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Abstract This paper deals with the challenge to establish
problem solving as a living domain in mathematics edu-
cation in The Netherlands. While serious attempts are
made to implement a problem-oriented curriculum based
on principles of realistic mathematics education with room
for modelling and with integrated use of technology, the
PISA 2003 results suggest that this has been successful in
educational practice only to a limited extent. The main
difficulties encountered include institutional factors such as
national examinations and textbooks, and issues concern-
ing design and training. One of the main challenges is the
design of good problem solving tasks that are original, non-
routine and new to the students. It is recommended to pay
attention to problem solving in primary education and in
textbook series, to exploit the benefits of technology for
problem solving activities and to use the schools’ freedom
to organize school-based examinations for types of
assessment that are more appropriate for problem solving.
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1 Introduction

The importance of problem solving in mathematical
thinking and thus in mathematics education is obvious to
many of us. Already in 1962, Polya described problem
solving as a characteristic of human activity:

Solving a problem means finding a way out of a
difficulty, a way around an obstacle, attaining an aim
which was not immediately attainable. Solving
problems is the specific achievement of intelligence,
and intelligence is the specific gift of mankind:
solving problems can be regarded as the most char-
acteristically human activity. Polya 1962, p. v.

In line with the contribution by Schoenfeld (2007) in this
issue, we consider problem solving as the ‘art’ of dealing
with non-trivial problems which do not yet have a known,
routine solution strategy to the student, but which provide
opportunities for the student to develop new solution
strategies. This description distinguishes problem solving
from many activities with problems in mathematics cour-
ses, with or without context.

Realistic Mathematics Education is a leading view on the
learning of mathematics in The Netherlands. As a result,
problem solving in our country is often related to solving
real world problems. Still, we do want to stress that problem
solving is not at all restricted to real world problems; rather,
problems emerging from the ‘world of mathematics’ can be
very rich sources for problem solving activities.

The non-routine aspect of a problem is relative to the
history of the person who is confronted with it. A problem
can be a real problem-solving item for a student today,
while the same problem is part of a regular set of items
tomorrow. When a student has dealt with an item before,
the character of the activity will change.
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Now, having defined our topic, we will first focus on
recent developments in mathematics education in the
Netherlands.

2 Problem solving in The Netherlands: a brief history

As is the case in many countries, problem solving (in the
sense of the above definition) was not an explicit part of
the mathematics curriculum in The Netherlands until the
eighties. In primary education it still is not. For upper
secondary level, however, policy makers and math edu-
cators realized in the seventies that a serious problem
was emerging. The curriculum was well suited for the
students who were preparing for science, but not at all
for those pursuing an education (or profession) in other
domains such as social studies. It was decided that the
latter category of students, who struggled with the formal
and abstract approach, would be better served with a
more problem-oriented approach focusing on applications
and mathematical modelling. This also implied, of
course, a very different approach to what should be
learned and assessed. The science-oriented streams in
upper secondary education were not affected by this: no
realistic problem solving was included in the math and
science-oriented curriculum. The national examinations
remained straightforward and traditional, so these—high
level—students could be prepared for higher education
without any skills to invent new strategies for new types
of problems.

For the students who were preparing for the humanities,
a new curriculum was developed, the mathematics A cur-
riculum (De Lange 1987), based upon realistic mathemat-
ics education (which will be discussed in the next section).
It was introduced as a new curriculum subject in pre-uni-
versity education (vwo) in The Netherlands in 1989. Since
that year, in upper secondary school, two different types of
mathematics curriculum were being taught, mathematics A
and mathematics B. Mathematics B contained the mathe-
matics needed for technical studies and studies in science
and mathematics at university level, its core component is
calculus. Mathematics A was meant for students who
prepare for academic studies in social or economical
sciences or other related subjects.

The purpose of developing the mathematics A curricu-
lum was described as follows:

Mathematics A is intended for students who will have
little further education in mathematics in their aca-
demic studies, but who must be able to use mathe-
matics as an instrument to a certain extent. In
particular, we have in mind those who have to pre-
pare themselves for the fact that subjects outside the
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traditional sciences are more frequently being ap-
proached with the use of mathematics.

This means that students must learn to be able to
assess the value of a mathematically tinted presen-
tation in their education. To do this they must become
familiar with the current mathematical use of lan-
guage, with formulations in formula language, and
with divergent forms of mathematical representation.
Furthermore, they must learn to work with mathe-
matical models and be able to assess the relevance of
these models.

(Werkgroep van advies voor de herverkaveling eindexa-
menprogramma’s Wiskunde I en Wiskunde II vwo 2005,
p- 19)

In mathematics A, the emphasis lay more on applications
of mathematics and on mathematical modelling than on
‘pure’ and abstract mathematics, and also more on the
processes needed to come to an answer than on the answer
itself (the product). In its initial years, modelling and
problem solving were at the heart of this subject. The re-
search along the introduction of mathematics A (De Lange
1987) showed examples of real world problem solving, and
of the use of mathematics to solve real world problems. It
also revealed that problem solving lends itself excellently to
group work, which brought new problems and possibilities
to the fore, especially in the area of assessment. The research
hinted already at a fact that is now almost taken for granted,
as the outcomes of PISA 2003 prove: inter-subjective
scoring can be very reliable and fair (OECD 2005, p. 227).

Maybe because of the successful introduction of this
new type of mathematics, problem solving in The Neth-
erlands since that time seems to be identified with solving
real world problems using mathematics. Even in the
‘harder’ and more scientifically oriented curricula, problem
solving was introduced ‘in context’. Inside-mathematics
problem solving seems not to have caught on in The
Netherlands, at least not on a large scale.

In the ongoing discussion in The Netherlands, there is a
lot of confusion about the true meaning of problem solving
in relation to the theory of Realistic Mathematics Educa-
tion. So let us now address this relationship.

