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ABSTRACT

We investigate a problem of when commutative local domains have a finite
number of trace ideals. The problem is left for the case of dimension one.
In this paper, with a necessary assumption, we give a complete answer by
using integrally closed ideals. We also explore properties of such domains
related to birational extensions, reflexive ideals, and reflexive Ulrich mod-
ules. Special attention is given in the case of numerical semigroup rings
of non-gap four. We then obtain a criterion for a ring to have a finite
number of reflexive ideals up to isomorphism. Non-domains arising from

fiber products are also explored.

1. Introduction

Classification of ideals is one of the most classical problems in commutative
ring theory. It has been studied at least since the works of Dedekind on rings
of algebraic numbers. For a (one-dimensional) Dedekind domain, its ideal class
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group classifies the isomorphism classes of ideals. If a ring is not a Dedekind
domain, the situation becomes more complicate. One of the reasons may origi-
nate from the fact that classification of ideals relates to representations of the
ring in a one-dimensional local ring. Actually, the result by Greuel and Knorrer
[11] shows that a one-dimensional Cohen—Macaulay local ring satisfying some
mild assumptions has a finite number of isomorphism classes of ideals exactly
when it is of finite representation type (see also [22, Theorem 4.13]). Here we
say that a one-dimensional local ring is of finite representation type if it
has only finitely many torsion-free modules up to isomorphism (this definition
is not the usual one, but equivalent to it under our assumption; see [22] for de-
tails). More generally, for some special class X of ideals/module, the finiteness
problem, that is, the problem of when does X have only finitely many elements
up to isomorphism, is well considered. One can find references, for example,
[2, 7] and references therein.

In this paper, we study isomorphism classes of ideals in rings which are not
necessarily of finite representation type. We then focus on trace ideals for this
study. Let us recall their definition to explain our motivation and results more
precisely. Let R be a commutative Noetherian local ring. The trace ideal of
an R-module M is defined to be the ideal

trp(M)= Y Imf.
f€Hom g (M,R)
Then an ideal I in R is called a trace ideal if I = trgr(M) for some R-
module M. While the notion of trace ideals has long been used as a technical
tool in commutative algebra, it itself has gained new attention in recent years
[6, 8, 16, 20, 23]. We should also mention the recent use of trace ideals to
develop the theory of rings which are close to Gorenstein [5, 12, 14].

One of the advantages in studying trace ideals can be explained by a simple
fact: if I and J are distinct trace ideals of a ring R, then they are non-isomorphic
(see [16, Corollary 1.2(a)] for example). By this fact, to see how many non-
isomorphic trace ideals there are, we only need to know what is the set of trace
ideals. We should mention a previous study [9] on the set of trace ideals. As
a particular question, the following is raised naturally and explored in several
papers:

Question 1.1 ([8, Question 3.7], [7, Question 7.16(1)],[16, 21]): When does a
Noetherian local ring have a finite number of trace ideals?



Vol. TBD, 2024 SET OF TRACE IDEALS 3

In [21], the second author proved that if a local domain R has a finite number
of trace ideals, then dim R < 1 and R is analytically unramified ([21, Lemma 2.4
and Theorem 2.6]). In the case of dimension one, it is also proven that ana-
lytically irreducible Arf local domains have a finite number of trace ideals ([21,
Corollary 5.5]). Here we refer to the paragraph before Corollary 3.10 for the
definition of Arf rings. Note that the notion of Arf rings originates from a clas-
sification of certain singular points of plane curves ([24]). We also remark that,
under some suitable assumptions, a Gorenstein local ring of dimension one has a
finite number of trace ideals if and only if it is a ring of finite representation type
[7, 16]. However, other than Arf rings and rings of finite representation type,
only few examples of rings having a finite number of trace ideals are known.

