X, Y) are independent of the Y -variable,i.e. w; (X, Y) = w;(X).
In this case, W(za’i) agrees with L%wj), and the condition (0.3) is reduced into

wo(X1 + X2) < Co1(Xw2(X2). (0.6)

By Theorem 0.1 it now follows that the map (a1, a2) + aj *, a extends to a contin-

uous mapping from L(2 o) X L%wz) to L%wo), and that
lai #g a2ll 2 =< Cllaill2 llazli2 0.7)
(@) (@1) ()

holds when a; € L%wl)(de) and ap € L%wz)(RZd). The latter continuity is a special
case of the following result, also proved in Sect. 2.

Theorem 0.2 Assume that w; € PR and pj € [1,00] for j = 0,1, 2 satisfy
(0.6) and

1 1 1 1 1
max{—, ) <—+—-—=<1
pr P2 Po

Then the map (a1, az) +— ay *q ay extends uniquely to a continuous mapping from

LY (R*) x L2 (R*) 10 Ly | (R*), and

”a] *o a2|| r <C ||(l] ” P1 ”aZ” P2, (08)
L L L
(wp) (w1) ()

holds for some constant C which is independent of a1 € Lf al)l)(RZd) and ap €
LPZ )(RZd)

(@2
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We also prove a generalization of Theorem 0.2 in Sect. 2, which involve mixed
weighted Lebesgue spaces, and use this generalization in Sect. 3 to extend the class
of possible window functions in the definition of modulation space norms.

In Sect. 5 we establish Young type results for dilated multiplications and convolu-
tions for the spaces spw (w1, wn) = s},” (H1, H2), when H; for j = 1, 2 is modulation

space M (2 a’i)(Rd y=M (ij)(Rd ) with appropriate weights ;. The involved Schatten
exponents should satisfy the Young condition

prlapt =147 1<plpr <o, 0.9)
and the involved dilation factors should satisty
(DI 2+ (=D = 1. (0.10)
or
(=D 4 (=12d = 1. (0.11)
The conditions for the involved weight functions are

(X1 + X2) < CYj, 1 (1 X)), 2(0X2),

0.12)
(X1 + X2) < Cowj 11 X1)wj, 2(0X2),

where
w0,k (X) = 01k (X) = (X)), Dok (X) = w1 x(X) = 9 (X). (0.13)
With these conditions we prove

d
lary * a2nllse /o) = Collaillsy ajwromnlazllsy /.0, (0.14)

d
larnaz.nllsp /o) < Collatllsy, ajoronlallsy (/w0 (0.15)

holds for admissible a; and a;. Here and in what follows we seta; ; = a;(t - ), and we
let p’ € [1, oo] be the conjugate exponent of p € [1, 0], i.e. p and p’ should satisfy
1/p + 1/p’ = 1. More precisely, in Sect. 5 we prove the following two theorems, as
well as multi-linear extensions of these results (cf. Theorems 0.3” and 0.4"). We remark
that these multi-linear versions generalize Theorem 3.3, Theorem 3.3 and Corollary
3.51n [38]. In fact, the latter results follow by letting H| = Hy = L? in Theorems 0.3’
and 0.4'.

Theorem 0.3 Assume that p1, pa,r € [1, o0] satisfy (0.9), and that t;,t» € R\0
satisfy (0.10), for some choices of ji1, j» € {0, 1}. Also assume that v, w;, ¥, ¥; €
P(RZd)forj =1, 2 satisfy (0.12) and (0.13). Then the map (a1, a2) — ai s * ax,
on S(R*), extends uniquely to a continuous mapping from

s2 (11, 01) x 52 (1/wz, 92)



106 J. Toft

to s (1/w, ¥). Furthermore, (0.14) holds for some constant
C = Gyl >/ 7212,

where Cy is independent of a| € s}‘,’l (1/w1,91), ar € sg’z(l/a)z, %), t1,tr and d.
Moreover, Op”(ay s * az,) = 0 when Op¥(a;) > 0 foreach 1 < j < 2.

Theorem 0.4 Assume that p1, pa,r € [1, o0] satisfy (0.9), and that t;,t, € R\0
satisfy (0.11), for some choices of ji1, jo € {0, 1}. Also assume that v, w;, 9,9 €
P(RZd)forj = 1, 2 satisfy (0.12) and (0.13). Then the map (ay, az) — ai a2, on
S(R?), extends uniquely to a continuous mapping from

sp (L1, 01) x s, (1/w2, 92)
to s (1/w, ¥). Furthermore, (0.15) holds for some constant
C = G|~/

where Cy is independent of a| € s;’l (1/w1, V1), az € sg)z(l/a)g, %), t1, b and d.

Some important preparations to the dilated convolution and multiplication results
in Sect. 5 are given in Sect.4, where we consider dual properties for s;,” (H1, H2).

Here H; and H» belong to a broad class of Hilbert spaces containing any M (263 space.
More precisely, assume that p < oo. Then we prove that the dual for spw (H1, H>) can
be identified with s, (1}, H5) for appropriate Hilbert spaces H and ), through a
unique extension of the L? form on S (cf. Theorem 4.12).

In the last section we apply the results in Sect. 5 to prove that the class of trace-
symbols is invariant under compositions with odd entire functions. Here we also show
how Theorem 0.3 can be used to define Toeplitz operators with symbols in dilated s;]”
spaces, and that such operators fulfill certain Schatten—von Neumann properties.

1 Preliminaries

In this section we introduce some notations and discuss basic results. In the first part
we recall some properties within the theory of pseudo-differential operators. Espe-
cially we discuss the Weyl product and twisted convolution. In the second part we
recall some facts about modulation spaces. The proofs are in general omitted, since
the results in pseudo-differential calculus can be found in [17,24,36], and the essential
parts of modulation space theory can be found in [9,11,14,15,18].

In all these discussions, the Fourier transform F is essential. This is defined as the
linear and continuous map on &’ (Rd), which takes the form

(FIIE) = [ &) =)~ / Fx)e 8 gy, (1.1)
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when f € L'(R?). It follows that F is a homeomorphism on S’ (R¢) which restricts
to a homeomorphism on S(R?) and to a unitary operator on L*(R?).

Assume that ¢ € S(R??), and that 1 € R is fixed. Then the pseudo-differential
operator Op,(a) in (0.1) is a linear and continuous operator on & (R?). For general
a € S'(R??), the pseudo-differential operator Op,(a) is defined as the continuous
operator from S(R?) to §’(R¥) with distribution kernel given by

Kai(x,y) = (F5 'a)(1 = Dx + ty, x — y). (1.2)

Here F, F is the partial Fourier transform of F(x,y) € & (R%) with respect to
the y variable. This definition makes sense, since the mappings 7, and F(x, y) —
F((1 —t)x +ty, y — x) are homeomorphisms on &’ (de). Furthermore, by Schwartz
kernel theorem it follows that the map a > Op, (a) is a bijection from S’ (R?¢) to the
set of linear and continuous operators from S(R?) to S’(R?).

In particular, for each ¢ € S’(R??) and 5,1 € R, there is a unique b € S'(R?*?)
such that Op,(a) = Op,(b). The relation between a and b is given by

Op,(a) =Op,(b) <=  b(x,&) = ""9PxDelg(x ). (1.3)

(Cf. [24, Sect. 18.5].) Note here that the right-hand side makes sense, since

¢! =9){Dx.D¢) on the Fourier transform side is a multiplication by the bounded function
o 1=5)(x.6)

Assume thatt € Randa € &’ (R2d) are fixed. Then a is called a rank-one element

with respect to ¢, if the corresponding pseudo-differential operator is of rank-one, i.e.
for each f € S(R?) we have

Op, (@) f = (f, f2) /1, (1.4)

for some fi, f» € S’'(RY). By straight-forward computations it follows that (1.4) is
fulfilled, if and only if a = (2n)d/ 2Wf e where the W}l’ f t-Wigner distribution,
defined by the formula ‘

Wi o8 =F(filx+1-) fale — (1= 1)) (), (1.5)
which takes the form
Wi 08 = @02 [ G+ ) BG = T =0y 9y,
when fi, f» € S(RY). By combining these facts with (1.3), it follows that

W}l,fz = ei(t_MDX’DE)W}l,fz’ (1.6)

foreach f1, f>» € S'(R%) and s, t € R. Since the Weyl case is particulary important to
us, we set W ., = W p whent = 1/2. 1t follows that Wy, , is the usual (cross-)
Wigner dlStI‘lbllthl’l of f1 and f>.

Next we discuss the Weyl product, twisted convolution and related objects. Assume
that a, b € S’ (R*) are appropriate. Then the Weyl product a#b between a and b is
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the function or distribution which fulfills Op"” (a#b) = Op™ (a) o Op™ (b), provided
the right-hand side makes sense. More general, if ¢ € R, then the product #; is defined
by the formula

Op;, (a#;b) = Op,(a) o Op, (D), 1.7)
provided the right-hand side makes sense as a continuous operator from S(R?) to
S'(RY).

The Weyl product can also, in a convenient way, be expressed in terms of the

symplectic Fourier transform and twisted convolution. More precisely, the symplectic
Fourier transform for a € S(R??) is defined by the formula

(Foa)(X) =7~ / a(¥)edT XD gy,

Here o is the symplectic form, which is defined by
o(X.Y)=(y.§) —(x.n), X=(x§eR¥ Y=(,neRY

where (-, -) denotes the usual scalar product on R,

It follows that F, is continuous on S(R?%), and extends as usual to a homeomor-
phism on S’(R??), and to a unitary map on L2 (R?¢). Furthermore, .7-'(% is the identity
operator.

