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Abstract In teacher education, a key issue is how pro-
spective teachers learn. At the University of Lisbon, based
on an inquiry-based approach to mathematics learning, we
developed a secondary school mathematics teacher educa-
tion program, in which a central feature is the elaboration
of a final investigative report based on teaching practice. In
this paper, our aim is to understand the professional learn-
ing opportunities and difficulties recognized by prospective
teachers (PT) in their final reports, by addressing the fol-
lowing research questions: (1) What didactical choices do
PT mention regarding the approach to teaching, the use of
tasks, resources and assessment strategies in their teaching
practices? (2) What transversal elements of teaching prac-
tices do they recognize as enabling their professional devel-
opment? and (3) What elements of the investigative work
do PT refer to as major professional learning outcomes?
Using content analysis, we reviewed, coded, and analyzed
all 38 reports produced so far in the program. The results
suggest that the PT embraced an inquiry-based approach
to learning, valuing the role of suitable tasks and of whole
class discussions. They also valued reflection and collabo-
ration as practices that support professional development.
Prospective teachers also indicated some difficulties and
challenges in doing this investigation based on their teach-
ing practice, but even so they tended to regard it a learn-
ing opportunity. We conclude that the final report, by its
content, structure, and working processes as framed in this
teaching education program, supports participants’ devel-
opment as teachers who hold research in positive regard.
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1 Introduction

In a recent article, Cochran-Smith and Villegas (2015) indi-
cate that current research on the preparation of prospective
teachers (PT) is driven by two broad questions: the policy
question and the learning question. The policy question
concerns issues of effectiveness and accountability, related
policies, and how institutions react to them. The learning
question concerns issues regarding how teacher candidates
learn to teach in the conditions of the twenty-first century
society and with increasingly diversified pupil groups. In
this paper we focus in the learning question in relation to
the specific conditions of the University of Lisbon.

In Portugal, the educational system is centralized and
the national law sets very specific requirements relating to
the education of PT. The preparation of mathematics teach-
ers! is carried out at universities and requires a masters” of
teaching degree which includes components similar to
those existing in many other countries (Bergsten et al.
2009) concerning mathematics, general education, didac-
tics of mathematics and a period of teaching practice. A
specific requirement is that teaching practice must lead to
the elaboration of a final report. Such regulations raise
issues regarding the specific content of those components
and, most especially, the teaching and learning approach to
adopt in the masters’ program and the nature of the final
report.

! Mathematics teachers teach lower (grades 7-9) and upper second-
ary school (grades 10-12).

@ Springer


http://orcid.org/0000-0001-6203-7616
http://crossmark.crossref.org/dialog/?doi=10.1007/s11858-017-0847-7&domain=pdf

292

J. P. da Ponte et al.

As Tatto, Lerman and Novotna (2010) recognize, little is
known regarding the different ways of framing prospective
mathematics teachers learning: “We still lack information
regarding how opportunities to learn are organized during
those years, and the impact that these diverse opportuni-
ties have on mathematics learning and on learning to teach
mathematics” (p. 323). In this way, our challenge is to find
a response to the “learning question” in the specific condi-
tions of our country, designing a 2-year teacher education
program that prepares teacher candidates for the begin-
ning of the profession, according to the structure officially
defined, and taking into account the different factors that
influence teacher education (Ponte and Chapman 2016).

In alignment with current curriculum orientations for
mathematics teaching, our masters’ of teaching program
follows an inquiry-based perspective on mathematics learn-
ing (Artigue and Blomhgj 2013; Maap and Artigue 2013;
NCTM 2014). In such an approach, PT have the oppor-
tunity to construct or deepen their knowledge and under-
standing of mathematics by working, in pairs or small
groups, on problems and other challenging tasks in a class-
room environment that stresses dialogical communication
(Ponte et al. 2015). Taking into account that the pedagogy
of the teacher education program must be consistent with
the pedagogy for mathematics teaching in schools (Watson
and Mason 2007), we also consider how the final report,
as required by the official regulations, can be valued by PT
as including a small-scale investigation. However, we are
aware of the difficulties entailed by framing such a report in
this way, taking into account the variety of issues involved
in promoting an inquiry-based approach to mathematics
learning and the conditions in the schools where PT under-
take their teaching practice.

The aim of this paper is to understand the professional
learning opportunities and difficulties that are recognized
by PT in their final reports. We formulate the following
research questions: (1) What didactical choices do PT men-
tion regarding the approach to teaching, the use of tasks,
resources and assessment strategies in their teaching prac-
tices? (2) What transversal elements of teaching practices
do PT recognize as enabling their professional develop-
ment? and (3) What elements of the investigative work do
PT refer to as major professional learning outcomes?

2 Prospective teachers’ research as part of teacher
education programs

To investigate is a powerful way of constructing knowl-
edge (Ponte 2008). It involves formulating a research
question, seeking to document it with previous knowl-
edge on related questions, defining a process to collect
data to respond to the proposed question, and seeking to
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arrive at justified conclusions from such data through a
systematic method. In many cases, the deepening and the
clarification of the research results depend on their dis-
semination in the community of reference, subjecting
those results to critique and collective reflection (Beil-
lerot 2001). Investigating presupposes reflection, tak-
ing into account the different sides of issues, seeking
to understand the origin of problems and their meaning
according to different perspectives. However, investigat-
ing goes beyond reflection, involving deliberate planning,
setting up a research goal, and following a methodical
process of collecting and analyzing information in order
to attain that goal. Scientists carry out academic research,
which is a very sophisticated form of research, but many
other people, including professionals and pupils, can
also conduct research adapted to their needs and goals,
provided that they undertake the steps and activities that
characterize the research activity (Ponte 2008).

