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Abstract: In this paper, following the method of replacing the 
lower level problem with its Kuhn-Tucker optimality condition, 
we transform the nonlinear bilevel programming problem into a 
normal nonlinear programming problem with the complementary 
slackness constraint condition. Then, we get the penalized problem 
of the normal nonlinear programming problem by appending the 
complementary slackness condition to the upper level objective 
with a penalty. We prove that this penalty function is exact and the 
penalized problem and the nonlinear bilevel programming prob-
lem have the same global optimal solution set. Finally, we propose 
an algorithm for the nonlinear bilevel programming problem. The 
numerical results show that the algorithm is feasible and efficient.  
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0  Introduction  

Among all the approaches for bilevel problems (BP), 
the penalty function method is one of the most powerful 
approaches, both as a theoretical tool and as a computa-
tional vehicle. In Ref.[1], the linear bilevel programming 
problem(LBP) is considered and the dual gap function is 
used as an exact penalty function. Ishizuka et al[2] pre-
sented a double penalty function method for LBP. Using 
the uniform parametric error bound as a tool, Ye et al[3] 
established several exact penalty functions for general-
ized LBP and discussed their relations. Marcotte et al[4] 
discussed exact and inexact penalty functions for gener-
alized LBP. Luo et al[5] discussed exact penalty functions 
for generalized LBP in more general cases and pointed 
out that it is difficult to get a smooth exact penalty func-
tion for LBP. Liu et al[6] proposed a new constraint 
qualification and obtained a smooth exact penalty func-
tion for convex LBP. However, most of the researches 
mentioned above pay more attention to the optimality 
conditions of LBP but ignore proposing an algorithm for 
LBP. 

In fact, with the increasing extension of the fields in 
which BP is applied, proposing an algorithm with an at-
tractive computational perspective and numerical stabil-
ity for the nonlinear BP has become a hot point in the BP 
field. Note that Colson et al[7] have presented a 
trust-region approach for the general nonlinear BP, and 
the computational experience shows that the algorithm 
proposed is rather effective for the nonlinear BP. How-
ever, the main deficiency of the algorithm proposed in 
Ref.[7] is that it is short of the necessary convergence 
analysis. 
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In this paper, we consider the nonlinear bilevel problem 
BP min ( , )

x
F x y：   s.t. ( ) 0G x ≤  

min ( ,  )
y

f x y  

  s.t. ( ,  ) 0g x y ≤                   (1) 
where F, f: , : , :m n m p m n qG g+ +→ → →R R R R R R  are 
continuously differentiable functions and , .m nx y∈ ∈R R  

This paper transforms the nonlinear BP to the dif-
ferentiable nonlinear programming problem equivalently 
in the sense of a global optimal solution and then pro-
pose a simple algorithm for the nonlinear BP. We firstly 
formulate the penalty problem of (1), and adopt the me-
thod of replacing the lower level problem with its Kuhn- 
Tucker optimality condition. Then we append the com-
plementary slackness condition to the upper level objec-
tive with a penalty. We prove that if the lower level 
problem satisfies some normal constraint qualifications, 
then BP has the same global optimal solution set with the 
penalized problem. Although the kind of method for 
constructing the penalty function in this paper is similar 
to Refs. [6,8-10], the condition proposed in our thesis is 
weaker than Ref. [6], and it is easy to verify. 

1  Formulation of the Problem 

Let {( , ) ( ) 0, ( , ) 0}m nS x y G x g x y+= ∈ R ≤ ≤ denote 
the constraint region of problem (1). ( ) { |mS X x= ∈ R  
( , ) }x y S∈ is the projection of S onto the leader’s deci-
sion space, ( ) { ( , ) 0}nS x y g x y= ∈ R ≤ is the follower’s 
feasible set for every fixed ( )x S X∈ and ( ) { |P x y y=  

agr min[ ( , ) ( )]}f x y y S x∈ ∈  is the follower’s rational 
reaction set for fixed ( )x S X∈ . 

Definition 1  A point ( , )x y is said to be feasible 
to problem (1) if ( )x S X∈ and ( ).y P x∈ The set of all 
feasible points is called the inducible region of problem (1) 
and is denoted by IR, that is to say, IR {(( , ) )m nx y += ∈ R   
| ( , ) , ( )}.x y S y P x∈ ∈ Then, problem (1) can be written as: 

min{ ( , ) ( , ) IR}F x y x y ∈  

Definition 2  A point ( , )x y∗ ∗ is said to be an op-
timal solution of problem (1), if ( , ) IRx y∗ ∗ ∈ and for 
all ( , ) IR,x y ∈ ( , ) ( , )F x y F x y∗ ∗ ≤ . 

