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Abstract

This paper builds on our previous research and investigates how students’ fractional competence and reasoning can provide
clear evidence of non-symbolic algebraic thinking and its progressive transition towards fully generalised algebraic thinking.
In a large-scale study, 470 primary students completed a written paper and pencil test. This included three reverse fraction
tasks which required students to find an unknown whole when presented with a quantity representing a fraction of that
whole. Seventeen students from one participating primary school undertook a semi-structured interview which included
reverse fraction tasks, similar to those on the written test, but with progressive levels of abstraction, starting with particular
instances and becoming more generalised. Two important products of the study are the Classification Framework for Reverse
Fraction Tasks and the Emerging Algebraic Reasoning Framework. The interview results highlight two critical transition
points for the emergence of students’ algebraic reasoning. The first is the ability to transition from additive strategies to
multiplicative strategies to solve reverse fraction problems. Students reliant on diagrams and additive strategies struggled
to solve more generalised tasks that required multiplicative rather than additive strategies. The second transition is the shift
from multiplicative thinking to algebraic reasoning where students could generalise their multiplicative knowledge to deal

with any quantity represented in a reverse fraction task.

Keywords Algebraic thinking - Fractional competence - Paper and pencil assessments - Semi-structured interviews -

Reverse fraction tasks

1 Introduction

To succeed in mathematics, students must move from addi-
tive to multiplicative thinking, and from arithmetic calcula-
tions to generalised algebraic strategies. Researchers have
repeatedly suggested that algebraic reasoning depends on
students having a clear understanding of rational number
concepts (Kieren, 1980; Lamon, 1999; Wu, 2001) and the
ability to manipulate common fractions. Empson et al.
(2010) argue that the key to learning algebra meaningfully
is to help students: “to see the continuities among whole
numbers, fractions and algebra” (p. 411). They suggest that
students should develop and use computational procedures
using relational thinking to integrate their learning of whole
numbers and fractions.
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This paper builds on a previous paper (Pearn & Stephens,
2018) where initial findings were presented for a small group
of primary students who were part of a much larger study
(Pearn, 2019). Initial findings showed that students’ under-
standing of equivalence, transformation using equivalence,
and the use of generalisable methods can be monitored and
classified when students solve reverse fraction tasks. Reverse
fraction tasks are those where students know the number of
objects representing a given fractional part and then need to
find the number of objects representing the unknown whole.
Successful strategies varied from a dependence on diagrams
to methods that demonstrate algebraic reasoning.

In this paper, we advance our arguments with an analysis
of 470 primary students’ responses to the three reverse frac-
tion tasks on the written test. This resulted in the develop-
ment of the Classification Framework for Reverse Fraction
Tasks which can be used to classify the strategies students
use to solve reverse fraction tasks. This framework allows us
to classify different strategies starting with diagram depend-
ent thinking; progressing from there to additive strategies
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and then transitioning to clearly multiplicative strategies (see
Fig. 3). This framework forms the necessary background
for analysing a sub-sample of 17 students’ emerging alge-
braic thinking on reverse tasks in a subsequent Structured
Interview consisting of reverse fraction tasks that were con-
structed to allow for increasing generalisation.

Students’ responses during the Structured Interview
showed how and when algebraic reasoning becomes appar-
ent when more generalised responses to reverse fraction
tasks were introduced leading to the development of the
Emerging Algebraic Reasoning Framework (Fig. 6). This
framework draws teachers’ attention to key transitions for
students moving from arithmetic calculations to working
with certain general cases. Such transitions in thinking are
required when either the fractional part or the quantity, or
both are represented generally (rather than specifically as
in the original reverse fraction tasks) or when neither the
quantity nor the fraction are specified.

2 Literature

The terms algebraic thinking and algebraic reasoning appear
to be used interchangeably in the research literature. Jacobs
et al. (2007) and Stephens and Ribeiro (2012) define alge-
braic thinking as students’ understanding of equivalence,
transformation using equivalence, and the use of generalis-
able methods. Kieran (1989) stated that a necessary compo-
nent of algebraic generalisation “is the use of algebraic sym-
bolism to reason about and to express that generalisation” (p.
165). Later, Kaput (2008) suggested that algebraic thinking
consisted of two important aspects. The first aspect is mak-
ing and expressing generalisations in increasingly formal
and conventional symbol systems. The second is the ability
to reason with, and manipulate, symbolic forms. Blanton
et al (2018) support that view stating that primary students
can engage in algebraic thinking when they generalise, rep-
resent, justify and reason with a variety of mathematical
structures and relationships. Radford (2018) states that alge-
braic symbolism can include both the verbal explanations as
well as the alphanumeric symbolism:

Genuine algebraic symbolism includes the alphanu-
meric symbolism but also non-conventional semiotic
systems—Ilike natural language ... through which, as
recent research shows, students signify generality. (p.7)

The fundamental importance of generalisation in alge-
braic reasoning has been built into the design of the tasks
employed in this study, especially in the Structured Inter-
view. Stephens et al. (2021), in their analysis of a large Aus-
tralian study involving primary school age students, have
underlined the importance of students’ capacity to generalise
their explanations as a key feature of algebraic reasoning.
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Many students misunderstand the meaning of the equals
sign (see for example, Kieran, 1981; Falkner et al. 1981).
They believe that the equals sign indicates that they need to
give an answer but do not understand that the equal sign is
relational, that is, shows that a relationship exists between
the numbers or expressions on each side of the equal sign
(Jacobs et al. 2007). Herscovics and Kieran (1980) and Pow-
ell and Fuchs (2010) noted that, rather than the operational
use students need to understand the relational nature of the
equal sign to solve algebraic equations. Researchers such as
Knuth et al. (2008) found students’ dependence on the oper-
ational conception of the equals sign hinders both arithme-
tic and algebraic calculations. Jones et al. (2013) suggested
that students’ understanding of both the sameness-relational
and substitutive-relational conceptions of the equals sign are
important for algebraic thinking. The sameness-relational
conception of the equals sign involves seeing the equals
symbol or sign as meaning ‘is the same as’ (Jones et al.,
2013, p. 34) which encourages students to see the sameness
of the expressions on both sides of the equals sign thus see-
ing the equivalence when comparing each expression. The
substitutive-relational conception involves students think-
ing that the equals sign also means ‘can be substituted for’
(Jones et al., 2013, p. 35) and enables students to use arith-
metic rules, such as commutativity, to change the arithmetic
expressions on either side of the equals sign but retain the
equality. Such thinking is required to successfully solve gen-
eralised reverse fraction tasks.