Assume thata, b € S (RZd ). Then the twisted convolution of a and b is defined by
the formula

(a %4 b)(X) = (2/7t)d/2/a(X — Y)b(Y)eH &) gy, (1.8)

The definition of *, extends in different ways. For example, it extends to a contin-
uous multiplication on L? (de) when p € [1,2], and to a continuous map from
S'(R¥) x S(R¥) to S'(R2?) (cf. [38]). If a, b € S’ (R??), then a#b makes sense if
and only if a *, b makes sense, and then

atb = 21) "% a %, (Fab). (1.9)
We also remark that for the twisted convolution we have
Fola xq b) = (Fga) *¢ b = d x¢ (Fub), (1.10)
where a(X) = a(—X) (cf. [36,38,39]). A combination of (1.9) and (1.10) gives

Fo(atb) = 2m) Y (F,a) x5 (Fub). (1.11)
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In the Weyl calculus it is many times convenient to use the operator A on S’ (R??),
defined by the formula

Aa(x,y) = (Fla)(y — x)/2, —(x + ), aeSR™). (1.12)

We note that Aa(x, y) agrees with (27)4/2 K} (—x,y), where K is the distribution
kernel to the Weyl operator Op*” (a). If a € LY(R%), then Aa is given by

Aa(x,y) = m)~? / a((y — x)/2,&)e "8 dy,

The operator A is important when using the twisted convolution, because for each
a,b € S(R*) we have

A(a * b) = Aa o Ab (1.13)

(See [17,36,38,39]). Here and in what follows we have identified operators with their
Schwartz kernels.

In the following lemma we list some facts about the operator A. The result is a con-
sequence of Fourier’s inversion formula, and the verifications are left for the reader.

Lemma 1.1 Let A be as above and let U = Aa where a € S'(R*?). Then the follow-
ing is true:

(1) U= Ad ifaX) = a(=X);

2) JrU = AFya, where JrU (x,y) = U(—x, y);

(3) A(Fya) = (27)??0p¥(a) and (Op*»(a)f,g) = 27)~9/*(Aa, § ® f) when
f. g € SRY);

(4) the Hilbert space adjoint of Aa equals Aa, where a(X) = a(—X). Furthermore,
ifai, ax, b € S(R*), then

(a1 *6 a2, b) = (a1, b *4 52) = (QZ»HI *q D), (a1 %6 a2) *¢ b = ay x4 (a2 *5 b).

A linear and continuous operator from S(R?) to S’ (R”") is called positive semi-def-
inite when (T'f, f);2 > O forevery f € S (R?%). We write T > 0 when T is positive
semi-definite. A distribution a € S'(R??) is called o-positive if Aa is a positive

semi-definite operator. The set of all o-positive distributions on R?¢ is denoted by
S/ (R¥).
The following result is an immediate consequence of Lemma 1.1.

Proposition 1.2 Assume that a € S'(R*). Then
ae Sjr(RZd) <= Aa > 0asoperator < Op”(F,a) > 0.

We refer to [38,39] for more facts about o -positive functions and distributions.
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In the end of Sect. 5 we also discuss continuity for Toeplitz operators. Assume that
a e SR*)and hy, hy € S(R?). Then the Toeplitz operator Tpy,, 5, (@), with symbol
a, and window functions /1 and A3, is defined by the formula

(Tppy (@) f1. f2) = @V, f1. Vi, f2) = @@ OWi nys Wy no)

when fi, f> € S(R?). The definition of Tpp, n, (@) extends in several ways (cf. e.g.
[6,22,36,38,40,43,44]).

In most of these extensions as well as in Sect. 5, we interprete Toeplitz operators
as pseudo-differential operators, using the fact that

Tpy, n, (@) = Op,(a * u) when

1.14
u(X) = Qm)~ "W, (—=X), (19

hy, hy are suitable window functions on R¢ and a is an appropriate distribution on R%?.
The relation (1.14) is well-known when r = 0 or t = 1/2 (cf. e.g. [6,8,30,36,38,40-
42,44]). For general ¢, (1.14) is an immediate consequence of the case t = 1/2, (1.6),
and the fact that

GENDPED (4 4 ) = g 5 (10 PxDe)

which follows by integration by parts.

Next we discuss basic properties for modulation spaces, and start by recalling the
conditions for the involved weight functions. Assume that) < w, v € Lf(fc (Rd). Then
w is called v-moderate if

w(x+y) < Co(x)v(y) (1.15)

for some constant C which is independent of x,y € R?. Here the function v is
called submultiplicative, if (1.15) holds when w = v. If v in (1.15) can be chosen
as a polynomial, then w is called polynomially moderate. We let P(R?) be the set of
all polynomially moderated functions on R If w(x, &) e P(R2) is constant with
respect to the x-variable (§-variable), then we write w (&) (w(x)) instead of w(x, &).
In this case we consider  as an element in P(R29) or in P(R?) depending on the
situation.

We also remark that the polynomially moderate functions may be considered as
a particular case of (o, g)-temperate functions as defined in [24, Section 18.5], by
Hormander.

Lety € S'(RY) be fixed. Then the short-time Fourier transform V,, f of f € S'(RY)
with respect to the window function ¢ is the tempered distribution on R*?, defined by

Vof (x,8) = F(f (- —x))(&).
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If £, ¢ € S(RY), then it follows that
Vof (x,8) = (2n)*d/2/f(y)—¢(y e i) gy,

Assume that o € P(R*), p,q € [1,00] and ¢ € S(RY)\O are fixed. Then
the mixed Lebesgue space L1 (w)(RZd) consists of all F € L1 (R2d) such that

I F”Lf,}qw) < 00, and ng(qw) (R2d) consists of all F € L} (R??) such that ”F”Lé’:&» <

oo. Here
alp 1
IIFIILIP;gw) = (/ (/ IF(x,S)w(x,E)I”dx) dé) , (1.16)

and

1/p

r/q
IF g =(/ (/|F(x,é>w<x,5)|qdé) dx) .oaam

with obvious modifications when p = oo or ¢ = oo. We note that these norms might
attain 4-o00.
The modulation spaces M (Rd) and W (Rd) are the Banach spaces which

consist of all f € S’(R%) such that ||f||M(p;z < oo and ||f||W(p.)q < 00, respectively.
[ w,
Here

q = . n g = q . 1.1
||f||M(Pm;i ”V(pf”Lfv("m)y and IIfIIW(';;/ ||V<pf||Lg’(qm) (1.18)

We remark that the definitions of M (I;;I (Rd) and Wp q(Rd) are independent of the
choice of ¢ € S(R?)\0 in (1.18) and different ¢ gives rise to equivalent norms (see

Proposition 1.3 below). By Fourier’s inversion formula we get
Vol 6. —x) = OV f (. 86). §) = p(—), (1.19)
which gives
feWLI R = FeMiRY,  woE —x) =5

For convenience we set M| P oy = =M G ) , which agrees with W(’:U )= W(’;)p Further-
more we set MP9 = Ml:uq and WP9 = W’;’)q whenw = 1.

The proof of the following proposition is omitted, since the results can be found in
[10,11,14-16,18,40-43]. Here we recall that p, p’ € [1, ool satisfy 1/p+1/p’ = 1.

Proposition 1.3 Assume that p,q, pj,q; € [1,00] for j = 1,2, and o, w1, w2, v €
P(de ) are such that v = v, w is v-moderate and w; < Cw; for some constant
C > 0. Then the following is true:
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(1) f € MEJRY) if and only if (1.18) holds for any ¢ € M ,,(R)\0. Moreover,

M(l;;;] is a Banach space under the norm in (1.18) and different choices of ¢ give

rise to equivalent norms;

(2) if p1 < prand q1 < q2 then

SRY) > MR s M2 (RY) s S'(RY);

(1) (@2)

() the L? product (-, -) = (-, -)2 on S(Rd) extends uniquely to a continuous
map from M (R") x MU} (R?) 10 C. On the other hand, if |la]| = sup |(a. b)],
where the supremum is taken over all b € S(RY) such that ||b||Mpr,q/ < 1, then
|-l and || - ||M(/;;;/ are equivalent norms; e

@) if p,q < oo, then S(RY) is dense in M(I;;f (R?) and the dual space ofM([;;;] (R%)

can be identified with Mgl’/(i;)(Rd), through the L*-form (-, -) 12. Moreover,

S(R?) is weakly dense in M Eja?) (R?) with respect to the L*-form.

Similar facts hold if the M (’Z;] spaces are replaced by W(’;)’)q spaces.

Proposition 1.3 (1) allows us be rather vague concerning the choice of ¢ € M(lv)\O
in (1.18). For example, if C > 01is a constant and A is a subset of §’, then ||a|| Mb <C

for every a € A, means that the inequality holds for some choice of ¢ € M (lv) \0 and

every a € A. Evidently, a similar inequality is true for any other choice of ¢ € M (1U) \O,
with a suitable constant, larger than C if necessary.

