
 

 

2015, Vol.20 No.6, 471-475 
 

Article ID 1007-1202(2015)06-0471-05 

DOI 10.1007/s11859-015-1121-x 

 

A Type of Busemann-Petty Problems for 
General Lp-Intersection Bodies 

 
 
 
 
□ PEI Yanni,  WANG Weidong†  

Department of Mathematics, China Three Gorges University, 

Yichang 443002, Hubei, China 

© Wuhan University and Springer-Verlag Berlin Heidelberg 2015 

 

Abstract: Recently, the notion of general (containing symmetric 
and asymmetric) Lp-intersection bodies was given. In this article, 
by the Lp-dual mixed volumes and the general Lp-dual Blaschke 
bodies, we study the Lp-dual affine surface area forms of the 
Busemann-Petty problems for general Lp-intersection bodies. Our 
works belong to a new and rapidly evolving asymmetric 
Lp-Brunn-Minkowski theory. 
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0 Introduction 
 

Let nK  denote the set of convex bodies (compact, 
convex subsets with non-empty interiors) in Euclidean 
space nR . For the set of convex bodies whose centroid 
lie at the origin in nR , we write c

nK .  
Let o

nS , c
nS , os

nS  denote the set of star bodies (about 

the origin), the set of star bodies whose centroid lie at the 

origin and the set of origin-symmetric star bodies in nR , 

respectively. Let 1nS   denote the unit sphere in nR , 
and V(K) denote the n-dimensional volume of body K. 

For the standard unit ball B in nR , we use ( )n V B   

to denote its volume. 
If K is a compact star-shaped (about the origin) in 

nR ，its radial function, ( , )K K   : \ {0}n R  [0, )  

is defined by[1]    

( , ) max{ 0 : } \ {0}nK x x K x    R≥ ， . 

The notion of intersection bodies was introduced by 
Lutwak[2]: For o

nK S , the intersection body, IK, of K is 

a star body whose radial function in the direction 
1nu S   is equal to the ( 1)n  -dimensional volume of 

the section of K by u , the hyperplane orthogonal to u , 

i.e. for all 1nu S  , 1( , ) ( )nIK u V K u 
   , where 

1nV   denotes ( 1)n  -dimensional volume . 

In 2006, Haberl and Ludwig[3] defined the 
Lp-intersection body as follows: For o

nK S , 

0 1p∧ ∧ , the Lp-intersection body, pI K , of K is the 

origin-symmetric star body whose radial function is de-
fined by  

( ) d
p

pp
I K K

u u x x
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1

1
= ( )d ( )

n

p n p
KS

u v v S v
n p




 
         (1) 

for all 1nu S  . 
Meanwhile, they[3] defined the following asymmet-

ric Lp-intersection bodies pI K . For o
nK S , 0 p∧  

1∧ , define 

( ) d
p

pp

I K K u
u u x x  

  
          (2) 

for all 1nu S  , where u x  denotes the standard inner 
product of u  and x , and ={ : 0, }nu x u x x  R≥ . 
They also defined that 

( )p pI K I K                   (3) 

From definitions (2) and (3), we can see that  

( )
( ) ( ) d

p p

pp p

I K I K K u
u u u x x   



 
   

 

  
( )

d
p

K u
u x x






  

        (4) 

Recently, Wang and Li[4,5] gave the notion of gen-
eral Lp-intersection body with a parameter   as follows: 

For o
nK S , 0 1p∧ ∧  and [ 1,1]   , the general 

Lp-intersection body, o
n

pI K S  , of K  is defined by  

1 2( ) ( ) ( ) ( ) ( )
p p p

p p p

I K I K I K
u f u f u           (5) 

for all 1nu S  , where  

1

2

(1 )
( )

(1 ) (1 )

(1 )
( )

(1 ) (1 )

p

p p

p

p p

f

f


 


 

    


    

              (6) 

From (6), we easily know that  

1 2( ) ( )f f   , 2 1( ) ( )f f   ; 

1 2( ) ( ) 1f f                  (7) 

Obviously, if 0  , by (1), (2), (4), (5) and (6), we 

see 0
p pI K I K . 

