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Abstract: With a special gauge transformation, the Lax pair of
the derivative nonlinear Shcrdédinger (DNLS) equation turns to
depend on the squared parameter A =k’ instead of the usual spec-
tral parameter k. By introducing a new direct product of Jost solu-
tions, the complete Hamiltonian theory of the DNLS equation is
constructed on the basis of the squared spectral parameter, which
shows that the integrability completeness is still preserved. This
result will be beneficial to the further study of the DNLS equation,
such as the direct perturbation method.
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0 Introduction

The derivative nonlinear Schrodinger (DNLS) equ-
ation has been recognized as a model for the change of
form of weakly nonlinear and dispersive parallel magne-
tohydrodynamics (MHD) waves!"), which can well de-
scribe waves whose propagation is strictly parallel to the
ambient magnetic field. It has been found that many
physical phenomena, such as Alfven waves in space

28 . L
L ], subpicosecond, or femtosecond pulses in sin-

plasma
gle-mold optical fibers, and the weak nonlinear electro-
magnetic waves in ferromagnetic, antiferromagnetic, or
dielectric systems under external magnetic fields, can be
described with the DNLS equation'®. In 1978, Kaup et
al" first solved the DNLS equation with vanishing
boundary condition (VBC) through the inverse scattering
transform (IST) method constructed on complex k-plane!'",
where £ is the usual spectral parameter. In later years, a
lot of literature was published in succession, and most of
them tried to give 1-soliton and N-soliton solutions, as

(12-18] However, all the au-

well as the related properties
thors selected the usual spectral parameter & as the basic
parameter and neglected to choose the squared spectral
parameter A(A=k) instead. Through learning the
properties of the DNLS equation, we use the squared
spectral parameter A as the basic parameter to construct
the Hamiltonian system of the DNLS equation.

If we choose the squared spectral parameter A to re-
place the usual spectral parameter '>'%), the poles in the
IST should no longer be found in both the 1st and 3rd
quadrants but should appear in the upper half complex
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plane only. As a result, those ambiguities coming from the
analytical properties of Jost solutions can be avoided, and
the whole computation can be simplified. Specifically, in
the case of solving the perturbed DNLS equation!'® 2%,
we find that using the A=k’ as spectrum parameter in-
stead of £ itself has some advantages. Compared with the
NLS equation, the DNLS equation has several squared
items that imply that choosing A as the basic parameter is
necessary. To verify the reasonableness of using A as the
basic parameter, we develop the Hamiltonian theory be-
cause this system is of complete integrability.

Therefore, it is appropriate to choose the squared
spectral parameter A as the basic parameter. The single
soliton solution for the DNLS equation with VBC has
been obtained through the Marchenko equation'®), which
can be verified finally by direct substitution into the
nonlinear equations. In Section 1, we give the basic for-
mulas and through the gauge transformation rewrite
those formulas first. From Section 2 to Section 4, we
develop the Hamiltonian theory of the DNLS with A in
the cases of continuous and discrete spectrum, respec-
tively, and give the conclusion.

1 Some Basic Formulas and Gauge
Transformation

In 1978, Kaup e al''” developed IST with some re-
visions for solving the DNLS equation with vanishing
boundary conditions:

i, +u, +i(ul u), =0 (1)
with u(x,k) -0 as x — . The associated eigenvalue
problem is given by the modified Zakharov-Shabat con-
ditions of compatibilitym].

For the Lax pairs of DNLS equation, we have

—u

0
L=-ik’e, +kU, U=| _ (2a)
} 0

M =-i2k*e, +2k°U —ik’U’e, — k(U +iU ;) (2b)
where £ is the usual spectral parameter. According to the
definition of the Jost solutions and their asymptotic be-
havior, we have the expression of the free Jost solution:

E(x,k) =" 3)
where | x|— teo, u >0, L > —ikzo'3.Through (3), it is
obvious that the basic parameter of the free Jost solution
is k*. Therefore, we suppose A=k’ as the basic pa-
rameter to replace k. Another problem is that k£ cannot be
instead of A directly, so we can make the gauge trans-
formation as follows:

Because of the gauge transformation,
4 k 0
A(HMHM@=MM,A=O : “

the Lax pairs (2a) can be rewritten as
—iA 1 0
LA =—ide,+AU=| "] A= (2a)
—Au il 0 4