Relational thinking has been extensively investigated
by researchers such as Stephens and Ribeiro (2012), Jones
(2013) and Kindrat and Osana (2018) where students coor-
dinate relationships between numerical quantities in equiv-
alent mathematical expressions using the four operations.
Unlike the current study, these studies have all focussed on
relationships between whole numbers. Drawing attention to
relational thinking using fractional quantities is an important
contribution of the current study.

Extensive research on rational number reasoning such
as by Behr et al. (1984), Kieren (1983), and Streefland
(1991), has focused on the development of basic fraction
concepts, including partitioning of a whole into fractional
parts, naming fractional parts, ordering rational numbers and
equivalence. Kieren (1976) suggested seven interpretations
of rational number but subsequently condensed these into
five (Kieren, 1980, 1988): whole-part relations, measures,
operators, quotients and ratios. While this extensive research
on rational number learning draws attention to additive and
multiplicative aspects of fractional thinking it has been less
explicit on the connections between fractional thinking and
algebraic reasoning.

Our focus on exploring the links between fractional think-
ing and algebraic reasoning builds on the research conducted
by Hackenberg and Lee (2015) with 18 middle school and
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high school students. They used two interviews which were
designed so that the reasoning involved in their Fraction
based interview provided a foundation for solving problems
in their Algebra interview. This research demonstrated that
fractional knowledge is closely related to establishing alge-
bra knowledge in the domains of writing and solving linear
equations. However, this research by Lee and Hackenberg
(2015) was conducted with a small sample of students
already familiar with algebraic notation and did not include
tasks requiring a generalised solution as is the focus of this
study.

In this paper, fractional competence includes under-
standing fraction size and relationships, demonstrating
understanding of fraction concepts and basic arithmetic
competence with simple fractions. Three distinct aspects
of algebraic thinking are important for this study: students’
understanding of equivalence, transformation using equiva-
lence, and the use of generalizable methods (Jacobs et al.,
2007; Jones et al., 2013; Stephens & Ribeiro, 2012). For this
research, algebraic reasoning is defined in terms of students’
capacity to identify an equivalence relationship between a
given collection of objects and the fraction this collection
represents of an unknown whole, including situations where
the exact fraction and/or exact quantity may not be known.

3 Research methodology for this study

In a previous paper (Pearn & Stephens, 2018) we introduced
the purpose for the large research study and the development
and trialling of the assessment instruments and included
results for a small sample of the students involved in the
main study. In this paper, we focus on the results from 470
primary students who completed the two paper and pencil
assessments (Pearn, 2019). We discuss the advances of our
understandings of the links between fractional competence
and algebraic reasoning resulting from this more extensive
analysis.

3.1 The participants

In the main research study, quantitative data was collected
from 470 primary students (10-12 years old), from nine
Victorian primary schools in Australia where the teach-
ers volunteered to participate in this research. The Index
of Community Socio-educational Advantage (ICSEA) is a
scale of socio-educational advantage that is calculated for
each school. The ICSEA value takes into account parents’
occupations, parents’ education, geographical location and
the proportion of indigenous students and is calculated on a
scale which has a median of 1000 and a standard deviation
of 100. It typically ranges from a value of about 500 (repre-
senting extremely educationally disadvantaged backgrounds)

to about 1300 (representing schools with students with very
educationally advantaged backgrounds) (ACARA, 2018). At
the time of this study, the participating schools had ICSEA
values that ranged from 1013 to 1181 and deemed to be
educationally advantaged.

The responses, of these 470 students, to three reverse
fraction tasks will be discussed in Sect. 4. After analysing
the results of these 470 students, 17 students (10 boys and
7 girls), all attending the same Melbourne metropolitan pri-
mary school, were chosen to be interviewed.

3.2 Theresearch design

In this study, connections between fractional competence
and algebraic reasoning were investigated using a sequen-
tial explanatory mixed method research design (Creswell,
2003). This research design is characterised by the collection
and analysis of quantitative data followed by the collection
and analysis of the qualitative data. Qualitative and quan-
titative methods were linked and integrated to address the
overarching research question: How can students’ responses
to reverse fraction tasks provide clear evidence of non-sym-
bolic algebraic reasoning and the progressive transition
towards fully generalised algebraic thinking?

The first integration of data occurred when the quantita-
tive data was analysed from two paper and pencil assess-
ments: The Fraction Screening Test and the Algebraic
Thinking Questionnaire. The second integration of data
occurred when the quantitative data from these assessments
were integrated with the qualitative data from the semi-
structured interviews and is elaborated in the case studies
(Sect. 5). The third integration of the data occurred when
analyses of all data sources were synthesised to respond to
the research question.

Descriptive analysis of quantitative data from the paper
and pencil assessments provided a basis for classifying the
different solution strategies that had been used to solve
reverse fraction tasks, but these data did not adequately
explain the reasons that students had chosen particular
strategies to solve reverse fraction tasks and whether they
were capable of changing these strategies when faced with
more generalised contexts. The Structured Interview, with
students selected based on the methods they had used in the
written test to solve reverse fraction tasks, provided clari-
fying qualitative data. This combination of data supported
exploration of the complexity of the relationships between
fractional competence and algebraic reasoning.

3.3 Assessment Instruments
The focus for this paper is on the integration of the results

from three written reverse fraction tasks from the Fraction
Screening Test (Fig. 1) with the qualitative data gathered
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Reverse Fraction 1

Reverse Fraction 2

Reverse Fraction 3

This collection of 10 counters is /3
of the number of counters I started
with.

