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Abstract

Previous studies have repeatedly shown that children often incorrectly use an additive model for multiplicative word prob-
lems, and a multiplicative model for additive word problems. The present study aimed to investigate which model upper
primary school children tend to choose in word problems that are open to both ways of reasoning. In particular, a non-
symbolic variant of the snake task of Lamon (Teaching fractions and ratios for understanding: Essential content knowledge
and instructional strategies for teachers, Taylor & Francis Group, New York, NY, 2008) was administered to 279 children
in fifth and sixth grade of primary education. Children were asked to indicate which of two snakes had grown the most,
and to verbally explain the reasoning behind their answer. Results revealed that additive reasoning (i.e., absolute growth)
was more frequently used than multiplicative reasoning (i.e., relative growth), although it appeared to be harder to verbal-
ize. Second, both trends were more prominent for fifth than sixth graders. Third, contrary to previous studies with younger
children, we did not find any differences between answers on discrete and continuous variants of the task. Nevertheless,
children’s answers were more often explicitly verbalized in discrete than continuous items. Theoretical, methodological,
and educational implications for solving word problems, and more generally for modelling in the domain of additive and

multiplicative reasoning, are discussed.
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1 Introduction

Within the domain of mathematics education research,
much attention has been devoted to the connection between
mathematics and the real world. This process of applying
the appropriate mathematical operations in order to make
sense of everyday-life situations and to solve real-life prob-
lems, is called mathematical modelling (e.g., English and
Lesh 2003; Van Dooren et al. 2006; Verschaffel et al. 2000,
2007). Mathematical modelling is conceived of as a complex
process, consisting of a number of phases (e.g., see Blum
and Niss 1991; Verschaffel et al. 2000). First, one needs to
understand the problem situation and to build a situation
model. Second, the situation model has to be translated into
a mathematical model, and third, the mathematical model
has to be worked out by means of calculations in order to
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derive results. Fourth, those results have to be interpreted,
and lastly, evaluated and communicated (Verschaffel et al.
2000).

One major way in which the teaching of mathematical
modelling is initialized is through word problems (Verschaf-
fel et al. 2000, 2007). Although learning to model math-
ematically of course requires a range of modelling tasks that
go far beyond classical school word problems (Verschaffel
et al. 2000, 2007), there is little doubt that, when appropri-
ately formulated and used, word problems are a valuable
tool as “exercises in mathematical modelling” (Verschaffel
et al. 2010, p. 9). Much research on mathematical model-
ling in primary school has focused on word problems. Ini-
tially, most of the research attention was devoted to additive
word problems, in particular one-step addition and subtrac-
tion word problems. Since the late eighties, scholars have
increasingly turned their attention to the field of multipli-
cative word problems. Subsequently, authors argued for a
simultaneous investigation of the development of students’
solutions of additive and multiplicative word problems (for
reviews of this research domain, see Greer 1992; Nunes and
Bryant 2010; Verschaffel et al. 2007). In this article, we
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focus on the models being chosen in word problems that are
open to both additive and multiplicative reasoning. In what
follows, we first introduce the field of multiplicative word
problems and the additive errors that primary school chil-
dren make in multiplicative word problem solving. After-
wards, we analyze the multiplicative errors that primary
school children make in additive word problem solving.
Moreover, we report the way in which both types of errors
have been traditionally interpreted (i.e., in terms of abilities),
and challenge this traditional interpretation by proposing an
additional explanation for children’s errors, that is a prefer-
ence for additive or multiplicative reasoning. This additional
explanation provides the rationale for looking at word prob-
lems that are open to both ways of reasoning.

2 Theoretical background

Multiplicative reasoning lays the foundation for many math-
ematical ideas, such as fractions, ratios, and linear functions
(Vergnaud 1988). Hence, it plays a pivotal role in primary
mathematics education. In Flanders (Belgium), the stand-
ards for elementary school mathematics are the same for all
schools (Ministerie van de Vlaamse Gemeenschap 1997),
so the (order of) contents and instructional approaches are
quite similar. Children typically learn to solve basic addi-
tions and multiplications in first and second grade, and from
third grade on, attention is paid to solving simple multiplica-
tive word problems (e.g., of the type ‘1 kg of apples costs
x EUR. How much would 5 kg of apples cost?’). However,
the typical multiplicative missing-value problems are only
introduced at the end of the fourth grade, and further thor-
oughly rehearsed and intensively practiced in fifth and sixth
grade. In this problem type, three numbers are given and
a fourth one has to be found, such as: “A car of the future
will be able to travel 6 miles in 2 min. How far will it travel
in 4 min?” (Kaput and West 1994, p. 267). Based on the
assumption that the car is driving at a constant velocity, this
problem situation needs to be modelled multiplicatively, i.e.,
by looking at the multiplicative relation between two of the
given numbers, and comparing or applying this relation to
a third given number in order to find the missing one (e.g.,
2 min X2 =4 min, so 6 miles X 2 =12 miles). Also other
approaches to this problem correctly model the situation in
a multiplicative way, and in this sense, fall under the heading
of multiplicative reasoning. These are, for instance, the unit
factor approach (e.g., 3 miles in 1 min, so 12 miles in 4 min)
and the building-up approach based on repeated addition
(e.g., in 2+ 2 min, 6+ 6 miles).