Due to the previous results, we mainly deal with analytically irreducible local
domains of dimension one. Then our first aim is to give a complete answer to
Question 1.1 by assuming some mild conditions. Let (R, m, k) be analytically
irreducible local domains of dimension one. Then the integral closure R of R
in the total ring of fraction Q(R) of R is finitely generated as an R-module
and a local ring. Suppose that the canonical map k& — R/n, where n is the
maximal ideal of R, is an isomorphism (for instance, this is fulfilled if k& is
algebraically closed). Let ¢ = R : R denote the conductor of R, where the
colon is considered in Q(R). Set n = {r(R/(R : R)), where £r(x) denotes the
length. Let v(z) denote the value of z € Q(R). For 0 < i < n, there exists a
unique integrally closed ideal I; such that ¢r(R/I;) =i (see Setup 3.1). Let

T(R) = {nonzero trace ideals of a domain R}.

With these notations and assumptions, we obtain a criterion for a ring to have
a finite number of trace ideals. Note that for an ideal I, choosing ¢ € I such
that v(¢) = min{v(z) | © € I} is equivalent to saying that (¢) is a minimal
reduction of I.

THEOREM 1.2 (Theorems 3.8 and 4.1): Let n = £g(R/c) > 3. If k is infinite,
then the following conditions are equivalent:
(1) T(R) is a finite set.
(2) All nonzero trace ideals are integrally closed ideals and contain the
conductor ¢, that is, T(R) = {I; | 0 <i <n}.
(3) For each 1 < i <n — 2, there exists q; € R such that

’U(ql) = mln{v(x) | S Il} and IfL'IfL'+2 = qu'Ii+2.
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If R is a numerical semigroup ring k[[H]|| of a numerical semigroup
H={ay=0<a1<a< - <ap<ani1 <apia<---}CN,

then the following is also equivalent to the above conditions.

(4) aj+ a1 —a; € H forallie{l,...,n—2}and j € {i+2,...,n}.

As a corollary, we obtain that T(R) is a finite set and equal to the set of
integrally closed ideals if n = £g(R/c) < 3 (Corollary 3.9). Furthermore, we
see that there are abundant examples of rings having a finite number of trace
ideals other than Arf rings (Examples 4.3 and 4.4). Tt is also observed that the
finiteness of T(R) is inherited by that of T(I; : I;) (Theorem 3.11). This can
be regarded as an analogue of a characterization of Arf rings by Lipman ([24,
Theorem 2.2]).

By using Theorem 1.2, we also try to understand the set Ref(R) of isomor-
phism classes of reflexive modules over a ring R. Here, an R-module M is
called reflezive if the canonical homomorphism M — Hompg(Hompg(M, R), R)
is an isomorphism. We remark that reflexive modules play an important role
in representation theory of Cohen—Macaulay rings. We refer to [7] for a brief
history of the study of reflexive modules. In this context, it is natural to ask
when Ref(R) is a finite set. In this paper, we mainly restrict our attention
to reflexive modules of rank one, that is, reflexive ideals. Such a restriction is
inspired by the following theorem given by Dao, Maitra, and Sridhar.

THEOREM 1.3 ([7,Propositions 7.3 and 7.9]): Let (R, m, k) be a Cohen-Macaulay
local ring of dimension one. Assume R is almost Gorenstein, contains Q, and k
is algebraically closed. Then the following conditions are equivalent:

(1) Ref(R) is a finite set.
(2) R has a finite number of reflexive ideals up to isomorphism.
(3) T(R) is a finite set.

We also note that if R is Arf, then Ref(R) is a finite set ([18, Theorem 3.5
and [4, Corollary 3.5]).

As a consequence of Theorem 1.2, we deduce that under the same assumption
as in Theorem 1.2, R has only finitely many reflexive ideals up to isomorphism
(Theorem 6.2) provided that T(R) is a finite set. In particular, we verify the
implication (3)=(2) of Theorem 1.3 by assuming that R is a domain instead of
that R is almost Gorenstein.
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Special attention is given in the case of n = 4. By observing Theorem 1.2,
we see that all rings R have a finite number of trace ideals if n < 3. On the
other hand, it is also known that all rings R have a finite number of reflexive
ideals if n < 3 ([7, Theorem 6.8]). Hence, the case of n = 4 is the next step to
study the relation between trace ideals and reflexive ideals. In conclusion, we
determine conditions under which a numerical semigroup ring has finite reflexive

ideals up to isomorphism for n = 4, as follows.