2.1 Realistic mathematics education
and problem solving

In the aforementioned study (De Lange 1987), the real
world problems were used for problem solving in two
ways. First, according to the theory of Realistic Mathe-
matics Education, the real world is a source or starting
point for the development of mathematical concepts
(Freudenthal 1991). Well chosen contextual problems offer
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opportunities for the students to develop informal, highly
context-specific solution strategies, and are used to support
mathematical concept building (Gravemeijer and Doorman
1999). In this phase, the criterion of potential for mathe-
matical concept development dominates the criterion of
authenticity. In fact, the context may even be rather unre-
alistic or within mathematics, if concept development re-
quires it. However, the contextual problem must be
experienced as a real problem by the students.

The second role of the real world is a little different. The
real world is used as the domain in which we can use our
mathematical concepts in the way we wish. The real world
now has to be truly authentic in order to let the highly
appreciated process of mathematization take full bloom.
The idea behind this application phase of the learning
process is twofold: to reinforce the concepts already
developed, and to engage in problem solving activities:
develop and deepen strategies.

If we reflect critically on the developments of the past
decades we distinguish three factors that made the imple-
mentation of problem solving only a limited success in
Dutch mathematics education. First, it became increasingly
difficult to make quality assessments for mathematics A.
The examinations became more and more predictable, so
part of the real problem-solving component was lost.
Second, many people translated the ideas behind mathe-
matics A in a somewhat restricted way: the conceptual
mathematization part and the applied mathematization part
were confused, resulting in examination standards of long
stories in which students had to apply little mathematics.
Third, the level of authenticity went down with the in-
creased use and popularity of ‘applied problem solving’.

2.2 Today’s problem solving practice

To summarize the state of the art in Dutch mathematics
education, we notice that students in upper secondary
education are not often confronted with inside-mathemat-
ical problems for which no known strategy is available.
This may be the reason for the modest scores of The
Netherlands in the mathematics Olympiads. Another matter
for concern is the lack of problem solving activities in
primary education. The focus here is on word problems and
eventually on solving real world problems. Solving inside-
mathematics problems is merely absent.

To assess the state of affairs concerning problem solving
in Dutch mathematics education, we will now first look at
the PISA-2003 results. Next, we will discuss a study on
problem solving in primary education. Then, a problem
solving competition for upper secondary education will be
presented. The paper continues with remarks on the
opportunities that the integration of technology offers for
problem solving, and ends with a conclusion.

3 Recent PISA-results
3.1 PISA-2003

In the 2003 version of the programme for international
student assessment (PISA) study, mathematics was the
main focus. Problem solving was an additional domain in
PISA-2003. The idea behind this domain, usually not
taught as a separate subject, was to test general problem-
solving skills of students aged 15-16. Being able to apply
problem-solving skills in a variety of domains is an
important educational target in many countries and, as
indicated by the OECD (2003), these competencies are the
foundation of effective participation in society and devel-
opment of talents in personal and professional life.

In order to solve these larger problem-solving tasks,
students must understand and interpret the available
information, recognize important elements that are repre-
sented and make connections to the real world situation.
They must be able to reason and communicate their argu-
ments in writing. The solution is not obvious and the skills
needed usually do not belong to a single educational do-
main such as mathematics or science.

Within the domain of mathematics education, problem
solving is seen as solving problems for which standard
solution strategies are not yet available. In general, this
means the investigation of a larger problem. Often, these
problems in PISA-2003 are situated in a more or less
realistic situation. To solve these, the student first has to
‘translate’ the information and to create a (simplified)
mathematical model of the situation. After the problem is
solved within this mathematical model, the results are
compared to the real life problem situation. This might
result in rejecting (some of) the results, rounding the an-
swers according to the situation or to adjusting the math-
ematical model (De Lange 2006).

There is a strong connection between mathematics as an
educational subject in The Netherlands and problem solv-
ing as defined by the PISA programme. Therefore, research
from the Dutch national test institute Cito and the Freu-
denthal Institute included the PISA problem-solving do-
main in a further analysis of the Dutch national
mathematics results of the PISA-2003 study (Dekker et al.
2006). We now present some of the findings of this study.

3.2 Problem solving and mathematical literacy
in the national study

Score points for both mathematical literacy and problem
solving literacy have a mean of 500 and a standard devi-
ation of 100. This enables a comparison between the results
in both domains. In the 2003 study, the Dutch mean score
for mathematical literacy was 538 (place 4 on the inter-

@ Springer



408

M. Doorman et al.

national list) and the mean score for problem solving was
520 (place 12 on the international list). Figure 1 shows that
the difference between the two scores was the largest in
The Netherlands as compared to all other participating
countries; students in The Netherlands performed better in
the domain of mathematics than in problem solving (Gille
et al. 2004).

The international PISA report (OECD 2004a) claims
that the relatively high score of mathematical literacy as
compared to the problem solving results indicate that
mathematics education in The Netherlands, as measured by
PISA, is very effective. However, one could also argue that
problem-solving skills are lagging behind. Furthermore, the
researchers indicate that in no other country, apart from
The Netherlands, mathematics education is as aligned with
the competencies measured by the PISA study. Another
explanation is that the PISA problem solving tasks
emphasize general analytical argumentation skills without
building upon mathematical skills. Could Dutch students
be lacking these general skills? The research could neither
prove nor refute this.

Fig. 1 Differences between
mathematical literacy and
problem solving. Source: OECD
2004b, p. 54
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When looking at student work on the mathematics
assignments, the researchers found that Dutch students,
when compared to their peers in neighbouring countries
(Belgium Flanders and Germany), were less persistent
when working at large tasks which took a lot of time and
energy to complete. This was not caused by a lack of
confidence; students in The Netherlands did not often skip
tasks, but almost always at least started the solution pro-
cess. However, they gave up sooner, especially when
dealing with extensive and challenging tasks. The student
work on the problem-solving test was not analysed in this
study, but it may be expected that the same phenomenon
occurred there.