Susie’s CD collection is #/7 of her
friend Kay’s. Susie has 12 CDs.
How many CDs does Kay have?

This collection of 14 counters is ”s
of the number of counters I started
with.

How many counters did I start
with? Explain how you decided
that your answer is correct.

Q0000 Show all your working. 88888
00000 0000

How many counters did I start
with? Explain how you decided
that your answer is correct

Fig. 1 Three reverse fraction tasks (from the original Fraction Screening Test)

from the Structured Interview. We refer to these tasks as
'reverse fraction' tasks because they require students to find
the number of objects in the whole collection when given the
number of objects representing a given fraction. All instru-
ments used in this study are described in detail in Pearn
(2019) and briefly in Pearn and Stephens (2018) and Pearn
et al., (2019) while the Structured Interview is described in
detail in Pearn and Stephens (2018).

3.3.1 Reverse fraction tasks (fraction screening test)

The three reverse fraction tasks in Fig. 1 (Pearn & Stephens,
2018 p. 241) are central to the discussion presented in this

paper.
3.4 Structured Interview

The Structured Interview questions included changes to
the number of objects, keeping the fractions the same, and
then introducing unspecified quantities associated with the
same fractions used in the Fraction Screening Test. These
suggestions are in line with research (Marton et al., 2004)
which showed that varying numbers in mathematical tasks
can foster generalisation. It was anticipated that there would
be stronger evidence of algebraic thinking or reasoning if
students consistently used multiplicative strategies, or pro-
gressed to using multiplicative strategies, when responding
to reverse fraction questions where quantities were changed
but the fractions remained the same as the three reverse frac-
tion tasks (Fig. 1).

The Structured Interview includes reverse fraction tasks
similar to those shown in Fig. 1 but with progressive levels
of abstraction, starting from particular instances and becom-
ing progressively more generalised for both the fractions
four-sevenths and seven-sixths. Questions for the Structured
Interview are given in Fig. 2. The first three questions are
very similar to those in the written test while Question 4
focuses on two-thirds, Question 5 on four-sevenths and
Question 6 on seven-sixths.
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The written records from the Structured Interview were
independently coded by two researchers according to the
rubric for the Initial Structured Interview Scoring Frame-
work (Fig. 5) with an inter-rater reliability of 94%. Any
discrepancies were discussed and resolved. The descrip-
tions in the rubric given for each level of The Initial Struc-
tured Interview Scoring Framework (Fig. 5) were specific
enough to allow all students to be placed on a level. How-
ever, more information was required in order to answer the
main research question focusing on the connections between
fractional competence and emergent algebraic reasoning (see
Fig. 6).

Further analysis of the results from the Structured Inter-
view was conducted by two researchers. The solutions to
each of the seven interview questions were individually ana-
lysed and scored, using the same criteria as that used for the
three reverse fraction tasks as shown in the Framework for
Reverse Fraction Task Strategies (Fig. 3). While responses
to each individual Structured Interview question could be
classified in terms of strategies for solving each fraction
task, overall performance for the Structured Interview tasks
also needed to be classified in terms of the development of
emergent algebraic reasoning.

Students’ overall responses to the Structured Interview
tasks were analysed using a thematic analysis approach
(Braun & Clarke, 2006) and varied from a reliance on com-
putational methods to fully generalised responses which
indicate emergent algebraic reasoning (Fig. 6). The tran-
scripts were again coded by two researchers with a con-
sistent inter-reliability of 94%. Any discrepancies were dis-
cussed with a third researcher and resolved.

4 Results

The focus in the results section is on the strategies students
used to solve reverse fraction tasks that required increasing
levels of generalisation.
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Fraction

Variation

Structured Interview Questions

two-thirds

four-sevenths

seven-sixths

change of number 1

Q1. Imagine that I gave you 12 counters which is %/ of the number of
counters I started with. How many counters did I start with? Explain
your thinking.

Q2. Susie has 8 CDs. Her CD collection is %/ of her friend Kay’s.
How many CDs does Kay have? Explain your thinking.

Q3. Imagine that I gave you 21 counters which is /¢ of the number of
counters I started with. How many counters did I start with? Explain
your thinking.

two-thirds

change of number 2

Q4a. If I gave you 18 counters, which is ?/3 of the number of counters
I started with, how would you find the number of counters I started
with?

any number

Q4b. If I gave you any number of counters, which is also %3 of the
number I started with, what would you need to do to find the number
of counters I started with?

four-sevenths

change of number 2

Q5a. If Susie had 20 CDs, which was #/; of her friend Kay’s CDs, how
would you find the number of CDs Kay has?

any number

Q5b. If it was any number of CDs that Susie had, and this was still 4/
of the number CDs Kay had, what would you need to do to find the
number of CDs Kay had?

seven-sixths

change of number 2

Q6a. If I gave you 70 counters, which was 7/s of the number of
counters I started with, how would you find the number of counters [
started with?

any number

Q6b. If it was any number of counters, which was 7/¢ of the number of
counters I started with, what would you need to do to find the number
of counters I started with?

any fraction

any number

Q7. What if I gave you any number of counters, and they represented
any fraction of the number of counters I started with, how would you
work out the number of counters I started with? Can you tell me what

you would do? Please write in your own words.

Fig.2 The Structured Interview questions

4.1 Strategies used to solve the three reverse
fraction tasks

Table 1 shows the number (and percentage) of the 470 stu-
dents who successfully completed each written reverse frac-
tion task from the Fraction Screening Test (Fig. 1). Reverse
Fraction 2 did not include a diagram and although Reverse
Fraction 3 included a diagram it did not appear to assist
students to solve the task.

Careful analysis of the data for the 470 students showed
that their dominant strategies for the set of three reverse frac-
tion tasks could be classified using the five key categories
given in the Classification Framework for Reverse Fraction
Tasks and explained in Fig. 3.