Conducted with commitment, the investigation expe-
rience is very intense and has a high transformation and
learning potential for the participants. It creates opportu-
nities for developing new knowledge and skills and also
for promoting changes in the participants’ identity, that
is, in their “values, beliefs, habits, norms, dispositions,
and in general, ways of being a teacher” (Ponte and Chap-
man 2016, p. 275). In mathematics education, the argu-
ments that support the inclusion of investigative experi-
ences in the preparation of PT are based on this learning
potential, especially regarding their future role as math-
ematics teachers and their understanding of learning envi-
ronments (Crawford and Adler 1996). Moreover, Krainer
(2002) argues that investigation activities develop in PT,
abilities that lead them to regard their professional develop-
ment critically, in addition to the possible contribution of
research to their development.

Highlighting the role of research as an educational expe-
rience in teacher education yields difficulties at several lev-
els. First, as the education of PT is a process in which the
participants have to develop competences in many fields
and also their own identity as teachers, the introduction
of this activity may imply the weakening of several other
teacher education goals (Kitchen and Stevens 2007). Sec-
ond, PT doing research on their teaching practice requires
close supervision and follow-up, which are essential pro-
cesses in order to avoid the risk of having this experience
become a negative one. These processes consume human
resources usually scarce in teacher education institutions.
Third, carrying out research may be difficult to integrate
into the official requirements or in the framework of the
institution and, in addition, it requires the allocation of time
and working conditions for schools, cooperating teachers,
and pupils that may be difficult to achieve. And fourth, PT
often lack the necessary maturity, not only in knowledge of
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mathematics and didactics of mathematics, but also regard-
ing their personal and social development.

In several institutions there is a requirement of sub-
stantial investigative work within the teacher education
program. In some cases, this is carried out in an action-
research perspective (Kizilaslan and Leutwyler 2012), and,
in other cases, it is done in an interpretative perspective,
carried out in the frame of professional practice (Ponte
2008). For example, Peter-Koop (2001) reports that the
introduction of research as an element of the preparation
of PT is a strong trend in several German universities. She
describes the case of her university in which these research
studies aim to develop in elementary school PT “diagnostic
abilities on the basis of mathematical subject knowledge as
well as knowledge about the social-interactive dimension
of mathematics learning” (p. 76). Therefore, they partici-
pate in qualitative research studies in progress at the uni-
versity, assuming responsibility for some sub questions,
and they work together with other colleagues. According to
the author, the PT tend to express an initial feeling of frus-
tration with the quality of the data collected, which changes
as the analysis of data progresses and they recognize that
there is significant richness in pupils’ achievement. In her
perspective, PT learn at several levels:

The student teachers learn about an important aspect
of elementary mathematics (...) Their statements
demonstrate that the student teachers learn to ‘listen’
to pupils with respect to their thinking and (...) their
collaborative problem solving strategies (...) Finally,
research designs that are based on the interpreta-
tive approach can enable the involved student teach-
ers to learn about themselves as teachers. During the
interpretation stages most student teachers used the
opportunity to critically reflect on their individual
classroom behavior, interaction and instruction skills.
(pp- 77-78)

Stehlikova and Jirotkova (2003) describe the case of
Charles University, in Prague, where elementary and sec-
ondary school PT have to write a diploma thesis. This
work is oriented to the study of the thinking processes of
the pupils and of the teacher in the class. According to
these authors, this approach has several important features,
including an extended elaboration period (whose duration
may extend up to 3 years), the experimentation by PT in
real educational situations as well as their introspective
analysis of events. The authors highlight the mutual influ-
ence between the PT and the university supervisor and the
involvement of this person in the study of the topic. Dur-
ing the extended elaboration of the diploma thesis there
is a continuous change in roles both for the PT and the
supervisor: “pupil, teacher, researcher and possibly expert”
(pp. 160-161). The authors point to the main factors of

success: “First, we were able to offer the pupils tasks
early in the course, which they found interesting. Next, we
involved them in our research, which stimulated them into
doing their own research in the area” (p. 163). They con-
sider distancing to be a fundamental element for develop-
ing the capacity to assume the role of researcher, and that
this is enhanced by the continuous change of roles.

Nicol and Crespo (2003) carried out a study in a year-
long teacher education program for post-baccalaureate
students in which, as a final assignment after a teach-
ing practicum of 3 months, PT are required to describe in
writing their cases of teaching and learning based on their
experiences. The authors assume that adequate connections
between knowledge, practice, and identity in a teacher edu-
cation program may provide possibilities for participants to
develop new identities as mathematics teachers. The results
showed that elementary school PT developed a relation-
ship with mathematics and with mathematics teaching “that
included the inclination to seek conceptual understanding
and pursue a stance of inquiry” (p. 373), being able to learn
in and from practice.

Towers (2010) describes a 2 year teacher education
program based “on inquiry-based, learner-focused and
field-oriented principles and practices” (p. 247). In a final
seminar, PT carry out a research project that leads them to
revisit a school that they attended before, now in the role
of researchers, to study teaching and learning issues in
context in a deeper way. In her study, in the final seminar,
PT carry out mathematical tasks that lead them to engage
in inquiry mathematics learning and to make contact
with current research on mathematics teaching address-
ing this perspective. The fact that the program values an
inquiry-based approach for mathematics teaching at the
same time that it follows a similar orientation for teacher
education leads many PT to embrace this perspective. She
notes, however, that strong inquiry-based teaching consti-
tutes a very complex practice, with plenty of subtle issues,
that many PT may think is beyond their reach, “feeling as
though they have no stable ground on which to stand, no
confidence in the validity of their approach, and no author-
ity to teach” (p. 260), in contrast to a more conventional
teaching approach, which enables them to have a sense of
control and predictability. The case presented in her study
shows the possibility of attaining the set goals, provided
that the necessary conditions are met.