3.3 Are Dutch students mathematically literate?

As shown earlier, Dutch results were satisfactory when
compared to other OECD countries. But The Netherlands is
a highly developed industrial country and demands are
high for labourers in almost all professions. Which level of
mathematical literacy should this country strive for? The

B Difference in PISA score is statistically significant
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PISA study discerns six levels of mathematical literacy.
Level 1 starts at a score of 358 and ends with 420, level 2
has scores 420-482 and level 3, which contains the overall
mean score of 500, runs from 482-544. Level 4 scores are
within the range of 544-606, level 5 from 606-668 and at
level 6 scores are 668 and higher. Students working at
mathematical literacy level 4 can

....work effectively with explicit models for complex
concrete situations that may involve constraints or
call for making assumptions. They can select and
integrate different representations, including sym-
bolic ones, linking them directly to aspects of real-
world situations. Students at this level can utilize
well-developed skills and reason flexibly, with some
insight, in these contexts. They can construct and
communicate explanations and arguments based on
their interpretations, arguments and actions.

The mean score for Dutch students preparing for university
(vwo) was 639 in the PISA 2003 study. Students preparing
for vocational studies at a higher level (e.g. to become a
high school teacher or highly skilled laboratory assistant)
scored 594. However, about 60% of the Dutch students at
age 15 prepare for vocational education at a medium or low
level (vmbo) and most of them do not have scores at level 4
or higher as we would expect them to have. When looking
at the content of the PISA mathematical literacy problems,
these seem more suited for vmbo students and less for havo
or vwo students.

There are large differences between the countries taking
part in the study and this means that very weak students in
some countries must be able to answer at least some of the
questions. And so the Dutch results may seem satisfactory
as compared to other countries, by our own standards they
do not seem good enough and much is left to be desired.
Furthermore, the largest contribution to the relatively high
score in mathematical literacy in The Netherlands came
from the Reproduction cluster and not from the clusters
Connections and Reflection.

Providing sound arguments is a difficult task for all
students, but Dutch students have been trained in doing so
during their school career. Moreover, for lower achieving
students the language aspect is an important issue, for both
passive and active use of language. The result of the Dutch
analysis of the PISA 2003 study led to some recommen-
dations which are, not surprisingly, different for different
groups of Dutch students. For students at upper secondary
level, more emphasis should be placed on formal and
abstract mathematics.

For students in the lower ability groups (vmbo-level)
reading and interpreting skills need attention in order to be
better prepared for solving problems that are challenging to
them. This recommendation was made since we feel it is

unacceptable that so many students aged 15 are not
mathematically literate at the PISA scale of level 4.

To summarize this brief review of the Dutch PISA 2003
results on mathematical literacy and problem solving, the
most surprising result is that the problem-solving scores are
lagging behind. As learning to solve problems starts at an
early age, we now first consider a study on problem solving
in primary education.

4 Problem solving in primary education

Although the reform in mathematics towards Realistic
Mathematics Education resulted in a new generation of
primary school textbook series, problem solving, in the
meaning of solving non-routine mathematical problems,
was hardly given any attention in these textbooks. At
most the reform brought—to a certain degree—more
complex realistic problems in which the children had to
figure out, for instance, which of the several journal
subscriptions is cheaper and what it costs to organize a
birthday party. Puzzle-like problems, in which it is not
directly clear from the beginning how to start with solving
them, are scarcely found in the new textbooks. At best,
one can come across these problems in additional mate-
rials for high achievers.

As in the textbooks, non-routine problems are also not
included in the Cito test, taken by 90% of the sixth-graders
at the end of primary school (Cito is the national institute
for assessing educational progress). This test, through
which children get access to the higher levels of secondary
school, only consists of routine problems in a multiple-
choice format.

The lack of non-routine problems in textbooks and the
Cito test make that not much attention is paid to problem
solving in primary school. Teachers do not offer children
an environment in which they can develop problem-solving
skills and the attitude that is necessary for coping with non-
routine problems. A mitigating circumstance that is often
mentioned is that problem solving is something that is only
attainable by the best students and that these bright students
can help themselves and do not need much help for
learning to solve non-routine problems. However, this
assumption is in contrast with the results that were found
when in 2004 high-achieving fourth-graders in twenty
schools were given a test on problem solving (see Van den
Heuvel-Panhuizen and Bodin-Baarends 2004).

For all of us who thought that we as mathematics
developers and researchers did our job quite well and
contributed to bringing our students into the higher ranks of
international mathematics achievement, the results of this
study came as a rude awakening. In the next section, we
will give more details about the study.
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4.1 A study on problem solving by high achievers
in grade 4

To begin with, it is quite telling that there was an external
reason for doing this study. The direct cause was a request
from Peter Pool and John Trelfall from the Assessment and
Evaluation Unit, School of Education, University of Leeds
to investigate how Dutch high-achieving fourth-graders
will perform problem-solving tasks that have been devel-
oped for the World Class Tests. In total, 15 problems were
chosen which, for the number domain and the operations to
be carried out, were more or less covered by the mathe-
matics curriculum these Dutch students had dealt with in
grade 4. However, the nature of the problems was some-
what special for the Dutch students. Most of the tasks were
puzzle-like problems, such as number riddles. Students do
not encounter this kind of problem that often in textbook
series and tests in The Netherlands. The 15 problems were
put in a test booklet with every problem presented on a
separate page. The children were free to use the whole page
as scrap paper. For some problems there was an explicit
request to show how they solved them.