Be similar to (2a"), the expression of M can be obtained
easily:
M =-i2%6, + 2AAU —iAU’ 6, - A(-U’ +iU 6,) (2b")
As | x| teo, u —> 0 and L — —ide,, the free Jost
solution is expressed as
E(x,A)=¢'*" (3)
Moreover, it can be expressed as two independent solu-
tions:

1y . 0) .
E, (x,A)= (0) e, E,(x,A)= ( Je‘“ (5)
Therefore, the Jost solutions are defined as
Y(x,A)—> E(x,A), x =+
D(x,A) > E(x,A), x = —o0

Moreover, through the gauge transformation, the 2x2
matrix solution changes into

(6)

q[(x’ /1) — (l/:ll (X,ﬂ,) ﬂ’_lyll (xﬁ /l)j ,
v,(x,A) W, (x,4)

P(x. 1) (mx, 2 A, z)j @
8(x,4A) @)

Obviously, because of the different asymptotic behavior,
we can separate (7) into two column matrixes as
P (x, ) =((x, Ay (x, A)) and B(x, A)=(P(x, 1), $(x, ).
Since there are only two independent Jost solutions when
A is real, the unitary matrix 7T'(A) is introduced as

D(x, ) =P (x, )T (L) (8)
where T(A) = [Zig _/1&(13;1)}

2 Poisson Brackets

2.1 Variation Operation du(x)

According to equation (1), u is the complex field;
therefore, a particular form of Poisson bracket is intro-
duced:

(a0} = —%{ax ~0,16(x- ) ©)

which is extension of that for two real field densities at
two points in the case of Korteweg-de Vries (KdV).
Moreover, the Poisson bracket for the quantities Q and R
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can be expressed as

S0 OR
.R= '[ (0, Su(x) Su(x) 5u(x) . Sﬁ}
+{0, 8& - 8& 9, R H (10)
du(x) Su(x) du(x) " du(x)

To be specific, the variation operation du(x) satisfy

OL(z,A) B 5L(Z /1) B
—Su(x) O(x—2), —A6 6(x-z),
8T (A) _ gyt
G Ao, D(z, 1),
9. E;TE&)) Y (2,26, — Aue,)®(z,A) (11)

By the same method, we can obtain the expressions
of T(A) with respect to u(z) and those of T~'(1) with
respect to u(z) and @

2.2 Variations of Monodramy Matrix 7' (1)

According to the basic Poisson bracket and the gen-
eral definition of direct product for matrices, the follow-

ing expression can be given**:
{T(HST(A)}

{a,dy {a, A0y —{(A'b,ay —{A7b, A7)
| ~aby {ady ARy —{AThd]
b AT aa) (@, A"’}

—b,p"y  {ba’y  —{a,b} {a@,a’}

and the integrable equation can be expressed as

(TW)®T(X)}
Z%I WP (x, D)@ (2, A)RB(x, WP (x, )] (12)

where

R=(i246, - Auc,)® (Ao )+, ® (2476 + Aus,)
—(i24%6_ + Auc,)® 6, — (Ao ) ® (246, — Aus,) (13)
According to the usual manner of making up the Hamil-

. o 124
tonian theory, we can consider'**!

9, (V' (x. P (x,A)® &' (x,))d(x,2))
=P (x, D (x, YWD (x, )¥ (x,1) (14)
In formula (14), we use the symbol of another direct
product “®” for matrix*! to simplify the integral calcula-
tion in (12). The usual spectral parameter & has been in-
stead of the squared spectral parameter A, therefore, the
symmetry of the original matrix is broken. To construct the
Hamiltonian theory by the method that has been offered in
Ref.[26], we must consider the other factors. First, we
definite two special matrices:

A0 A0
r = N I'y= (15)
(6 2} =5 3)

then,
9, P (x, MY (x,A)® b (x, AN, ®(x, 1))
=P (x, 1)@ (x, "W D(x, L) (x, 1) (16a)
0P, WML (5, 1) & 7 (x, V)T, D(x, 1)
W (e, D (e, VW B (x, D)W (x, 4) (16b)

9, (¥ (x, o, ¥ (x,4) & & (x, )0, [, P(x, 1))

=¥ (0, )™ (x, VYW, (x, )P (x, V') (16¢)
where W, =(A-1")
0 Au —Au 0
—~(A+A)Au 0 i24° Au
Ta+m —i2a2 0 ~Xu
0 A+ AU A+ 0
0 -Au Au 0
10 0 207 —Au
W=D Loz 0
0 0 0 0
W, =
0 A+ ) Au A+ ) 0
A+ 0 2A-NV A+ )
A+ 2A-NHA7 0 A+ ) Au
0 A +IDu X+ 0
Finally, we find
R=fW +fW + fW, (17)
and we can also obtain
LB+ + A7 1 A-X
*_2 A- /1' Iy L B AL R IR