The ICMI Study 15 addressed the professional educa-
tion and development of mathematics teachers and several
chapters of the resulting book (Even and Ball 2009) con-
cern pre-service teacher education. However, none of these
chapters addresses the role of investigative work in PT edu-
cation, which leads us to think that despite the experiences
described above this is a seldom studied approach in the
preparation of future mathematics teachers.
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3 Background of research: the teacher education
program

According to official regulations, the preparation of math-
ematics PT for lower and upper secondary levels in Portu-
gal is carried out in a 2-year masters’ program organized
in four domains—~Mathematics, Didactics of Mathematics,
General Education and Practical Preparation—assum-
ing the requirement of strong preparation in mathematics,
didactics and education, and the relevance of professional
practice in articulation with the other three domains. To
this general orientation, the University of Lisbon adds the
concern of promoting a reflective and critical stance in
PT and in the value of developing investigative work in the
context of teaching practice as a key learning activity in
teacher education.

To be admitted into the program, candidates must have a
minimum of 120 ECTS? of university mathematics. This
preparation is reinforced with three mathematics courses
(18 ECTS) taught by mathematicians in the Faculty of Sci-
ences. The preparation in Didactics of Mathematics (30
ECTS) is the main responsibility of mathematics educators
(including the authors) and concerns topics such as mathe-
matics curriculum aims and orientations, teaching strate-
gies, classroom dynamics, tasks and learning resources, as
well the teaching of specific mathematics topics (numbers,
algebra, geometry, probability and statistics) and pupils’
associated difficulties, taking into account research-based
knowledge. General Education courses (24 ECTS) include
issues such as school and society, school as an educational
organization, learning, curriculum and assessment, inclu-
sive education and pupils with special needs. Finally, Prac-
tical Preparation (48 ECTS) spans all four semesters, with
an emphasis on the last one, in which PT undertake super-
vised teaching practice in a school. This extended presence
in schools generates many opportunities for PT to merge
theory and practice, mobilizing and assigning meaning to
knowledge from different domains, as well as to develop a
reflective and critical stance towards teaching practice.

In the first year (1st and 2nd semesters), the PT Prac-
tical Preparation begins with PT observing lessons and
acknowledging different professional roles of mathemat-
ics teachers. The aim is that they recognize the school
reality and reflect about it as they learn and use research
methods such as observation and interviews. In the 3rd
semester, the PT begin their supervised teaching practice
in a school, assuming gradually the role of the teacher
in one or more classes of the cooperating teacher. They
also begin planning their investigative work to carry out

2 European measure of university credits. A semester has 30 ECTS.
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in the 4th semester, preparing a teaching unit and defin-
ing a research problematic as the main focus of the final
report. This research problematic must take into account
the teaching of a mathematical topic or the promotion of
a capacity, as well as the characteristics of the pupils in
the class. This work is supervised by a mathematics edu-
cator who follows the PT practice during the 3rd and 4th
semesters and also by a mathematician. In the 3rd semes-
ter there are several seminars in which the aims, structure
and content of the investigative project are discussed in
detail. As an important step in developing these projects,
the PT present and discuss them in a seminar at the end
of the semester.

The 4th semester is fully devoted to supervised teach-
ing practice and work on the final report which is pre-
sented and discussed by a committee of university teach-
ers involved in the program. We consider that to require
the PT to produce an academic research study would be
inappropriate, since what they need is a preparation that
supports their introduction into the teaching profession as
mathematics teachers and not a preparation as research-
ers. Therefore, the option we adopted was to value the
report on the supervised teaching practice as including
two intertwined components, the description of a teach-
ing unit and a small-scale investigation. The PT plan and
teach a teaching unit in a class, involving at least 10 les-
sons, and undertake the investigative work in that context.

During all four semesters, Practical Preparation and
Didactics of Mathematics are strongly related, with the
teachers of both domains working in close collaboration,
jointly articulating contents and planning activities. Thus,
the preparation of PT in Didactics of Mathematics pro-
vides them with foundations for their supervised teaching
intervention and this, in turn, equips them with didactical
knowledge.

Cooperating teachers provide continuous support in
guiding the PT (who usually work with a partner) in all
dimensions of teaching practice. Usually, there are 3 or
4 cooperating teachers each year, both male and female,
with significant teaching experience (more than 15
years). They are selected by the university and, besides
the training as mathematics teachers at the bachelor’s
degree level, most of them have specialized training (at
the master’s or doctoral level) in the field of didactics
of mathematics, obtained at our Institute. The Practi-
cal Preparation of the PT calls for a joint and continu-
ing dialogue between the university supervisors and the
cooperating teachers, which is manifested in quite stable
working teams, seeking to support the PT in develop-
ing knowledge and capacities to face the challenges they
meet along the way, and will later meet as mathematics
teachers.
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4 Research methods

In this study we analyze all the 38 reports made by the PT
(31 female and 7 male) at the University of Lisbon, in the 6
year period since the beginning of the program (from 2010
to 2015). The PT age range is 22 to 52 years, with a median
of 24 years when they completed the report. The majority
of PT (91%) completed a degree in mathematics in their
undergraduate education. Most of them (79%) had no pre-
vious experience in teaching mathematics in elementary or
secondary schools.?

The structure and expected content of the reports are
set out in university guidelines, indicating that this must
include: (1) Introduction, presenting and explaining the
context and content of the teaching intervention and the
aims and questions of the investigative component; (2) Cur-
riculum and educational framework, presenting the main
ideas of a review of curriculum and research literature; (3)
Teaching unit, describing the context in which the teaching
intervention occurs, the teaching approach, the taught les-
sons (including tasks, resources and assessment strategies)
and the methods concerning data collection and analysis;
(4) Analysis of data, analysing data collected in the class-
room and eventually elsewhere according to the aims and
questions of the study; and (5) Conclusions, presenting a
response to the initial aims and questions and a final reflec-
tion on the work carried out.

We downloaded all reports from the public website of
the University of Lisbon (http://repositorio.ul.pt/). With the
exception of section ii, all parts of the 38 reports were ana-
lysed through content analysis (Bardin 2003). Using pre-
established categories, following a deductive approach, we
performed a systematic reading process, seeking to charac-
terize the school level, mathematical themes and mathemat-
ical capacities targeted by the PT (the results are reported in
Sect. 5). To identify the didactical choices made by the PT,
we also used four pre-established categories according to
the aforementioned report guidelines for the Teaching unit:
teaching approach, type of tasks, teaching resources, and
assessment strategies (the results are reported in Sect. 6.1).