In total, 152 high achieving students in grade 4 (9—
10 year olds) took the test. The students belonged to the
top 20% ability range in mathematics. They were selected
by their teachers on the basis of their mathematics score. In
most cases this was the students’ score on the Cito Student
Monitoring Test.

4.1.1 Some revealing results

The analysis of the student responses in the test booklets
showed that quite a number of the children did not make use
of the work space when solving the problems. They did not
have any other scrap paper available; this means that they
worked on the problems without writing anything down.
This is remarkable, especially for problems that involve a
lot of data or where you can find a solution by systemati-
cally trying out several options. For these problems, it is
often practical to make notes and write down intermediate
answers. Figure 2 shows an example of such a problem.

Table 1 shows the results on this item. Clearly, the
problem was fairly difficult for the Dutch high-achieving
fourth-graders involved in the study. Only 39 students, a
quarter of the total group (25.7%), found the right number.
The students in the United Kingdom did slightly better on
this problem. Of the 184, year 4-5 students (8.5-9.5 years)
who did this problem and who belonged to the 15-20%
best students in mathematics, 34.2% came up with the
correct answer (Peter Pool and John Trelfall, personal
communication).

Furthermore, Table 1 reveals that 93 of the Dutch
children, almost two-thirds of the total, did not make any
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Find the number

It is smaller than 100.
If you divide it by 7, there is no remainder.
If you divide it by 3, the remainder is 2.

If you divide it by 5, the remainder is 1.

Fig. 2 Problem: Find the number

Table 1 The results from high achievers in grade 4

Results for the problem ‘Find the number’

Did use
scrap paper

Total number
of students

Did not use
scrap paper

Correct answer 19 20 39
Wrong answer 74 39 113
Total number 93 59 152

of students

use of the scrap paper. Even out of the 39 students who
came up with the correct answer, 19 did not use the scrap
paper. Since high achievers in mathematics were involved
in this study, it is not really surprising that roughly half the
children found the right answer mentally. Although this
problem needs much calculation work, the difficulty does
not lie so much in the knowledge of the tables of multi-
plication that is required. Bright students in grade 4 mostly
know their tables. What it comes down to in this problem is
the ability to take into account a number of different cri-
teria at once. The result that gives more cause for concern
is that 74 of the 113 children who did not find the right
number did not write anything down.

The after-test interviews that were held with a selection
of the students disclosed that the difficulties with this
problem were not related to understanding the question.
The children clearly understood the intention of the prob-
lem. Although the calculation itself did not always go as
smoothly as one would expect in this group of students,
that also was not the core of their problem. The study made
it clear that the weakness of these good students lay in a
different area, namely in not trying and not being able to
keep up a particular approach. Moreover, this attitude
might be strengthened by the fact that the children appar-
ently were not used to writing something down to support
their thought process.

In reviewing all the students’ responses and the expe-
riences from the interviews, three tendencies were found:
many students did not write anything down, many students
did even not start, and if they started quite a number
showed lack of persistence.
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The tendency not to write anything down. This tendency
raised many questions, but the study also revealed some
ideas of how to explain this behaviour. For example,
children (and teachers) might think that it is better not to
use the paper, because they think that solving the problems
mentally is a higher level of mathematics. The trend might
also have to do with the fact that bright students hardly use
(scrap) paper when they do their assignments in regular
mathematics classes. A very different aspect that might
play a part is that the children do not write anything down
because they feel that you should not ‘make a mess’ in a
test. They learned from their teachers that it is important to
work tidily.

The tendency not to start with the problem. The fact that
the majority of the children who could not solve this
problem did not try anything on paper either, is also sig-
nificant. Except that the trend to not even start could result
from the abovementioned refusal to write down anything in
solving mathematics problems, another possible explana-
tion could be that the children have not learned to use notes
and organize data as a support for the solution process. In
the case of this problem, one could think of listing the
numbers that qualify according to a certain rule and then
strike out the numbers that do not conform. Trying things
out might break through the all or nothing atmosphere that
now often prevails.

The tendency not to persist when attempting to solve the
problem. A quite alarming experience in this study was that
high-achieving students gave up after trying a few num-
bers. A possible explanation for this reaction may be that
good students can find it difficult to persevere because they
do not often come across problems that require profound
mathematical inquiry. They usually do not have to think
very long about the problems they normally encounter.

4.2 Some final remarks on problem solving
in primary education

As was mentioned before, non-routine problem solving has
a marginal place in the present Dutch mathematics cur-
riculum in primary school. We believe that this should
change and hope that the start that is given for this in the
TAL learning-teaching trajectory for calculation with
whole numbers in primary school will have an effect in
teaching practice (Van den Heuvel-Panhuizen 2001). A
complicating factor here is that up to now there has not
been much support from textbooks series and the Cito test
at the end of primary school. Both still stay far away from
non-routine problem solving.

However, an interesting initiative to enhance problem-
solving skills in primary education is the recently estab-
lished Great Arithmetic Day. On this day, that is organized
by the Freudenthal Institute, thousands of primary students

(and their teachers) are engaged in problem solving. More
research is necessary to see whether this extra-curricular
activity can introduce more problem solving to the Dutch
primary school curriculum.

After this short impression of the state of affairs con-
cerning problem solving in Dutch primary education, we
now turn to secondary education.

S Problem solving at secondary level

As in primary education, problem solving in secondary
mathematics education has only a marginal position. In the
introduction to this paper, it has already been pointed out
that even an application and modelling-oriented curriculum
like the one for mathematics A tends to standardize prob-
lem-solving tasks into routine assignments. The national
examination does not encourage paying much attention to
problem solving skills. Textbooks usually do not address
problem solving as a result of examination demands,
designing teacher and student proof activities, and the time
need for designing problem solving activities. An excep-
tion is the textbook series ‘Wiskundelijn’ (Bos et al. 1990),
which contained so-called Systematic Problem Approach
items. Such an ‘SPA’ explicitly aimed at the development
of heuristics for dealing with open problems in the sense of
Van Streun (1991).