Remark 1.4 Assume that s, t € R. In many applications it is common that functions
of the form

os(x) = (x)* and oy, (x, &) = (x)'(§)",

are involved. Here and in what follows we let (x) = (1+|x|?)!/2, when x € R?. Then
it easily follows that oy and o, ; are o5-moderate and oy, ;|-moderate, respectively.
For convenience we set

p.q9 __ p.q pP.q __ p.q
Msi" =M, Ms™ =M,

when o (x, &) = (x, £)°, and
P_ 1P
Ly =L,

when o (x) = (x)*. We note that for such weight functions we have

MPARY) = (f e SRY); (0)(D) f e MPIRY) ), s5,teR
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and
MR = MPTRY N MITRYD, s =0

(cf. [41]). Since M? = L%, we get M (R?) = LI(R?) and that M7, (R?) agrees with
the Sobolev space Hsz(Rd) which consists of all f € S’(R¥) such that (D)* f € L>.
We also get M2 = H? N L2, when s > 0 (cf. [18,20]).

The symplectic short-time Fourier transform of a € S’(R??) with respect to the
window function ¢ € S’ (R?) is defined by

Vea(X,Y) = Fy (ap(- — X)) (Y), X,Y eR*.

Assume that @ € P(R*). Then ./\/lf:;‘{ (R21y and W{;g’ (R24) denote the modulation
spaces, where the symplectic short-time Fourier transform is used instead of the usual
short-time Fourier transform in the definitions of the norms. It follows that any prop-
erty valid for M ([Zu;] (R%) or W(’;’)q (R2) carry over to Mf w‘)I (R*) and W(IZU;] (R*),
respectively. For example, for the symplectic short-time Fourier transform we have

VE, o(Foa)(X,Y) = 275y a(y, X), (1.20)
(cf. (1.19)) which implies that

Fo MR = WEP R, wp(X,Y) = o(Y, X). (1.21)

2 Twisted convolution on modulation spaces and Lebesgue spaces

In this section we discuss algebraic properties of the twisted convolution when acting
on modulation spaces of the form W&;f . The most general result corresponds to Theo-
rem 0.3 in [23], which concerns continuity for the Weyl product on modulation spaces
of the form Mf a’g. Thereafter we use this result to establish continuity properties for
the twisted convolution when acting on weighted Lebesgue spaces.

For completeness we write down the following lemma, where the first part agrees
with Lemma 4.4 in [37] and Lemma 2.1 in [23], and was fundamental in the proofs of
[37, Theorem 4.1] and for the Weyl product results in [23]. The second part follows
from the first one, (1.9), (1.10) and (1.20).

Lemma 2.1 Assume that a; € S'(R*), ay € SR*), ¢1,¢» € SR*?) and X, Y €
R?. Then the following is true:

(1) ifp = wi#¢), then ¢ € S(R*?), and the map

Zs NN a) (X Y +Z,2) Vypa) X+ Z,Y — Z)
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belongs to LY (R*), and

Vo(ar#az)(X, Y)

- / FOZOY a(X —Y +Z,2) Vypa)(X +Z,Y — Z)dZ;

Q) ifo =27 %4 @2, then ¢ € S(R*), and the map
Z > HXIND W ) (X =Y + 2, 2) Vya) (Y — Z, X + Z)
belongs to L' (R*), and

Vo(ar #q a2)(X, Y)

= / POXZ Y a) (X —Y +Z,Z) Vya)(Y —Z, X + Z)dZ.

For completeness we also write down the following restatement of Theorem 0.3’
in [23]. Here the involved weight functions should satisfy

wo(X,Y) < Col(X —Y +Z, D)an(X+Z,Y —Z), X,Y,ZecR¥ (1)
for some constant C > 0, and the exponent p;, g; € [1, 0o] satisfy (0.4) and

1 1 1 1 1 1 1 1 )
0o<—+———=—,—=—+—-—, j=012 (2.2)
pr p2 Po Pj 4j 91 92 40

Theorem 2.2 Assume that wgy, wi, w2 € ’P(R4d) satisfy (2.1), and that pj,q; €
[1,00] for j = 0, 1, 2, satisfy (0.4) and (2.2). Then the map (ai, az) +— ai#az on

S (R2d ) extends uniquely to a continuous map from ./\/lf a');?‘ (R2d) X ./\/lf 02)2()12 (de) to

Mfw‘)go (R%), and for some constant C > 0, the bound

llai#az || x sp0-00 < Cllay|| x 141 ||a2]] y 47222, 2.3)
M(w()) M(ﬂ)]) M(wz)

holds for every a; € /\/lfa');gl (R*) and a, € Mfaz);)n (R2).

We note that Theorem 0.1 is an immediate consequence of (1.21), (1.11) and The-
orem 2.2. Another way to prove Theorem 0.1 is to use similar arguments as in the
proof of [23, Theorem 0.3'], based on (2) instead of (1) in Lemma 2.1.

We are now able to state and prove mapping results for the twisted convolution on
weighted Lebesgue spaces. We start with the proof of Theorem 0.2 from the introduc-
tion.

Proof of Theorem 0.2 From the assumptions it follows that at most one of p; and p»
are equal to co. By reasons of symmetry we may therefore assume that p, < oo.
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Since W(Zw) = ./\/l%w) = L%w) when w(X, Y) = w(X), in view of Theorem 2.2 in
[41], the result follows from Theorem 0.1 in the case pgo = p1 = p2 = 2.

Now assume that 1/p; +1/pas — 1/po = 1, a; € LP'(R*?) and that a, € S(R*?).
Then

dj2
lay %6 azll o < /M) 2| |ar] % laz| [ r0 < Cllarllm llazll e .
(w0) (@g) (o1) (@)

by Young’s inequality. The result now follows in this case from the fact that S is dense
in Lf’az)z), when py < 0.

For general pg, p1, p2, the result follows by multi-linear interpolation between the
case pp = p; = p» = 2andthecase 1/p; 4+ 1/p2 — 1/po = 1, using Theorem 4.4.1

in [1] and the fact that

1-6 6 1
(L R, (L R¥)gy = L, (R*),  when +— ==
q1 q2 q
(cf. Chapter 5 in [1]). The proof is complete. O

By letting p; = p and p, = ¢ < min(p, p’),or po = pand p; = g < min(p, p)
in Theorem 0.2, we get the following:

Corollary 2.3 Assume that w; € P(R%) for j =0,1,2 and p,q € [1, 00] sat-
isfy (0.6), and g < min(p, p’) for some constant C. Then the map (ay, az) +>

aj x4 ap extends un?quely to a continuous mapping from wal)(RM) X L((Iwz)(RM) or
q 2d p 2d p 2d
L, R 2xL(wZ)(R )to Ly, (R ).' N . S
In particular, if p € [1,2] and in addition wo is submultitplicative, then
(wao)(RZd), *q) IS an algebra.
In the next section we need the following refinement of Theorem 0.2 concerning
mixed Lebesgue spaces.

Theorem 0.2 Assume that k € {1,2}, 0; € P(R*) and p;,q; € [1, 0] for j =
0, 1, 2 satisfy (0.6) and

1 1 1 1 1 1 1 1 1 1
max T T T T, §_+___7_+___§1'
Po Py 40 4 P1 P2 pPo 91 492 4o

Then the map (a1, az) — ay *o ay extends uniquely to a continuous mapping from

P1.q1 2d DP2:92 2d D040 2d
Lk’(wl)(R ) X Lk’(wz)(R ) to Lk’(wo)(R ), and

llar *o azll roq0 < Cllaill pva llazlly r2az 0.8)
k. (wg) k,(w1) k,(wp)

holds for some constant C which is independent of a; € L,f '(’CZ]‘)(RM) and ap €

DP2:92 2d
Lk)(wz) (R%).
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Proof The result follows from Minkowski’s inequality when p; = g1 = 1 or pp =
q> = 1. In the case p; = p» = g1 = q2 = 2 the result is an immediate conse-
quence of Theorem 0.2. For general p; and g, the result follows from these cases and
multi-linear interpolation. O

3 Window functions in modulation space norms

In this section we use the results in the previous section to prove that the class of
permitted windows in the modulation space norms can be extended. More precisely
we have the following.

Theorem 3.1 Assume that p, po, q,qo € [1,00] and w,v € P(R2d) are such that
P0, g0 <min(p, p', q,q’), ¥ = vand w is v-moderate. Also assume that f € S'(R?).
Then the following is true:

() if o € MEZPO RO, then f e M{T(RY) if and only if V, f € L{'E (R*).
Furthermore, || f|| = ||V¢f||Lf,(q) defines a norm for M(I;;;I(Rd), and different
choices of ¢ give rise to equivafent norms;

Q@) if o € WSRO, then f e WP (RY) if and only if V, f € LY (R*).

Furthermore, || f|| = || wa”Lg‘(‘{U) defines a norm for W(Z)’)q (RY), and different

choices of ¢ give rise to equivalent norms.

For the proof we note that the relation between Wigner distributions (cf. (1.5) with
t = 1/2) and short-time Fourier transform is given by

Wpg(x, ) =24/ 82y, £(2x, 28),
which implies that
IWrglipa =201V lps . when wo(x,§) =w@2x,26) (1)

fork =1, 2.
Finally, by Fourier’s inversion formula it follows that if fj, g € &’ (Rd) and
f1. 82 € L*(R?), then

Wiig %o Whe = (JZZv 82 Wy g (3.2)

Proof of Theorem 3.1 We may assume that pg = go = min(p, p’, ¢, q’). Assume

that ¢, ¢ € M(fj")’q" (RY) € L%(R?), where the inclusion follows from the facts that

P0,q0 < 2 and v > ¢ for some constant ¢ > 0. Since ||V¢,1p||Ll,:0,qo = ||V¢¢||L,f°‘q0
.(v) .(v)

when v = v, the result follows if we prove that

Ve Sllzps, < CIWIZNVaFllzps 1Vl oo, (3.3)
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for some constant C which is independent of f € S'(R?) and ¢, ¥ € M {;O)’qo (R%).
For reasons of homogeneity, it is then no restriction to assume that ||y ||;2 = 1.