However, the literature on multiplicative reasoning has
repeatedly pointed out that children often model multipli-
cative situations incorrectly. More specifically, they model
those multiplicative situations in an additive way, also
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referred to as the “constant difference approach” (e.g., Hart
1988; Kaput and West 1994; Karplus et al. 1983; Noelt-
ing 1980; Van Dooren et al. 2010; Vergnaud 1983, 1988).
Children who erroneously apply this approach consider the
differences instead of the ratios between given numbers. For
instance, in the above missing-value problem, they answer
8 miles instead of 12 miles (e.g., the difference between 2
and 4 is 2, so 6 +2=38). This kind of erroneous additive
modelling especially occurs in middle primary school chil-
dren (Kaput and West 1994; Van Dooren et al. 2010; Verg-
naud 1988). Therefore, it has been interpreted as evidence
for an additive phase in the development of quantitative rela-
tional reasoning abilities that precedes a multiplicative one.
In this additive phase, children would be able to reason only
additively, and thus have to make an important transition to
multiplicative reasoning later on. This transition has even
been characterized as “one of the major barriers to learn-
ing mathematics” (Siemon et al. 2005, p. 1). More recently,
however, researchers have started to question this interpreta-
tion of erroneous additive modelling in multiplicative word
problems exclusively in terms of lacking abilities, as several
authors provided evidence that 5- to 6- year old children are
already able to correctly reason about multiplicative rela-
tions (e.g., Boyer et al. 2008; Jeong et al. 2007), particu-
larly in non-symbolic tasks containing continuous quanti-
ties. More specifically, several studies showed that young
children had less difficulties with multiplicative reasoning
in problems containing proportions represented in continu-
ous amounts (e.g., an unsliced pie or a glass of water) than
in problems containing discrete sets (e.g., a pie sliced into
units or a glass of water containing marks indicating water
units), in which they often resorted to additive reasoning
(e.g., Boyer et al. 2008; Jeong et al. 2007; Spinillo and Bry-
ant 1999). Young children’s difficulty with multiplicative
reasoning in discrete tasks may be due to the overexten-
sion of numerical counting routines. They may engage in
counting, and the whole numbers obtained by those count-
ing routines may interfere with the proportions needed for
multiplicative reasoning (Mix et al. 1999; Obersteiner et al.
2015; Wynn 1997).

Besides the erroneous additive modelling of multiplica-
tive problem situations, the inverse mistake has been repeat-
edly reported as well. In this line of research, missing-value
word problems that have an additive underlying mathemati-
cal model, as originally developed by Cramer et al. (1993),
take a central place. For instance, word problems such as
“Ellen and Kim are running around a track. They run equally
fast but Ellen started later. When Ellen has run 4 laps, Kim
has run 8 laps. When Ellen has run 12 laps, how many has
Kim run?” (e.g., Van Dooren et al. 2010, p. 364), are fre-
quently erroneously modelled in a multiplicative way (e.g.,
“4%x3=12,s0 8x3=24laps”). This mistake has been espe-
cially found in children in upper primary education (Van
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Dooren et al. 2005, 2008, 2010). However, just as in the
case of erroneous additive modelling in multiplicative miss-
ing-value word problems, one can assume that those upper
elementary school children are able to reason correctly about
such additive missing-value word problems. Hence, it seems
unlikely that this erroneous multiplicative modelling in addi-
tive missing-value word problems could be fully explained
by children’s lacking additive modelling ability.

It seems that neither children’s erroneous additive model-
ling nor their erroneous multiplicative modelling exclusively
depends on their ability to reason multiplicatively or addi-
tively. A complementary explanation was raised by Resnick
and Singer (1993), who interpreted children’s erroneous
additive reasoning in multiplicative word problems as an
indication of their preference for additive relations. Also in
the broader mathematics education literature, the term “pref-
erence’ refers to the way of reasoning that “has precedence
over” the other (Pellegrino and Glaser 1982, p. 310; also see;
Bailey et al. 2012; Resnick and Singer 1993). Likewise, chil-
dren’s multiplicative reasoning in additive word problems
may be based on a preference for multiplicative relations.

Although it has been suggested that a preference is at play
in children’s missing-value word problem solving (Resnick
and Singer 1993), classical word problems, including the
missing-value word problems mentioned above, may not be
best suited to capture this preference. Because those word
problems do contain an underlying additive or multiplica-
tive mathematical model, children’s choice, for instance,
of a multiplicative model to solve a multiplicative problem
may be due to their preference for the multiplicative model
as such, or to a conscious consideration of its applicabil-
ity in the given problem situation. To measure children’s
preference validly, it may be more useful to resort to “open”
word problems that do not contain any intrinsic indication
for additive or multiplicative reasoning, and, thus, for which
both an additive and a multiplicative model are equally
correct.

Several authors have suggested the usefulness of open
word problems for both research and teaching purposes (e.g.,
see Schukajlow and Krug 2014; Schukajlow et al. 2015;
Star and Rittle-Johnson 2008). In the domain of additive
and multiplicative reasoning in particular, the usefulness of
open word problems has been suggested too (e.g., Lamon
2008; Lamon and Lesh 1992; Pellegrino and Glaser 1982),
but little systematic research using such open tasks has been
conducted. Degrande et al. (2014) developed open word
problems by posing word problems in Greek to Flemish
pupils. Since those word problems were posed in the Greek
language, these pupils could absolutely not understand the
problem situation, except for the given numbers which were
represented in the usual Arabic format. This way, neither
the multiplicative nor the additive solution method could
be considered as the correct one in those word problems.