Student DC’s response (Fig. 4) provides an example
of what we mean by a dominant strategy. His response
was deemed to be Fully Multiplicative for the set of three
reverse fraction tasks since, regardless of the fraction or
the quantity representing that fraction, he consistently
found the quantity represented by the unit fraction and
then scaled up or down to find the whole. Note he has
not yet been introduced to formal symbolic algebraic

equations but gave an idiosyncratic recording of his think-
ing by using numbers in a sentence without words.
Analysing the students’ written responses confirmed
that the reverse fraction tasks allow students to demon-
strate their ability to use relational thinking, equivalence
and algebraic reasoning. The number and percentage of
students in each category for each task is given in Table 2.
The number of students not attempting to answer the ques-
tions or giving a response (Not Clear) increases with suc-
cessive tasks. Reverse Fraction 1 included a diagram which
appeared to assist students to give a response. Several stu-
dents were dependent on diagrams for all three reverse
fraction tasks. Forty percent (188) of the 470 students used
a partially multiplicative response to Fraction Task 1. This
was evidenced by them stating that they would add one
more row of five counters to find the total. Gloria used a
partially multiplicative method to solve Fraction Task 2
(Fig. 7). Very few students used advanced multiplicative
methods (see Jack, right-hand side Fig. 8) to solve the
three reverse fraction tasks on the written test. This left
unanswered whether students’ giving fully multiplicative
responses had utilised non-symbolic algebraic reasoning.
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Classification

Explanation

Diagram dependent

Additive / subtractive

Partially multiplicative

Fully multiplicative

Advanced multiplicative

Students use explicit partitioning of diagrams before using additive or subtractive
strategies to find the measure or quantity representing the whole

Students use additive or subtractive methods without explicit partitioning of a
diagram. Students find the measure or quantity needed to represent the unit
fraction and then use counting or repeated addition to find the measure or quantity
needed to represent the whole.

Students use both multiplicative and additive methods. Students calculate the
measure or quantity representing the missing fractional part and either add this
amount (proper fractions) to the original quantity or subtract this amount from the
original measure or quantity (improper fractions).

Students use fully multiplicative methods. Students find the measure or quantity
represented by the unit fraction using division by the numerator of the given
fraction and then multiply the measure or quantity representing the unit fraction
by the denominator to find the measure or quantity representing the whole.

Students use more advanced multiplicative methods to solve the reverse fraction
questions. These include the correct use of appropriate algebraic notation to find
the whole, or a one-step method to find the whole by either dividing the given
quantity by the known fraction.

Fig. 3 Classification Framework for Reverse Fraction Tasks

Table 1 Correct responses
for the three written reverse

Reverse Fraction 1 Reverse Fraction 2

fraction tasks (n=470)

Percentage of correct
responses

Fraction task focus

Two-thirds
371 (79%)

Four-sevenths
216 (46%)

\4=7=)

10243
|
X7 =21 x 612

Reverse Fraction 3

Seven-sixths
202 (43%)

Fig.4 Student DC used Fully Multiplicative strategies for all three reverse fraction tasks

The questions in the Structured Interview prompted stu-
dents to articulate their thinking.

4.2 Strategies used to solve the Structured
Interview questions

The tasks in the Structured Interview were scaffolded in the

expectation that students would move from a reliance on
calculations and specific numbers and begin to generalise
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solution strategies. The Structured Interview uses the same
fractions as those for the written test but the quantity rep-
resenting the fraction has been changed (left-hand column
of Fig. 2). The 17 students chosen to be interviewed repre-
sent the five categories of the Classification Framework for
Reverse Fraction Tasks as described in Fig. 3.

Table 3 highlights the strategies employed by the interview-
ees to solve each question of the Structured Interview (Fig. 2).
For example, when responding to Question 1 of the Structured
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Table 2 Students’ strategies for

. Response type
the three reverse fraction tasks

Reverse Fraction 1

Reverse Fraction 2 Reverse Fraction 3

(n=470)

Not attempted or unclear 136 (29%) 254 (54%) 296 (63%)

Diagram dependent 33 (7%) 28 (6%) 42 (9%)

Additive/subtractive 23 (5%) 38 (8%) 5(1%)

Partially multiplicative 188 (40%) 47 (10%) 80 (17%)

Fully multiplicative 80 (17%) 94 (20%) 33 (7%)

Advanced multiplicative 10 2%) 9 (2%) 14 (3%)
Table3 Interviewees’ strategies Question from Not attempted ~ Diagram Additive/ Partially Mul- Fully Multi- Advanced
for eac.:h task for the Structured Figure 2 or incorrect Dependent ~ Subtractive tiplicative plicative Multiplica-
Interview (n=17) tive

1 2 0 0 6 7 2

2 1 2 0 4 8 2

3 2 1 0 5 6 3

4a 1 0 0 5 8 3

4b 0 0 1 6 6 4

Sa 0 2 1 4 7 3

5b 1 1 0 5 5 4

6a 1 0 0 5 8 3

6b 3 0 0 4 6 4

Interview, two students gave an Incorrect Response, six used
Partially Multiplicative, seven used Fully Multiplicative while
two used Advanced Multiplicative strategies.

Table 4 Students’ strategies for final Structured Interview question
(n=17)

As shown in Table 4, two students did not attempt Ques-
tion 7, two attempted an answer but were incorrect while
three attempted to use additive methods. However, ten of
the students gave generalisable multiplicative responses with
seven students using verbal responses only and three writing
appropriate algebraic symbols. The responses were coded
differently to the other questions in order to distinguish ver-
bal and symbolic methods.

As a result of the re-analysis of students’ Structured Inter-
view responses (based on the framework in Fig. 5 and the
global thematic analysis) six levels were established for the
Emergent Algebraic Reasoning Framework (Fig. 6). Stu-
dents who were only able to answer questions where both

Response Non Incorrect Additive  Verbal Symbolic

code response unclear  methods multi- multi-
plicative  plicative
methods  methods

Number 2 2 3 7 3

of inter-

viewees

Fig.5 The Initial Structured Level

Interview Scoring Framework

Level Description

0 Not able to successfully complete any questions

1 Completed some or all of Questions 1 — 3 with known fraction and given quantity

2 Completed all questions with known fractions and a given quantity (Questions 1 -

3, 4a, 5a and 6a). Relied on additive methods to solve Questions 4b, 5b, 6b. Could

not give a generalizable response to Question 7.