If pr = p, p2 = po,q1 = ¢, q2 = qo, o = w(2-) and vo = v(2-), then
Theorem 0.2 and (3.2) give

||V<pf||ng~(qw) =C ”Wf,(b”L;:*(qwo) = C2llWy g %6 Wy gllpre

k,(wg)
< C3|\W, s . Wy a0 = Cq4|| V. a ||V, a0,
< Gs f,w”L;f,foO)” w,(pllL;f_O(L%(; 4l I/If”LIf.(qw)” ‘W”L;f%o

and (3.3) follows. The proof is complete. O

4 Schatten—von Neumann classes and pseudo-differential operators

In this section we discuss Schatten—von Neumann classes of pseudo-differential oper-
ators from a Hilbert space H; to another Hilbert space H;. Schatten—von Neumann
classes were introduced by Schatten in [28] in the case H; = Ha (see also [31]).
The general situation, when H; is not necessarily equal to H», has thereafter been
considered in, e.g. [2,29,45].

Let ON(H;), j = 1,2, denote the family of orthonormal sequences in H;, and
assume that 7 : H{ — H» is linear, and that p € [1, oo]. Then we set

1/p
17Nz, = 1T Iz, 00,70 = sup (1T f g0, 17)

(with obvious modifications when p = o00). Here the supremum is taken over all
(fj) € ON(Hy) and (g;) € ON(H3). Then Z,, = 7,(H1, H>), the Schatten—von
Neumann class of order p, consists of all linear and continuous operators 7" from
‘Hi to Hy such that ||T||I,,(H1,H2) is finite. We note that Zo(H 1, H2) agrees with
B(H1, Hz), the set of linear and continuous operators from H; to Hj, with equality
in norms. We also let XC(H1, H2) be the set of all linear and compact operators from
‘H1 to H2, and equip this space with the operator norm as usual (note that the notation
Z:(H1, Ho) was used instead of KC(H 1, H2) in [43]). If H| = Hy, then the shorter
notation Z, () is used instead of Z,(H, H>), and similarly for B(H;, H>) and
K(H1, H2).

Assume that (e;) is an orthonormal basis in Hy, and that § € Z;(H;). Then the
trace of S is defined as

trr, S =D (Sej. e)n,.

For each pairs of operators T, T» € Zoo(H1, H2) such that T o Ty € I;(Hy), the
sesqui-linear form

(T1, T2) = (T1, T2)H, 1, = tryg, (T o T1)
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of T1 and T3 is well-defined. Here we note that 7" belongs to Z),(H;, H>) if and only
if T* belongs to Z,(H>, H1) with equal norms. We refer to [2,31,45] for more facts
about Schatten—von Neumann classes.

In order for discussing Schatten—von Neumann operators within the theory of
pseudo-differential operators, we assume from now on that the Hilbert spaces
‘H, Ho, H1, Ha, ... are “tempered” in the following sense.

Definition 4.1 The Hilbert space H C S'(RY) is called tempered (on RY), if S(RY)
is contained and dense in H.

Assume that 7 is a tempered Hilbert space on R?. Then we let H and HT be the
sets of all f € S'(RY) such that f € H and f € H, respectively. Then  and HT are
tempered Hilbert spaces under the norms

£y = 1flle and 1 fllne = I F Il

respectively.
The L?-dual, H', of H is the set of all ¢ € S’(R¥) such that

el = sup (¢, f)r2ra)l

is finite. Here the supremum is taken over all f € S (R?) such that | f lx < 1.
Assume that ¢ € H'. Since S is dense in H, it follows from the definitions that the
map f — (¢, f);2 from S (R?) to C extends uniquely to a continuous mapping
from H to C. The following version of Riesz lemma is useful for us. In order to be
self-contained, we also give a proof.

Lemma 4.2 Assume that H C S'(R?) is a tempered Hilbert space with L*-dual H..
Then the following is true:

(1) H' is a tempered Hilbert space which can be identified with the dual space of H
through the L*-form;

(2) there is a unique map Ty from H to H' such that
(fa g)H = (THf5 g)LZ(Rd), f’g EH’ (41)

(3) if Ty is the map in (2), (ej) jes is an orthonormal basis in 'H and ¢; = Tpej,
then Ty is isometric, (¢}) jej is an orthonormal basis in H' and

(Ej, ek)Lz(Rd) = (sj,k-

Proof We have that S € ‘H' € &', and since S is dense in H, it follows that S is dense
also in H’.

First assume that f € H, g € S(R?), and let Ty, f in S’(R?) be defined by (4.1).
By the definitions it follows that T f € H’, and that Ty from H to H' is isometric.
Furthermore, since the dual space of H can be identified with itself, under the scalar
product of H, the asserted duality properties of H’ follow.
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Let (e;) je; be an arbitrary orthonormal basis in H, and let &; = Tye;. Then it
follows that |l¢ [l = 1 and

(ej,er)p2 = (ej, ex)r = ;. k.

Furthermore, if

f:Zajej, (p:ZOtjsj, g=Zﬂj€j and VZZﬂjsj

are finite sums, and we set (¢, y)1 = (f, &), then it follows that (-, - )¢ defines
a scalar product on such finite sums in H’, and that ||<p||%i, = (¢, ¢)7¢ - By continuity
extensions it now follows that (¢, )7y extends uniquely to each ¢, y € H’, and that
the identity ||(p||%_l, = (¢, )¢ holds. This proves the result. O

In what follows we consider the basis (&) in Lemma 4.2 as the dual basis of (e;).

Example 4.3 Let Hi = H}(R?Y), Hy = M, (R?) where g € P(R*?), and let
‘H3 = H(w, g) be the Sobolev space of Bony—Chemin type with admissible weight w
and metric g on R2d(cf. [3]). Then ‘Hj, H> and H3 are tempered Hilbert spaces with
duals H| = H2 (RY), H}, = M(zl/wo)(Rd) and Hy = H(1/w, g), respectively. We
remark that H(w, g) = M (2w) (R?) when g is the constant euclidean metric on R*? in
view of [21]. If moreover wy(x, &) = o,(§) = (£)°, then H(w;, g) = M = HS2
(cf. Remark 1.4).

2
(w5)

Corollary 4.4 Assume that H is a tempered Hilbert space on R?. Then
MR € H, H < M? (R,

forsomes > 0. Furthermore, M? (Rd) is dense in H and H', which in turn are dense in

2 d i 2 2 2 2
M= (RY). A similar fact holds when M and M~ ; are replaced by My ; and M~ _
respectively.

50

Proof Since
2 2 2 2 2 2
My, C Mg S Mg and M2, C M= C MZy

when s > 0, it suffices to consider the case when the modulation spaces are of the
form MSZS or M2

S, —S"
The topology in S can be obtained by using the semi-norms

Il = D 16D fllge, s=0,1,2,....

la].|Bl=s

From the fact that S is continuously embedded in H and in M/, it therefore follows
that

£l = Cliflis) and el < Clligls),

when f € S, provided s is chosen large enough.
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Since the completion of S(RY) under || - lis] is equal to Mﬁ S(Rd) in view of
Remark 1.4, the result follows by a standard argument of approximation, using the
duality properties in Proposition 1.3 (4), together with the facts that S is dense in H,
H, Mis and MES,_S. The proof is complete. O

Assume that H;, Ha € S’ (R?) are tempered Hilbert spaces, r € R is fixed and that
p € [1, oo]. Then we let s;,‘('Hl, H>) and s;,,(H1, H2) be the sets of all a € S/ (R¥)
such that Aa € Z,(H1, H2) and Op,(a) € Z,(H1, H>), respectively. We also let
s (H1, Ha) and s, (M1, Hz) be the setof alla € S'(R*) such that Aa € K(H1, Ha)
and Op, (a) € K(H1, Ha), respectively. These spaces are equipped by the norms

lalls, ,r1.12) = 10PNz, (Hy H2)s Nallsa 1) = 1AGNT, 4y 1)

lalls, .1 Ha) = Nalls, o (H1. 7). lallsa e, 4 = lallsa . 70)-

Since the mappings a — Aa and a +> Op,(a) are bijections from S’ (R??) to the set
of linear and continuous operators from S(R?) to S’(R?), it follows that a — Aa
and a +— Op,(a) restrict to isometric bijections from s;‘ (H1, Hp) and s; ,(H1, H2),
respectively, toZ, (H1, Hz). Consequently, the properties for Z,, (H1, H>) carry over to
sl/;‘ (H1, Hz) and s; ,(H1, H>). In particular, elements in s{‘ (H1, H») of finite rank (i.e.
elements of the forma € slA (H1, H»>) such that Aa is a finite rank operator) are dense
in sé“ (H1, H>) and s;,‘ (H1, H2) when p < oo. Similar facts hold for s; 4 (H1, Hz) and
s7,p(H1, Ha2). Since the Weyl quantization is particularly important in our consider-
ations we also set

s;”:s,yp and sé":s,_ﬂ, when r=1/2.

If w1, w, € P(R%), then we use the notation s;‘ (w1, wy) instead of sﬁ(M(zwl),

M(sz))‘ Furthermore we set s‘; (w1, wn) = sg (RM) when w; = wy = 1. In the same
way the notations for s, p, s, 51,z and s are simplified.