Important initiatives for enhancing problem solving
activities in upper secondary education are the Mathe-
matics A-lympiad and the Mathematics B-day competi-
tions. As we consider this to be types of competition which
are exemplary to problem solving, an example of the first is
discussed in more detail.

6 Mathematics A-lympiad: an experimental garden
for problem solving

It seems obvious that problem solving should be an inherent
part of the mathematics A curriculum. In the educational
practice of mathematics A, however, less and less attention
was given to really open ended problems that address higher
order thinking goals, problem solving and modelling. This
is mainly due to the fact that Mathematics A is assessed in a
central, written, individual, final examination. The design of
examination tasks that do justice to the purpose of the
mathematics A curriculum turned out to be difficult. The
examination questions, although presented in a seemingly
realistic context, seldom asked for modelling or problem
solving on a serious level. If these skills are not needed for
the examinations, one cannot expect a great deal of atten-
tion to be paid to them during education. And so the circle is
closed: ‘poor’ final exams bring about ‘poor’ education.

@ Springer



412

M. Doorman et al.

To break this circle, the Mathematics A-lympiad was
established outside the examination system. Its intentions
were to design a ‘task’ that encompasses the original
objectives of mathematics A and that asks for teamwork as
well. As an extra motivating factor this task would be
presented to students as a team competition.

In the announcement that is sent to all secondary schools
with pre-university education, the competition is described
as follows:

The competition is intended for students in grades 11
and 12 (age 16—-18) who are taking mathematics A as
a subject. It involves tackling a challenging problem
as a team (three or four students). The competition
consists of a qualifying preliminary round at the
school and a final round at the weekend (Friday and
Saturday) in a conference centre.

The open nature of the task implies that the teams
have to forge the entire path from defining the
problem, via strategy definition, solution and argu-
mentation, through presenting the solution found. The
result is a paper containing all of these aspects.

6.1 The competition and school examination

The Mathematics A-lympiad competition has been run-
ning since 1989. It consists of two sessions, a preliminary
round in the schools and a final session in an external
location. The competition has seen a growing number of
participating schools in the first 10-12 years, though that
number seems to have stabilized over the last couple of
years with about 150 schools participating, with a total of
about 1,500 teams. This means that every year about
6,000 Dutch pupils work in teams on an open ended
authentic assignment for mathematics. An increasing
number of foreign teams (from Denmark, Germany and
the Dutch Antilles) participate in an international final
round.

In the early years of the Mathematics A-lympiad, it
was exceptional in mathematics education to call on skills
such as problem solving, reading, writing, doing research,
forming arguments, reasoning, critically reviewing math-
ematical models, mathematization, teamwork, planning:
the full range of general and mathematical skills. With the
Mathematics A-lympiad these skills have gained a set
place in a large number of schools in The Netherlands.
This type of mathematics is precisely the mathematics
that many students will deal with later on in society:
solving more complex problems in teams where technical
tricks alone will not do. In the next paragraph we will
present an example of student work on one of the
assignments.

@ Springer

6.2 The diversity example—analysis of student work

An assignment in a final round was about bio-diversity.
Various species of plants and animals are disappearing
every day. The task for the student teams was to decide on
criteria for determining which plants and animals are most
important to save, if the goal is to keep species diversity
large enough.

In the first three problems the teams had to familiarize
themselves with the concept of bio-diversity. Then a
relative value scale had to be developed for the genetic
relationships of species. This value scale was to be used
for determining which species it would be better to
protect in order to keep diversity, from a genetic point of
view, as great as possible. In brief: the teams had to
develop a decision-making model. This model should
then be used for making decisions on the preservation of
species.

6.2.1 The plants in the photos

The assignment started as follows (see also Fig. 3).

‘A number of photos of different combinations of plants
(A, B, C and D) was given to a number of scientists who
then ranked them according to decreasing diversity.’

Using this information the teams had to decide what
factors were clearly seen as important for diversity. Teams
were not asked to devise a function themselves that pro-
duces this ranking, but almost every team tried to do so.
This was probably done to compare their own ideas with
the assessment of the scientists. In general, there was little
difference for the factors found by the teams. As most
important criteria for determining the level of diversity
were mentioned:

— the total number of plants;
— the number of species;
— an even distribution of the numbers per species.

The standard deviation of the numbers was calculated as
a measure for this distribution. A smaller standard devia-
tion was synonymous with better diversity. Some teams did
not think that this was altogether correct as a photo with a
few plants would be given a greater diversity than a photo
with many plants in the same ratios. One team replaced the
absolute numbers by percentages, as did a number of other
teams (Fig. 4).

One team did not think this was correct and explained
why, using a fictitious photo containing only one species.
The standard deviation would then be zero and that would
mean that it had the greatest diversity, even though in fact
it has the minimum diversity.
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Fig. 3 Part of the diversity task
A B c D E
photo 1 40 10 20 5 5 photo 3 ]
photo2 40 20 - 25 30 photo 2 decreasing
photo 3 40 20 10 25 30 photo 4 diversity
photo 4 40 30 10 - 20 photo 1

Another team concluded that according to the above
method the diversity was greatest when all plants occurred
in equal quantities. However, nature is better served by
equilibrium than by equal quantities. And in equilibrium:

‘... for example, very many more bacteria are needed
than elephants.’