Finally, regarding the elements that the PT recognize as
enabling their professional learning and the difficulties that
they faced concerning transversal issues in teaching prac-
tice and in doing the investigative work, we could not antic-
ipate what aspects they would refer to because they were
not explicitly asked to write about their learning opportu-
nities or the difficulties that they faced in the process that
contributed to their final reports. Therefore, we followed an
inductive approach, defining categories from themes that

3 The PT who had teaching experience taught mathematics as “provi-
sional teachers” in temporary jobs.

Table 1 Distribution of reports

School level Reports
by school level

Lower secondary 26 (68%)
(pupils 12-14
years)

Upper secondary 12 (32%)
(pupils 15-17
years)

Total 38

appeared strongly in the data (see coding scheme in the
“Appendix”) as explained by Erickson (1986). Other possi-
ble categories regarding these two dimensions that were not
so present in the data were not considered in this analysis.
Hence, for these two dimensions, the categories are con-
structed from the data, informed by our knowledge about
teaching practice and doing an investigation, as teacher
educators (the results are reported in Sects. 6.2 and 6.3).

The reports were coded independently by three experi-
enced researchers (among the authors), each one focusing
on a dimension of analysis from the three research ques-
tions, assuming whole sentences of the reports as units of
analysis. After a first codification of all the material, each
researcher selected a set of quotations that were discussed
by the four authors, seeking to identify the adequacy of
their coding and verifying that they met quality criteria
of content analysis, such as exclusivity, homogeneity and
pertinence (Bardin 2003). When there were divergent inter-
pretations or doubts concerning a category or codification,
the necessary adjustments were made, and the final coding
scheme was produced and used to analyse all transcriptions
previously selected. An interrater reliability study involv-
ing an independent rater for a sample of data covering all
research questions showed 91% of agreement in this coding
process, which is considered satisfactory.

In the results section, and for each dimension of the
analysis, we present quantitative results and illustrate our
interpretations with quotations from prospective teachers’
reports (mentioned as PTi). The selected quotations express
the general idea associated with the respective category, in
some cases providing evidence of certain learning oppor-
tunities recognized by the PT, and in other cases of the dif-
ficulties that they faced. In some instances more than one
quotation is presented for a single aspect in order to illus-
trate complementary issues.

5 Context and focus of the reports
Usually, the class for supervised teaching practice is cho-
sen by the cooperating teacher. The distribution of the 38

reports (Table 1) shows that supervised teaching practice
mostly takes place at the lower secondary level.
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Table 2 Distribution of reports by mathematical theme

Mathematical theme Number of reports

Lower Upper Total (n=38)

secondary secondary

(n=26) (n=12)
Numbers and operations 1 (4%) - 1 (3%)
Algebra 16 (62%) 11 (92%) 27 (71%)
Geometry 7 (27%) 1 (8%) 8 (21%)
Data analysis and prob- 2 (8%) - 2 (5%)

ability

Table 3 Reports addressing mathematical capacities as the object of
study

Mathematical capacities Number
of reports
n=27)

Problem solving 11 (41%)

Mathematical reasoning 6 (22%)

Representations 6 (22%)

Mathematical communication 2 (T%)

Connections 2 (T%)

The PT and the cooperating teacher choose the teach-
ing unit taking into account the mathematics school yearly
planning and the foreseen period for the teaching interven-
tion. The PT must make their intervention in the first half
of the 4th semester in order to be able to write the report by
the end of this semester. Thus, there is a concentration of
the themes of the reports on algebra, followed by geometry
(Table 2).

Most reports focus on pupils’ learning, generally seeking
to study their difficulties and errors on a given mathemati-
cal topic: “This study aims to understand what difficulties
grade 7 pupils show when working on situations involving
algebraic thinking, in particular, what difficulties and errors
they make in solving 1st degree equations” (PT3, 2012,
p- 1). However, pupils’ mathematical capacities indicated
in the national curriculum were also important objects of
study and are mentioned in 27 out of the 38 (71%) reports
(Table 3).

Problem solving is the mathematical capacity that is
more often taken as an object of study. It appears paired
with several mathematical themes and is analysed from dif-
ferent perspectives, such as identifying pupils’ representa-
tions, strategies and difficulties in solving problems:

This study aims, in general, to understand how the
pupils interpret geometric problems, the strategies
that they develop, how they use their knowledge and
the difficulties they show in this mathematical trans-
versal capacity. (PT28, 2011, p. 2)
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The aim of this study is to analyse if pupils under-
stand and know how to use different types of repre-
sentations in solving problematic situations involving
Ist grade inequalities. (PT10, 2013, p. 4)

In the reports that focus on mathematical reasoning,
there are references to mathematical argumentation, formu-
lating and testing conjectures, and reasoning in algebra and
geometry:

(1) How do pupils formulate, test and justify their
conjectures in solving exploration/investigative tasks?
(i) How do pupils base their claims using concepts
and geometrical properties? (iii) What difficulties
do pupils show regarding mathematical reasoning?
(PT24,2011, p. 2)

The main objective of this investigative study is to
understand grade 8 pupils’ learning in solving lit-
eral equations and algebraic expressions, particularly
how they develop algebraic thinking in this context,
including symbol and variable sense. (PT26, 2012,
p-4)

The PT that chose communication and mathematical
representations as objects of study focused on the under-
standing of pupils’ language and mathematical representa-
tions or addressed pupils’ difficulties:

(i) What is the level of rigor of mathematical lan-
guage used by grade 10 pupils in written communica-
tion when they work in groups? Do they use symbolic
mathematical terminology and formal vocabulary?
What are their main difficulties? (ii) How do pupils
produce written explanations when working in
groups? What are their main difficulties? (iii) What
kind of representations—algebraic or graphic—do
pupils more often use? What are the main difficulties
associated with algebraic and graphical approaches?
(PT18, 2015, pp. 2-3)

Finally, there are two reports in which the object of
study is not pupils’ learning but the role of the PT in teach-
ing a mathematical topic. One of them, for example, indi-
cates: “[I seek to] understand the nature of my discourse as
a teacher in the mathematics classroom, when working on
the topic of literal equations” (PT6, 2010, p. 5).