The general Lp-intersection bodies belong to a new 

and rapidly evolving asymmetric Lp-Brunn-Minkowski 

theory that has its own origin in the work of Ludwig, 

Haberl and Schuster[3-8]. For the further researches of 

asymmetric Lp-Brunn-Minkowski theory, also see 

Refs.[9-22]. 
Associated with the Lp-dual mixed volume 

( , )pV M N , Wang et al[23] gave the notion of Lp-dual af-

fine surface area as follows: For o
nK S , and 

0 p n∧ ∧ , the Lp-dual affine surface area, ( )p K , of 

K  is defined by 

( )
p n p

n n
pn K


 csup{ ( , *) ( ) : }

p
nn

pnV K Q V Q Q K    (8) 

Here *Q  denotes the polar of Q  which is de-

fined by Ref.[1] 

* { 1, }Q x y y Q  ≤ ,     nxR . 

In 2014, Wang et al[24] improved definition (8) from 

c
nK K  to c

nQ S : For o
nK S , and 0 p n∧ ∧ , the 

Lp-dual affine surface area, ( )p K , of K  is defined 

by 

( )
p n p
n n

pn K
  csup{ ( , *) ( ) : }

p
nn

pnV K Q V Q Q S    (9) 

Let n
pZ  denote the set of polar of all 

Lp-intersection bodies, then c
n n
pZ S . If n

pQ Z  in (9), 

( )p K  is written by  

( )
p n p
n n

pn K
  sup{ ( , *) ( ) : }

p
nn

p pnV K Q V Q Q Z    (10) 

According to (9) and (10), Wang et al [24] studied 

the Lp-dual affine surface area forms of the Buse-

mann-Petty problems for the Lp-intersection bodies. 

Theorem 1  For o, nK L S , 0 1p∧ ∧ , if 

p pI K I L , then ( ) ( )p pK L   ≤ , with the equality if 

and only if =p pI K I L . 

Theorem 2  For o
nK S  and 0 1p∧ ∧ , if K  

is not origin-symmetric, then there exists os
nL S , such 

that p pI K I L , but ( ) ( )p pK L   ∨ . 

In this paper, associated with Lp-dual affine surface 

area, we will investigate the Busemann-Petty problem 

for the general Lp-intersection bodies.  
For the convenience of our work, we improve defi-

nition (10) as follows : Let ,n
pZ  denote the set of polar 

of all general Lp-intersection bodies, for o
nK S , 

0 1p∧ ∧  and [ 1,1]   , the Lp-dual affine surface 

area, ( )p K , of K  is given by 

( )
p n p
n n

p
n K

  ,sup{ ( , *) ( ) : }
p
n n

p cnV K Q V Q Q Z    (11) 

When 0  , definition (11) is just definition (10). 
Especially, when os

nQ S in (9), we write * ( )p K  
by  

* ( )
p n p
n n

p
n K

  ossup{ ( , *) ( ) : }
p
n n

pnV K Q V Q Q S    (12) 
According to definition (11), we first give an af-

firmative form of the Busemann-Petty problem for gen-
eral Lp-intersection bodies, i.e., a general form of Theo-
rem 1 is obtained. 

Theorem 3  For o, nK L S , [ 1,1]    and 0 p∧  
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1∧ , if p pI K I L  , then  

( ) ( )
p p

K L   ≤          (13) 

with equality if and only if p pI K I L  . 

Next, combining with definition (12), we get a 

negative form of the Busemann-Petty problem for the 

general Lp-intersection bodies. 

Theorem 4  For o
nK S , ( 1,1)    and 0 p∧  

1∧ , if K  is not origin-symmetric, then there exists 

o
nL S ,such that p pI K I L  , but * ( )p K ∨  

* ( )p L . 

Finally, corresponding to Theorem 2, we extend a 
negative form of the Busemann-Petty problem for the 
Lp-intersection bodies from os

nL S to o
nL S . 