Degrande et al. (2014) found that a substantial percentage of
middle primary school children (3rd and 4th graders) chose
to solve those problems using additive relations, while a sub-
stantial percentage of upper primary school children (5th and
6th graders) solved those problems multiplicatively, despite
the incomprehensible context. No children at all reacted by
stating that both answers were possible. These open word
problems, hence, exposed children’s preferred type of rela-
tions between numbers (i.e., additive or multiplicative).
Moreover, those results closely resembled previous find-
ings (e.g., Van Dooren et al. 2005, 2009, 2010) obtained by
means of classical word problems that do have a clear addi-
tive or multiplicative underlying model. This suggests that
children’s preferred way of reasoning may not only be at play
in open word problems, but in closed classical word prob-
lems as well. Thus, rather than relying on the mathematical
model that is underlying these latter problems, children tend
to fall back on their preferred way of reasoning, which may
be triggered by certain superficial cues in the word problem,
such as the presence of key words (such as “many times” or
“per” for multiplicative reasoning, or “in total” for additive
reasoning) or of specific numbers or number combinations
(as originally suggested by Sowder 1988).

3 The present study

The present study aims to get a view on children’s prefer-
ence for additive or multiplicative reasoning by means of
a novel task, namely a non-symbolic variant of the snake
task that was originally suggested by Lamon and colleagues
(Lamon 2008; Lamon and Lesh 1992) but, to the best of
our knowledge, which had not been empirically tested yet.
In our non-symbolic variant of the snake task, children are
presented with a picture of two snakes that differ in length at
a given time point. A second picture shows the same snakes
at a later moment. Children are then asked which of the two
snakes has grown the most. Additive reasoners would con-
sider absolute growth, i.e., compare how much length was
added to each snake, whereas multiplicative reasoners would
consider relative growth, i.e., compare the ratios between the
present length of the snake and its original length. These two
distinct understandings of the same task can be considered
as two different, but equally plausible, mathematical models
of the situation depicted in that task (in the sense of e.g.,
Gravemeijer 2004; Greer et al. 2007; Usiskin 2007). Hence,
the way in which children modelled the problem situation
in the snake task indicated whether or not they had a prefer-
ence, and if so, which preference. This task was open with
respect to the underlying mathematical model, and therefore
we call it an open word problem.

The research literature contains several other mathemati-
cal modelling tasks that are open to multiple solutions (see
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classification by, e.g., Schukajlow et al. 2015). Some tasks
are open to multiple solution methods that still lead to
the same mathematical result, while in other tasks differ-
ent results can be obtained based on different assumptions
about missing data but using the same solution methods.
A third type of tasks can be solved using different solution
methods (based on different assumptions about missing data)
leading to different results. The snake task belongs to this
third type of multiple solution tasks. It does not contain any
information about the nature of the growth (since it is open),
hence children should make assumptions about this missing
information in order to interpret the problem situation. Dif-
ferent assumptions lead to different solution methods (i.e.,
additive or multiplicative) and to different results (i.e., the
snake that had grown the most from an additive perspective
or the snake that had grown the most from a multiplicative
perspective).

So, like the Greek word problems used by Degrande et al.
(2014), the snake task is open with respect to the underly-
ing mathematical model, as an additive and a multiplica-
tive model are equally valid for making a decision on which
snake has grown the most. However, contrary to the Greek
word problems, our variant of the snake task is non-symbolic
in nature: There are no concrete numbers provided in the
task, so children cannot fall back on their preferred type of
relations between numbers. Another difference is that chil-
dren can understand the problem situation, which is not the
case for the Greek word problem (due to its Greek language).

The present study aimed to answer three questions. First,
how do children in upper primary education answer these
open word problems: Do they prefer additive relations, mul-
tiplicative relations, or do they indicate that both types of
relations are possible (RQ 1)? A subquestion to this first
question is as follows: How do these children verbalize their
reasoning? Several authors argued that young children have
some implicit knowledge about additive and multiplicative
relations, long before they are able to verbalize their rea-
soning (Nunes and Bryant 2010; Sophian 2000). In con-
trast, others did not find a discrepancy between children’s
quantitative relational reasoning (as demonstrated by their
answers) and the verbalizations accompanying their answers
(McMullen et al. 2011).

Previous research focused mainly on children in upper
primary education, and showed that children tend to focus
increasingly on multiplicative relations and decreasingly on
additive relations across (upper) primary education (for a
review, see Van Dooren et al. 2008). Therefore, our second
research question was whether children from fifth and sixth
grade differ in terms of their answers to those open word
problems and their accompanying verbalizations (RQ 2)?

A third question related to the way in which the prob-
lem is presented: Does the presentation of the snake task in
terms of discrete vs. continuous quantities have an impact
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on children’s answers and verbalizations (RQ 3)? Previous
studies showed that young children have more difficulties
with multiplicative reasoning in discrete than in continuous
problems, as in the former they are more inclined to reason
additively (e.g., see studies with 5- to 6-year olds by Boyer
et al. 2008; Jeong et al. 2007; Spinillo and Bryant 1999).
However, little or no research addressed the impact of this
task characteristic in upper primary school children.