6 Findings
6.1 Prospective teachers’ didactical choices
All PT indicated the value of an inquiry-based approach

to mathematics teaching and showed willingness to follow
current mathematics curriculum orientations. In particular,
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Table 4 Types of tasks indicated in the reports

Types of tasks Number of reports
Lower second- Upper second- Total (n=38)
ary (n=26) ary (n=12)
Exercises 24 (92%) 11 (92%) 35 (92%)
Problems 23 (84%) 12 (100%) 35 (92%)
Exploratory tasks 19 (73%) 10 (83%) 29 (76%)
Investigations 4 (15%) 5 (42%) 9 (24%)

they tended to highlight the importance of pupils’ work on
tasks and of classroom interactions to support mathematics
learning. In their cooperating teachers’ classes the pupils
worked mostly in pairs, and the same occurred in the PT
classes too. They also indicated to value whole class dis-
cussions as important learning moments both for the pupils
and for themselves:

The discussion of the tasks was for me one of the
more instructive aspects of the class. I understood
how important this moment is for pupils’ learning.
(PT16, 2014, p. 105).

The discussions with the whole class were also
important learning moments for me (...) I understood
the role of the teacher in the discussion of tasks with
the whole class. (PT1, 2013, p. 112).

In their reports, the PT referred to the importance of
using several types of tasks, as shown in Table 4.

In both lower and upper secondary school levels, most
PT reported that they used exercises and problems in their
teaching practice (Table 4). Exploratory tasks were also
highly mentioned. Many of them acknowledged the need
to select each type of task according to the learning aims
for the class, and in the reports we find references to exer-
cises to consolidate knowledge and to exploratory tasks and
problems to introduce new topics and to challenge pupils:

I also tried to combine different types of tasks (pupils
have different ways of learning) (...) (1) exploratory
tasks (...) to introduce new concepts (...) (2) prob-

lems with more or less mathematical challenge (...)
(3) exercises from the textbook that promote algebraic
manipulation to develop skills in calculating the lim-
its and derivatives, among others. (PTS, 2015, p. 53)

However, for example, a PT recognized that designing
tasks and managing time in solving them was a difficulty
that she faced in her teaching experience:

It is not easy to think and to design tasks that may be
challenging for the pupils and at the same time allow
one to attain the established goals. A difficulty that
appeared during the study was to manage the time to
solve each task. (PT21, 2010, p. 89)

To support classroom work, the PT said that they used
diverse teaching resources (Table 5). Almost all PT men-
tioned the textbook as a resource to support teaching and
learning, using it to propose tasks in the classroom or to
assign homework. The blackboard is another teaching
resource widely used for many purposes, including a desire
to support whole class discussions: “I planned to create, in
all classes, moments in which pupils go to the blackboard
to explain their solutions to their colleagues” (PT5, 2015,
p. 32).

Technology was also mentioned considerably by PT
(Table 5), both to be used by them and by their pupils. In
the first case, the aim was mostly to project pupils’ solu-
tions to support whole class discussion or to illustrate key
mathematical concepts, especially at the upper secondary
level. They also mentioned that pupils used technology,
such as Excel, dynamic geometry and graphing software,
graphic calculators, and applets especially designed to sup-
port learning of mathematics concepts. We find more refer-
ences on technology at upper secondary level, which is not
surprising because the Portuguese mathematical curricu-
lum for this level establishes the use of the graphic calcula-
tor as compulsory.

Finally, the PT also mentioned different assessment
strategies to regulate pupils’ learning or teacher practice
and to verify pupils’ learning (Table 6).

To regulate pupils’ learning or teacher’s practice, many
PT reported that they used observation of pupils’ work in

Table 5 Teaching resources

L . Teaching resources
indicated in the reports

Number of reports

Lower secondary Upper secondary Total (n=38)
(n=26) (n=12)
Textbook 25 (96%) 12 (100%) 37 (97%)
Blackboard 24 (92%) 12 (100%) 36 (95%)
Technology for teachers’ demonstration 14 (54%) 10 (83%) 24 (63%)
Technology for pupils’ work 16 (62%) 12 (100%) 28 (74%)
Other materials 9 (35%) 1 (8%) 10 (26%)
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Table 6 Assessment strategies

L . Modes of assessment
indicated in the reports

Assessment strategies

Number of reports

Lower second- Upper second- Total (n=238)

ary (n=26) ary (n=12)

Formative assessment Observation of pupils’ work 17 (65%) 11 (92%) 28 (74%)
Oral questioning 4 (15%) 4 (33%) 8 (21%)
Pupils’ written worksheets 19 (73%) 4 (33%) 23 (61%)
Quizzes 4 (15%) 4 (33%) 8 (21%)
Homework 19 (73%) 8 (67%) 27 (711%)

Summative assessment ~ Written tests 10 (38%) 6 (50%) 26 (68%)
Reports 1 (4%) 2 (17%) 3 (8%)
Oral presentations 1 (4%) 0 (0%) 1 (3%)

the classroom (Table 6). At lower secondary level, the anal-
ysis of pupils’ written worksheets was also a frequent strat-
egy. There were also some references to oral questioning
and quizzes. Homework was very common in both school
levels, representing an opportunity for the pupils to con-
solidate their knowledge and for the teacher to know pupils’
difficulties and, consequently, to regulate teaching practice:

I notice that, for pupils, to do homework helps them
to consolidate learning. (PT12, 2015, p. 35)
Analysing the homework, I found some errors, in par-
ticular concerning the notion of vertical angles. So I
decided that it was important to give some oral feed-
back to pupils in order to clarify some existing confu-
sion. (PT24, 2011, p. 45)

To verify pupils’ learning, the PT used written tests or
constructed questions to include later on a test. A few used
reports and only one used oral presentations.