A better factor for determining the level of diversity is how
much the number of each species in a photo differs from
the average number of this species (in all photos). The
thinking behind this was that the ecological equilibrium
will not be far from the average numbers. This method
meant that the photos with plants in the ratio of:
40:20:10:13.75:21.25 had the greatest diversity. When the
ratios were equal, a higher diversity would be allocated to
the photo with the greatest number of plants.

A different team compared the numbers of plants (see
Fig. 3) with the calculated averages. Checking this ap-
proach by using the plants on the photos meant that photo
3 had the greatest diversity, as it was the one that best
corresponded to the desired averages. Next is photo 2 as
one species was missing there. Then photo 4 because
species D had died out there and it was a species that
occurred more on average than species C, which was
absent in photo 2. Photo 1 was the last due to its large
differences from the averages, especially for species D
and E. This order corresponded to the order established by
the experts.

photo 1: 40 10 20 5 5
In percent that is:
50% 12.5% 25% 6.25% 6.25%
The standard deviation of these numbers is 16.49. If the diversity of the

photo 1:

other photos is calculated in this way, you get the following standard

deviations:
photo 1: 16.49
photo 2: 11.54
photo 3: 8.00
photo 4: 14.14.

These results also fit with the rankings of the experts.

Fig. 4 One team’s result

6.2.2 Genetic variation

In the second part of the assignment the teams were asked
to determine which species it would be best to protect from
the point of view of genetic diversity, by using a genea-
logical tree of genetic relationships.

The teams were asked to develop a value scale which,
together with the genealogical tree, could be used to
determine which species had to be protected and which
could be allowed to disappear if there was no alternative. In
the genealogical tree presented as an example in the
assignment (Fig. 5), it is specified for two combinations of
species which combination it would be better to protect
from the point of view of genetic variation.

Problems can arise here with regard to the term ‘genetic
variation’ as it can be defined in different ways. In general,
two approaches are recognized in the students’ work. The
first approach uses the relationship between a species and
the original species. In this approach, the defined objective
is to preserve the original genetic material as much as
possible. Species that have branched off more often are
further away from the original species and will thus contain
less of the original material. With each division, the teams
assumed that a certain percentage of the material was
transferred into the new species. The teams that used this
approach conceded that these percentages were based on
their imagination. Generally the teams used a division in
equal parts, as is shown in Fig. 6.

Some teams who wanted to preserve the species that
were closest to the original species had rather strange
theories. The preservation of these species would have the
advantage that ‘as many genes as possible’ would be pre-
served. Species that were further away from this original
species contained ‘fewer genes’. It was also believed that
by maintaining the original material the species that dis-
appear could occur again more easily.

The second approach examines how the different spe-
cies are mutually related. This can be done by counting the
nodes from one species to the next.

You go through the tree from one species to the next and
count along the way the number of places where new
species occur. This number is called the distance between
two species. These distances were set out by the teams in a
matrix and the columns were then summed. These totals
were then a measure of relatedness.
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This genealogical tree is used for deciding, for example, that A and B are more
genetically related than A and D. Thus if only two species can be saved, then for
example saving the combination of B and D is better than saving the combination
of B and A. That is why D will be somewhat higher up the value scale than A. How

much higher depends on the whole set.

A
B
D
E
Fig. 5 Continuation of the task
3.25% A 8k %
23% 125% B 84 %
._illm__,c_ ah %
%
Ty - 5
25% b 3%
s0% E so%e

Fig. 6 Tree with probabilities

Figure 7 shows this matrix and the accompanying tree,
made by one of the teams. The species with the smallest
total distance is the one most related to the other species and
can, if necessary, be the one most easily dispensed with.
When this species is left out, a new tree can be made and the
process is repeated. If, as a result of selection, at a node only
one of the species had remained, almost all of the teams left
this node out as if it never existed. This move was never
justified but is indeed consistent when you consider all of
the species that have died out whose existence is unknown
to us. It is striking that none of the teams thought of looking
at the minimum and maximum distances instead of the sum
of the distances. After all, a minimum distance means a
close relationship between the two species and a maximum
distance means a distant relationship. With two species that
are closely related, it is less serious if one of them dies out,
at least according to the exercise.

The teams now had to adapt their value scale in such a
way that it was not possible that one species did obtain an
extreme score. In other words: the system had to give
somewhat ‘flattened’ results. A number of teams combined
the approaches mentioned before. The one group added up
the values from the value scale, another multiplied them.
For example, the distances were multiplied by the per-
centages. Logarithmic and exponential functions were also
used to bring the values closer together. None of the teams
examined this problem critically. One team stated that
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Fig. 7 Matrix and tree

flattening the system leads to a higher reliability. However,
they did not explain.

6.2.3 Comments

Some participating teams commented on the task in
interesting ways. For example, a number of teams criti-
cized the approach in part 2 where genetic variation was
the central issue. According to these teams, there are more
important arguments for prioritizing the preservation of
certain species, i.e. ecological. As an example, take a
family of species that acts as prey, prey—predator, and
predator within an ecological system.

Some finalists thought it was more important for stable
species (with fewer divisions) to be preserved. On the other
hand it can be argued that it might be better to protect
quickly developing branches as new genetic variations will
occur more easily through them.

The task went on with a question on including a time
component to address the genetic evolution in time. For
reasons of space, this extension is not described here; we
refer to De Haan and Wijers (2000) for a more extensive
description of the assignment.
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6.2.4 Concluding the example

The search for an acceptable value scale by the teams was
often a wild search for appropriate formulae. Teams often
arbitrarily multiplied, divided, added and subtracted. The
underlying arguments were often forgotten in the process. It
was for instance stated that a certain parameter was impor-
tant, but was not yet included in the scale, without saying
why they chose to include this specific parameter in this
specific way. This makes the allocation of values arbitrary.