Theorem 5  For o
nK S , 0 1p∧ ∧ , if K  is 

not origin-symmetric, then there exists o
nL S , such that 

p pI K I L , but * *( ) ( )p pK L  ∨ . 

The proofs of Theorems 3-4 will be completed in 

Section 2 of this paper. 

1  Preliminaries 

1.1  Lp-Dual Mixed Volume  

The notion[6,25] of Lp-dual mixed volume was in-
troduced as follows: For o, nK L S  and real number 

0p ∨ , the Lp-dual mixed volume, ( , )pV K L , of K  of 
L  is defined by  

1

1
( , )= ( ) ( ) d

n

n p p
p K LS

V K L u u u
n

 


       (14) 

From (14), we easily know that  

1

1
( , )= ( )= ( ) d

n

n
p KS

V K K V K u u
n


        (15) 

1.2  General Lp-Dual Blaschke Body 

For o, nK L S , 0 p n∧ ∧  and , 0 ≥ (not both 

zero), the Lp-dual Blaschke combination, pK    

L , of K  and L  is defined by  

( , )n p
pK L        

( , ) ( , )n p n pK L              (16) 

Here, 
1

n pK K    . Take 
1

2
   , L K   in 

pK L   
, then the Lp-dual Blaschke body, 

p K ,of K is defined by  

1 1
( )

2 2
p K K K     

            (17) 

Obviously, the Lp-dual Blaschke body p K  is  

origin-symmetric. 

Associated with (6), Wang and Li[4] gave the notion 
of general Lp-dual Blaschke body. For o

nK S , 0p ∨  

and [ 1,1]   , the general Lp-dual Blaschke body, 

o
n

p K S


  , of K  is defined by 

1 2( , ) ( ) ( , ) ( ) ( , )n p n p n p
p K f K f K             i.e., 

1 2( ) ( )p pK f K f K


     
         (18) 

Here 1( )f   and 2 ( )f   satisfy (6). Obviously, if 0  , 

then p pK K


   . 

2  Proofs of Theorems 

In this section, we will complete the proofs of 
Theorems 3-5. In order to prove Theorem 3, we require a 
lemma as follows: 

Lemma 1 [4]  If o, nK L S , 0 1p∧ ∧ , and    

[ 1,1] , then ( , )= ( , )p p p pV K I L V L I K   . 

Proof of Theorem 3  From (14), since pI K   

pI L , thus for any o
nQ S , 

( , ) ( , )p p p pV Q I K V Q I L  ≤           (19) 

with equality if and only if p pI K I L  . 
Therefore, from Lemma 1, we have  

( , ) ( , )p p p pV K I Q V L I Q  ≤           (20) 

Let *
pM I Q , then ,n

pM Z  . From (11) and (20), we 

get  

( )
p n p
n n

pn K
   

* ,sup{ ( , ) ( ) , }
p
n n

p pnV K M V M M Z    

* ,sup{ ( , ) ( ) , }
p
n n

p pnV L M V M M Z ≤  

( )
p n p
n n

pn L
    

i.e., (13) is obtained. 
According to the equality of (19), we know that the 

equality holds in (13) if and only if p pI K I L  . 

In order to prove the negative form for the Buse-
mann-Petty type problem, we need the following two 
lemmas. 

Lemma 2  If o, nK L S , 0 1p∧ ∧  and    

( 1,1) , then 

*
1 2( ( ) ( ) )

n p
n

p pf K f L 


     

* *
1 2( ) ( ) ( ) ( )

n p n p
n n

p pf K f L 
 

   ≤    (21) 

with equality if and only if K and L are dilates. 
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Proof  From (12), (14) and (16), we have 
*

1 2( ( ) ( ) )
p n p
n n

p pn f K f L 
      

*
1 2 ossup{ ( ( ) ( ) , ) ( ) , }

p
n n

p pnV f K f L M V M M S     

 
*

1

*
2 os

sup{ ( ) ( , ) ( )

( ) ( , ) ( ) : }

p
n

p
n

p

n
p

nf V K M V M

nf V L M V M M S







 




 

*
1 os

*
2 os

sup{ ( ) ( , ) ( ) : }

+sup{ ( ) ( , ) ( ) : }

p
n

p
n

n
p

n
p

nf V K M V M M S

nf V L M V M M S









≤ 


 

* *
1 2( ) ( ) ( ) ( )

p n p p n p
n n n n

p pf n K f n L 
        

Thus  
*

1 2( ( ) ( ) )
n p

n
p pf K f L 



     

* *
1 2( ) ( ) ( ) ( )

n p n p
n n

p pf K f L 
 

  ≤   . 