Remark 4.5 Except for the Hilbert-Schmidt case (p = 2), itis in general a hard task to
find simple characterizations of Schatten—von Neumann classes. Important questions
therefore concern of finding embeddings between Schatten—von Neumann classes and
well-known function and distribution spaces. Here we recall some of such embeddings:

(1) In Chapter 4 in [31], it is proved that if Q is a unit cube on RY, 1< p <2 and
f and g are measureable on R? and satisfy

p/2y /P

>, /|f(x)|2dx < o0,

X €2 Xo+Q

and similarly for g, then f(x)g(D) € I,,(LZ), or equivalently, f(x)g(§) €
s,,p(RZd) when t = 0;
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(i) Let BY*?(R?) be the Besov space with parameters p, g € [1, oo] and s € R (cf.
[38,40,42,43] for strict definitions). In [38] sharp embeddings of the form

Bf]»‘{] (de) g Sl,p(de) g Bspza(IZ(de)
is presented. Here

g1 =min(p, p’) and ¢, = max(p, p). 4.2)

We also remark that the sharp embedding By ,I(de ) C s,,oo(de) for certain
choices of ¢ was proved already in [4,5,27,33];

(iii) In [43, Theorem 4.13] it is proved that if w1, wy € P(RM ) satisfy
wx, &1, y) =wmx -1y, §+ A -t)m/or(x + (1 —1)y,§ —1tn)
and p, q1, g2 € [1, oo] satisty (4.2), then
MET R sp p(wr1, 2) € MR, 43)

In particular, (4.3) covers the Schatten—von Neumann results in [20,32,40],
where similar questions are considered in the case w; = wy = w = 1. Fur-
thermore, in [43], embeddings between s; , (w1, w2) with w; = w, and Besov
spaces are established.

Remark 4.6 Assume that ¢,11,1» € R, p € [1,00], Hj, H, are tempered Hilbert
spaces on R? and that a, b € §’'(R?>?). Then it follows by Fourier’s inversion formula
that the map e'!(Px-P¢) is a homeomorphism on S(R??) which extends uniquely to
a homeomorphism on S’(R?¢). Furthermore, by (1.3) it follows that ¢! ?2=/1){Dx, D)
restricts to an isometric bijection from s;, ,(H1, H2) to s, ,(H1, H2).

The following proposition shows how s; ,(H1, H2), s ;,* (H1, Hy) and other similar
spaces are linked together. The proof is essentially the same as the proof of Proposition
5.1 in [45]. Here and in what follows we let a® (x, £) = a(x, —&) be the “torsion” of
a e S'(R*),

Proposition 4.7 Assume that t € R, Hi, Hy are tempered Hilbgrt spaces in RY,
a € S'(R*), and that p € [1, o). Then s;’(Hl, H>) = s?(Hl, ‘H»). Furthermore,
the following conditions are equivalent:

(1) a € sy (H1, Ha);

(2) Foa € s¥(Hi. Ha) = st (H1. Ha):
(3) @ € s (H), HY);

(4) a” € sf(H]. HY);

5) ae s}‘,’(ﬁl, Ha);
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(6) @ € s¥(Hy 1))
(7) /071200 a € 5, (Hy, Ho).

Proof Leta; = Fya,a, = a, a3 = a¥, as = a and as = a. Then the equivalences
follow immediately from Remark 4.6 and the equalities

(Op”(a) f, &) = (Op“(a1) f. §) = (f. Op® (a2)g)
= (Op“(a3)(x, D) f,8) = (Op”(as) f, &) = (f, Op”(as)&),

when a € S'(R*?) and f, g € S(R?). Here the first equality follows from the fact
that if K (x, y) is the distribution kernel of Op” (a), then K (—x, y) is the distribution
kernel of Op” (Fya) = (27)~%/? Aa (cf. [36,38]). The proof is complete. O

In Remarks 4.8 and 4.9 below we list some properties for s; ,(Hi, H2) and
s ;‘ (H1, H»>). These properties follow from well-known Schatten—von Neumann results
in [2,31,45], in combination with (1.7), (1.13) and the fact that the mappings
a — Op,(a)anda — Aa areisometric bijections froms; ,(H1, H2) ands,‘;‘ (H1, Ha),
respectively, to 7, (H1, Hz). Here the forms (-, - ), 5 (3, 1,) and (-, ~)S§,(H1’H2) are
defined by the formula

(@, b)s, »(H,, Hp) = (Opy (@), Op, (b)) T, (M, Ha)»  @> b € sp2(Hy, H2)

and
(@04 34, 15y = (Ad, ADY T 04, 1), @b € 53 (H1, Ha).

Finally, the set [§° consists of all sequences in /°° which turns to zero at infinity, and l(l)
consists of all sequences (A ;) je such that A ; = 0 except for finite numbers of j € /.

Remark 4.8 Assume that p, pj,q,r € [l,00] for 1 < j < 2,¢t € R, and that
Hi, ..., Hy are tempered Hilbert spaces on R?. Then the following is true:

(1) thesets; ,(H1, Hz) is a Banach space which increases with the parameter p. If in
addition p < oo and p; < p», then s; ,(H1, H2) C s:,.5(H1, H2), s:,1(H1, H2)
is dense in s; ,(H1, H2) and in s; ¢ (H1, H2), and

lalls, ,, .7 < lalls,, (1 7y @ € 5100(H1, Ha); 4.4
(2) equality is attained in (4.4), if and only if a is of rank one, and then
lalls, 1.+, = @)1 foll, | goll7,» when a is given by (1.5);
(3) if1/p1+1/p2=1/r,a1 € s; p,(Hi, H2) and ay € s;,p, (H2, H3), then ar#a; €
Sl,}’(Hl’ H3)7 and

laxtrarlls,, vy 1) < latlls, ,, v o) la2lls, ) (Ho 1) - 4.5)
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“

On the other hand, for any a € s;,(Hi, H3), there are elements a; €
s1,p1 (H1, H2) and az € s; p, (H2, H3) such that a = as#;a; and equality holds in
(4.5);

if H1 € H and H3 € Hy, then s, (H2, H3) € ¢, p(H1, Ha).

Similar facts hold when the s, , spaces and the product #, are replaced by s;‘ spaces
and *, .

Remark 4.9 Assumethat p, pj,q,r € [1,00]for1 < j <2,t € R, and that Hy, H>
are tempered Hilbert spaces on R?. Then the following is true:

D

(@)

3)

the form (-, - )5 ,(H, 1y On s;,1(H1, H2) extends uniquely to a sesqui-lin-
ear and continuous form on s; ,(H1, H2) x 8¢, ,(H1, Hz), and for every a; €
st,p(H1, Ha) and az € s, (H1, Ha), it holds

(@1, a2)s, 5 (Hy Hy) = (@2, A1)s, 5 (Hy Ha)s
(a1, a2)s, , vy 1) | < Nlatlls, , 1y 1o la2lly, |, (HyHy) and
”al ”s,‘p(Hl,Hz) = sup |(alv b)s,Yz(’Hl,’Hz)lv

where the supremum is taken over all b € s, ;y (H1, H2) such that [|b][s,  (H1Ha)
< 1. If in addition p < oo, then the dual space of s;,,(H1, H2) can be identified
with s, (H1, H2) through this form;

ifa € s;,z(H1, H2), then

Op, (@) f =D i (fs [, (4.6)

J=1

holds for some (f; ?‘;1 € ON(Hy), (g; §o=1 € ON(H,) and non-negative
decreasing sequence A = ()‘./)?il € [3°, where the operator on the right-
hand side of (4.6) convergences with respect to the operator norm. Moreover,

a € s;,p(H1, H2), if and only if A € [”, and then

lalls,, = IAllr

and the operator on the right-hand side of (4.6) converges with respect to the norm
I M, (M1, Ha)s

If0 <6 < lissuchthat 1/p = (1 —6)/p1 + 0/ p2, then the (complex) interpo-
lation formula

(57, pr (H1, H2), 81, p, (1, Ho)iey = 81, p(H1, H2)

holds with equality in norms.

Similar facts hold when the s, ,, spaces are replaced by sﬁ spaces.
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We may now prove the following.

Proposition 4.10 Assume that p € [1, 00), and that Hy and H> are tempered Hilbert
spaces on RY. Then S(R2d) is dense in s;,,(H1, H2), s;‘ (H1, H2), s¢,4(H1, H2) and

sﬁ“ (H1, Ha). Furthermore, S(R®) is dense in St.00(H1, H2) and sé‘o(Hl, Ho) with
respect to the weak™ topology.

Proof The result is an immediate consequence of Corollary 4.4 Remarks 4.5 (iii) and
4.8 (4). The proof is complete. O

A problem with the form (-, - )y, ,(#,,#,) in Remark 4.9 is the somewhat compli-
cated structure. In the following we show that there is a canonical way to replace this
form with (-, -);2. We start with the following result concerning polar decomposition
of compact operators.

