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Abstract: Bilevel programming problems are of growing interest
both from theoretical and practical points of view. In this paper,
we study a pessimistic bilevel programming problem in which the
set of solutions of the lower level problem is discrete. We first
transform such a problem into a single-level optimization problem
by using the maximum-entropy techniques. We then present a
maximum entropy approach for solving the pessimistic bilevel
programming problem. Finally, two examples illustrate the feasi-
bility of the proposed approach.
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0 Introduction

Bilevel programming is a sequence of two optimi-
zation problems where the constraint region of the upper
level problem is determined implicitly by the lower level
problem. It plays exceedingly important roles in different
application fields, such as transportation, economics,
ecology, and engineering!". The recent monographs and
surveys can refer to Refs. [2-7].

A general formulation of bilevel programming
problem can be written as follows:

“min F(x,y)”
st. G(x)<0 (1)
where y is the solution of the lower level problem,
min /(x.)

st. A(x,y)<0

where xeR", yeR”, F,f:R"XR”" - R, G:R" —
RY, 7:R"XR” > R”.
Let X ={xe R" G(x)<0} be a compact set of R”.

For each xe X, denote by w(x) the set of solutions of
the lower level problem. When the set /(x)is not a sin-
gleton, the upper level objective function value cannot be
predicted in general without knowledge of the response
of the lower level problem. In this case, the definition of
problem (1) is unclear. That is the reason why we use the
quotation marks in (1). To overcome this ambiguity, most
of the authors used either the optimistic formulation or
pessimistic formulation™. The corresponding problems
are called strong and weak bilevel programming problem,
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respectively!™. For the optimistic bilevel programming
problem, the leader can affect the follower’s decision, so
that the follower always selects a strategy in (x) that
suits the leader best. In a competitive world, on one hand,
the cooperation between both the leader and the follower
may not be allowed. In this case, the leader is not able to
influence the follower’s choice. On the other hand, the
leader may be risk-averse. Thus, the leader wishes to
bound the damage resulting from an undesirable selec-
tion of the follower in /(x), i.e. he minimizes the func-
tion max F(x,y) which subjects to the constraint
ye€ w(x). This leads to the following pessimistic bilevel
programming problem:

min sup F(x,y) )

X yey(x)

Several papers have been contributed to pessimistic
bilevel programming problems from different subjects.
For example, Refs. [9-14] discussed the existing results
and approximations results of solutions. Using a variety
of techniques from convex, nonconvex and nonsmooth
analysis, Dassanayakal'®! presented first order necessary
and sufficient optimality conditions for pessimistic bi-
level programming problems. Employing advanced tools
of variational analysis and generalized differentiation,
Dempe et al''® derived lower (i.e. conventional) subdif-
ferential optimality conditions for pessimistic bilevel
programming problem via the LLVF and KKT ap-
proaches. Wiesemann et al "' analyzed the structural
properties for the independent pessimistic bilevel pro-
gramming problem, and developed a solvable g-appro-
ximation algorithm. Cervinka et al '™ presented a new
numerical method to compute approximate and the so-
called relaxed pessimistic solutions to mathematical pro-
grams with equilibrium constraints which is a general-
ized bilevel programming problem. Based on an exact
penalty function, Zheng et al 191 proposed an algorithm
which can find at least a local solution for the weak lin-
ear bilevel programming problem. For a class of pessi-
mistic semivectorial bilevel programming, Liu et al [20]
established the first-order necessary optimality condi-
tions by using the scalarization method and the general-
ized differentiation calculus of Mordukhovich "®!. Re-
cently, Zheng et al *! developed a modified Kth-Best
algorithm for the weak linear bilevel programming problem.

It is worthwhile noting that Mallozzi et al **' pre-
sented an intermediate method for solving static non-
zero-sum game, and supposed that the leader could ob-
tain or know a density function p(x) on w(x) for
each xe X . Before using this method for all practical

purposes, however, we need to know the density function
p(x). In general, the leader is difficult to obtain an exact
description of such a function. In order to overcome this
dilemma, the maximum entropy approach is considered
since it can be used to estimate the probability distribu-
tion of the set w(x). So, in this paper, the pessimistic
bilevel programming problem is solved by using the
maximum entropy approach. To the best knowledge of
the authors, this is the first time that such a problem is
solved via maximum entropy approach.