This can be seen as a criticism of the assignment or of the
pupils, but it is more a criticism of the process of allocating
values. Furthermore, there was lack of clarity with the terms.
Where for example is the separation between a breed and a
species within evolution theory? Is this part of the assign-
ment about making a choice between different species of
finches or the choice between a dog, a cat and a squirrel?

The reader will notice that nowhere in the assignment it
was said that a formula had to be devised, but rather a
‘system’. Why was it that almost all teams searched so
frenetically for a formula? Could it be caused by the use of
terms such as ‘value scale’ and ‘tree’? It is not easy and
often even impossible to convert non-mathematical con-
siderations into formulae. It is often better to simply reason
them out. After all, one does not know how the different
considerations are linked together and how they have to be
included, and whether there are still unknown, more
important factors.

‘Chance of survival’ indeed seems to be a number, but
nobody knows how to calculate it. It is more a probability
derived from small talk than from theory or experiments.
That’s why one of the teams stated:

We have to throw all the criteria into a large basket
and determine the value of each criterion. This pre-
sents a considerable problem. Every individual
weighs every criterion differently. You might think
that the economic aspect is important, but so also is
the social aspect. You can proceed purely rationally,
but also emotionally! In order to come to a reason-
ably objective opinion you must present your criteria
to a cross-section of society.

6.3 Influence of recent educational reform

Since 1998, upper secondary education in The Netherlands
has been restructured. A part of this reform is the growing
attention that is paid to general skills embedded in several
subjects. Larger, more complex open-ended tasks, which
focus on general skills as well as on subject-related skills
became a compulsory part of the school exam for every
subject. These skills are highly reminiscent of those men-
tioned as objectives for mathematics A in 1980. It is pre-

cisely because these skills will be assessed in the school
exams, that the interest in teaching and practicing higher
order skills has been revived. The assignments of the
Mathematics A-lympiad turned out to be perfect examples
of this kind of tasks and since 1998 its assignment is used
as part of the school examination in many schools. A
similar competition for Mathematics B, the Mathematics
B-day, is used in the same way and with equal enthusiasm.
The experiences with the B-day show that problem solving
tasks that are appropriate for team competitions can be
designed within the domains of pure mathematics and
mathematical applications in exact sciences as well.

From an organizational point of view, participating in
the Mathematics A-lympiad and B-day is very convenient
for the school: the assignment is provided by a committee
of experts; in one day, teams can produce a paper; students
are deprived of the possibility of obtaining ‘expert
knowledge’ from elsewhere, since everyone works for the
entire day on the same task.

There is, however, also a downside to this development.
As doing open-ended assignments, writing papers and essays
as well as working in teams became a regular aspect of the
mathematics lessons—and of other curriculum subjects—the
initial motive for the Mathematics A-lympiad—to offer ‘a
completely different type of assignment’'—became less
important. This might have had a slightly negative effect on
the quality of the student work for the Mathematics A-
lympiad assignments. Nowadays, the mathematics is often
used on a more basic level, without the extra considerations
and argumentations that characterize real problem solving.
Other factors than getting used to this type of tasks play an
important role in the quality as well, the most obvious being
the recent reduction in math lessons (‘teaching time’) by
about 50% in The Netherlands. Nevertheless, the design of
the assignments and the evaluation of student work during
the finals remain an inspiring experimental garden for
investigating possibilities for problem solving in mathe-
matics education.

7 New tools create new possibilities

As a final perspective on problem solving, we consider the
use of technological tools. New technological tools create
new possibilities for problem solving in mathematics.
These possibilities, as well as the difficulties, are now
illustrated for the case of the integration of the graphics
calculator.

As in many other countries, the graphics calculator was
introduced in the Dutch mathematics curriculum during the
nineties of the previous century. An important didactical
motivation for integration in the curriculum, as well as in
the national examination, is the way this tool supports
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explorative activities and problem solving abilities (Drij-
vers and Doorman 1996). Tools like the graphics calculator
provide a new and rich variety in possible problem solving
strategies. Even weaker students appear to be supported by
this (Streun et al. 2000).

The integration of the graphics calculator also fostered
new mathematical practices that would not be possible
without technological tools. We sum up some of the most
remarkable changes:

e Thanks to its direct feedback, the graphics calculator
offers opportunities for exploratory activities. Even
during the initial phase of familiarization, a problem
can often already be investigated graphically. Inventory
and classification activities can lead to discoveries
which then, through reflection and generalization, result
in interesting mathematical theorems. This contrasts
with the traditional method, in which definitions and
theorems are stated at the beginning of the learning
path in the expectation that insight will be acquired
through repeated application.

e One can quickly and effectively follow the results of
variation in the problem. The influence of a given
parameter in the formula can easily be visualized by using
graphics. This enables users to continually alter their
frame of reference from global to local and vice versa.

e Due to the use of technological tools, the repertoire of
techniques and skills a student must master will
remarkably change. Freehand drawing of a graph based
on a strictly prescribed analysis of functions—a much
practiced skill in the past—will hardly matter. On the
other hand, skills such as estimating numerical values,
reading graphs, setting viewing windows and improv-
ing approximations increase in significance. A shift in
emphasis occurred away from traditional techniques
and towards a more flexible solution procedure, in
which a critical attitude is developed with respect to
numerical results.

The following example illustrates the ways in which
students made use of the graphics calculator’s potential for
explorative activities. In Fig. 8, two coins lie next to one
another. The coin on the left is fixed. P is the point on the
edge of the coin on the right where it touches the coin on
the left. The coin on the right is now going to roll around
the edge of the coin on the left without sliding. The
problem is: what is the locus of point P?