Proposition 4.11 Assume thatt € R, p € [1, 00], H1 and H, are tempered Hilbert
spaces on R and that a € s g (H1, H2) (a € s?(Hl, ‘H>)). Then

a=y W oo [a=D 0 Wey,

Jjel jel

(with norm convergence) for some orthonormal sequences (¢;) jey in Hy and (g;) jer
in Ha, and a sequence (Aj)jc; € I§° of non-negative real numbers which decreases
to zero at infinity. Furthermore, a € s; ,(H1, H2) (a € s;‘ (H1, H»)), if and only if
(Aj)jer € 1P, and

lalls, , 32 = @O 210 jerlle Nlallspery ) = 13 jer ).
Proof By Remark 4.9 (2) it follows that if f € S (R?), then

Op, (@) f(x) = D A (f. fi)r,8 4.7

jel

for some orthonormal sequences ( f;) in H; and (g;) in H>, and a sequence (A ;) € lgo
of non-negative real numbers which decreases to zero at infinity. Now let (¢;) je; be an
orthonormal sequence in 7} such that (¢;, fx);2 = 8jx. Then (f, fi)n, = (f, )2,
and the result follows from (4.7), and the fact that

Op, (W, o) f = @) (frep2g) = @02 (f. fdr g
The proof is complete. O

Next we prove that the duals for s; ,(H1, H2) and sl’? (H1, H2) can be identified
with s; ,» (M), H5) and sﬁ/ (H}, H5), respectively, through the form (-, -),2.
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Theorem 4.12 Assume thatt € R, p € [1, 00) and that H1, H> are tempered Hilbert
spaces on R%. Then the L* form on S(R*?) extends uniquely to a duality between
st,p(H1. Ha) and s,y (H, H5), and the dual space for s; ,(H1, H2) can be identi-
fied with s;_y (Hy, H}) through this form. Moreover, if £ € s; ,(H1, H2)* and a €
s, (M, H5) are such that £(b) = (a, b);2 when b € s; ,(H1, H2), then

el = llally, , ;. 7)-

The same is true if the s, ,(H1, H2) spaces are replaced by s;‘ (H1, Ha2) spaces.

Proof We only prove the assertion in the case + = 1/2. The general case follows by
similar arguments and is left for the reader. Assume that ¢ € spw (H1, Ha)*. Since
the map b +— Op™ (b) is an isometric bijection from spw (H1, H2) to Z,(H1, Ho), it
follows from Remark 4.9 (1) that for some S € 7, (H1, Hz) and each orthonormal
basis (f;) € ON(H1) we have

£(b) = try(, (S* 0 Op” (b)) = D (Op"” (b) f;. Sfi)m, and

el = 1Sz, 1. +2)

4.8)

when b € s;"(Hl , Ho).
Now let b € sg’ (H1, H>) be an arbitrary finite rank element. Then

b= 1jWep and [Ibllgcr, rs = Q1) IO e,

for some orthonormal bases (¢;) € ON(H’I) and (g;) € ON(H>), and some sequence

(A)) € lé. We alsolet (f;) € ON(H) be the dual basis of (¢;) and a the Weyl symbol

of the operator T3, o S o TH/I. Then a € SZ)’(HI’ H>) and |lalls» (1, Hy) = II€]l. By
4

straight-forward computations we get
€(b) = try, (S* 0 Op” (b)) = > _(b”(x, D) fj. Sfj)n,
=D (), Sfmy = D 2j(gj, Op" (@¢)) r2we)
= (27T)_d/2 Z )\.] (ngst ) a)LZ(RZd) = (Zﬂ)_d/z(b, Q)LZ(RZd).
Hence £(b) = 27)~%2(b, a) r2r2d)- The result now follows from these identities

and the fact that the set of finite rank elements are dense in sl’;’ (H1, Hz). The proof is
complete. O

5 Young inequalities for weighted Schatten—von Neumann classes

In this section we establish Young type results for dilated convolutions and multiplica-
tions on s;’ (H1, H2), when H; and H; are appropriate modulation spaces of Hilbert
type. Especially we prove multi-linear versions of Theorems 0.3 and 0.4.
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We need some preparations before stating the results. If we have N convolutions,
then the corresponding condition comparing to (0.9) is

iy =N =147 1<pi,....,pn,r <00. (0.9
In the same way, (0.10) should be replaced by
(=1 t1—2 4ot (_1)./Nt1;2 =1, (0.10Y
and (0.11) by
(=DM + -+ (=D = 1 O.11y

The condition (0.12) of the involved weight functions is modified into

X1+ + Xn) S COj (X)) 0y NENXN),

0.12)
X1+ +Xy) S Cwji1(1X1) - -wjy NUENXN),

where
wok (X) = 01 x(X) = 0k (X), Por(X) = w1 4 (X) = H(X). (0.13Y

With these conditions we shall essentially prove estimates of the form

lat % - % an iy lsp (/w9 < C?llas sz a/oron - llanllsg ajoy.oy),  (0.14)
and

laty - an.oyllse1jw.9) < Cd”al”sg’l(l/w],t?l) o llanllsy ajoy.op - (0-15)

Theorem 0.3' Assume that py,---, py,r € [1, 00] satisfy (0.9), and that ty, .. .,

ty € R\O satisfy (0.10Y, for some choices of ji, ..., jn € {0, 1}. Also assume that
w, 0, 0,9, € PR¥) for j = 1,..., N satisfy (0.12) and (0.13). Then the map
@i, ...,an) = apy * - *ay;y on SR, extends uniquely to a continuous
mapping from

sy (L1, 91) x -+ x5 (1/wn, On)

to s} (1/w, §). Furthermore, (0.14)" holds for some constant

N -2 -2
C=C|nl™2/Pr- - ty| PN,
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where Cy is independent of a € s;j] (1/wy, 91), ...,an € SZ’N(I/a)N, ON), H, ... IN
and d.

Moreover, Op* (a4 * - -~ *ay;y) = 0 when Op¥(a;) = 0 foreach 1 < j < N.
Theorem 0.4' Assume that py, ..., py,r € [1,00] satisfy (0.9), and that ty, ...,
ty € R\O satisfy (0.11Y, for some choices of ji, ..., jn € {0, 1}. Also assume that
w, 0, 0,9, € PR¥) for j = 1,..., N satisfy (0.12) and (0.13). Then the map
(@i, ...,an) > ap s -+ -an,y ON S(RZd), extends uniquely to a continuous mapping
from

sy (w1, 91) x -+ x5, (1/wn, ON)
to s¥(1/w, ®). Furthermore, (0.15)" holds for some constant
C =Y inl™¥r .y 7Yy,

where C is independent of a; € s[lfl (1/w1,91),...,an € S}J"N(l/wN, ON), H, ..o, IN
and d.

We need some preparations for the proof. First we observe that the roles of mul-
tiplications and convolutions are essentially interchanged on the symplectic Fourier
transform side, because

Folay*---xay) = 7N (Fyar) - (Fran), (5.1)

holds when aj, ...,ay € S(R?4). Hence it follows immediately from Lemma 1.1
and Proposition 4.7 that Theorems 0.3" and 0.4’ are equivalent to the following two
propositions. Here the condition (0.13)" should be replaced by

w0k (X) = 1 (=X) = ok (X), Bor(X) = w1k (=X) = H(X). (5.2)

We alsorecall thata € S/, (R?4), if and only if the operator Aa is positive semi-definite
(cf. Proposition 1.2).

Proposition 5.1 Assume that pi,...,pn,r € [1,00] satisfy (0.9, and that
t1,...,ty € R\Osatisfy (0.10Y, for some choices of ji, . .., jy € {0, 1}. Also assume
thatw, wj, U,V € ’P(RZd)forj =1,..., N satisfy (0.12) and (5.2). Then the con-
tinuity assertions in Theorem 0.3 holds after the s;‘,’ spaces have been replaced by s ;}
spaces.

Proposition 5.2 Assume that pi,...,pny,r € [1,00] satisfy (0.9, and that
t, ..., tny € R\Osatisfy (0.11), for some choices of ji, ..., jn € {0, 1}. Also assume
thatw, wj, 0,V € ’P(de)forj =1,..., N satisfy (0.12) and (5.2). Then the con-
tinuity assertions in Theorem 0.4 holds after the s;f spaces have been replaced by s ;}
spaces.

Moreover,ay g, -+ an 1y € S;(Rz‘i) whenaj,,; € S;(RZd)foreachj =1,...,N.
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When proving Propositions 5.1 and 5.2 we need some technical lemmas, and start
with the following classification of Hilbert modulation spaces.

Lemma 5.3 Assume that o € P(R*) is such that w(x, v.&,n) = wx,§), x €
SRY\0 and that F € S'(R*). Then F € M(Zw), if and only if

1/2
|FI = (// IVX(F(-7y))(x,$)w(xy§)|2dxdyd§) < oo. (5.3)

Furthermore, F +— || F|| in (5.3) defines a norm which is equivalent to any M (Zw) norm.