4 Method
4.1 Participants, instruments and procedure

Participants were 279 children (157 fifth and 122 sixth grad-
ers) from four Flemish primary schools. Children’s prefer-
ence was measured by means of a non-symbolic paper-and-
pencil variant of the snake task of Lamon (2008), which was
administered as part of a larger data collection. In this task,
two snakes were presented at two distinct moments in time
(see Fig. 1). Children were asked to indicate which snake
had grown the most between the two moments. Additive
reasoners were expected to consider how much length was
added to both snakes (i.e., absolute growth) and, thus, to
answer that the snake named “Sleng” had grown the most,
whereas multiplicative reasoners were expected to look at
the ratio between the present length of each snake and its
original length (i.e. relative growth) and thus conclude that
the snake named “Sling” had grown the most.

Each child solved four items. The ratios between the
snakes’ lengths differed amongst these four items, but the
ratios between the lengths of each snake at the two moments
were nevertheless integer, in order to allow straightforward
multiplicative comparisons. Two out of four items contained
continuous quantities (i.e., snakes of different lengths, see
Fig. 1a), while two other items contained discrete quantities
(i.e., dotted snakes, see Fig. 1b). The order of the items was
counterbalanced in different versions of test booklets.

The number of items per task per child was limited to
four, to avoid the development of response tendencies across
items. The snake tasks were presented in a paper-and-pencil
form and were collectively administered in the children’s
usual classrooms. Children were explicitly asked to indicate
which snake had grown the most, and to verbalize the rea-
soning behind their answer in written form.

4.2 Analyses

Answers to each of the four items of the snake task were
classified as additive (if “Sleng”, the snake that had grown
the most from an absolute perspective was chosen), as mul-
tiplicative (if “Sling”, the snake that had grown the most
from a multiplicative perspective was chosen), or belonging
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Fig. 1 a One item of a continu-
ous and b discrete variant of the
snake task of Lamon (2008)

to the rest category (if the child did not make an explicit
choice between both snakes, or if the item was left unan-
swered). Children’s verbalizations to each of the four items

were classified as:

a

Jan has two snakes: Sling and Sleng. Five years ago, Sling and Sleng were this long:

Sling

|:’Q

Sleng

Now, Sling and Sleng are this long:
Sling

I )
C

Sleng

‘Which snake has grown the most?

b

Jan has two snakes: Sling and Sleng. Five years ago, Sling and Sleng were this long:

; Sling
Sleng

Now, Sling and Sleng are this long:

Sling

Sleng

‘Which snake has grown the most?

e Multiplicative, if children explicitly referred to growth
in relative terms (i.e., ratio between the snakes’ lengths);
e.g., “because you look at the body, and Sling fits four
times in itself and Sleng only three times”, “Sling has
become 4 times as large and Sleng only 3 times”.

e Additive, if children explicitly referred to growth in abso- e Additive-and-multiplicative, if children explicitly

lute terms' (i.e., difference between the snakes’ lengths);
e.g., “Sling only grew 4 dots, and Sleng grew 8 dots”,
“the distance in between both snakes is now larger than

five years ago”.

! Also verbalizations that involved only a comparison of the lengths
of one snake at two moments, or the lengths of two snakes at one
moment, (or verbalizations that left implicit whether they were com-
paring the former or the latter) but still clearly referred to differences
in lengths, ratios between lengths, or both, fell under the categories of
resp. additive, multiplicative, or additive-and-multiplicative verbali-

zations.

referred to both absolute and relative growth; e.g., “(1)
Sleng is now twice as long as before, (2) Sling has only
grown a few cm”.

e Rest, if children referred neither to absolute nor to rela-
tive growth, by

e Referring to growth in general terms, e.g., “because
this snake has grown larger”, “because this one was
the largest one and had most dots, and now it is still
the largest one with most dots”, or

e Referring to a comparison of the lengths of one
snake at two moments or the lengths of two snakes
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at one moment in general terms, e.g., “because Sleng
is now larger than Sling”, or leaving implicit which
lengths are compared, e.g. “there are more dots” or
“Slong is bigger”

e Referred neither to growth, nor to the lengths of
snakes, e.g., “because I think so” or “you simple see
that”.

After coding, children’s answers and verbalizations were
analyzed by means of generalized estimating equations
(GEE) analyses, which allow one to conduct repeated meas-
ures logistic regression analyses on repeated (and thus pos-
sibly correlated) categorical data. GEE analyses with grade
(between-subject) and type of presentation (within-subject)
as independent variables and the likelihood of occurrence
of additive answers and multiplicative answers as depend-
ent variables were conducted, as well as GEE analyses with
grade and type of presentation as independent variables on
the likelihood of occurrence of additive verbalizations of
additive answers and multiplicative verbalizations of mul-
tiplicative answers. Besides children’s answers to all indi-
vidual items, their answer profiles were analyzed, using
logistic regressions with grade as independent variable and
each profile type as dependent variable.

5 Results

In what follows, we first give an overview of children’s
answers to the four items of the snake task, i.e., whether
they mentioned the snake that had grown the most from an
additive or multiplicative perspective. After that, we report
results regarding the verbalizations that accompanied chil-
dren’s answers.

5.1 Answers

First, results showed that most children (67.9%) chose the
snake that had grown the most from an additive perspec-
tive, considering how much length was added to both snakes
(i.e., absolute growth, see Table 1). A smaller percentage
(29.9%) chose the snake that had grown the most according
to a multiplicative perspective, considering the ratio between
the original and present length of each snake (i.e., relative
growth). A small group of children (2.2%), belonging to the
rest group, did not make an explicit choice between the two
snakes, or left the problem unanswered.