In summary, the analysis of the reports shows that the
PT, while recognizing some difficulties, seem to have
appropriated central aspects of an inquiry-based approach
to mathematics teaching, such as conducting whole class
discussions, emphasizing problem solving and explora-
tions, using technology and other resources, as well as
enacting several assessment practices to regulate and verify
pupils’ learning.

6.2 Prospective teachers’ perspectives on transversal
issues

In one way or another, all the PT recognized the formative
process of constructing a report as an enriching experience
for their learning, indicating contributions that they con-
sidered significant to their professional development. In
their reports, three key elements of the teaching profession
stand out, although with different emphasis: appreciation of
the ways of preparing instructional activities, reflection on
practice, and collaborative work (Table 7).

@ Springer

As Table 7 indicates, about half of the PT recognized
that lesson planning is important for teaching. Albeit
mentioning difficulties, they acknowledged that planning
supports organizing the work according to the formative
purposes of mathematics education and to making per-
manent adjustments according to the pupils’ needs and
interests. They also emphasized the role of lesson plans
particularly in facing unexpected situations in the class-
room, which they regarded as a common situation:

Lesson planning is (...) a strong support to the work
carried out in class. In particular, it helped me to
focus on the purpose of teaching, anticipating vari-
ous possible scenarios of action and decisions.
(PT11, 2014, p. 117)

Lesson planning was important since it guides us in
managing the time in each moment of the lesson,
providing some important notes for the teacher to
guide the class, whether regarding pupils’ autono-
mous work or whole class discussions. It also helps
us [to deal with] possible unforeseen situations
occurring in class and so the teacher feels more
secure and confident. (PT25, 2012, p. 80)

Reflection is an element of the teaching practices also
widely mentioned in the reports (Table 7). Some PT
mentioned that learning to act as a reflective practitioner

Table 7 Transversal elements of teaching practices highlighted in the
reports

Transversal com- Number of reports
ponents of teaching
practices Lower Upper Total (n=38)
secondary secondary
(n=26) (n=12)
Planning 14 (54%) 6 (50%) 20 (53%)
Reflection 22 (85%) 8 (67%) 30 (79%)
Collaborative work 13 (50%) 8 (67%) 21 (55%)
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means to be able to analyze their own professional work
supporting the improvement of their teaching practices:
“Taking into account that the goal for all teachers is to
make their classes a place of effective knowledge con-
struction, it becomes essential that all professionals ‘stop’
and reflect on their own practice” (PT23, 2014, p. 100).

Reflection is mentioned by the PT as enabling profes-
sional development: “The learning that results from plan-
ning and teaching is indisputable, but it was reflection
that allowed me to evolve more (...) I see it as a step for-
ward to a consistent professional practice” (PT15, 2013,
p. 133). This is probably a consequence of the reflection
that they are required to make at the end of each class,
guided by their supervisors and cooperating teachers.
Therefore, they tended to recognize reflection as required
in order to improve classroom practice. For example, a
prospective teacher indicated that “the moment of reflec-
tion is to ascertain possible improvements to make in
future interventions. If we are not able to identify them
it is very unlikely that we learnt from the experience”
(PT19, 2012, p. 81).

Some reports show how the PT were led to formulate
conjectures or explanatory hypotheses and to reflect on
what they might change in their practice to support pupils’
mathematical thinking:

Given some data from the study, it seems to me that
the hierarchical classification of the rectangle was
better accepted [by the pupils] than the hierarchi-
cal classification of the rthombus. This attitude may
be associated with the similar visual appearance
of the square and rectangle. This was mentioned by
Alberto in one of the interviews (...), justifying why
the square belongs to the family of rectangles and
therefore highlighting the influence of visualization.
(PT15, p. 112)

Finally, Table 7 also shows that collaborative work was
also highly valued by the PT in their reports. The con-
struction of a report is a complex activity that leads them
to experience some tensions and conflicts. Therefore, they
regarded the support team involving the supervisor and
the cooperating teacher and the collaborative work with
the master’s partner as essential to help them evolve as
teachers and to improve their practice. The PT valued this
joint work, highlighting for example the support that they
received in lesson planning: “The support of the supervi-
sor and the cooperating teacher was essential to be able to
develop appropriate lesson plans for the learning objectives
and for that specific class” (PT27, 2014, p. 125). Most PT
also stressed the contribution of working together with the
supervisor, the cooperating teacher and the partner in post
class discussions to develop their ability to reflect on and to
improve their practices:

A very positive aspect of the experience, and I think
that it will be reflected in my future practice, was the
discussions of lessons, after they occurred, with my
supervisors, the cooperating teacher and my master’s
partner (...). These discussions also helped me (...)
to think about what I could improve. (PT16, 2014,
p- 105)

At the end of the formative process, several PT recog-
nized the importance of the support structure and collabo-
rative work and claimed that it changed their perspectives:

None of this would be possible without the precious
help of my cooperating teacher, partner and supervi-
sor, because with them I realized how important it is
to share experiences and to reflect together. (PT17,
2014, p. 78)

Until I attended the master’s course, I was quite reluc-
tant to [undertake collaborative] practice, preferring
to work by myself (...) I had to change my stance
which was extremely positive. Sharing ideas makes
the work more challenging and enriches it a lot. As a
person, I learned to be more tolerant, to accept other
opinions and to realize that I'm not always right. I
can say that I finally realized the importance of work-
ing together and I think teachers would benefit if
they relied more on collaborative work. (PT5, 2015,
p. 145)

Thus, the reflections seem to contribute to the PT com-
ing to realize the need of careful work in planning explora-
tory activities to deal with unforeseen situations that often
arise in the classroom. They also valued lesson planning,
taking into account pupils’ characteristics to set clear aims
for the lessons and anticipate their strategies. The support
team involving the supervisor and the cooperating teacher,
and the collaborative work with the partner PT, appeared to
be a productive context for supporting PT learning, giving
them opportunities to improve several aspects of teaching
practice and their development as reflexive practitioners.
The results lead us to infer that, at the end of the teacher
education process, the PT manifested the recognition of the
ability to reflect on their own teaching as a specific aspect
of teachers’ professional development.

