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0 Introduction

The theory of matroids was widely used in combi-
natorial optimization, integer programming, and network
flow in the past. However, some new applications have
been found in the field of network coding. The original
idea of network error correction coding (NEC) was pro-
posed by Yeung and Cai in Ref. [1]. In their subsequent
papers [2] and [3], they generalized the Hamming bound,
the Singleton bound, and the Gilbert-Varshamov bound
in classical error correction coding to network coding. In
Ref. [4], Zhang defined the minimum distance of linear
network error correction code (LNEC) and proved that
the minimum distance plays exactly the same role as it
does in classical coding theory for the characterization of
error correction/detection capabilities of the code. The
existence and construction of network error correction
maximum distance separable (MDS) code is also studied
in Refs. [5-8].

In Ref. [9], Dougherty et a/ defined matroidal net-
works and used matroids to construct various networks
systematically. They used matroidal networks to show the
insufficiency of linear network coding and the inachieva-
bility of network coding capacity ""”’. Kim and Medard ™"
proved that a network is scalar-linearly solvable if and
only if the network is a matroidal network associated with
a representable matroid over some finite field. In this pa-
per, we attempt to establish some connections between
LNEC and representable matroids. We propose a defini-
tion of matroidal error correction network. Then, we show
the conditions for the existence of linear network error
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correction multicast/broadcast/dispersion MDS codes on a
matroidal error correction network.

1 Preliminaries

1.1 Network Error Correcting Problem

Let 7 be a finite field of sufficiently large cardi-
nality. Unless otherwise specified, all the algebraic op-
erations in this paper are over this field. A communica-
tion network is usually represented by a finite acyclic
directed graph G=(V,€), where V is the vertex set
consisting of nodes, and & is the edge set whose ele-
ments represent communication channels of the network.
There is an upstream-to-downstream order on &£. A di-
rected edge e=(i,j)e £ stands for a channel leading
fromnode i tonodej.Node i is called the tail of e,
and j is called the head of e. We denote this as
i=taille) and j=head(e).
channel e is called an outgoing channel of i and an
incoming channel of j. For a node i, we define
In(i)={ee £:head(e)=i} and Out(i)={eec & :tail(e)
=i}. We allow multiple channels between two nodes
and assume that one field symbol can be transmitted over
a channel in a unit time.

Correspondingly, the

In this paper, we only consider single source acyclic
networks, and the unique source node is denoted by s.
Let T be a collection of nonsource nodes. A cut be-
tween s and 7 is a set of channels whose removal
disconnects s from any te T . For unit capacity chan-
nels, the capacity of a cut between s and T can be
regarded as the number of channels in the cut, and the
minimum of all capacities of cuts between s and 7 is
called the minimum cut capacity, which is denoted by
C, . In particular, the minimum cut capacity between s
and a nonsource node ¢ is denotedas C,.

Let the information rate be @ symbols per unit
time. Then, the source node has @ imaginary incoming
channels d,,d,,---,d,, and let In(s)={d,.d,,---,d,} .
The source messages are @ symbols arranged in a row
vector X =(X,, X,
element of base field JF . Assume they are transmitted
to s through @ imaginary incoming channels in
In(s) . By using network coding, source messages are

;. X,), where each X, is an

transmitted to and decoded at each sink node.

Denote by U,, the message is transmitted over the
channel e. At the source node s, assume that the mes-
sage transmitted over the i th imaginary channel is
U, =X,. In general, the message U, transmitted over
channel e is calculated by U, = Xf,, where f, is an

o -dimensional F-valued column vector, which is
called the global encoding kernel vector of channel e.

When an error occurs on channel e, the output of
the channel is U, =U, +Z,, where U, is the message
that should be transmitted over e, and Z,e F is the
error occurred in e. In the original network G=(V,§),
for each channel ee &, an imaginary channel ¢’ is
introduced, which is connected with the tail of e to
provide error message Z,. Let £ ={¢’:ee &} . This
new network G=(V,£) with imaginary channels
In(s)UE" is called the extended network of G =(V,€),
where V=V and E=In(s)UEUE . For each non
source node i in the extended network, In(i) only
includes the real incoming channels of i, that is, the
imaginary channel ¢’ corresponding to ee Out(i) are
not in In(7). We can also define the global encoding
kernel f, for each channel ee &in the extended net-
work. It is an (a)+|€|) -dimensional column vector, and
the entries can be indexed by the elements of In(s)U& .
For each imaginary message channel d,e In(s), let
J;d, =1, , and for each imaginary error channel ¢’e &',
let Ji':le (1, is an (a)+|£|) -dimensional column
vector, which is the indicator function of e. Specifically,
the entry indexed by e equals to 1, and the others are
0’s). For a real channel ee £, the global encoding ker-
nel is determined by the recursive formula:

fo= 2 kil (1
deln(tail(e))

where £, is the local encoding coefficient for an adja-
cent pair (d,e) of channels.

