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0 Introduction

In this paper, we consider a predator-prey model
with exploited terms. Generally, the model with ex-
ploited terms is described as follows!":

X0 =xf(x,y)=h, y'(t)=yg(x,y) -k
where x and y are functions of time representing densi-
ties of prey and predator, respectively; 4 and k are ex-
ploited terms standing for the harvests. Particularly, a
non-autonomous ratio-dependent predator-prey model
with exploited terms is described by the following sys-
tem of ordinary differential equations

() =x(a—bx——L ) h
my+x (1)
.ﬁ/ )_k

Y(0)=y(-d+
my +x

where a,c,d, f,m are the prey intrinsic growth rate,
capture rate, death rate of predator, conversion rate, half
saturation-parameter, respectively. Moreover, for the
biological background of model (1), we always assume
that all of the parameters are positive constants. For the
detailed biological meanings, one can refer to Refs.[2-4]
and references cited therein. Since realistic models re-
quire the inclusion of the effect of changing environment,
it motivates us to consider the following model:

ey — _ @
x'(1) = x(2)(a(t) = b(1)x(?) m(t)y(t)+x(t)) h(z) o
NP fOy@®
Y (1) = y(a)( d(t)+m(t)y(l)+x(t)) k(1)

Correspondingly, we assume the parameters in (2) are
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positive @ -periodic functions. The assumption of pe-
riodicity of the parameters is a way of incorporating pe-
riodicity of the environment (e.g. seasonal effects of
weather, food supplies, mating habits etc).

In recent years, the existences of periodic solutions
in population models are widely studied by applying the
continuation theorem of coincidence degree theory, for
example, see Refs.[3,5-9]. In Ref.[6], a ratio-dependent
predator-prey model with prey’s harvest ( k(¢)=0,
h(¢t)>0) is analyzed. The aim of this paper is to estab-
lish sufficient conditions for the existence of at least four
positive @ -periodic solutions of system (2).

1 Preliminary and Notation

For the readers’ convenience, we first introduce a
few concepts from the book by Gaines and Mawhin"'"!

Let X, Z be normed vector spaces, L:DomlL c
X —>Z7 a Fredholm operator of index zero and
P:X > X, Q:Z—Z continuous projects such that
ImP=KerL , KerQ=ImL , X =KerL ®KerP and
Z=ImL@®ImQ. Denote the generalized inverse (of L)
by K,:ImL — KerP(1Dom L and an isomorphism of
ImQ onto KerP by J:ImQ — KerL.

Lemmal Let L,P,0 and K, be asabove, and
let Qc X beanopen bounded setand N: X — Z be
a continuous mapping, which is L-compact on Q (i.e.,
QN:E% Z and K, (i—-Q)N:£2— X are compact).
Assume

(i) for each A€ (0, 1), xe 02N Dom L, Lx # ANx ;

(ii) for each xe Q2 KerL, ONx#0;

(iii) deg {JON, 2 ker L,0} # 0,

Then Lx=Nx has at least one solution in 2.

Now we give some notations employed in the fol-

lowing discussion.

— 1 o L _ M _
g—wjo g(ndr, g = in g(t). g = [rer[%g(t),

where g is a continuous @ -periodic function.

2 Main Results

In this section, we shall state and prove our main
result of this paper.
Theorem 1  Assume the following

() (a—)F > 20"
m
(i) (h(f —d)—ae™ km)" = 2e \[(dm)" k" ah .

Then system (2) has at least four positive

 -periodic solutions.
Proof Consider the following system:

v(t)
Z/l’(t) = a(t) — b(t) e"(’) — L _ h(t) e—u(r)
m(t)e"” + e (3)
, t eu(t) »
v(t)=—d(t)+m_k(,)e o

It is easy to see that if system (3) has an

@ -periodic solution (" (¢), v'(¢))", then
(x"(1), ¥ ()" = (expu’ (), expv' (1))’

is a positive @ -periodic solution of system (2). So, to
prove Theorem 1, it suffices to show that system (3) has
at least four @ -periodic solutions.