Second, both in fifth and in sixth grade there were
many more additive (respectively 72.6 and 61.9%) than
multiplicative answers (respectively. 25.2 and 36.1%, see
Table 2). The discrepancy was larger in fifth than in sixth
grade, which was due to a decrease of additive (Wald
7*(1)=5.526; p=.019) and an increase of multiplicative
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Table 1 Children’s answers and verbalizations in the snake task

Answers % Verbalizations %

A 67.9 A 35.5
M 7.1
A&M 0.1
Rest 57.3

M 29.9 A 1.8
M 76.0
A&M 1.5
Rest 20.7

Rest 2.2 A 12.5
M 29.2
A&M 4.2
Rest 54.2

answers between the two grades (Wald y*(1)=6.101;
p=.014), as was expected based on previous research.

Third, contrary to our expectations based on research
with younger children (i.e., 5- to 6 year olds, see Boyer
et al. 2008; Jeong et al. 2007; Spinillo and Bryant 1999),
we did not find a difference between discrete and continu-
ous presentations (see Table 3). In particular, both dis-
crete and continuous tasks mainly evoked additive answers
(respectively 68.6 and 67.2%, Wald;gz(l) =.716; p=.398.),
and far fewer multiplicative answers (respectively 29.6 and
30.3% Wald y*(1)=.165; p=.684). Neither did we find an
interaction between grade and presentation format (i.e.,
discrete vs. continuous) (respectively Wald ;(2(1) =.001;
p=.972 and Wald y*(1)=.165; p=.684 for additive and
multiplicative answers).

Fourth, analyses of the consistency of the above results
revealed that there is consistency in children’s answers, as
shown in their answer profiles across all four items. Most
children consistently modelled the situation additively in
at least three out of four items (i.e., 62.7%). Another sub-
stantial group of children consistently modelled the situa-
tion multiplicatively in at least three out of four items (i.e.,
22.9%). In addition, 1.8% of all children answered format-
sensitively: 0.7% of them answering multiplicatively in
continuous items and additively in discrete items, and
1.1% vice versa, i.e., answering additively in continuous
items and multiplicatively in discrete items. The remaining
12.5% of children combined additive and multiplicative
answers, and mixed them irrespective of presentation char-
acteristics. Only this latter group did not show a consistent
answering behavior. In line with the answers per item, the
percentage of additive profiles decreased from 68.2% in
fifth to 55.7% in sixth grade (Wald y*(1)=4.494; p=.034)
while the number of multiplicative profiles increased from
15.9 to 32.0% (Wald y*(1) =9.683; p=.002) between fifth
and sixth grade.
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Table 2 Fifth and s.ixt}} graqers’ Grade 5 Grade 6
answers and verbalizations in
the snake task Answers % Verbalizations % Answers % Verbalizations %
A 72.6 A 29.8 A 61.9 A 44.0
M 7.9 M 6.0
A&M 0.2 A&M 0.0
Rest 62.1 Rest 50.0
M 25.2 A 2.5 M 36.1 A 1.1
M 72.8 M 79.0
A&M 2.5 A&M 0.6
Rest 222 Rest 19.3
Rest 22 A 14.3 Rest 2.0 A 10.0
M 28.6 M 30.0
A&M 7.1 A&M 0.0
Rest 50.0 Rest 60.0
Table$ C.hildr.en’s. answers and Discrete Continuous
verbalizations in discrete and
continuous items in the snake Answers % Verbalizations % Answers % Verbalizations %
fask A 68.6 A 40.7 A 67.2 A 30.1
M 6.0 M 8.3
A&M 0.3 A&M 0.0
Rest 53.0 Rest 61.1
M 29.6 A 3.0 M 30.3 A 0.6
M 80.6 M 71.6
A&M 1.8 A &M 1.2
Rest 14.5 Rest 26.0
Rest 1.8 A 10.0 Rest 2.5 A 14.3
M 20.0 M 35.7
A &M 10.0 A&M 0.0
Rest 60.0 Rest 50.0

5.2 Verbalizations

We also analyzed the way in which the different types of
answers were verbalized. First, the large majority of multi-
plicative answers (76.0%) was verbalized multiplicatively,
and only very small percentages of multiplicative answers
were verbalized additively (1.8%), or additively-and-multi-
plicatively (1.5%). This results in a small portion of multi-
plicative answers that did not explicitly refer to additive or
multiplicative relations (20.7%). This large percentage of
multiplicative verbalizations accompanying multiplicative
answers, and small percentage of additive verbalizations
accompanying those multiplicative answers, confirms the
validity of the task.

Contrary to the multiplicative verbalizations accom-
panying multiplicative answers, a smaller percentage of
the additive answers (35.5%) was indeed also verbalized
additively. Most verbalizations of those additive answers
(57.3%) did not explicitly refer to a specific type of relation,

although almost all of those referred to changes in length
of both snakes at both moments (without being specific
about the additive or multiplicative nature of the growth of
both snakes), and hence, were relational in nature. Hence,
although the task was more frequently answered in an addi-
tive way, it appeared to be harder to explicitly verbalize than
multiplicative reasoning. Nevertheless, only small percent-
ages of additive answers were verbalized multiplicatively
(7.1%, see Table 1), and hardly any children used both addi-
tive and multiplicative justifications for their additive answer
(0.1%). Those results indicate that only in rare cases the
additive alternative was chosen while the underlying rea-
soning was clearly multiplicative, confirming the validity
of our task.