Let Z=(Z,:ec &) be an |S| -dimensional row
vector and call Z the error message vector. An error
pattern p is a set of channels of G in which errors
occur. We call that Z matches the error pattern p, if
Z,=0 for all ee&\p. For an error pattern p, let
p'=1{e’:ee p} represent the imaginary channel set
corresponding to p . Zhang ™ defined a modified net-
work G, =(V,,E,) corresponding to p with V, =V
and £ =In(s)Up’'UE.

For all messages including information messages
and error messages, if they are considered as column
vectors, the set {f.:ec & of all extended global en-
coding kernels constitutes a global description of
an w-dimensional F -value LNEC for the original net-
work G=(V,&).

First, we need some definitions that ecither are
quoted directly or are extended from Ref. [8].

Definition 1®' For an LNEC on network g, let
T be a collection of nonsource nodes and In(T)=
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U,.,In(¢) . The matrix
F, =(f,:ec In(T))
is called the decoding matrix with respect to 7.
Definition 2 For an error pattern o, the matrix
Ff =(f’ :ec In(T))
is called the decoding matrix restricted to p with re-
spect to T, where f’is an (a)+| p|) -dimensional
column vector obtained from f, by removing all en-
tries notin In(s)U o .

We denote the row vector of F, indexed by the
channel deIn(s)UE as row,(d). Let L be a col-
lection of vectors in a linear space, and we use (L) to
represent the subspace by vectors in L. At a collection
T of nonsource nodes, the following vector spaces are
important.

Definition 3 For an LNEC on network G and a
collection T of nonsource nodes, let

o(T)= <{rowT (d):de In(s)}>
A(T,p) =<{rowT (e):ee p}>
We call @(T) the message space of 7 and A(T,p)
the error space of error pattern p with respectto 7.

Definition 4
acyclic network G =(V,€) qualifies as a linear multicast,

An @-dimensional LNEC on an

linear broadcast, and linear dispersion, respectively, if

1) dim(4'>(t)) =@ for any nonsource node teV
with C, = w;

2) dim(@(¢))=min{w, C,} for every non-source
node teV;

3) dim(¢(T))=min{a), C,} for every collection
T of non-source nodes.

For any collection 7 of nonsource nodes with
C, Z w, define 6, =C, —@, which is called the re-
dundancy of T'. Let

R.(6,)= {,02 |p| =rank, (,0) = 5T}
be the collection of error pattern of size ;.

Definition 5 The rank of an error pattern p with
respect to 7 is defined by

rank, (p) =min{|p|: A(T,p) S A(T, p,)}
Definition 6* The minimum distance of an
LNEC on network G with respectto 7 is defined as

d\") =min{rank, (p): @(T)NA(T, p) # {0}} .

min

Let d'”) be the minimum distance

Lemma 1% i
of a linear network error correction dispersion code with
respect to 7 . Then,

{C, —w+1, ifC, Z o

1 , ifC, <w

dl) <

min

)

This is called the extended Singleton bound.

B Let d” be the minimum distance

min

Lemma 2
of a linear network error correction broadcast code with
respect to a nonsource node ¢. Then

C-w+l, ifCZw
) < | 3)
m 1 , IfC <w
This is called the weakly extended Singleton bound.

Definition 71!
error correction multicast/broadcast/dispersion code is

An @-dimensional linear network

called multicast/broadcast/dispersion MDS code, if it
satisfies the corresponding (weakly) extended Singleton
bound with equality.

Definition 8 An LNEC is called « -error-corre-
cting with respect to 7 if d't) =2a+1 for every col-
lection 7 of nonsource nodes.

Note 1. It is easy to see that d[(nﬁ = 1. Thus, for the
case C, <o , d\") =1, which implies that the LNEC
has no error-correcting capability with respectto T .

1.2 Matroid Fundamentals

We review here some definitions and results in ma-
troid theory, as they are useful in the remainder of the
paper.

Definition 9"  Amatroid M is an ordered pair
(E,T),where E is a finite set, and 7 is a set of sub-
sets of E satisfying the following conditions:

1) Yel,;

D)If IeZ and Jcl ,then Je T

3) If I,Je T and |J| <|I , then there exists an
element xe /—J suchthat JUxeZ.