Proof We may assume that [|x|l;2 = 1. Let x1 = x ® x, and let 71 F denotes
the partial Fourier transform of F'(x, y) with respect to the x variable. By Parseval’s
formula we get

IFI2, ////uvx@xF)(x v £ (e, ) dxdydédn

2// (/ I(F(F x1(- = (x, ) (&, n)w(x,s)|2dydn) dxdé

=//(/ [(F1(F(-,2) x(- —x)) (S)X(Z—Y)w(x,S)lzdydz) dxdg

=// (/|<f1 (F(-.2) x(- —2)) <s>w<x,s>|2dz) dxdé = | F],

where the right-hand side is the same as || F|| in (5.3). The proof is complete. O
We omit the proof of the next lemma, since the result agrees with [38, Lemma 3.2].
Lemma 5.4 Assume that s,t € R satisfies (—l)js’2 + (=D 2 =1, for some
choice of j, k € {0, 1}, and thata, b € S(R*?). Also let T;  for j € {0, 1} and z € R?
be the operator on S(R*%), defined by the formula
(To:U)(x,y) = (T U)(y,x) =U(x —z,y +2), UeSR™).
Then
Aa(s ) #b(t-)) = m)?|s1| ™ / (Tjse(Aa)) (s~ ) (T —rz(AD) ™" ) dz.
5.4

We note that for the involved spaces in Theorems 0.3" and 0.4’, and Propositions 5.1
and 5.2 we have

sh(/w,9) S sHRM) S s (w,1/9), when o0 >c, (5.5)

for some constant ¢ > 0, and similarily when s ;‘ is replaced by s}, This is an immedi-
ate consequence of Remark 4.8 (4) and the fact that the embeddings M(Za’g c M*? =
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L’c M (21/2 ) hold when w is bounded from below. In particular, if Cp (R4 is the set

of continuous functions on R?? vanishing at the infinity, then

st (1w, 9) C s (R*) € Cp(R*) N FCpR*) N L*(R*),
when o,V > c, (5.6)

and similarily when s{‘ is replaced by s’. Here the latter embedding follows from
Propositions 1.5 and 1.9 in [39].

Proof of Proposition 5.1 in the case N =2 We only consider the case j; = 1 and

j2 = 0, ie. 72 — 572 = 1 whent; = s and r, = t. The other cases follows by
similar arguments and are left for the reader. We start to prove the theorem in the case
p =q =r = 1. By Propositions 4.10, 4.11 and a simple argument of approximations,
it follows that we may assume that @; = u and ap = v are rank one elements in S and
satisfy

”””sf‘(l/wl,z?l) <C and ||v||sfa(1/w2’ﬂ2) <C,
for some constant C. Then Au = f1 ® ?2, Av=_g1®g,and

1l 12l = Colelprson. o

llg1 ||M(2192) ||82||M(2w2) < Cq ”v”sf‘(l/wz,z?z)’
where f1, f2, g1, g2 € S are such that
» <C » < C 2 < Cy, , <C
IAillaz, = Coo 2l = Con gty = Con ligallyz, < Co,

for some constants C; and C».
Set

F(x,2) = f(x/s +s)g1(x/t +1t2), G(y,2) = fi(y/s —s2)g2(y/t — t2).

It follows from (5.4) that
Aug % v)(x,y) = <2n>d/2|st|—d/ F(x,2)G(y,2)dz.
This implies that

s vl 10,y < QO 1s21™ / IFC Dl 1GC Dy dz

< Clst|™1 - I, (5.7)
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where

1/2
11=(// |VX(F(-,z>)<x,s>ﬂ<x,s)|2dxdzds) ,
(5.8)

1/2
12=(// |vX(G(-,z>><x,s)w<x,s>|2dxdzde) .

Hence, I < C||F||M(z§ : and I < C||G||M<2w0> by Lemma 5.3, when wg(x, y, &, 1) =

0
w(x,§) and Yo(x, y, &, ) =V (x,§).
We need to estimate ||F||M(z§ ) and ||G||M(2 g In order to estimate ||F||M(20 ) we
0 w( 0

choose the window function x € S(de) as

x(x,2) = xo(x/s +s2)xo(x/t +12),

for some real-valued xq € S(Rd). By taking (x1/s +sz1, X1/t +1tz1) as new variables
when evaluating V, F' we get

VyF(x,2,§,¢)
=Qm)™ // Fxp, z0)x(x1 — x, 21 — 2)e W08 71@08) gy dzy

— @)t / / FGDg @ X0l — (/s +52)x0(z1 — G/t +£2)

Xe—i(<t_]zl—s_1x1,S)+(sl)_1 (t71x1—s7121,0) dxidzy

= Ist] 7V o f2(s~Ix + 52, s71E — (s£2)" 1) Vyyg1 (x4 12,718 — (s%1)0).
Furthermore, by (0.12), (5.2) and the fact that 2 — 572 =1, we obtain
90, 8) =9 (25 +2) = (72 +2, 07% = (5072 = (7% — (5 7%))
< Coi(s 'x+sz, 57— )00 'k + 12,07 — (5270
A combination of these relations now gives
|Vy F(x,2,& 00 (x, 6)] < Clst| ™ J1 - o, (5.9
where
1=V fols ™ 452,571 — (st O w157 x + 52,5718 — (st 71|
and

Ja = Vg1t + 12,17 — (2000207 + 12,7 — (5207 1o)).
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By applying the L? norm in (5.9) and taking
sThx sz, Ttz sTE— )T TE— (P07
as new variables of integration we get

~2d
IE 2, = Clstl ||f2||M(2w”||g1||M(202)- (5.10)

By similar computations it also follows that
IGlye < ClstI ™ filly, Ng2llye (5.11)
(w) @) (02)
Hence, a combination of Proposition 4.11, Lemma 5.3, (5.7), (5.8), (5.10) and (5.11)
gives
—d
huts % v1ll o109 < Clst™ Wiz, 1202, Usillage, ls2llue

—d
< Colst]™u ||s{i(1/w|,191) ||U||X1A(1/w2,192)~

This proves the resultin the case p =g =r = 1.
Next we consider the case p; = r = oo, which implies that pp = 1. Assume that
a € si (1/wy, 91) and that b, ¢ € S(R??). Then

(as x by, ) = Is|7* (@, by, * cyy),
where E(X) =b(—X), so = 1/s and 1o = t/s. We claim that
= 2,,2d
b4y * CS()”Siq(wl,]/ﬂl) < Cls7/1] ||b||S1A(1/w2,192)||C||s{*(w,1/19) (5.12)

Admitting this for a while, it follows by duality, using Theorem 4.12 that

2 /.12d ,—4d
llas * billsa (1/w.0) < Cls™/t1™ s lall

sa /w100 10154 (1 /0y, 0
which gives (0.14). The result now follows in the case p; = r = oo and pr = 1 from
the fact that S is dense in sf(l /w2, ¥2). In the same way the result follows in the case
pp=r=o00and p; = 1.

For general pp, p2,r € [1, 00] the result follows by multi-linear interpolation,
using Theorem 4.4.1 in [1] and Remark 4.9 (3).

It remains to prove (5.12) when b,c € S (R%%). The condition (0.10) is invariant
under the transformation (z, s) — (7o, So) = (¢/s, 1/s). Let

o=1/w, 0=1/0, & =1l/o,
5121/19, wr =1, and 52=a)2.

If X1 =—-(X+Y)/sand X, = Y/s, then it follows that

o (X1 + X2) < Coi(=sX 1w (tX>2)
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and
D (X1 + X2) = Cor(—sX1)02(tX2),
is equivalent to
&(X +Y) < CO(=s0X)an (1))
and
F(X +Y) < Cay(—s0X)Da(toY).
Hence, the first part of the proof gives

||b[0 * CSO” A(wl 1/91) — ”bto * CSO” A(]/w %)

= C|50t0|7 ”b” st (1/@, 52)”E”s{4(1/51,§1)
= Clsotol > |15] s/, w2)||c|| (,1/9)
= C|SOIO|_ ”b”slA(l/wz,ﬂg)”C”slA(w,l/ﬂ)’
and (5.12) follows. The proof of the case N = 2 is complete. O

Remark 5.5 A proof without any use of interpolation in the case of trivial weight is
presented in Sect. 2.3 in [36].

We need the following lemma for the proof of Proposition 5.1 in the general case.
Lemma 5.6 Letw; i andv; i beasin Proposition5.1, andassumethatp, ty, ..., ty €
R\O fulfills (0.10) and p=2 + (—1)/N13,* = 1. For 1 =1j/p set

o(X) = infwj, 1(t{X1) S Wjy_ N— l(tI/V 1Xn=1) and

F(X) =inf ), 1 (11 X1) ... Oj_, N1ty Xn-1),

where the infima are taken over all X1, ..., Xy—1 suchthat X = X1+ ---+ Xy—1.
Then the following is true:

(1) @, 9 € P(R™);
(2) foreach X1, ..., Xn—1 € R* it holds

o(X1+ -+ Xn- 1)<a)/11(ffX1)"-ij o N—1(ty_1 Xn-1), and
P(Xy 44 Xnv-1) < 05,1 X)) - Py N—1 Uy XN=1);

(3) if C is the same as in (0.12), then for each X, Y € R?*? it holds

(X +Y) < CapX)wynY) and 9(X +Y) < CHoX)On(ENY).
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Proof The assertion (2) follows immediately from the definitions of w and 5, and (3)
is an immediate consequence of (0.12)'.

In order to prove (1) we assume that X = X +---+Xy_.Since wj, | € PR*),
it follows that

o(X+7Y) < a)jl,l(ti(Xl +Y)).. -a)ijl,N—l(t//v_1XN—1)
<wj 1t X1) ... wjy_ N—1(y_ 1 Xn—Dv(Y),

for some v € P(R??). By taking the infimum over all representations X = X| +
-+ Xy, the latter inequality becomes @ (X +7Y) =< o(X)v(Y). This implies that
@ € P(R*), and in the same way it follows that 9 € P(RM ). The proof is complete.0

Proof of Proposition 5.1 for general N We may assume that N > 2 and that the prop-
osition is already proved for lower values on N. The condition on ¢; is that ¢i#;” 24

-+ cth;z = 1, where ¢; € {%1}. For symmetry reasons we may assume that
Cll1_2 4t CN—11;31 = p‘2, where p > 0. Let t} =tj/p, @ and ¥ be the same
as in Lemma 5.6, and let 7; € [1, oo] be such that 1/r1 + 1/py = 1+ 1/r. Also set
wo = @ and 9 = ¥. Then cl(ti)fz—l-- . -—l—c;v_l(t]’\,_l)*2 =1,r; > lsince py <r,
and

I/pr+---+1/pyn-1=N—-2+1/r1.