Second, especially in fifth grade additive reasoning
seemed to be hard to verbalize (see Table 2). This was
confirmed by the smaller percentage of additive answers
that were verbalized additively in fifth than in sixth grade
(respectively 29.8 vs. 44.0%, Wald y*(1)=6.447, p=.011).
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This was not the case for multiplicative answers, where the
difference in multiplicative verbalizations between grades
was not significant (respectively 72.8 vs. 79.0%, Wald
72(1)=1.189, p=.275). Both additive verbalizations in
multiplicatively answered tasks and multiplicative verbali-
zations in additively answered tasks occurred slightly more
often in fifth than sixth grade (2.5 and 1.1% for additive ver-
balizations in multiplicatively answered tasks, and 7.9% and
6.0% for multiplicative verbalizations in additively answered
tasks, respectively).

Third, with regard to the presentation format, more addi-
tive answers were verbalized additively in discrete (40.7%)
than in continuous items (30.1%, Wald;(z(l) =15.392, p<
0.001, see Table 3). The same presentation effect was found
amongst the multiplicative answers, i.e., more multiplicative
answers were verbalized multiplicatively in discrete (80.6%)
than in continuous items (71.6%, Wald ;(2(1) =5.279,
p=.022). The interaction between grade and presentation
format (i.e., discrete vs. continuous) was not significant,
neither for the additive answers that were verbalized addi-
tively (Wald y*(1)=5.222, p=.470), nor for the multipli-
cative answers that were verbalized multiplicatively (Wald
7 (1)=1.368, p=.242).

6 Conclusion and discussion

Within the research domain of mathematics education, much
attention has been devoted to the connection between mathe-
matics and the real world. This complex process of applying
the appropriate mathematical operations in order to make
sense of everyday-life situations and to solve real-life prob-
lems, is called mathematical modelling (e.g., English and
Lesh 2003; Van Dooren et al. 2006; Verschaffel et al. 2000).
The literature on mathematical modelling is vast, and word
problems are only one of the ways of teaching it (Verschaffel
et al. 2000, 2007). Still, word problem solving constitutes
an important part of the mathematics curriculum in primary
education, and is one of the major ways in which modelling
is introduced in the elementary math classroom (Verschaffel
et al. 2000, 2007).

Previous studies in the domain of additive and multi-
plicative word problem solving, however, have repeatedly
shown that middle primary school children often incorrectly
model multiplicative word problems in an additive way (Hart
1988; Kaput and West 1994; Karplus et al. 1983; Noelting
1980; Van Dooren et al. 2010; Vergnaud 1983, 1988), and
on the other hand, upper primary school children errone-
ously apply a multiplicative model to additive word prob-
lems (Van Dooren et al. 2005, 2008, 2010). Underlying the
present study is the idea that the ability to reason additively
or multiplicatively seems not to be the only reason for this
incorrect application of additive and multiplicative models
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in word problems. Hence, the present study aimed to get a
view of upper primary school children’s preference for addi-
tive or multiplicative reasoning. We used a non-symbolic
variant of the snake task of Lamon and colleagues (Lamon
2008; Lamon and Lesh 1992) to get a view of children’s
preference. Contrary to classical word problems, our task
was open to the underlying mathematical model, in the sense
that additive and multiplicative reasoning were equally valid
to compare the growth of both snakes. This implies that the
way in which children modelled the problem situation indi-
cated whether they had a preference for additive or multipli-
cative reasoning. This task was presented to fifth and sixth
graders, both in a continuous and a discrete presentation
format.

Results, first, revealed that additive reasoning occurred
more frequently than multiplicative reasoning, but was
harder to verbalize (RQ 1). Second, both findings were more
prominent for fifth than sixth graders (RQ 2). Third, while
we did not find any differences between children’s answers
on discrete and continuous items, their answers were more
often explicitly verbalized in discrete than continuous items
(RQ 3). In what follows, we discuss the theoretical, meth-
odological and educational implications of those results.

6.1 Theoretical implications

In this section, we elaborate on the main results related to
the three research questions and their theoretical implica-
tions. With respect to the first research question, results
revealed that answers based on additive reasoning occurred
more often than answers based on multiplicative reasoning,
and that those answers were mainly consistent within chil-
dren. The finding that most children consistently chose the
additive answer was in sharp contrast to previous research
indicating that children in upper primary education tend
to incorrectly model classical additive word problems in
a multiplicative way (for a review, see Van Dooren et al.
2008). Also Degrande et al.’s (2014) study using open word
problems indicated that children preferred multiplicative
reasoning (Degrande et al. 2014). This discrepancy between
the nature of children’s preference (i.e., additive or multi-
plicative) in the present study and in previous research sug-
gests that children’s preference for additive or multiplicative
reasoning depends on features that are inherent in the task
that is used. Previous research has repeatedly suggested that
children strongly rely on superficial cues, such as the given
numbers, to determine the operations they need to perform,
both in classical word problems (e.g., Verschaffel et al. 1994,
2000) and in open word problems (Degrande et al. 2014).
Specifically for additive and multiplicative word problems,
research has shown that the numbers in a word problem (and
particularly whether numbers in the word problem form inte-
ger number ratios or not) have a larger impact on the model
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that is selected by children than whether the word problem
actually is an additive or a multiplicative one (Van Dooren
et al. 2009). Our variant of the snake task did not contain
any numbers, and was thus non-symbolic. Children could
not fall back on their preferred type of relations between
numbers, so they had no alternative but to make sense of
the situation described in the snake task itself. It seems that
many children in upper primary education associate this
specific problem context, namely comparing growths, with
an additive rather than multiplicative model, while it may
be that other contexts, for instance contexts related to time
and distance, might have a privileged relation with the mul-
tiplicative model.