The set E is called the ground set of M. We of-
ten write E(M) for E, particularly when several ma-

troids are being considered. The members of 7 are
called independent sets and any subset of £ notin 7
is called a dependent set. A maximal independent set of
E is called a base of M, and the set of all bases of
M is denoted by B(M).

Definition 107 Let M be a matroid (E,7)
and XcE . Let Z|X={IcX,leI}, M|X=
(X L |X ) Then, M|X is a matroid, which is called
the restriction of M to X . The size of a base of
M|X is called the rank of X, which is denoted by
ru(X). ry(E) is called the rank of M, which is
denoted by r(M).

Definition 11'7  Two matroids M, =(E,,Z,)
and M, =(E,,Z,) are isomorphic if there is a bijec-
tion map ¢ from E, to E,, such that for all /e 7,
ifand only if ¢(/)e Z,.

Definition 12'"' Let 4 be an mxn matrix
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over field F.If E={12,---,n} is the set of column
indicesof A4 and 7 isthesetofall X < £ such that
the multiset of columns of A4 indexed by the elements
of X is linearly independent, then (£,Z) isa matroid,
called the vector matroid of A4, which is denoted by
M| A].

A matroid M that is isomorphic to M[A] is
called F -representable, and A is called an F -rep-
resentation of M.

Lemma 3"
F . Then, the vector matroid M|[A] remains unaltered
by performing any of the following operations on A :

Suppose A4 is a matrix over field

1) Interchange two rows.

2) Multiply a row by a non-zero member of F .

3) Replace a row by the sum of that row and an-
other.

4) Delete a zero row (unless it is the only row).

5) Interchange two columns (moving the labels with
the columns).

6) Multiply a column by a nonzero member of F .

Definition 13 Let M be a matroid (£,7) and
XcE . Let I'={IcE-X:IUB,eZ} , where
B, c X is a maximal independent subset within X .
Then, (E—-X,Z’) is a matroid, called the contraction
of X from M anddenoted by M/X .

Lemma 4" Let M[4] be the vector matroid
represented by A.If x labels a nonzero column of A,
by operations (1) to (6) in Lemma 3, we can transform
A into a matrix A", which has a unique nonzero entry
in the column labeled by x. Let A4"/{x} denotes the
matrix that is obtained by deleting the row and column

containing the nonzero entry. Then
M/x=MA"/{x}].

2 Matroidal Error Correction
Networks and Linear Multicast/
Broadcast/Dispersion MDS Codes

2.1 Matroidal Error Correction Networks

Doughter et al. defined matroidal networks and
presented a method for constructing matroidal networks
Pl The network appropriately reflects the data depend-
ency relationship among the elements in the given ma-
troid.

Definition 14 (Ref. [9], Definition V.1) Let G
be a network with message set x, node set )V, and
edge set &£, andlet M =(E,Z) be a matroid with rank
r. The network G is a matroidal network associated

with M if a function exists, such that the following
conditions are satisfied:

1) fisonetooneon u;

2) f(u)eT;

3) n, (f(In(®))) =7, (f(In(@)UOut())) , for every
ieV.

Next, we extend the concept of matroidal networks
to a more general case as follows.

Definition 15 Let G=(V,£) be a single source
acyclic network with information rate @ and a given
topological order on £. Let M=(E,7) be an F -
representable matroid with |E(/\/l)|=a)+2|5| and
r(/\/l):a)+|5|. The network G is said to be a ma-

troidal L% dﬁfm) —IJ error correction network associated
with M if the following conditions are satisfied:

(A) There exists a function

fn(s)UEUE - E(M)

from the extended network G :(1},5) to the matroid
M such that

(Al) f isonetooneon In(s)UE".

(A2) f(In(s)U&Ne ?(M) .

(A3) Forevery ieV and e, e Out(i),

ru(f @)U f(e)) = ry (f @)U £ (e,).

(B) For any collection 7 of nonsource nodes with
C, Zw and each error pattern pe R.(0,) , let
p=E\p",B;=f(&\p)and M* = M/ B, . The net-
work-matroid mapping

f* :In(s)Up'US—)E(M”)
from G, =(V,,€,) to M?” isdetermined by
fP(x)=f(x), Vxeln(s)UpUE,
such that
oy /7 (n(T) =G,

where M/ =M"|f”(ln(T)).