The paper is organized as follows. We consider the
case in which the set w(x) is discrete for any xe X
in Section 1, and then give some examples to illustrate
the feasibility of the maximum entropy approach in Sec-
tion 2. In Section 3, we give a conclusion.

1 Maximum Entropy Approach for
Discrete Reaction Set

We first give the related definition of pessimistic
solution.

Definition 1
(a) Constraint region of problem (2):

S={(x,y)|xe X, h(x,y) < 0].
(b) Projection of S onto the leader’s decision space:

S(X)={xe X[3y,such that (x,y)e S}.
(c) Feasible set for the follower:
Y(x)={y|h(x,y) < 0}.
(d) The follower’s rational reaction set:
p(x)={y|ye Argmin(f(x.y)|ye Y(@)}.
(e) Inducible region or feasible region of the leader:
IR ={(x,»)|(x,y)€ S,y € y(x)}.

(f) Define a function @(x) as follows:
O(x)= sup F(x,y).

yey(x)
A point x € X with y e w(x") is called a pessi-
mistic solution to (2), if
O(x)=F(x",y")
0(x") < 6(x),Y(x,y)e IR,
Next, suppose that the set w(x) has a finite num-
ber of elements. More precisely, let

l//(x)={yl.(x)|i=1,2,---,m}.
Let
#(x) = sup F(x,y,(x)).

I<i<m

Then, the pessimistic bilevel programming problem (2)
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with discrete reaction set can be written as follows:
min ¢(x) 3)
Note that, it is difficult to solve problem (3), be-
cause ¢(x) may be nondifferentiable at some points. To

avoid this, a natural idea is to find a differentiable ap-

proximation of @(x) to replace @(x).

Now, suppose that the leader would attribute prob-
ability distribution p,(x) on y(x) (i=12,---,m),
where p,(x)=0, and Z p,(x)=1. Note particularly

i=1
that, the density function p,(x)(i=1,2,---,m ) only play
important roles in deriving the formulation of ¢,(x)
below, but they have no link to the function ¢,(x) .

Based on the maximum entropy approach solving

constrained optimization[23], we consider the following
problem:
2 1
max Z D;(X)F(x,y,(x))— ; p;(x)In p,(x)
i=1
st. p(x)=0,

> p0=1 @

where p>0 is a real parameter, and H =—Z p,(x)

i=1
In p,(x) is the Shannon information entropy.

It follows from Templeman and Li*" that the solu-
tion of problem (4) is written as:

__exp(pF(x,,(x))
pi(x)_ m
ZeXp (PF(x,y,(x)))

ai:1327'”7ma

and its optimal value is l1n D exp(pF(x,y,(x))).

i=1

Forany p >0, define:
1 m
6,()=—1n Yexp(PF (.3, ()
i=1

Then, it is easy to obtain the following result. For details,
see Ref.[23].
Theorem 1 For any xe X, we have

lim g, (x) = 9(x).

The result above implies that we can use the func-

tion ¢,(x) to approximate ¢(x). Thus, the problem (3)
can be approximated by the following problem:

ming, (x) 5)

Theorem 2 Let x,be a solution of problem (5). If
x, = x as p—>+oo,then X is a solution of problem

3).

Proof By the definition of x,, for all xe X, we
find that
9,(x,) < ¢,(x).
As p—+eo, forall xe X, it follows that

P(x") < p(x)
which implies that x* is a solution of problem (3). This
completes the proof.

2 Maximum Entropy Approach and
Numerical Examples

In this section, we first present the following
maximum entropy approach based on the mathematical
results in Section 1.

Maximum entropy approach

Step 1 Let £>0. Choose a sequence {p,}

suchthat p, —>+4ec as k—+4co,andlet k=1.

Step 2 Compute the solution set (x) of the low-
er level problem.

Step 3 Solve problem (5) for p = p,, and denote
its solution by x, .

Step 4 If \% (x,)— B(x, )\ < &, then the algorithm

terminates and x, is an approximate solution to problem
(2). Otherwise, let k=k+1, and go to Step 3.