6.3 The role of the investigative work in prospective
teachers’ learning

The investigative work assigned to the PT challenged them
to assume a new role as researchers, something that they
were not expecting when they began the teacher education
program. However, many reports show that the PT recog-
nized important outcomes from that work (Table 8).
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Table 8 Elements of the investigative work highlighted in the reports

Highlighted components Number of reports

Lower Upper Total (n=38)

secondary secondary

(n=26) (n=12)
Literature review 12 (46%) 6 (50%) 18 (47%)
Data collection 14 (53%) 5 (42%) 19 (50%)
Data analysis 18 (69%) 5 (42%) 23 (61%)
Reflection about the 19 (73%) 9 (75%) 28 (74%)

investigative work

The first aspect considered by the PT as one of the major
learning outcomes was the role of the literature review,
mentioned by almost half of them (Table 8). They com-
mented on the opportunity to get acquainted with research
carried out on the topic of their teaching unit as they
reviewed literature to support its preparation and the data
analysis process. Besides an opportunity to deepen their
knowledge about the teaching and learning of the topic,
some of them regarded this as something that might have
an impact in their future professional development:

The review of literature carried out previous to the
lessons helped me to develop a “fresh look™ at the
strategies and difficulties that were investigated by
others and therefore facilitated the adaptation and
improvement of the tasks, as well as [allowed me] to
be prepared for pupils’ eventual errors and difficulties
in their work. (PT9, 2011, p. 76)

I also learnt the importance that research may have
on my future profession. It is very important to seek
what the research has already produced in order to
have a deep and broad perception of teaching and
learning problems in mathematics and how we can do
our job better. (PT17, 2014, p. 78)

Some PT mentioned difficulties in producing the curric-
ular and didactical framework for the study, namely when
the research on the selected topic was scarce: “one of the
initial limitations of this study was to find references that
would allow an in-depth study on trigonometry of the right
triangle” (PT20, 2010, p. 104). There were also explicit
references to the difficulty of establishing a framework for
data analysis based on the reviewed literature: “A major dif-
ficulty was to match the literature and the interview data”
(PTS, 2011, p. 93). Even though many PT did not mention
their appreciation of the role of the literature review, their
reports show that most of them put a lot of effort into such
a review and used it to develop the analysis and the reflec-
tion of the results.

Half of the PT highlighted that they learned to plan and
use research methods to investigate issues and to reflect
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on the specific opportunities provided by these activities
(Table 8). In their studies, the main methods that they used
were classroom observation, collecting pupils’ written pro-
ductions, and interviewing pupils. Concerning observation,
for instance, some PT attributed great value to field notes
and research journals not only for collecting data but also
to facilitate reflection on their teaching approaches. In their
view, such activities, in some cases, instigated changes in
their practice:

Field notes induced changes in the pedagogical strate-
gies that accompanied the development of the study
and were very useful for the reflections that followed
the teaching period. (PT8, 2015, p. 76)

The research journal allows me to collect data in a
natural way and in addition helped me to have a pro-
gressive and continuous view of the work carried out
and to reflect on the study along its course. (PT30,
2015, p. 75)

Some PT also underlined the important role of audio-
recording pupils’ interactions as they worked in pairs.
These recordings contributed not only to leading PT to give
meaning to pupils’ written productions but also to provok-
ing their reflection on their practice. For instance, one of
them mentioned that the detailed analysis of an episode
that occurred with one pair of pupils led her to question the
problem that she proposed in the lesson:

I did not foresee that this question might arise among
pupils, which leads me to think that there is a weak-
ness in the task statement that caused it. Today, with
a proper distance and reflection (...) [ know this might
be a good question to emerge in the whole class dis-
cussion (PT18, 2015, p. 68).

Some PT also interviewed a small number of pupils
based on mathematical tasks and considered that this led
them to a better understanding of their strategies, represen-
tations and difficulties:

The interviews were very rich moments because they
allowed me to better understand the solving process
used by each pupil, the way they used diverse rep-
resentations to solve problems (...) and also to better
understand their difficulties. (PT4, 2011, p. 94)

As one should expect, some PT mentioned difficulties
associated with the data collection process in their inves-
tigative work, namely, when interviewing pupils: “The
interviews were a challenge for me. Although sometimes
I induced pupils to meet my expectations for the answers,
I feel that I have improved throughout each interview”
(PT11, 2014, p. 117).

Most PT highlighted the importance of analyzing the
data related to their pupils’ work (Table 8), as this helped
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them to get a deeper knowledge about pupils’ learning and
thinking processes as well as about the difficulties that they
faced during the teaching unit. Some of them foresaw that
this reflective process would have an impact in their profes-
sional practice:

Data analysis became a fundamental part of this
work, leading me to discover how pupils effectively
learned the concepts and used them to solve tasks.
Also (...) I became aware of their difficulties and this
led me to reflect on the possibility of improving my
professional practice. (PT5, 2015, pp. 120-121)

Not surprisingly, some PT also mentioned difficulties
that they felt in analyzing data, mainly due to the large
amount of information gathered: “Data analysis was one of
the hardest tasks to carry out, mainly because of the dif-
ficulty in selecting the most relevant data, given the amount
of collected data” (PT30, 2015, p. 120).

Most PT associated the reflection on the results of the
investigative work with professional learning (Table 8):
“This study allowed me to reflect on my practice, both to
understand pupils’ mathematical reasoning [through data
analysis] and how to develop it, and to [focus] on aspects
that I still have to work on to foster the pupils’ learning”
(PT30, 2011, p. 85). In several reports, reflection was
closely associated with the nature of the investigative work
carried out, articulating knowledge and practice. This is an
aspect to which these PT tended to attach great importance
because, as one of them said, “with teaching experience,
we can make the mistake of failing to look at pupils’ pro-
ductions in an interrogative way” (PT2, 2011, p. 27).