In order to better define problem (1), throughout 
this paper, we make the following assumptions.  

1H : The constraint region S is nonempty and com-
pact, ( )P x is nonempty and a point-to-point map.  

2H : For fixed ( ), ( , ), ( , )x S X f x g x∈ ⋅ ⋅ are convex 
and the lower level problem satisfies the Mangasarian- 

Fromovitz constraint qualification (MFCQ) at ( ).y S x∈  
Note that the upper level constraint condition 

( ) 0G x ≤ does not involve the lower level variable y, 
then the assumption 1H guarantees that IR ≠ ∅ [11]. What 
is more, in assumption 2H , MFCQ can be replaced by 
any constraint qualification for smooth optimization 
problems. 

If the assumption 2H is satisfied, we can reduce (1) 
to the following nonlinear programming problem with 
the complementary slackness condition 

P:     
, ,

min ( , )
x y

F x y
λ

 

s.t.  ( ) 0G x ≤  
( , , ) 0y L x y λ∇ =  

T ( , ) 0g x yλ =  
( , ) 0g x y ≤  

0λ≥                       (2) 
where T( , , ) ( , ) ( , )L x y f x y g x yλ λ= + is the Lagrange 
function and qλ ∈ R . 

Remark 1  If the lower level problem is not a 
convex parametric optimization problem, then (2) has a 
larger feasible set including not only global optimal solu-
tions for the lower level problem but also all local opti-
mal solutions and all stationary points. On the other hand, 
it should also be noted that problem (1) and problem (2) 
have the same global solution set, and each local optimal 
solution of problem (1) corresponds to a local optimal 
solution for problem (2), but the opposite direction is not 
true in general[12]. 

For problem (2), due to the existence of the com-
plementary slackness condition, the regularity assump-
tions which are needed for successfully handling smooth 
optimization problems are never satisfied. To overcome 
this difficulty, we append the complementary slackness 
condition to the upper level objective with a penalty and 
obtain the following penalized problem. 

( ) :P μ  T

, ,
min ( , ) ( , )
x y

F x y g x y
λ

μλ−  

s.t.  ( ) 0G x ≤   

( , , ) 0y L x y λ∇ =  

( , ) 0g x y ≤  
0λ ≤                          (3) 

where μ is a positive number. In the following section, 
we will analyze the relationship between the optimal 
solution of problem (1) and that of the corresponding 
penalized problem (3), and prove that the penalty func-
tion is exact. 
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2  Main Theoretical Results 

For each value of the weight ,μ we denote by ( ( ),x μ  
( ), ( ))y zμ μ a global optimum of ( ).P μ  The penalty 

function method is obtained by specifying a sequence of 
increasing weights { }kμ and the associated sequence of 
iterates {( ( ), ( ), ( )}.k k kx y zμ μ μ Firstly, we will give the 
following lemma, which is the essence of the penalty 
function method, and the convergence result of the algo-
rithm given in Section 3 also relies on it. 

Lemma 1  Let the assumptions 1H and 2H be 
satisfied and { ( ), ( ), ( )}k k k k k kx x y yμ μ λ λ μ= = = be a 
sequence generated by a penalty algorithm based on the 
penalty function ( ).P μ Let ( , )x y∗ ∗ denote an optimal 
solution to problem (1), set ( , ),F F x y∗ ∗ ∗= then 

T
1 1 1 1 1 1( , ) ( , )k k k k k kF x y g x yμ λ+ + + + + +−  

T( , ) ( , )k k k k k kF x y g x yμ λ−≥              (4) 
T T

1 1 1( , ) ( , )k k k k k kg x y g x yλ λ+ + +− −≤         (5) 

1 1( , ) ( , )k k k kF x y F x y+ +≤               (6) 
( , )k kF x y F ∗≤                   (7) 

Proof  Since kx is optimal for the corresponding 
penalized program, and kμ is monotone, we have  