Remark 1 Condition (Al) assigns unique ground
set element of the matroid M to each imaginary in-
coming channel in In(s) and each imaginary error
message channel in £ . Condition (A2) assures the set
of the imaginary channels to be mapped to a base of M.
Condition (A3) reflects the fact that for every i€ V and
e; € Out(i) , the symbol flow through e, is a linear
combination of the symbols flow through In(i) and the
imaginary error channel e‘; .

Condition (B) assigns unique ground set element of
M to each channel in the modified network G, and
assures that v (Ff)=C, for any collection 7 of
nonsource nodes with C, = .



ZHOU Hang et al: Matroidal Error Correction Networks and Linear Network --- 481

Remark 2 Definition V.1 in Ref. [9] can be re-
garded as a special case of Definition 15 under the as-
sumption that channels are error-free. Specifically, con-
ditions (A1), (A2), and (A3) of Definition 15 include
conditions (M1), (M2), and (M3) of Definition 14,
respectively.

2.2 Existence of Linear Multicast/Broadcast/
Dispersion MDS Codes on a Matroidal Error
Correction Network

Theorem 1 Let G=(V,€) be a single source

acyclic network with information rate @.Let M=(E,T)

be an F -representable matroid with |E (/\/l)| =w+ 2|5|
and r(M)= w+|5| . G is a matroidal {%dﬁg —IJ

error correction network associated with M for any
collection 7 of nonsource nodes if and only if there ex-
ists a scalar linear network error correction dispersion
MDS code over Fon G.

Proof If part: Suppose the given linear network
error correction dispersion MDS code on G=(V,€) is
characterized by the set { fe cee &} . Similar to the
Koetter-Médard Formula'”), there exists the following
formula in Ref. [4]:

(f..e€ 5):(1;](1—F)‘1

where B = (kd 6)

¢ /deln(s),ec€ . .
k,.=0for eg¢ Out(s), k,, is the local encoding coef-
ficient for eeOut(s), F=(k,,) . _.is an []x[€]
matrix with k,, being the local encoding coefficient for
head(d) = tail(e) and k,, =0 for head(d)# tail(e) ,
and [ denotes the |5|><|5 | identity matrix. Let

A= Ia)><a) wa\ﬁ\ B(I — F)71
U Loy (I-F)'

is an a)><|5| matrix with

and M[A]|=(E,Z) be the vector matroid of A . Ob-
viously, r(M)= a)+|5| . Define a network-matroid
mapping as follows:
fin(s)UEUE - E(M)

For each d eln(s), 1<i<w, let f(d)=i.
For each ¢/ e &, 1<j<|f], let f(¢))= w+j and
for every real channel e, € £,let f(e;)= a)+|5| +7.

We show that f satisfies condition (A) of Defini-
tion 15. Clearly, f isonetooneon In(s)U&’, giving
condition (Al). Since the extended global kernels
f,:ee In(s)UE correspond to the first @+|&| col-
umns of A, which are linearly independent, thus
f(In(s)U&)e B(M) . Condition (A2) is held. For
every i€}V and for any channel e; € Out(i), by the

recursive formulas
i;j = Z kd,e,fz‘l +1ej
deln(i)
we have
ru(f(In@)U f(e))) =, (f(In@))U f(e, )
Condition (A3) is held.

For any collection 7' of nonsource nodes with
C,Zw andeach pe R(J,), let

Ia)xa) wa\p\ B(I_F')71 J
A(p)= »
( ) [Opxw I\p\x\p\ (I-F)"),

(I-F)™"), represents the
(I-F)" with the rows indexed by p . Precisely,
A(p) is a matrix modified from A by deleting the
rows and columns indexed by pe &\ p’. Let M” be
the vector matroid of matrix A(p) and B, =
f(E\p'). By Lemma 4, we get M” =M/ B, . Since
f? satisfies
FP0)= £, Vxelns)UpUE

then the extended global encoding kernel of channel e
restricted to p can be expressed as the corresponding
column vector of matrix:

where submatrix of

_ B(I-F)"
(fe ee S)z ((I—F)_l)

Because rank, (p)=0, <d!)=C,-w+1, we

know that, for the fixed error pattern p ,

@ (T)NA(T,p) =1{0}. Then,
rank(f? :ee In(T)) = dim((@(T)UA(T. p)))

=dim(® (7)) +dim(A(T, p))
= w+rank, (p)
=C,

Therefore,

e (7 (In(T))) = rank( friee n(T)=C,
Condition (B) of Definition 15 is satisfied.