3 Completed Questions 1 — 6 using multiplicative and/or mixed methods. Gave an

appropriate non-symbolic generalizable response to Question 7

4 Completed Questions 1 — 6 using consistent multiplicative methods. Used suitable

algebraic notation to give a generalizable response to Question 7
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Level

Description of level for Emergent Algebraic Reasoning

1 | Computational
fluency — Partial

Solved only some questions with method restricted to given fractions and
quantities.

2 | Computational
fluency —Complete

Solved all questions with given fractions and quantities but were unable to answer
more than one question with ‘any number’ of objects.

3 | Generalising —
Additive

Solved all questions with given fractions and quantities. Used additive or mixed
methods to solve questions with ‘any number’ of objects but were unable to give
an appropriate generalised multiplicative response for ‘any number’ of objects.

4 | Generalising-

Solved all questions with given fraction and ‘any number' of objects using
multiplicative methods. No appropriate generalised response to ‘any fraction’ and

6 generalisation —

Multiplicative “any number’.

Algebraic Solved all questions with known fractions and ‘any number’ using consistent
5 generalisation — multiplicative methods. Students verbalised but did not symbolise full

Verbal generalisation to ‘any fraction’ and ‘any number’.

Algebraic Solved all questions with known fractions and ‘any number’ and generalised

using consistent multiplicative methods. Appropriate algebraic notation used to

Symbolic

solve ‘any fraction’ and ‘any number’ task.

Fig.6 The Framework for Emergent Algebraic Reasoning

the fraction and the quantity representing the fraction were
given were deemed to be at Level 1 and Level 2. Students
who were consistently able to use additive or multiplicative
methods to solve the questions with both a given fraction
and equivalent quantity and the ‘any number’ questions were
deemed to be at Level 3 and Level 4. However, students who
relied on an additive response to the more general ques-
tion of ‘any fraction’ and ‘any number’ could not progress
beyond Level 3 and Level 4. Students who used generalised
algebraic reasoning providing a coherent verbal response
were deemed to be at Level 5, and those who articulated
their responses using symbolic representations were deemed
to be at Level 6.

In answering our key research question, the critical jump
is from Level 3 to Level 4 where students demonstrated
clear algebraic reasoning in which they could deal with any
number of objects using multiplicative methods. This shows
evidence of students being able to generalise the solution of
a fractional task for an unknown number of objects. Further
confirmatory evidence of algebraic reasoning is provided
when students can describe how they would solve a frac-
tional problem with any fraction as well as any number of
objects.

4.3 Comparison of students’ written and interview
responses

In Table 5 the interviewees’ dominant methods used for the
set of three written reverse fraction tasks (left-hand column)
are compared to the classifications for the Emerging Alge-
braic Reasoning Framework (right-hand columns) based on
students’ responses to the Structured Interview. This table
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illustrates the importance of linking responses to the writ-
ten test to later responses from the Structured Interview.
These connections are further illustrated in the case studies
to follow.

Interviewees dependent on pictorial or additive methods
were likely to experience difficulties describing a rule as
each interview question appeared to be a new problem that
had to be considered on its own terms. While additive meth-
ods are sufficient to solve simple reverse fraction problems,
students need to be able to draw on multiplicative methods
to solve problems of increasing generality. Without access
to multiplicative methods, students are most likely to experi-
ence difficulties transitioning from arithmetical processes to
formal algebra.

Analysis of the students’ responses shown in Table 5
indicated that three students are still reliant on using either
diagrams or computational strategies and unable to answer
questions with ‘any quantity’. Three students are starting to
generalise using additive strategies and two consistently use
multiplicative strategies for the tasks with ‘any quantity’.
Despite not being introduced to formal algebra, six students
gave an appropriate verbal generalised solution for the ques-
tion with ‘any fraction’ and ‘any quantity’ while three stu-
dents used written algebraic expressions.

A necessary precursor to being able to generalise a solu-
tion for these reverse fraction tasks was to recognise, implic-
itly or explicitly, an equivalence relationship between the
given fraction and its related quantity. This allows students
to find the quantity related to the unit fraction that can then
be scaled up to a whole additively or multiplicatively. Even
when an equivalence relationship had been identified addi-
tive methods were less easily generalised as students needed
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to know how many parts to add or subtract. Several students
failed to give a correct response, despite using this method,
due to their faulty computation.

Multiplicative methods were clear precursors to generali-
sation. Students typically divided by the numerator to find
the quantity equivalent to the unit fraction and then multi-
plied by the denominator to find the quantity in the whole
group. Some students divided by the given fraction or multi-
plied by the reciprocal to obtain a whole number equivalent.
Generalisable methods provided evidence of algebraic think-
ing when students could describe what needed to be done if
a given fraction was related to any quantity.

Five of the six interviewees who had demonstrated fully
multiplicative thinking on the written test were able to dem-
onstrate algebraic reasoning using verbal or symbolic strate-
gies to answer questions dealing with any number of objects
during the interview. We also noticed that three interview-
ees, who had used partially multiplicative strategies on the
written test, were able to give verbal explanations in the
interview showing coherent algebraic reasoning in relation
to questions that dealt with any number. These students
treated variations in the given fractions as ‘quasi-variables’
(Fujii & Stephens, 2001); that is, recognising that the same
multiplicative operations applied regardless of the fraction.
In responding to Question 7 with any fraction and any num-
ber interviewees able to generalise referred to dividing by
the numerator and multiplying by the denominator.

Fully generalisable methods demonstrated algebraic reason-
ing when students could describe verbally in non-symbolic
terms how to find the whole given ‘any fraction’ and ‘any
quantity’. Some students demonstrated clear algebraic thinking
by using symbols such as ?/, to represent any given fraction and
¢ to represent any given quantity to generalise their solutions.