T( , ) ( , )k k k k k kF x y g x yμ λ−  
T

1 1 1 1 1( , ) ( , )k k k k k kF x y g x yμ λ+ + + + +−≤  
T

1 1 1 1 1 1( , ) ( , )k k k k k kF x y g x yμ λ+ + + + + +−≤      (8) 
Then the inequality (4) is exact. Similarly, we have 

T
1 1 1 1 1 1( , ) ( , )k k k k k kF x y g x yμ λ+ + + + + +−  

T
1( , ) ( , )k k k k k kF x y g x yμ λ+−≤  

Combining the above two inequalities, we yield 
T T

1 1 1 1 1( ) ( , ) ( ) ( , )k k k k k k k k k kg x y g x yμ μ λ μ μ λ+ + + + +− −≥  
Then we have 

( ) ( )T T
1 1 1, ,k k k k k kg x y g x yλ λ+ + +− −≤  

Combining the above inequalities with (8), we yield 
(6). Finally, we observe that 

T( , ) ( , )k kF F x y g x yμ λ∗ ∗ ∗ ∗ ∗= −  
T( , ) ( , ) ( , )k k k k k k k kF x y g x y F x yμ λ−≥ ≥  

Then the proof is completed. 
We now show that a finite value of μ would yield 

an exact solution to the overall problem (3), where the 
penalty element T ( , )g x yλ becomes zero; moreover, 
problems P and ( )P μ have the same nonempty global 
solution set. 

Let {( , , ) | ( ) 0, ( , , ) 0, ( , )yZ x y G x L x y g x yλ λ= ∇ =≤  
0, 0},λ≤ ≥ ( , ) { | ( , , ) 0, 0}yx y L x yλ λ λℵ = ∇ = ≥ and ,iλ

( 1, , )i k= denote the extreme points of ( , ),x yℵ  and 

let [ ]V P  and [ ( )]V P μ denote the optimal value of 
problems P and, ( )P μ respectively. Then, inspired from 
the method presented in Refs. [8, 13], we have the fol-
lowing theorem. 

Theorem 1  Let the assumptions 1H and 2H be 
satisfied, then there exists 0μ μ∗ ≥ (some finite value) 
such that: 

(i) There exists ( , , ),x y λ∗ ∗ ∗ which is feasible to 
problem ( ),P μ satisfying T( ) ( , ) 0g x yλ∗ ∗ ∗ = and [ ]V P =  

[ ( )] ( , )V P F x yμ ∗ ∗= . 
(ii) Moreover, P and ( )P μ have the same nonempty 

global solution set for all μ μ∗≥ . 
Proof  (i) Following the assumptions 1H and 2H , 

it is obvious that problem P is feasible and 0( )P μ has a 
solution for some 0 0.μ ≥ As ( )P μ is less restricted than 
P and T ( , ) 0,g x yλ− ≥ for all feasible points of ( )P μ , 

( )P μ  has a solution for all 0.μ μ≥  
Then we have  

T[ ( )] min{ ( , ) ( , ) ( , , ) }V P F x y g x y x y Zμ μλ λ= − ∈ , 

0μ μ≥                    (9) 
Let us split Z into the two subsets, 0 {( , , )C x y λ=  

T| ( , ) 0}Z g x yλ∈ = and 1 0 .C Z C=  
If 1 ,C ≠ ∅ we will firstly prove that the value of 

T
1max{( ( , ) ( , )) / ( , ) | ( , , ) }F x y F x y g x y x y Cλ λ∗ ∗ − − ∈ is 

finite. 

For ( , ),x yλ ∈ℵ we have
1

k

i i
i

λ α λ
=

=∑ where 0iα ≥  

and
1

1
k

i
i

α
=

=∑ . 

Following the assumption 1H , it is obvious that 

1( ) {( , ) ( , , ) }D x y x y Cλ λ= ∈ is nonempty and compact. 

Then, the value of Tmin{ ( , ) ( , ) ( )}ii
g x y x y Dλ λ− ∈ is finite. 

Let Tmin{ ( , ) ( , ) ( )}ii
g x y x y D mλ λ− ∈ = (positive constant). 