For A€ (0, 1), we take a system as follows
c(t)e"”

’ _ _ w() __ M\0JM —u(t)
u'(t)=Aa(t)—b(t)e (()e Ot e h(t)e™")
e ar S0
V0= Amd0)+ 8 Sk Oe™)
“4)

Suppose that (u(¢), v(t))" is an @ -periodic solution of
system (4) for Ae (0, 1). Integrating (4) over [0, o],
we obtain
_ (@ u(t) c(t)evm —u(r)
wa = jo (b(t)e i +h(t)e " )dt (5)

and

I RO
IO m(l) ev(1)+ u(t)

From (4)-(6), it follows that

—k(H)e)d¢ (6)

V()
@y < @ u(r) c(t)e
[“lw@de < 2| (a)+b(r)e v
+h(t)e™)dt
R () c(t)e”
<wa+ [ (b)e NP
+h(t)e ™) d1 =2wa (7)
and
o , o f(0)e" (1)
jo lu/(£)] dt </1j0 [d(t)—i—(m—k(t)e Yldt
=2wd (8)
Choose 1,7, €[0, w], i=1,2, such that
u(t) = ,glo{g]u(t), u(r) = max u(?) )
v(t,) = n[loin]v(t), u(zr,)) = rr[lgx]v(t) (10)

From (5) and (9), we obtain
c(t)e’™”

—u(t)
—m(t) 1 o +h(t)e™)dt

wa = | O”’(b(t)e“(” +

> _[:b(t)dt = whe'™
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which reduces to u(#,) < 1n(%) . This, together with (7),
gives that for any € [0, @]

u(t) < u(t)+ jo“’| u'(2)|dt <1n(%) +20a =5, (11)

u(t)

Multiplying the first equality of (4) by e, and

integrating over [0, @], we obtain
@ u(t) _ @ 2u(t)
jo a(t)e"Vdt = jo b(r)eVdt
+J"m C(l) eu(t)+v(r)
o m(t)e""+e""
Again from (9), this implies that
"V o = | O”a(t)e““’dt> [ O”h(z)dt = wh

dz+j:’h(z)dr

which reduces to u(7,) > ln(é) . This, together with (7),
a

gives that for any 7€ [0, o]

u(t)y = u(r,)— J.w| u'(t)|dt> ln(é) —2wa =0, (12)
0 a

From (9) and the first equality of (4), we also have
c(z,)e"™

(T )ev(‘rl)+ u(7;)

e(z,)e" - (7))

m(z)e" W+ m(z,

a(z,) - b(z,)e" " - ~h(z)e™ =0

Because of

, this implies that

V(7

b(z,)e™ ™ ~[a(r,) - <@ )] "t h(z,)>0
m(7,)

1
Solving the inequality, we obtain

fa()— 8 J[( A5 vz ynce,)
&) < ) ) =
2b(r,) .
or
fa() 222 J[ ) abie i)
S m(t)) m(,) =
26(z) .
a——) +\/[( —apMpM
where [, = . Namely,
"</, ore"™>] . Slmllarly, from (9) and the first

equality of (4), it follows that "™ </, or ">/ .
These, combined with (11)-(12), give that for any
te0, o]
o, <u(t)<<Inl_, or In/ <<u(t) <9, (13)
From (6) and (10)-(11), we have
f@0e”

7 _ -v(1)
wd= | e ket

,[ _fedr (t)e""dt J- S(e"dt e"dt

0 m(r) m(t)e’+e" O m(t) “m()e'”

gwa(t)eldz 1 a f.

= Ly expRwa)w
0 m([)ev(tz) V(’z) b( ) p( )

f

which reduces to v(z,) <ln[% )]+ 2wa . Therefore,
m

this together with (8) gives that for any 7€ [0, @],

V(1) < (1) + j ‘W) de < 1n[i (1)] +2a(@+d)=F,
0 bd m

(14)
From (6) and the condition (ii) of Theorem 1 that implies

f>d, wehave
f(Hde

—~ J'w a)Z
0 m(r)e’ " +1

- | k() At <awf ———
0 eV(Tz)

k 3) . This, together with

which reduces to v(7,) > In(=

(8), gives that for any 7€ [0, ]

vy Zv(e,) - [V () de < 1n(?_3) —2wd =65, (15)