5 Application of the frameworks: four case
studies

Four case studies from the students we interviewed illustrate
the application of the two frameworks described in Figs. 3
and 6. These case studies demonstrate that a scaffolded

questioning sequence, such as that used in the Structured
Interview, may allow teachers to map students’ progress
against the frameworks and so inform the decisions needed
to guide each students’ learning. The four case studies also
highlight critical stages against which teachers can check
students’ growing competence to think algebraically. Glo-
ria represents the Generalising-Additive group, Kate and
Alex represent the Algebraic Generalisation-Verbal group,
while Jack represents the Algebraic Generalisation-Symbolic
group who used advanced multiplicative strategies, consist-
ently and successfully, for all tasks in the Structured Inter-
view. Kate has been included as she was classified as being
in Algebraic Generalisation-Verbal group despite using
partially multiplicative strategies for all questions prior to
Question 7 on the interview.

Table 6 includes the dominant method used by the case
study students for the written reverse fraction tasks along
with their classification on the Emerging Algebraic Reason-
ing Framework.

The teachers of the primary students who were inter-
viewed confirmed that their students had not yet been intro-
duced to formal algebraic notation. However, there were
some primary students classified as advanced multiplica-
tive thinkers, who used either verbal or symbolic notation to
express their algebraic reasoning, sometimes in idiosyncratic
ways, as will be evident from the case studies.

5.1 Written reverse fraction tasks

In the written test (470 students), two of the three tasks
included diagrams and all reverse fraction tasks could be
solved using additive or multiplicative methods. However,
students used the range of strategies for each of the three
reverse fraction tasks as listed in Fig. 3. For example, stu-
dents used diagrams, additive or subtractive strategies and
partially, fully or advanced multiplicative strategies regard-
less of whether the task included a diagram or not. Analysing
a written test does not allow teachers or researchers to deter-
mine the reasons for students’ choice of strategy or whether
the students were using the most sophisticated strategy or

Table 5 Comparison of
strategies used for reverse
fraction tasks before and after
interview

Dominant methods for set of
three reverse fraction tasks
from written responses

The Framework for Emergent Algebraic Reasoning based on Structured
Interview responses

Computational Generalising Algebraic

Partial Complete Additive  Multiplic-ative ~ Verbal =~ Symbolic

Diagram dependent
Additive/subtractive
Partial multiplicative
Fully multiplicative

—_— AN NN =N

Advanced multiplicative
Total 17

1 1
1
1 2 1
1 2
1
2 1 3 2 6 3
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the strategy they felt was valued by the teacher or researcher.
Having the Classification Framework for Reverse Fraction
Tasks allows teachers and researchers to classify the types of
strategies that students use to solve reverse fraction tasks but
could also be adapted to create a starting point for classify-
ing responses to other types of mathematical tasks.

Gloria consistently used a partially multiplicative strat-
egy for each written reverse fraction task. For example, in
responding to Reverse Fraction Task 1 she added an extra
row of five circles to the two rows of circles given in the
diagram. For Reverse Fraction Task 2 she divided 12 by 4
to work out one-seventh (3), multiplied one-seventh by three
to get three-sevenths (9) and then added three-sevenths (9)
to the four-sevenths (12) to find the number of objects in the
whole group (21) (see left-hand side of Fig. 7). She used a
similar method for Reverse Fraction Task 3 related to the
fraction seven-sixths.

Like Gloria, Kate used a partially multiplicative method
for Reverse Fraction Task 1, but she used a fully multipli-
cative method for Reverse Fraction Task 2. As shown in
the right-hand side of Fig. 7 Kate divided the number of
CDs (12) by the numerator (4) to find one-seventh (3) and
then multiplied by seven to get the whole i.e. seven-sevenths
(21). However, for Reverse Fraction Task 3, which had a
diagram, Kate used a ‘trial and error’ method: “14 divided
by 6 doesn’t work, neither does 13 +6. But 12 +6 does work
so I got the answer of 12 as the original number of counters”.
It is not clear if Kate would have succeeded, or what method
she may have used if the diagram had not been included.

In contrast, Alex successfully solved all three reverse
fraction tasks using fully multiplicative methods. Just like
Kate’s response to Reverse Fraction Task 2 (right-hand side
of Fig. 7) he found the number of objects representing the
unit fraction by dividing by the numerator and then calcu-
lated the whole by multiplying the number representing the
unit fraction by the denominator (left-hand side of Fig. 8).
While his symbolic recording of 3 CDs represents one-
seventh of the collection (3="/;) is incorrect his intention
is clear. Similarly, for recording that seven-sevenths of the
collection was 21 he incorrectly wrote '/, =21.

Jack used an advanced multiplicative strategy for all three
reverse fraction tasks regardless of whether there was a dia-
gram or not included with the task. He divided the given
number of counters by the given fraction (right-hand side

of Fig. 8). Unlike Alex’s symbolic response, Jack’s sym-
bolic response is written correctly. However, this use of a
‘short cut” method raises the question as to whether Jack is
applying a rule that he may have been taught without fully
understanding why the rule works or is he employing an
inverse relationship which underpins a truly algebraic solu-
tion strategy. This issue could only be resolved by further
probing questions in the Structured Interview (see below).

5.2 Moving from change of number to any number

For the tasks related to two-thirds for both change of number
and any number both Gloria and Kate halved the number of
counters representing two-thirds and then added that num-
ber onto the original number of counters to find the whole
collection. They both used a similar approach to the tasks
related to four-sevenths. To calculate the number of objects
needed to represent seven-sevenths or the whole they found
the number of objects needed to represent one-seventh,
multiplied by three to find three-sevenths, then added that
number to the number representing four-sevenths. While this
partially multiplicative approach is consistent with Gloria’s
responses for the written reverse fraction tasks it contrasts
with the fully multiplicative approach Kate used for the writ-
ten Reverse Fraction Task 2 (right-hand column of Fig. 7).

Both Gloria and Kate used the same partially multiplica-
tive strategy for the tasks related to seven-sixths. They ini-
tially found the number of objects that represented one-sixth
then subtracted that number of objects from the number rep-
resenting seven-sixths to find the whole or six-sixths. As
Gloria stated: “Put it into 7 groups. However, many in that
group take it away from the original number” (right-hand
side of Fig. 9). Similarly, Kate describes her method of find-
ing one-sixth as “see what goes into that number 7 times”
and then subtracts one-sixth from the number representing
seven-sixths to get six-sixths or one whole.