By the induction hypothesis and Lemma 5.6 (2) it follows that

d@N=4) (4, .

b=ay *---xay_y, =p keeekan—1,y-) (/)

N—1
makes sense as an element in s;‘} (1/wo, ¥9), and

N-1

—2d
18154 1 janony = € [T 151727 Nallsg 10,00,
j=1

for some constant C. Since 1/r1 + 1/py = 1 + 1/r, it follows from Lemma 5.6 (3)
that b, * ay ;, makes sense as an element in sf‘(l/a), ¥), and

—d(2N—4
l(ar,e - *an—1.ey ) *an.1y ”s;‘(l/w,ﬂ) =p ( )”bp * ANty ”s,A(l/w,ﬁ)

< Cilla ||s1§\1 (1Jw1,01) """ ||0N||S9N(1/wN,19N),
where
N-1 N
d(4—2N-2 —2d —2d/p; —2d/p;
Ci = Cp™ 70| | 724/ PN H |t;| /pj =CH|tj| /pj
j=1 '

This proves the extension assertions. The uniqueness as well as the symmetry asser-

tions follow from the facts that S is dense in 57 » When p < oo and dense in s with
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respect to the weak™ topology, and that at most one p; is equal to infinity due to the
Young condition. The proof is complete. O

Proof of Proposition 5.2 The continuity assertions follow by combining Proposition
4.7, Proposition 5.1 and (5.1).

When verifying the positivity statement we may argue by induction as in the proof
of Proposition 5.1. This together with Proposition 1.2 and some simple arguments of
approximation shows that it suffices to prove that ab; is positive semi-definite when
+s24+12=1,st #0,and a, b € S(R*) N SQ_(RM) are rank-one element.

We write

ashy = w4 Fo (Foag % Foby) = 1 st| 72 Fo (Foa)1/s % (Fob) i)
If we set for any U € S(R??),
UO,Z(-xa )’) - U],Z(_ya _-x) - U()C + Z,y + Z)a

then it follows from Lemmas 1.1 and 5.4 that
Alagh)(x,y) = 2/m)?|st| ™ / (AQ)j 2ys(sx, 5Y)(AD)k 2/ (tx, ty) dz,

for some choice of j, k € {0, 1}. Since a, b € Sjr are rank-one elements, it follows

that the integrand is of the form ¢.(x) ® ¢.(y) in all these cases. This proves that
Al(agby) is a positive semi-definite operator. O

Remark 5.7 Theorem 0.3" can also be generalized to involve s; , spaces, for general
t € R.

In fact, assume that p;, r, t;, o, wj, ¢ and ¥; for 1 < j < N are the same as
in Theorems 0.3 and 0.4. Also assume that ¢t € R, and let 7, = ¢ when j; = 0 and
7r = 1 —t when ji = 1 (the numbers jj are the same as in (0.10)").

Then the mapping (a1, ...,ay) = ai s * -+ AN,y ON S(RZd), extends uniquely
to a continuous mapping from

Stl,pl(l/whﬂl) X oo X SIN,pN(l/wNv ﬂN)

to ¢, (1/w, ¥). Furthermore it holds

d
late * - an iy lsaq /o) < COlatllsy p (1 for00) - 1N sy oy 1oy 98)-
(5.13)
where C = C(’)V |£1]724/P1 .. |tn|~2/PN for some constant Co which is independent of

N,ty,...,ty and d.
Moreover, Op;(ay s * ---*an ) = 0 when Opti (aj) >0 foreachl < j < N.
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When proving this we first assume that ay, ..., ay € S. By Proposition 4.7 we get

—i(t—1/2)(Dy,Dg

la,, * - % an iy lls, (1/w,0) = lle Navy * - % ano) llsw (1 jw,9)

= [|by * -k by llsw(1/w,0)
where

by = eI DRE=1/DDD/R (g (1)) = (e~ CDHE=1/2DeDE) gy .
Hence by Theorem 0.3” we get

laiy * - xanyls (/o9 < Cli--- Iy,
where

=1k (f—
A 1/2)<DX’D$>ak||s;§’k(l/wk,z9k) = llakllsy, p, (1/or.00)-

This gives (5.13).
The result now follows from (5.13) and the fact that S is dense in s, , (w1, w2) when
p < 0o, and dense in §; o (w1, wp) With respect to the weak™ topology.

6 Some applications and further extensions

In this section we apply the results in previous section. We use Proposition 5.2 to
prove that if v is submultiplicativ, then s lA(l /v, v) is stable under composition with
odd entire analytic functions. Thereafter we use Theorem 0.3 to extend the defini-
tion of Toeplitz operators to include appropriate dilations of s;} as permitted Toeplitz
symbols.

We start by considering compositions of elements in s{‘ (1/v, v) with analytic func-
tions. In these considerations we restrict ourself to the case when v = v € P(R¥) is
submultiplicative. We note that each element in s IA (1/v, v) is a continuous function
which turns to zero at infinity, since (5.6) shows that sf (1/v,v) € Cp (R%4),

Since our investigation also involve positivity, we recall from [38] thata € C (R??)N
S'(R*) is called o-positive, if Aa > 0. We let Co(R??) be the set of all o-positive
functions, i.e. C4(R*?) = C(R*) N S/, (R*).

It follows that any product of odd numbers of elements in s{‘(l /v, v) are again in
s{‘(l/v, v). In fact, assume that a;, ...,ay € slA(l/v, v), || is odd, and that 7; = 1.
Then it follows from Theorem 5.2 that a‘f” .. .a%’v IS sf*(l/v, v), and

o] ayn dla| %
ey a lpa e = o [T 0 ©.1)

for some constant Cy which is independent of & and d.
Furthermore, if in addition ay, ..., ay are o-positive, then the same is true for
ai'... a%’v . The following result is an immediate consequence of these observations.
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Proposition 6.1 Assume that ay,...,ay € sf‘(l/v, v), where v = U € P(R¥) is
submultiplicative, Cy is the same as in (6.1), and assume that Ry, ..., Ry > 0. Also
assume that f, g are odd analytic functions from the polydisc

{z e CN; lzjl < CoR;}
to C, with expansions

f@ = cat® and g(x) =) lcalz”.

o

Then f(a) = f(ay,...,an) is well-defined and belongs to sl (1/v, v). One has the
estimate

”f(a)”Sf(]/U,v) < g(Collay ”s{*(l/v,v)’ cees COHaN”s{‘(l/u,v))'

If in addition ay, . ..,aN € C+(R2d), then g(a) € C+(R2d).

An open question for the author is whether the results on dilated convolutions and
multiplications in the present section are true for other dilations. This might then lead
to 1mprovements of Proposition 6.1. In this context we note that s, w(R?4), and there-
fore s (RZd) by duality, are not stable under dilations (see Proposition 2.1.12 in [36]
or Proposmon 5.4 in [39]).

For rank one elements we also have the following generalization of [38, Proposition
4.10].

Proposition 6.2 Assume that v, v € P(R??) are even, submultiplicative and fulfill
v = v(- /ﬁ). Also assume that u € s¥ (1/w, ) is an element of rank one, and let
a(X) = |u(X/\/§)|2. Then a € s{"(1/vy, vy), and Op*(a) > 0.

Proof Since u is rank one, it follows from Proposition 4.7 that u, u € s{’(1/v, v),
which implies that a € s{’(1/v1, v1) in view of Theorem 0.3. The result now follows
from this fact and Proposition 4.10 in [38]. O

We finish the section by applying our results on Toeplitz operators. The following
result, parallel to Theorems 3.1 and 3.5 in [45], generalizes [40, Proposition 4.5].

Theorem 6.3 Assume that p € [1, 00] and w, wy, B, ¥ € P(de)forj =0,1,2
satisfy

(X1 — X2) < Can(V2X1)02(X2), and
9(X1 — X2) < CO(V2 X1)91(X2)

Then the definition of Tpy, ;,(a) extends uniquely to each a € S (R*?) and hj €
(19 )for j = 1,2 such that a(v/2-) € sw(l/a)o, Y9), and for some constant C it
holds

w2y = Clat2 ) g jon.on 11z, 121152

TP,y (@lz, (a2 Sy

1/w)’
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Furthermore, if h1 = hy and Op™ (b) > 0, where b = a(ﬁ'), then Tpn, ny (a) = 0.

Proof Since W, p, € s{"(1/191, ¥2), the result is an immediate consequence of (1.14)
and Theorem 0.3. O

We finish the section by presenting some possibilities of further extensions to the
case when the symbols belong to appropriate classes of ultra-distributions. In fact, it
seems that the analysis in Sect. 4 works also for a larger family of Hilbert spaces,
where S and S’ in Definition 4.1 are replaced by appropriate classes of Gelfand—
Shilov spaces and their duals. Furthermore, the conditions on the weights in the def-
inition of weighted Lebesgue and modulation spaces in Sects. 2-5 can be relaxed
in such way that it is only assumed that v in (1.15) should be subexponential. Such
modulation spaces are then not necessary contained in D’. We refer to [18,34] for
an introduction to such spaces and we refer to [34,35] and the references therein for
an introduction to pseudo-differential operators in context of modulation spaces with
subexponentially moderated weights and Gelfand—Shilov spaces.
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