Assuming a double role of teacher and researcher is
expected to represent a challenge for PT. Some of them
explicitly mentioned the difficulties that they faced in inte-
grating their teaching and research activities in the class-
room: “[It was] extremely challenging in terms of the mul-
tiplicity of roles that the teacher has to play simultaneously
with the observation” (PT27, 2014, p. 72). As one would
also expect, some PT pointed out the limited time that they
had to develop their study as one of the major constraints to
their work: “During this study, a difficulty that I felt was the
limited time I had to do it” (PT13, 2010, p. 110).

A result that emerges from the reports is that, for many
PT, assuming the double role of teacher and researcher
encouraged them to reflect on their teaching practice and
gave them the opportunity to get a better understanding of
their pupils’ learning and thinking process. Some of them
recognized the importance of using different research
methods and of carrying out data analysis to enrich their
reflections, beginning to regard this role as part of teacher’s
practice. These examples lead us to infer that the investiga-
tive activity that they carried out promoted a link between

the elements inherent in the investigative work provided by
doing the report and their teaching competence.

7 Discussion and conclusion

In several countries, prospective mathematics teacher edu-
cation corresponds to a master’s degree involving a sub-
stantial product such as a thesis, project, or report. Such
regulation of teacher education is also established in Por-
tugal, setting us the question of the nature of the master’s
degree final report. There are different ways of framing this
work, as the studies of Peter-Koop (2001), Stehlikova and
Jirotkova (2003) and Towers (2010) show. Each one cor-
responds to a different response to the “learning problem”
posed by Cochran-Smith and Villegas (2015).

In a way similar to that described by Crawford and
Adler (1996), in the University of Lisbon teacher education
program PT are invited to put into practice and to reflect
on new approaches to mathematics teaching and learn-
ing. They are also asked to reflect on their views regard-
ing mathematics teaching, the roles of teachers and pupils,
the ways pupils learn, and how they learn as mathematics
teachers. Their reports suggest that the PT undertook sig-
nificant learning as teachers, concerning inquiry-based
approaches to mathematics teaching (Artigue and Blom-
hgj 2013), an important aspect of professional expertise
(Maaf} and Artigue 2013). The PT included in their reports
the role of suitable tasks as springboards for developing
mathematics ideas, namely emphasizing problem solving
and exploratory tasks, the potential of whole class discus-
sions, and the need of using appropriate teaching resources
and assessment strategies. Through the reflection that the
PT developed in the final report, they recognized important
transversal issues in teaching, such as the need for careful
planning and the value of reflection. They recognized col-
laboration as important to support their learning as teach-
ers. However, in interpreting the findings of this study,
we must be conscious regarding a possible bias in the PT
reports, as they could be led to adjust their discourse to
what they identify as most valued in the teacher education
program.

Despite this caveat, we consider that framing the report
as a small professional investigation has contributed to
apprising the PT not only of the knowledge produced by
academic research but also of the process of producing it.
The PT highlighted the opportunity that the research activ-
ity gave them to develop a deeper understanding of and
meaning for pupils’ thinking processes and difficulties, a
result also reported by Peter-Koop (2001) and Stehlikova
and Jirotkova (2003). This opportunity was created by the
demands of the research activity, namely the analysis of
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pupils’ work and interactions, sometimes complemented by
interviews with pupils.

We regard the PT difficulties and struggles as natural
elements in the process of preparing and doing this report,
and much of their learning occurred as they strove to over-
come them. These difficulties were associated both with the
teaching practice (for example, designing tasks) and to the
investigative work (for example, analyzing data). Being a
demanding task, it becomes a positive experience, in part
due to the support provided by the structure of the teacher
education program. An essential condition for the success
of this support structure is the alignment of the cooperat-
ing teachers with the orientation of the program, assured by
the continuing dialogue with the university supervisors and
their stability over time. However, although the work con-
cerning the final report starts at the beginning of the school
year, the PT complained about the short time they had to
develop it. This aspect is a constraint of our teacher educa-
tion program that is difficult to overcome unless it spanned
a period of more than two years (as in the case reported by
Stehlikova and Jirotkova 2003).

In summary, the findings point out that the PT recog-
nized the value of the investigative work in their learning.
This result aligns well with what is also reported for in-
service teachers (Lin and Rowland 2016). As Watson and
Mason (2007) suggest, we aim to develop a teacher edu-
cation program consistent with what we consider impor-
tant for mathematics teaching practice. In a society with
a growing diversity of pupils that demands mathematical
success for all (NCTM 2014), we regard the competencies
highlighted in our program as more than necessary. How-
ever further longitudinal studies that follow-up these teach-
ers as they become professionals may provide additional
knowledge about the real value of this teacher education
approach.

8 Appendix

Coding schemes for Transversal components of teaching
practice and Elements of the investigative work

Transversal components of
teaching practice

Description

Lesson planning Acknowledges learning outcomes
or difficulties associated with the
development of lesson plans in

the teacher practice

Reflection Acknowledges learning outcomes
or difficulties from oral or
written reflective processes in
teacher practice or in writing the

final report
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Transversal components of
teaching practice

Description

Collaborative work Acknowledges learning outcomes
or difficulties associated with the
collaborative work carried out
with other colleagues, supervi-

sors or cooperating teacher

Elements of the investigative
work

Description

Literature review Acknowledges learning outcomes
or difficulties in reading or
writing the literature review in
the report and in using it in data
analysis, and in the conclusions

of the final report

Data collection Acknowledges learning outcomes
or difficulties in planning, and
using research methods in the

investigative work

Data analysis Acknowledges learning outcomes
or difficulties in data analysis in

the investigative work

Reflection in the investigative Values the role of the investigative
work work in promoting reflection
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