The finding that most children modelled the problem situ-
ation unilaterally additively while others modelled the situa-
tion unilaterally multiplicatively and only very few pointed
out that both alternatives were valid also implies that the
vast majority of the children did not notice the openness
of the problem. This obviously indicates upper primary
school children’s preference for additive or multiplicative
reasoning. Future studies could reveal whether children who
modelled the problem situation multiplicatively would also
consider the additive model, and children who modelled the
problem situation additively would also consider the multi-
plicative model. The way in which the snake task was pre-
sented in the present study did not lend itself perfectly to this
purpose, since children—based on their extensive experience
with school mathematics tasks—may have thought that only
one single answer was allowed, especially because it was left
implicit in the “experimental contract” (Greer 1997) whether
more than one answer could be given. Future studies could,
for instance, ask children to verbalize why the snake named
“Sleng” has grown the most, and afterwards, to find argu-
ments for the idea that the other snake named “Sling” has
grown the most (or vice versa).

As a subquestion of the first research question, we also
looked at children’s verbalizations. Even though additive
reasoning was more frequently used than multiplicative
reasoning, the former was harder to verbalize. The finding
that a relatively small portion of all additive answers was
also explicitly verbalized additively was in line with previ-
ous research indicating that children have some implicit
knowledge about quantitative relations before they are able
to verbalize their reasoning (e.g., Nunes and Bryant 2010;
Sophian 2000). This result, however, did not hold for mul-
tiplicative relations, where the vast majority of the answers
was verbalized multiplicatively in an explicit way. The lat-
ter finding confirms previous research by McMullen et al.
(2011), who did not find a discrepancy between reason-
ing based on multiplicative relations and verbalizations of
those relations. The finding that multiplicative reasoning
was easier to verbalize than its additive counterpart may
be due to its prominent role in the mathematics curriculum

in Flemish primary education. From third or fourth grade
on, Flemish children are confronted with multiplicative
missing-value word problems, and the accompanying
multiplicative verbalizations. In contrast, additive word
problems in which children should consider the difference
in a given number pair and apply this to a second number
pair, hardly occur in the primary mathematics curriculum.
Hence, verbalizing those additive relations is not taught as
extensively as verbalizing multiplicative ones.

Concerning our second research question about the
impact of grade, we found that, especially in fifth grade,
additive answers were more prominent than multiplica-
tive ones. Additive answers decreased and multiplicative
answers increased between fifth and sixth grade. This
trend was in line with previous studies using open word
problems (see Degrande et al. 2014), well as previous
research using classical additive or multiplicative word
problems (for an overview, see Van Dooren et al. 2008).
With respect to the verbalizations, we found that additive
reasoning was especially hard to verbalize in fifth grade.
Additive verbalizations of those additive answers tended
to increase between fifth and sixth grade. The same trend
was found for multiplicative verbalizations of multiplica-
tive answers, but differences between grades failed to be
significant there. While this result may be due to chil-
dren’s developing mathematical competencies in additive
and multiplicative reasoning, it might as well indicate the
simultaneous acquisition of other skills, such as the verbal
skills to express the reasoning about quantitative relations
in a given situation.

With respect to our third research question, we did not
find an impact of the discrete or continuous presentation
format on children’s additive or multiplicative answers.
This was in contrast to expectations based on previous
studies revealing young children’s difficulties with multi-
plicative reasoning in discrete rather than continuous tasks
(i.e., 5- to 6-year olds, see Boyer et al. 2008; Jeong et al.
2007; Spinillo and Bryant 1999). Given that this presenta-
tion effect has been explained by young children’s over-
extension of numerical counting routines to multiplicative
situations (Mix et al. 1999; Obersteiner et al. 2015; Wynn
1997), it is not that surprising that upper primary school
children did not experience those difficulties any more
in discrete items. Regarding children’s verbalizations,
we even found an opposite trend: Multiplicative answers
were more often verbalized multiplicatively in discrete
than continuous items, and the same result was found for
additive answers, which were more often verbalized addi-
tively in discrete than continuous items. Whereas the dis-
creteness of tasks obstructed younger children from reason
multiplicatively, it fostered upper primary school children
to verbalize their additive or multiplicative reasoning.
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6.2 Methodological implications

From a methodological perspective, the present study used a
novel task to get a view of children’s preference. In particu-
lar, we used a non-symbolic variant of the snake task that
was originally suggested by Lamon and colleagues (Lamon
2008; Lamon and Lesh 1992), but not empirically tested yet.
Contrary to classical word problems that can only be cor-
rectly modelled in one way, our task was open with respect
to the underlying mathematical model. Hence, the model
that children chose in the word problem indicated whether
they had a preference, and if so, for which way of reasoning
(i.e., additive or multiplicative reasoning).