Then  

1T

( ( , ) ( , ))max ( , , )
( , )

F x y F x y x y C
g x y

λ
λ

∗ ∗⎧ ⎫− ∈⎨ ⎬−⎩ ⎭
 

T
1

max{ ( , ) ( , ) ( , ) ( )}
min{ ( , ) ( , , ) }
F x y F x y x y D

g x y x y C
λ

λ λ

∗ ∗ − ∈
− ∈

≤  

T
1

1

max{ ( , ) ( , ) ( , ) ( )}

min ( , ) ( , , )
k

i i
i

F x y F x y x y D

g x y x y C

λ

α λ λ

∗ ∗

=

− ∈
=

⎧ ⎫− ∈⎨ ⎬
⎩ ⎭
∑

 

1

max{ ( , ) ( , ) ( , ) ( )}
k

i
i

F x y F x y x y D

m

λ

α

∗ ∗

=

− ∈

∑
≤  
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max{ ( , ) ( , ) ( , ) ( )}F x y F x y x y D
m

λ∗ ∗ − ∈
=  

Then, it means that the value of max{( ( , )F x y∗ ∗  
T

1( , )) / ( , ) ( , , ) }F x y g x y x y Cλ λ− − ∈ is finite. 
Then, we can take  

0max{ ,max{( ( , ) ( , )) /F x y F x yμ μ∗ ∗ ∗= −  
T

1( , ) ( , , ) }}g x y x y Cλ λ− ∈            (10) 
Thus for all ,μ μ∗≥ we have 

T
1( ) min{ ( , ) ( , ) ( , , ) } ( , )L F x y g x y x y C F x yμ μλ λ ∗ ∗= − ∈ ≥

            (11) 
Following (9)-(11) and taking into account that 

0 ,μ μ∗ ≥ we have 
[ ( )] min{ ( , ), ( )} ( , ),V P F x y L F x yμ μ∗ ∗ ∗ ∗= = μ μ∗≥ (12) 

By 1 ,C ≠ ∅ it is obvious that 
[ ( )] ( , )V P F x yμ ∗ ∗= 0μ μ μ∗ =≥  

So, it results in T( ) ( , ) 0g x yλ∗ ∗ ∗ =   and 
[ ] [ ( )] ( , )V P V P F x yμ ∗ ∗= = μ μ∗≥        (13) 

(ii) Let .μ μ∗≥ Let us denote by ( )O P and 
( ( ))O P μ the optimal sets of problems P and ( ).P μ By 

(12), we have that ( )O P ≠ ∅ and ( ( ))O P μ ≠ ∅ with 
[ ] [ ( )].V P V P μ= Since any feasible solution of P is fea-

sible to ( ),P μ then ( ) ( ( ))O P O P μ⊆ . 
Conversely, let ( , , ) ( ( )).x y O Pλ μ∈ Following (12) 

together with ,μ μ∗≥ we have 
T[ ] [ ( )] ( , ) ( , )V P V P F x y g x yμ μλ= = −  

T( , ) ( , ) [ ( )] [ ]F x y g x y V P V Pμ λ μ∗ ∗− = =≥  
Thus, equality holds among the relations. It yields 

that T( ) ( , ) 0.g x yμ μ λ∗− = Then T ( , ) 0.g x yλ = There-
fore, ( , , )x y λ is feasible to P and [ ] ( , ).V P F x y= That is, 
( , , ) ( ).x y O Pλ ∈  Hence, ( ( )) ( ).O P O Pμ ⊆ The proof is 
completed.  

3  The Algorithm and Convergence 
Analysis 

Algorithm 
Step 1  Choose 0 00(μ μ∨ large enough) and 0,l ∨  

0k = ; 
Step 2  Following the Kuhn-Tucker optimality of 

the lower level problem, transform (1) and obtain the 
corresponding penalized problem ( )kP μ ; 

Step 3  Solve the problem ( )kP μ for its solu-
tion ( , , )k k kx y λ ; 

Step 4  If T ( , ) 0,k k kg x yλ = then stop, the optimal 
solution of (1) is ( , );k kx y else, set : , :k k l kμ μ= + =  

1k + and return to Step 3. 

Theorem 2  Let the assumptions 1H and 2H be 
satisfied, then the set {( , )}k kx y coming from the algo-
rithm converges to the optimal solution of the BLP prob-
lem (1). 

Proof  By Theorem 1, we have that the penalty 
function is exact. Then, we only need to prove that the 
last point in the set {( , )}k kx y solves problem (1). Let the 
algorithm terminate at µk and the solution be ( , ).k kx y  
Then following the algorithm, we have T ( , ) 0k k kg x yλ = . 