The first questions in the task contained a concrete
orientation, the choice of an appropriate coordinate system
and the constructing of the motion equations. So far,
questions with straightforward solution strategies for these
students. Then the students draw the curve with their
graphics calculator, creating a cardioid-shaped image. The
distance of the moving point to the centre of the coin can

@ Springer

I
0p4 \

N
b

g

N bdo3

L

Fig. 8 The problem situation with the rotating coin

be changed. This can be generalized and the students can
investigate a variety of cases. This activity is new to them,
and they do not have standard solution strategies at hand.
They are free to classify the graphs they find as they
choose. The focus is on their investigational activities.
The graphics calculator immediately revealed any error
by drawing an ‘impossible’ curve. This led, on the whole,
to an improvement in the initial motion equations. For
instance, a number of students entered the following:

x(t) =2cos t —1+cos (21)
y(¢) = 2sin t+sin (27)

The drawing in Fig. 9 revealed what was wrong.
This could now be improved! The students then entered:

x(t) =2cos t—1+cos (2t + m)
y(t) =2sin 1 +sin (21 + 7)

Ruthven (1992) uses the expression ‘trial and improve’
for such problem solving skills with a graphics calculator at
hand. The matter of varying the distance between P and the
centre of the rolling coin could also be dealt with. Students
create graphs as shown in Fig. 10.

Interesting drawings result from these so-called Pascal
curves. During the last five minutes of the lesson, the re-
sults of classifications of the curves were listed on the
board.

Fig. 9 The cardioid on the screen of a graphics calculator
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Fig. 10 Shamrock-shaped curve

a Shape
0 Circle
1 Cardioid
O<acxl ‘dent’
a>1 Loop

One student comments on the ‘dent’: “When a is small,
the dent is also small, and when a gets bigger, the dent
grows t0o.”

Where the loop is concerned, the teacher asks: “Does it
matter how much greater a is than 1?”

Student: “When a is close to 1, it’s small; if a is big, it’s
big.”

Teacher: “So does the small one ever catch up with the
big one?”

Student: “No, they’ll overlap, they’ll get close to-
gether.”

The students watched the curves being created in a
dynamic manner. The graphs became a starting point for
further study, rather than the static end product of a vast
ritual of investigation into intersections of the axes, hori-
zontal and vertical tangents, etc. The graphics calculator is
an excellent aid here. The students ‘saw’ the point on the
plane shift and the speed of the movement became visible.
The parametric equations that describe the movements on
the plane really came to life this way.

The user can see how a graph (or a curve or a group of
graphs) is created. When the picture is finished, TRACE
offers the opportunity to follow the graph point by point
and read the changing coordinates on the screen. The
graphics calculator’s direct feedback encourages the stu-
dents to reflect upon what they have done. This alternation
between experimentation and reflection is an important
aspect of problem solving and concept development.

As a consequence, the graphics calculator supports
exploratory activities. The students arrive at a classification
that they themselves have developed through their own
experience. The potential of the technological tool evidently
stimulates many students to engage in informative explor-

atory activities. The mathematical level of the result, how-
ever, tends to be rather varied. While such exploration can
lead to excellent discoveries and insights, the results are at
times disappointing. This has to do, on the one hand, with the
fact that drawing conclusions from investigative activities
places heavy demands on the students. Moreover, students
have to learn to deal with open problems, to appropriate new
tools and to develop an investigative attitude.

In addition to the aforementioned study on the oppor-
tunities that the graphics calculator offers to mathematics
education, recent research projects at the Freudenthal
Institute focus on tool-use in mathematics education and
concentrate on computer minitools (Bakker 2004, Door-
man 2005, Drijvers et al. 2007) as well as on computer
algebra (Drijvers 2003).

To summarize the findings, we notice that the dynamics,
the direct feedback, and the possibilities to deal with complex
situations and to investigate many cases offer new opportu-
nities for problem solving activities in mathematics educa-
tion. The skills a student is expected to master are different
from those required in traditional situations. We conjectured
that the importance of mastering routine operations would
decline and the necessity for developing a flexible attitude for
working with tools would increase. Still, like the experiences
with problem solving in the mathematics A curriculum, the
difficulty for teachers and task designers is to avoid problem-
solving tasks becoming routinized. If the students after their
work on the previous example on the cardioid would
encounter a task concerning the cycloid, their approach
would be much more standardized.

8 Conclusion

If we look back at recent developments in mathematics
education in The Netherlands, some remarkable observa-
tions can be made. While serious attempts have been made
to implement a problem oriented curriculum, based on
principles of realistic mathematics education with room for
modelling and with integrated use of technology, we notice
that this has been successful in educational practice only to
a limited extent. The main difficulties encountered first
involve the national examination, which strongly drives
educational practice, but by its structure does not allow for
real problem solving activities. A second obstacle is
formed by the textbook series, which are not very open to
problem solving and do not address its learning.

An important challenge is the design of good problem
solving tasks that are original, non-routine and new to the
students. Experiences with the Mathematics A-lympiad and
the Mathematics B-day suggest that such tasks best can be
developed in a team of educational designers and teachers.
This is a non-trivial process.
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To overcome the difficulties, some measures should be
taken—and to a certain extent are already in progress. First,
we recommend textbook series to pay explicit attention to
problem solving skills and heuristics. Second, schools
should take the opportunity that school assessment provides
for problem solving activities. National initiatives such as
Mathematics A-lympiad and the Mathematics B-day offer
inspiring opportunities to do so. Teacher networks for
designing problem solving tasks can be fruitful, as might be
an exchange through a virtual community. Third, we rec-
ommend that teachers and textbook authors exploit the
benefits of technological tools for the purpose of problem
solving. Through technology, new mathematical horizons
can be opened that lend themselves for exploration and
problem solving activities. Fourth and finally, we recom-
mend problem solving to be on the ‘agenda’ of mathematics
research in primary education, so that students start to de-
velop problem-solving skills at an early age.
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