From (6) and (10), we also obtain
ft)e k()

—d(t,)+ - - =0
2 m(fz)eV(r2)+ eu(rz) ev(tz)
o t)e"" . . .
Noticing that % is increasing with u(7),
m(t,)e" + "

again from (12), this implies that

f(t)e” k(t,)

——=2=<0
m(t)e ™ +e> '™

=d(t,)+

Because of m(t,)e"™+e” >0,

denominator, we obtain
d(t)m(t,)e™ >~ [ f(t,)e* —d(t,)e™
—k(t,)m(t,)]e’ ™ + k(t,)e” >0 (16)

eliminating the

For the sake of convenience and simplicity, define

P(1) = f(6)e™ = d(t)e” = k(t)m(r)
Then, the inequality (16) becomes
d(t,)m(t,) e = p(1,)e" + k(1,)e> >0

Because of the condition (ii) of Theorem 1, we give
by solving the inequality

s 20) FAlP)F —4d(t)m(t)k(r)e”
2d(t,)m(t,) *
or
i 90) FAlP)T — dd(emit, k()€™

2d(1,)m(t,) :
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where 1, = s \/(¢L )~ A(dm)" k"
* 2(dm)™
"<y, or "> . Similarly, from (6) and (10), it
follows that ¢ <<r, or "™ > r.
with (14) and (15), give that for any 7€ [0, @]

o, <v(t)y<Inr, or Inr, <v(t) <6, 17)

Namely,

These, combined

Clearly, 6,-0,,l,,r, areindependentof A.

4%+
Now consider the following set of two equations:

E—Ze“—ljwc(tidt—hf“:o
w "’ m(t)e'+¢"
, (18)
L JOC g Fer =0
o m(t)e"+e"

where (u,v)"
of solutions of (18). From the first equation of (18), it
follows that
5_361,_l'[“’ c(t)e
"’ m)e™+1

This implies that a — be'— (i) —he"<0. Solving the
m

is a constant vector. Let (u,v) be a set

dr—he™ =0

inequality, we have "</, or e">/ .
Further, by using the arguments of (5)-(13), we obtain

o, <u<lIn/, or Inl+<u<o, (19)

of (18), ie, -d+
S(@)e

, from the fact that ————— s
m(t)e +e

For the second

J‘ _f0e

o m(t)e"+¢e"

equation

increasing with €", and from (19), it follows that

5,
Aty T

o m(t)e +e* e’
This is,
_ 2y v_ g,
1 J- d(t)m(t)e +.(p(t3e k(t)e dr<0
w0 (m(t)e"+e™)e’

Further, we obtain

dr <0

1 Iw —(dm)" ¥+ @' &' — kM &
w0 (m(t)e' +e*)e’
which reduces to
(dm)™ ' — " "+ k" e2>0
Solving the inequality, we give
oo 0 (@) —4dm) e

2dm)” —
o o O A@) A
2(dm)"

By using the arguments of (14)-(16), we obtain

o, <v<lnr,
We take
X =Z={(u@),»(t))" € CR,R?) | u(t+w) = u(t),
v(t + ) =v(t)}

or Inr, <v <74, (20)

and equipped the norm ”(u(t),v(t))T”:n[loax]|u(t)|

+rr[16'a1x]|v(t)|. Then, X (or Z) is a Banach space. Let
€[ 0,

L:DomLc X — X, Lu@),v(t)" =@ (),V(1)", where

Dom L={(u(t),»(t))" € X | (u(t),»(t))'e C'(R,R*)}. Again
let N: X—>X,

v(t)
{ <)} )OS g O
O] e S

m(t)e'" +e""

Define projectors P and Q by

Lol ) s

(1) )] |v| Lv@)

Obviously, Ker L=Im P=R* , Im L = Ker O = {(u(1),v(¢))"
e X|lu=v=0} is closed in X, and dimKerL =
dim(Z/ImL)=2. Thus, L is a Fredholm operator of
index zero. Moreover, define the inverse K, of L as

follows:
K, :ImL — DomL (1 KerP,

u(t) J.;M(S)ds—éj.:) J-Zu(s)dsdt
b L(r)}:

Define again

Q={u®),v@) € X|6,<u(t)<Inl, §,<vt)<Inr},
Q ={w®)v@)' € X|Inl <u()<8,, §,<v(t)<Inr},
Q={u) W) € X|6,<u()<Inl, Inr,<ut)<d,},
Q ={w®)v@)' € X|Inl <u@)<8, Inr, <w(r)<6,}.
All °s are open bounded subsets of X. Since / <</,

I;v(s)ds —% I:) I;v(s)dsdt

4
andr <r,_, we have UQ =@ . From (19) and (20), we

i=1
can see that (18) all has solutions is each of £2. It is
easy to show that ON and K,(i—
by the Lebesgue convergence theorem, and by Ar-
zela-Ascoli  theorem ON (5[) and KP(i— Q)N (/) are
compact. Therefore, N is L-compact on each of Q.
Here i=1,2,3,4.

According to (15) and (17), we have proven that for
each 1€ (0, 1) and (u(1),v(t))' € 02 NDomL , L(u(t),

Q)N are continuous
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V() # AN(u(t),v(t))" for i=1,2,3,4 . Namely, the deg{JON(u,v)",£2 N Ker L,0}
condition (i) in Lemma 1 is satisfied. =deg{¢,(u,v,1), 02 NKerL,0}
Next we have to prove that the condition (ii) and (iii) = deg {4, (u,v,0), 2 N Ker L,0}
in Lemma 1 are satisfied. _
Assume (u,v)'€ 02N KerL=002 NR?, ie., (u,v)" =sgn{(-be"+ iu)(% e £0 (i=1,2)
is a constant vector in R”. Then, it follows from (19) © ;
and (20) that ON(u,v)" # 0. This shows that the condi- deg{JON (u,v)",£2 N KerL,0}
tion (i) in Lemma 1 is satisfied. Finally we will prove =deg{g, (u,v,1),£2 NKer L,0}
that the condition (iii) of Lemma 1 is satisfied. Define =deg{g, (u,v, 0) 2 NKerL,0}
¢, :DomLx[0, 1] - X, _ _ sgn{(e* - )J~ f(Om(t)e’ dt} 0 (i=3.4)
a-ber- £ [*_C0° g e (m(e'+¢") ’
o m(t)e"+¢" .. )
¢, (u,v, 1) = Summarizing up the above discussion, we have
—J +l J“" S@)e" ke proven that every 2(i=1,2,3,4) satisfies all require-
O um(t)e"+e" ] ments in Lemma I. Hence, system (3) has at least one
I 1 to c@)e -] @ -periodic solution in each of £2(i=1,2,3,4). Thus,
a_beu__j O, e |
b v pt) = @0 m(t)e'+e" the proof of Theorem 1 is completed.
u,v,l) =
2 j S0
o mnere M References

where € [0, 1] is a parameter. From (19) and (20), we
see that ¢, ,(u,v,1)=0 have at least one set of solutions
in each of Q (i=1,2,3,4). From the first equation of
@ (u,v,u)=0(ue[0, 1]), by using the same arguments
of (11)-(12), we have

0, <u <y, (21)
Again from the fact that st I w&dl‘
w70 m(t)e'+¢e"
1 fo c(t)e .
< — I ————~—d¢, it follows that
w0 m(t)e'+¢e"
u<ln/, oru>Inl, (22)

From the second equation of @ (u,v,u)=0(u< [0, 1]),
it follows that

o, <v<Inr, orv>Inr, (23)
Expressions (21)-(23) show that
0, 0)' & ¢ (02,0, i=12, uel0,1]
Similarly, from ¢,(u,v,)=0(u<[0, 1]), it fol-

lows that 6, <<wu<In/ or In/ <u<é, and

v<Inr or Inr, <v<{9,. These show that
0, 0)' & ¢,(02,u), i=3,4, pelo,1].

From the first equation of ¢, (u,v,)=0, one can see

thatZe“—iu;tO, where 6, <u <In/ ,or Inl/, <u<6,.
e

Further, by applying the property of topological degree
and taking J=17:ImQ = KerL, J(u,v)" =(u,v)", we
give by straightforwardly calculating
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