If the term ( , )k kx y does not solve problem (1), then 
following Theorem 1, there must exist some kμ μ∗

∨  
such that the term ( , )x y∗ ∗ solves problem (1). Then we 
have T( ) ( , ) 0g x yλ∗ ∗ ∗ = and 

* *( , ) ( , )k kF x y F x y∨            (14) 
However, as ,kμ μ∗

∨ following the Lemma it 
should be 

T( , ) ( , ) ( , )k k k k k k kF x y g x y F x yλ− =  
* * * T * * * *( , ) ( ) ( , ) ( , )F x y g x y F x yλ− =≤     (15) 

The term (14) contradicts with (15), and this con-
tradiction proves Theorem 2. 

4  Numerical Experiments 

Now, we use four examples to validate our algo-
rithm. We make a program with MATLAB language and 
use a personal computer (CPU: Intel Pentium 1.7 GHz, 
RAM: 256 MB) to execute the program. The values of 
the parameters are 0 50, 10.lμ = = The numerical results 
are shown in Table 1. 

Test problems of the convex-quadratic type are as 
follows (variable 1 2 1 2( , , , ) ,  ( , , ,m

mx x x x x y y y= ∈ =R  
) n

ny ∈ R ). 
Example 1: Bard98Ex1[14] 

2 2

0
min( 5) (2 1)
x

x y− + +
≥

 
2

0
min( 1) 1.5
y

y xy− −
≥

 

s.t.  3 3 0x y− + + ≤  
0.5 4 0x y− − ≤  

7 0x y+ − ≤  
Example 2: Bard98Ex2[14] 

2 2
1 2min 0.5( 0.8) 0.5( 0.5) 0.5( 1)

x
x x y− + − + −  

s.t.  1 20 , 1x x≤ ≤  
2

1 2min 0.5 2
y

y y x y x y+ − +  

s.t.  0 1y≤ ≤  
Example 3: Muu03Ex3[15] 

2 2 2
1 2min 4

x
x x y y− + +  
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s.t.  0 2x≤ ≤  
2 2
1 2 1 2 1 2min 0.5 (1 3 ) (1 )

y
y y y y x y x y+ + + − + +  

s.t.  1 22 2 1y y x+ − ≤ , 0y≥  
Example 4: Muu03Ex4 [15] 

2 2
1 3 1 3 2 1 20

min 4 7 4
x

y y y y y x x+ − − − +
≥

 

s.t.  1 2 1x x+ ≤  
2 2 2
1 2 3 1 2 1 1 2 20

min 0.5 0.5 (1 3 ) (1 )
y

y y y y y x y x y+ + + + − + +
≥

 

s.t.  1 2 3 1 22 2 2 0y y y x x+ − + − + ≤  

Table 1  Results of test problems with MATLAB 

Problem  
name 

m n Iteration 
CPU 

time/s 
Optimal solution 

(x, y) 

Bard98Ex1 1 1 1 0.45 (1,0) 

Bard98Ex2 2 1 1 0.36 (0.846, 0.769, 0) 

Muu03Ex3 1 2 1 1.26 (1,0,1) 

Muu03Ex4 2 3 1 1.78 (0.611, 0.389, 0, 0, 1.83)

In fact, for the convex-quadratic BLP problem, all 
test problems in Ref.[15] are solved using the algorithm 
proposed in this paper. In Table 1, we can find that all 
problems are solved in one iteration. This shows that our 
algorithm is simple and effective. The reason is that we 
adopt a large enough penalty parameter 0μ . 

5  Conclusion 

We explore the equivalent relationship between the 
nonlinear BLP problem and the corresponding differen-
tial nonlinear programming problem in the sense of a 
global optimal solution. The numerical results reflect the 
good behavior of the algorithm proposed in this paper. 
Firstly, the algorithm is effective especially for con-
vex-quadratic BP because of the fact that the corre-
sponding nonlinear programming problem ( )P μ is still a 
convex programming problem. Secondly, the number of 
test problems treated in this paper is small. This is due to 
the fact that very few instances of large-scale nonlinear 
BP are available in the literature. Moreover, we give the 
strict convergence theorem of the algorithm, and then it 
guarantees that for the large-scale problem we can still 
get its optimal solution. Finally, exploring the relation-
ship between the local optimal solution of the nonlinear 
BP and that of the penalized problem ( )P μ will be our 
future work. 
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