Gloria used the same partially multiplicative strategy for
all the tasks of the Structured Interview that she had used for
the written tasks. However, during the interview she transi-
tioned from being dependent on drawing diagrams to dem-
onstrate the partially multiplicative strategy (left-hand side
of Fig. 9) to describing a partially multiplicative strategy in
words without diagrams (right-hand side of Fig. 9).

Table 6 Comparison of results

for the four case study students Student Dominant m.ethod for three written Emerging algebraic reasoning framework
reverse fraction tasks
Gloria Partially multiplicative Generalising—additive
Kate Partially multiplicative Algebraic generalisation—verbal
Alex Fully multiplicative Algebraic generalisation—verbal
Jack Advanced multiplicative Algebraic generalisation—symbolic
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Fig.7 Gloria’s and Kate’s responses to Reverse Fraction Task 2 (Fraction Screening Test)
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Fig.8 Alex's and Jack’s responses for Reverse Fraction 2 (Fraction Screening Test)

Researchers such as Diezman and English, (2001) have
suggested that students use diagrams when solving unfa-
miliar problems. A diagram is a visual representation that
presents information in a spatial layout such as the one used
by Gloria to solve Question 2 of the Structured Interview.
She initially drew the 8 circles representing the 8 CDs before
creating four groups of two showing the four groups of one-
seventh. She then created three more groups of two circles

which represented three-sevenths. The appropriateness of a
diagram for the solution of a problem depends on how well
it represents that problem’s structure. Booth and Thomas
(2000) suggested that while diagrams are useful for some
students, other students may not see the structure of the
problem in diagrams or may be unfamiliar with the use of
diagrams in the problem-solving process. The appropriate-
ness of a diagram for the solution of a problem depends

2.

Susie has 8 CDs. Her CD collection is ; of her friend Kay's.

a. How many CDs does Kay have?

b. Explain your thinking. ,

)
o)

:""/;:\(
b

5
/

o< O

. 7
b. If it was any number of counters, which was 3 of the number of counters | started with,

what would you need to do to find the number of counters | started with?
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Fig. 9 Gloria's responses to Question 2 and Question 6b (Structured Interview)
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on how well it represents that problem’s structure. In this
case Gloria successfully drew a diagram that represented
the structure of the problem.

Gloria initially used diagram dependent strategies indi-
cating a clearly established pattern of representing a whole
as a composite of its fractional parts. Diagrams, often with
circling, were used to identify, usually successfully, the
component relationships; recognising that it is necessary to
deduce the value of the unit fraction to scale up (or down)
the number of fractional parts to make a whole. When pre-
sented with ‘any number’ of objects representing a given
fraction Gloria explained how the separate parts or compo-
nents can be combined to make a whole.

During the Structured Interview both Alex and Jack used
the same multiplicative strategies that they had used for the
three written reverse fraction tasks. They applied the same
strategies whether they had a given number of objects or
any number of objects as shown in Fig. 8. Alex used a fully
multiplicative method where he divided by the numerator
to find the number of objects representing the unit fraction
then multiplied by the denominator to find the number of
objects in the whole group. Jack used a more advanced mul-
tiplicative method where he divided the number of objects
representing the fraction, by the given fraction to obtain a
correct solution. In the interview, Jack was asked why this
method always worked. When asked to explain his response,
Jack said dividing by two-thirds is the same as multiplying
by 3 over 2 where the 2 represents the numerator, adding
“This allows you to work out what one-third is so that you
can find the whole.”

5.3 Moving from any quantity to any quantity
and any fraction

When presented with ‘any fraction’ and ‘any quantity’ in
Question 7, Gloria’s clearly expressed part-part-whole
additive strategies cannot be generalised: “Whatever the
numerator is, put it into however many groups. You then
either add or subtract that number”. Gloria indicates the
direction a strategy needs to take but as shown above her
strategy cannot be enacted unless the value and the quan-
tity are known. The overall analysis of Gloria’s responses
to the Structured Interview questions suggests she is at
the Generalising-Additive level of the Emerging Algebraic
Reasoning Framework (Fig. 6).

In the interview Kate used a partially multiplica-
tive strategy for all questions prior to Question 7, which
involved ‘any fraction’ and ‘any number’ of counters.
She then stated: “This is the old method” referring to the
fully multiplicative method she had used previously for
the written Reverse Fraction Task 2 (right-hand side of
Fig. 7). Kate returned to a fully multiplicative strategy
(Fig. 10) when it became apparent to her that a partially
multiplicative approach was not applicable or would not
work. Kate is classified as being at Algebraic Generalisa-
tion—Verbal. Kate’s response demonstrates that students
can be encouraged to use algebraic reasoning if the task
demands it.

For Question 7 Alex used the relationship between the
fraction, and the number of objects representing that frac-
tion, to calculate the number of objects required to represent
the whole (Fig. 11). This strategy will work for any fraction
representing any number of objects.

Alex is deemed to be at the Algebraic Generalisation—
Verbal level (Fig. 6). While Kate and Alex ended up having
similar responses to Question 7 (Figs. 10, 11), Alex immedi-
ately draws upon a fully multiplicative strategy for unknown
fractions or quantities represented by the fraction while Kate
initially used a partially multiplicative strategy before draw-
ing on a fully multiplicative strategy for Question 7.

Figure 12 shows Jack’s response to Question 7 with any
number of counters representing any fraction. When asked
to explain his response, he said:

“When you divide by the fraction b over c (pointed to
symbols /) it becomes multiply by c over b (pointed
to symbols X /) which means that you are dividing
by the numerator (b). This tells you what one over c is
and then you can multiply by the denominator (c) to
find the whole”.

This fully generalised and well-articulated algebraic
response indicates that Jack is not simply repeating a rule
he has been taught. Jack’s symbolic algebraic reasoning is
confident and consolidated, and he is deemed to be at the
Algebraic Generalisation-Symbolic level (Fig. 6).