. . 1
In summary, G is a matroidal [Edﬁ —IJ error

correction network associated with the F -representable
matroid M| A4].

min

Only if part: suppose G is a matroidal L%d @) —IJ

error  correction network associated with  the
F -representable matroid M . Let matrix A4, be a rep-
resentation of M over field F . Since »(M)= a)+|5|,
without loss of generality, we assume that A4, has the

form:
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p :(Im O Bl]
" O I C
e Tlepdel 1
where B, is an a)><|5| matrix, and Cis a |S|><|5|
matrix.

According to the given topological order on &, the
network-matroid mapping

fiIn(s)UEUE— E(M[4])
is determined. Precisely, f (d)—i for each d, e In(s),
I<i<w®. For each e ef, j\|5| f(e) w+j,
and forevery e, €&, f(e;)= a)+|5|+]

We use Al to denote the Ith column of A4, . In the
extended network G =(V,&), for every ic V, we con-
sider any edge e, € Out(i) . Because the imaginary
channel ¢ correspondmg to e, is not in In(i) and
A’ *1 , from condition (A3) of Definition 15, we
have

Alf<e,> _ Z kd,e, AT+ ¢, Alfw})

deln(i)

Moreover, if we suppose B, =(b[j) and

ISi<o,l<;<[¢

C =|c , then

( )1< Seli<j<e|’

A" =(b,,by,, b ,¢.,0,,0)"

wj>C1j>C2j5" 5 C 0

and c; #0 . Furthermore, C, is an upper-triangular

matrix, i.e.,
i G Cllgl
0 Cy Cz\g\
C=0 0 - ¢y
0 0 C
l€lel

Multiplying 4,"’ by ¢, for every 1< <[], 4

can be transformed into matrix:

Izuxa) wa\s\ B
A=,
oo g €

where
1 e, c\;ﬁg\cug\
0 1 o ey
C=lo o :
0o 0 - 1

We know that M [A]=M[A,] from Lemma 3.

We use A4’ to denote the /th column of 4 and
assign the global coding vectors on the extended network
G as follows. For each d,eIn(s), let fd‘_ =A"Y,

For each ¢ e &, let fe =4’ and for every real
channel e, e &, f Af! ) . By condition (A3) of De-
finition 15 we obtain that for each edge e, € Out(i),
there exist some scalar k,, € F such that
Jo= 3 ko i+,
deln(i)

For any collection 7 of nonsource nodes with
C, Z o and each error pattern pe R(J,), by condi-
tion (B) of Definition 15, the modified network Qp isa
matroidal network associated with M” =M/ B,. We
know from Lemma 4 that M?”can be represented by

matrix
1 0 B
WX W\P\
A@F{ ]
O iy Co
Here, C, is the submatrix of C with the rows indexed

by the elements of p’. Since the network-matroid map-

ping f*:In(s)Up’UE — E(M”) is determined by
[P =7(x), Vxeln(s)UpUE,

then, for any channel e in G , fep is the f”(e)-th

column of matrix A(p) . According to the fact that

rop (7 (In(1) = C;
we get
rp (F2)=dim(@(T)UA(T, p))) = C;
= dim(® (7)) + dim(A(T, p))

Therefore,
dim(@(T)NA(T,p)) =
Furthermore,
@(T)NA(T,p)= {0},
and we obtain dmm >0,=C,—w. By Lemma 1, we
have
d) =C, —w+1

Thus, the set { fe :e€ &} is a scalar linear network error
correction dispersion MDS code over F .

Theorem 2 Let G=(V,£) be a single source acyc-
lic network with information rate @. Let M=(E,Z) be
an JF -representable matroid with |E(M)|= a)+2|5|

and r(M)=w+|&|]. G is a matroidal Bdmm —1J error

correction network associated with M for every non-
source node ¢ if and only if there exists a scalar linear
network error correction broadcast MDS code over
Fon G.

Theorem 3 Let G=(V,€) be a single source
acyclic network with information rate @. Let M=(E,T)

be an F -representable matroid with |E (/\/l)| =w+ 2|5 |
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and ’”(M)=a)+|5|. G is a matroidal Bd‘("?“_lJ

error correction network associated with M for any
nonsource node ¢ with C, =@ if and only if there
exists a scalar linear network error correction multicast
MDS code over F on G.

Note 2. The proof of Theorem 2 and Theorem 3 is
the same as Theorem 1 so long as replace the collection
T of nonsource nodes by a nonsource node ¢, so the
details are omitted.

3 Conclusion

In this paper, we establish the connections between
LNEC and representable matroid. Exploiting the analogy
between LNEC and representable matroid shown in the
present paper, one might construct the demanded ma-
troidal error correction network and the corresponding
LNEC.
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