Substituting (17), (18), and (14) into (12), we obtain
TORT)={1,¥" [P (x,A) & & (x, V)T, P(x, 2)
+fY T (ALY (x, ) ® @7 (x, V)@ (x, 1)

+/ ¥ (x, Vo, T W (x,))® &' (x,)o,[,D(x, 1)} (19)

Comparing the expression of matrix (12) with (19), we
obtain the result as

1 AA+347) A+ 4

{a(A), b(ﬂ)}— P FRyn a(ﬂ)b(/i) (20a)
_ , __1/1’(/1’2+3/12) /1+/1’ . ,
{a(A),b(X)}= IIYE /I_/I,_ioa(ﬂ)b(ﬂ) (20b)

{la(D)[,b(X)} = -4 1S (A~A) |a(D) [ b(A)  (20¢)

3 Hamiltonian Theory Based on
Action-Angle Variables

3.1 Continuous Spectrum
Among the Hamiltonian scheme, a(A4) is the action
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variable that is not dependent on time ¢, while b(A4) is
the angle variable and argh(A) depended on ¢, namely,
b(t,A) = b(0, A)e!** @21
The action variable P(A) is a function of a(4),
and the angle variable Q(A) is proportional to the phase
of b(1),
P()=F(a()[),

1 b(A)

O(A)=argh(4) = 5 n% 22)
Since
{0(1),0(2)} = {P(A),P(A)} =0,
{P(1),0(A)} =-6(A- 1) (23)
according to (20c), (22), and (23), we have
F(la(A)[)4rA® [a(A)['=1 (24)
where F’ is derivative of F. Therefore, it leads to
PA=F(adf) =7 =nlaDf (29
The Hamiltonian canonical equation demands
{0(A4),H}=0,0() =42’ (26)
We assume the continuous Hamiltonian H_ has the form
H, =[" dAf(HPA) 27)
then

O, Hy = dXf(X)OA), P} = f(A) =427 (28)
Substituting (25) and (28) into (27), we obtain the ex-
pression of Hamiltonian in continuous spectrum as

H, -1 j " dAln|a(d)} (29)
I

3.2 Discrete Spectrum
At first, we introduce the discrete action-angle va-
riables P, O, , and the basic Poisson brackets are
{£,.pF,1=0, {0,,0,}=0, {£,.0,}=-6,, (30)
then, similar to the continuous spectrum, we obtain
b,(t.4,)=b,0,4,)e"", 0, =Inb, =In|b, |,
0,0, =44, @31
The action variable is a function of 4,
P =G(4,), we have

{R,,Qm}=G’<ﬂ,,)bi{ﬂ,,,bm} (32)

denoting as

Assuming the discrete Hamiltonian has the form H, =
Zf(Pm ), and just as (26), we have

{0, H}=> [(PO,. P} = [(P,)=—4P," (33)

Like the continuous spectrum, we have

H(P)=f(P)=-4F""'=-42, (34)

namely,
1 ~ 1,5 5._
H, = ZS(PmS -P*= 25% A7) (3%

Until now, we have derived the equations of the
Hamilton system expressed by the action-angle variables.

In this section, we formulate the complete Hamilto-
nian theory for the DNLS equation with vanishing
boundary conditions, in which (29) and (35) are ex-
pressed in continuous spectrum and discrete spectrum
respectively. So far, through the construction of the Ha-
miltonian system, it shows that using the squared spec-
tral parameter 4 as an elementary parameter is reason-
able.

4 Conclusion

In this paper, through the gauge transformation, we
first introduce a new spectral parameter, the squared
spectral parameter A, to replace the usual spectral pa-
rameter &, and then develop the DNLS equation’s Ham-
iltonian theory to justify that using A as the basic pa-
rameter is reasonable. Taking the squared spectral pa-
rameter A as the basic parameter is the key point of this
paper. Comparing it with the simple spectral parameter,
we derive all the formulas of Hamiltonian theory for the
DNLS equation, which have the same modality as those
derived by the simple spectral parameter. The success in
applying the squared parameter here shows that a good
choice of spectrum parameter is greatly helpful for IST
method. Moreover, it is also beneficial to the perturba-

tion computation of DNLS equation!®”.
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