The finding that our open snake task mainly evoked addi-
tive or multiplicative answers, and that the large majority
of children showed consistent answer profiles, confirms its
validity. The validity was further supported by substantial
percentages of additive or multiplicative answers that were
also verbalized additively or multiplicatively, respectively.
Only very small percentages of additive answers were ver-
balized multiplicatively, and vice versa, only very small per-
centages of multiplicative answers were articulated addi-
tively. In order to further warrant the reliability and validity
of the open word problems, future studies may opt for a
larger number of items. While the relatively small number
of open tasks in the present study was a deliberate meth-
odological choice in order to preclude response tendencies
across items, a larger number of items may be highly valua-
ble, particularly in studies focusing on individual differences
in children’s preference (i.e., by means of answer profiles).

Furthermore, administering open tasks in one-on-one
interview situations instead of by means of paper-and-pencil
tests may provide more detailed information about the deci-
sions children make when modelling the problem situation.
This may also help in increasing the reliability and validity
of our task. On the other hand, we need to be aware that the
decisions that children make, and the line of reasoning they
follow may be implicit, and therefore difficult to articulate
(see e.g., Siegler 2000). Moreover, requesting children to
verbalize how they solved a certain problem may affect their
reasoning (e.g., see Boyer et al. 2008).

Our snake task has the potential to be used with younger
children as well. Its non-symbolic character makes it pos-
sible to offer the task to children who have been instructed
neither on additive nor multiplicative reasoning, and even to
pre-schoolers who have not been taught the number symbols
yet. While a lot of recent studies documented young chil-
dren’s (additive and) multiplicative reasoning abilities (e.g.,
Boyer et al. 2008; Jeong et al. 2007), it remains an open
question how those children would model those open tasks.

Lastly, compared to a classical word problem, which can
be modelled and solved correctly in only one single way,
our experimental snake task is open with respect to the
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underlying mathematical model. In that sense, problems
such as our snake task, whereby “arithmetic operations
should be mindfully evaluated as candidate models for a
given situation” (Greer et al. 2007, p. 92), may be more
valuable than classical word problems for the development
in learners of a genuine disposition towards mathematical
modelling. However, open word problems such as our snake
task may still not be considered as a genuine mathematical
modelling task as envisaged by authors such as Blum and
Niss (1991) or Lesh and Doerr (2003), because both the way
in which the task is formulated and the context in which it
is presented do not truly invite children to activate and inte-
grate their real-world knowledge about the problem situation
into the modelling process (e.g., see Verschaffel et al. 2000,
2010). Still, we are convinced that the snake task has the
potential to be transformed, in a more genuine mathemati-
cal modelling experience in which children can bring in all
kinds of real-world knowledge and experiences to tackle the
problem (including knowledge they gain from the domain
of biology on growth processes of living organisms, for
instance, or by doing measurements in real life situations).
This may ultimately lead to a thorough and inspiring class
discussion about different perspectives on growth.

6.3 Educational implications

The current results have implications for educational prac-
tice too. First, it seems advisable to scrutinize the word
problems that occur in mathematics curricula carefully, to
avoid a stereotyped offering of word problems. Therefore,
superficial task characteristics that may shape children’s
preference should be identified (such as the presence of key
words, nature of the numbers, etc.).

Second, pedagogical interventions that force children to
model the actual problem situation—rather than relying on
such superficial problem characteristics—are advisable. For
instance, this genuine modelling can be required by using
word problems that contain letters or very large numbers
(e.g., see Greer 1987). Relatedly, explicit instructional atten-
tion to the similarities and differences between additive and
multiplicative word problems—despite similar superficial
task characteristics—is needed. In this respect, children may
be invited to compare and solve word problems that differ
with respect to the underlying mathematical model, but have
similar other task characteristics. Vice versa, children may
be invited to draw parallels between word problems that are
similar with respect to the underlying mathematical model,
but differ in terms of superficial task characteristics. This
awareness of the invariance of operations when modelling a
certain problem situation has been identified as “conserva-
tion of operations” (Greer 1987).

Third, besides solving of additive and multiplicative prob-
lems in mathematics classes, sufficient educational attention
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should be paid to verbalizing the accompanying reasoning.
While this is already extensively practiced for multiplicative
reasoning (due to its prominent role in primary mathematics
education curricula), our results suggest that especially in
the case of additive reasoning, this appears to be a stumbling
block for children.

Fourth, besides classical word problems that typically
contain only one underlying mathematical model, open word
problems such as the snake task lend themselves to edu-
cational purposes too (e.g., as suggested by Lamon 2008).
Teaching units in which children were prompted to find mul-
tiple solutions for the same mathematical task have been
proven to be successful, since they increased the number
of solutions that children came up with during and after the
teaching unit (Schukajlow and Krug 2014). Those teach-
ing units typically consist of activities such as collectively
solving modelling problems that require multiple solutions,
exploring different solutions during group work, discussing
and summarizing similarities and differences between solu-
tions, etc. In the snake task in particular, a discussion on
the similarities and differences as well as applicability of an
additive and a multiplicative model to describe the snakes’
growths could lead to a better understanding of both models.
Such a discussion, moreover, may increase the awareness
that certain problem contexts can be viewed additively as
well as multiplicatively. Such knowledge may help children
to articulate the considerations they make when deciding on
the appropriateness of a solution method, and to make con-
scious decisions when modelling problem situations, in open
word problems and not only in classical word problems in
which the one underlying mathematical model can be clearly
and undoubtedly determined.
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