Analysis of the three written reverse fraction tasks
allowed the development of the Classification Framework
for Reverse Fraction Tasks. Using this framework for the
Structured Interview tasks allows researchers and teach-
ers to classify the types of strategies students use to solve

Fig. 10 Kate’s written response
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Fig. 12 Jack's response to Question 7 (Structured Interview)

tasks such as these reverse fraction tasks with and without
diagrams. The scaffolded move from reverse fraction tasks
that included different numbers of objects to any number of
objects encouraged students to use more generalised alge-
braic reasoning as they could not calculate an exact quantity.
Moving to any fraction and any quantity allowed Alex to
articulate in words the relationship between the three frac-
tion components: numerator, denominator, and the number
of objects. It prompted Jack to articulate the relationship
using correct symbolism with understanding beyond the
school curriculum. The Emerging Algebraic Reasoning
Framework highlights the move from a reliance on com-
putation with given numbers of objects, to generalisations
using additive and multiplicative methods, to the move to
algebraic generalisations.

6 Discussion

A necessary precursor to being able to generalise a solution
for these reverse fraction tasks was to recognise, implic-
itly or explicitly, an equivalence relationship between the
given fraction and its related quantity. This allows students
to find the quantity related to the unit fraction that can then
be scaled up to a whole additively or multiplicatively. Due
to their faulty computation several students failed to give a
correct response. However, even when an equivalence rela-
tionship had been identified, additive methods were difficult
for students to generalise as they needed to know how many
parts to add or subtract.

Multiplicative methods were clear precursors to generali-
sation. Students typically divided by the numerator to find

the quantity equivalent to the unit fraction and then multi-
plied by the denominator to find the quantity represented by
the whole. Some students divided by the given fraction or
multiplied by the reciprocal to obtain a whole number equiv-
alent. Generalisable methods provided evidence of algebraic
thinking when students could describe what needed to be
done if a given fraction was related to any quantity.

Verbal algebraic generalisations indicate that a student
is well positioned and ready for formal algebra expected
when they move into secondary schooling. In this study
three interviewees were already using algebraic reasoning,
writing algebraic equations and showing evidence of being
able to create and simplify algebraic expressions.

Fully generalisable methods demonstrated algebraic rea-
soning when students could describe verbally in non-sym-
bolic terms how to find the whole given ‘any fraction’ and
‘any quantity’. Some students demonstrated clear algebraic
thinking by using symbols such as ¥/, to represent any given
fraction and c to represent any given quantity in order to
generalise their solutions.

A limitation of the written test is that students may
correctly interpret the task and use an appropriate rule or
procedure, where this may or may not indicate algebraic
reasoning. It may represent a learned rule, or it may rep-
resent a deeper understanding of the structure of fractions.
The Structured Interview probes for evidence of generalisa-
tion as a key identifier of algebraic reasoning. In addition,
the question sequence successfully ‘moved’ some students
away from part-part-whole additive strategies towards fully
multiplicative and generalizable approaches. Their algebraic
thinking was sometimes expressed symbolically but more
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often verbally as is appropriate for students yet to be intro-
duced to formal use of pronumerals.

7 Conclusion

The key research question for this study was: How can
students’ responses to reverse fraction tasks provide clear
evidence of non-symbolic algebraic reasoning and the
progressive transition towards fully generalised algebraic
thinking? Due to the limitations of our sampling and time
constraints on testing we do not claim that our classifications
are exhaustive. However, based on the data from the writ-
ten reverse fraction tasks and the Structured Interview, we
believe that the two frameworks that have emerged from this
study will be of value to mathematics educators and teach-
ers: The Framework for Reverse Fraction Task Strategies
(Fig. 3) and the Emerging Algebraic Reasoning Framework
(Fig. 6). Although students used a variety of methods to
solve reverse fraction tasks on a written test, the Emerging
Algebraic Reasoning Framework identified students who
were computationally proficient but unable to generalise, as
distinct from those who were beginning to generalise, and
those who could fully generalise their solutions.

Application of these frameworks to analyse students’
strategies has shown that students relying on additive or
partially multiplicative strategies were unable to solve the
task where they had to consider ‘any number’ of objects rep-
resenting a fraction of the whole group. The ability to deal
with ‘any number’ is the clearest test of algebraic reason-
ing. Some students were able to deal confidently with ‘any
number’ and ‘any fraction’. Other students who appeared to
rely on concrete or additive strategies moved confidently to
using multiplicative methods. Unless students become con-
fident users of multiplicative methods, they cannot take the
extra step of dealing with any number using a generalised
algebraic strategy.

This study points to two critical transitions for the emer-
gence of students’ algebraic reasoning. The first, which is a
necessary condition, is the transition from additive strate-
gies to multiplicative strategies for arithmetic calculations.
Students who relied solely on diagrams or additive strate-
gies were unable to utilise multiplicative strategies to solve
more generalised tasks. The second transition is demon-
strated when students use their multiplicative knowledge to
deal with any quantity represented in a reverse fraction task.
Fully algebraic reasoning allows students also to deal with
any fraction and a known quantity, as well as any fraction
with any quantity.

The two frameworks, The Framework for Reverse Frac-
tion Task Strategies (Fig. 3) and the Emerging Algebraic
Reasoning Framework (Fig. 6), highlight the connection
between fractional competence and emerging evidence of

@ Springer

students’ algebraic reasoning. For teachers, these frame-
works serve a double purpose. First by providing indicators
that enable teachers to identify the stage where students are
at, and second to monitor students’ progress by giving clear
suggestions for how students can and need to be prompted
to make the next steps.

Reverse fraction tasks need to be included in the teach-
ing and learning of fractions. But, simply finding the whole
when given a specific fraction and the quantity it represents,
which is an important element of fractional competence,
does not go far enough. As this study shows, the full poten-
tial of reverse fraction problems needs to include prompts
such as “any fraction” and “any number’ in order to foster
fully generalisable algebraic thinking.
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