To illustrate the feasibility of the proposed approach,
we consider the following two examples which are
adapted from Ref. [22].

Example 1

min max x + y
x  yey(x)

st. —1sx<1,
where /(x) is the set of solutions of the lower level
problem,
2

min|y —x4|
y

st. -1 y<l.
For this example, Vxe [—1,1], y/(x)z{xz,—xz},

and the pessimistic solution is x" =—0.5.
Example 2

min max xy
x  yey(x)
st —lsx<1

where w(x) is the set of solutions of the lower level

problem,
min ma 0 __.X' —1
linmax40,y| y==+

st. IS y<l.
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The set of solutions of the lower level problem in Exam-
x—1

ple2is w(x)= {T,O}.

Any point x"in [0,1] is the pessimistic solution.

The numerical tests were run on a PC(1.3GHz Inter
Core 15, 4GB RAM). All nonlinear programming prob-
lems in Step 3 of the proposed maximum entropy ap-
proach are solved by GAMS/BARON**.. BARON is one
of the recently updated solvers on the NEOS server. In
particular, it is commonly used for the global solution of
nonconvex nonlinear programming problems. In our test,
the parameters are set as follows: £=107", p =1, and
P =10p, . Let @,(x)=¢(x) . Furthermore, we can
obtain the following results.

(i) Example 1

From Table 1, it can be seen that when p =100,
x,=-05, and ¢,(x,)—@(x,)=0 which shows that

x =-0.5 is the pessimistic solution for this example.
Moreover, @¢,(x) is almost identical to ¢, (x) as

p, =100 in Fig. 1.

Table 1 Computational results of Example 1

P X $p(xp) #(x,)
1 -0.833 0.084 -0.139
10 -0.506 -0.249 -0.25

100 -0.5 -0.25 -0.25

Upper level function value qﬁﬂ(.r)

%-30 08 06 04 02 0 02 04 06 08 1.0
Upper level decision variable x

Fig. 1 Comparison of Example 1 between ¢,(x) and ¢(x)

(i1)) Example 2

From Table 2, it can be seen that ¢, (x,) will be
close to ¢(x,) with sufficiently large p . Obviously,
x =0 is an approximately pessimistic solution to Ex-
ample 2. Comparing the curves of upper level objective
values of ¢,(x) in Fig. 2, we observe that the objective
values achieved by the proposed maximum entropy ap-
proach are almost identical while p=1x10". Note that,
this example has an infinite number of pessimistic solu-
tions. Our proposed approach only obtains an approxi-

mately pessimistic solution.
Table 2 Computational results of Example 2

p X, $,(x,) $(x,)
1 0.5 ~0.062 0
10 0.5 -0.056 0
100 0.5 -0.025 0
10° 0.5 -0.005 0
10* 0.497 -7.1317* 0
10° 0.507 -9.4337° 0
10" 0 6.9317" 0
12
—g,(x)
10§, + ¢, ()
.:‘.'. 1040 X
0.8:* o @ 0(x)

A
0.6¢

0.4+
0.2¢

Upper level function value ¢ (x)

0.0¢

0.2 : :
1.0 -08 -06

04 02 0 02 04 06 08 10
Upper level decision variable x

Fig. 2 Comparison of Example 2 between ¢,(x) and ¢(x)

These two examples show the feasibility of maxi-
mum entropy approach. With sufficiently large p, we
could find an approximation solution of the pessimistic
bilevel programming problem. Moreover, this method is
easy to implement. Therefore, it will provide us with a
new way to solve the pessimistic bilevel programming
problems.

3 Conclusion

In this paper, we present a maximum entropy ap-
proach for solving pessimistic bilevel programming
problems. Two examples show that the proposed ap-
proach is feasible. In fact, this approach would not be
viable for an intricate pessimistic bilevel programming
problem, because it needs to obtain the set of solutions of
the lower level problem in advance. Clearly, it allows us
to use the constrained nonlinear programming tools to
solve the pessimistic bilevel programming problems.
Therefore, it may provide us with a new way to discuss
the pessimistic bilevel programming problems.
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