The equality holds if and only if 1( )f     

2 ( )pK f L 
 are dilates with K  and L , respec-

tively. This means that equality holds in (21) if and 
only if K and L are dilates. 

Corollary 1  If o
nK S ， 0 1p∧ ∧  and    

( 1,1) , then 

* *( ) ( )pp pK K


   ≤               (22) 

with equality if and only if K is origin-symmetric. 
Proof  Taking L K   in (21), by (18) we get 

 * ( )
n p

n
pp K
 

   * *
1 2( ) ( ) ( ) ( )

n p n p
n n

p pf K f K 
 

   ≤     (23) 

According to the equality condition of (21), we see 
that equality holds in (23) if and only if K  and K  
are dilates, i.e., K  is origin-symmetric.  

Since os
nM S , thus M is origin-symmetric, 

i.e., ( ) ( ) ( )M M Mu u u     for all 1nu S  . From 

this, by (14) we get 

1

1
( , ) ( ) ( ) d

n

n p p
p K MS

V K M u u u
n

 



    

     
1

1
( ) ( ) d

n

n p p
K MS

u u u
n

 


    

( , )pV K M                     (24) 

Thus, associated with (12) and (24), we have 
* *( ) ( )p pK K                  (25) 

Therefore, from (23) and (25), we know  

 * *( ) ( )pp pK K


   ≤     

According to the equality condition of (23), we eas-
ily see that equality holds in (22) if and only if K is an 
origin-symmetric star body. 

Lemma 3 [4]  If o
nK S , 0 1p∧ ∧  and    

[ 1,1] , then 

( )p p pI K I K                 (26) 

and 
 ( )p p pI K I K                (27) 

Proof of Theorem 4  Since K  is not ori-
gin-symmetric, so from Corollary 1, we know that for 

( 1,1)   , * *( ) ( )pp pK K


   ∧ . 

Choose 0 ∨ , such that * ((1 ) )pp K


    

* ( )p K∧ . Therefore, let o(1 ) n
pL K S


    , then 
* *( ) ( )p pL K  ∧ . 

But by (26) and notice n p∨ ( 0 1p∧ ∧ ), then  

( , ) ( (1 ) , )p p pI L I K        

((1 ) , )
n p

n
p pI K 

      

        ((1 ) , )
n p

n
pI K 



   ( , )pI K ∨      (28) 

Similarly, from (27), we obtain  

( , ) ( , )p pI L I K   ∨             (29) 

Notice that ( 1,1)    is equivalent to ( 1,1)   , 

then by (29) we can get  
( , ) ( , )p pI L I K   ∨             (30) 

From (28) and (30), and combined with (5), we 
have that for ( 1,1)   ,  

       ( , ) ( , )p p
p pI K I L   ∧ , 

i.e.,  
    p pI K I L  . 

The proof of Theorem 5 requires the following a 
lemma. 

Lemma 4  If o
nK S , 0 1p∧ ∧  and [ 1,1]   , 

then 

p p pI K I K                 (31) 

Proof  From (1), (18) and (7), and notice 
( )p pI K I K  , we have that for all 1nu S  , 

1

1
( ) ( )d ( )

n
p p p

pp n p

I K KS
u u v v S v

n p
  



 
 

 
 

1 2 ( )( ) ( ) ( ) ( ) ( )
p p p

p p p
I K I K I Kf u f u u        

This yields (31). 
Proof of Theorem 5  Similar to proof of Theorem 

4, by (31) and compare (28), we easily complete the 

proof of Theorem 5. 
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