THEOREM 1.4 (Theorem 7.1): Let R = k[[H]] be a numerical semigroup ring

of a numerical semigroup
H:{a0:O<a1<a2<---<an<an+1<an+2<---}§N,

where k is a field. Suppose that n = 4 and k is infinite. Then the following
conditions are equivalent:

(1) R has a finite number of reflexive ideals up to isomorphism.
(2) R has a finite number of reflexive trace ideals.
(3) All reflexive ideals are isomorphic to some monomial ideal containing
the conductor c.
(4) Either one of the following holds true:
(i) az — a1 + a3 > aa, that is, T(R) is finite.
(il) 2a3 — a1 < aq4.

As a corollary, we obtain examples of a ring which has infinitely many trace
ideals, but has a finite number of reflexive ideals (Example 7.6). Note that
such examples do not exist when the rings are assumed to be Arf or almost
Gorenstein.

Let us explain how we organize this paper. In Section 2, we note several
lemmas, which we use throughout this paper. In particular, we study an equal-
ity IJ = qJ for ideals I, J and g € I. Recall that this equality is used to
characterize the finiteness of trace ideals in Theorem 1.2(3). We also note that
the condition IJ = ¢J is saying that J is I-Ulrich in [7, Definition 4.1]. In Sec-
tion 3, we prove Theorem 1.2. In Section 4, we apply Theorem 1.2 to numerical
semigroup rings, and give examples.

The subject of Section 5 is a little different from that of the other sections.
According to our results, the case of analytically irreducible domains is well-
explored. However, the case of non-domains is left open. Thus, in Section 5,
we examine the set of trace ideals of fiber products as a trial run. We describe
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the set of trace ideals containing a non-zerodivisor of fiber product R; Xj Rs
by those of Ry and Ry (Theorem 5.1). Section 6 comes back to the main focus
of this paper. We prove that for each ring R having finite trace ideals, R has a
finite number of reflexive ideals up to isomorphism. We also investigate reflexive
Ulrich modules under similar assumptions. In Section 7 we prove Theorem 1.4.

Convention 1.5: In the rest of this paper, all rings are commutative Noetherian
rings with identity. Let R be a ring. Then, Q(R) and R denote the total ring of
the fraction of R and the integral closure of R, respectively. We denote by R*
the set of units of R.

We say that I is a fractional ideal if I is a finitely generated R-submodule
of Q(R) containing a non-zerodivisor of R. For fractional ideals I and J, we
denote by I : J the fractional ideal {x € Q(R) | «J C I}. It is known that
an isomorphism I : J = Hompg(J,I) is given by the correspondence x +— &,
where & denotes the multiplication map of z € I : J (see [15, Lemma 2.1]). We
say that an ideal I is regular if I contains a non-zerodivisor of R. For a finitely
generated R-module M, ¢r(M) (resp. ur(M), e(M)) denotes the length of M
(resp. the number of minimal generators of M, the multiplicity of M). Set

T(R) = {regular trace ideals of R}.

Note that T(R) is precisely the set of nonzero trace ideals if R is a domain. In
addition, if R is finitely generated as an R-module, then ¢ = R : R denotes the
conductor of R.

2. Preliminaries

Let (R, m) be a Cohen-Macaulay local ring of dimension one. The aim of this
section is to prepare several lemmas, which are used from the next section
onward.

LEMMA 2.1 (]9, Corollary 2.2]): Let I be a regular ideal of R. The following
are equivalent:

(1) I is a trace ideal.

(2) (R:DI=1.

3) R:1=1:1

LEMMA 2.2: Let I and J be regular trace ideals of R such that I C J. Then,
J:JCI:]I. Inparticular, (J:J)I =1.
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Proof. Since I C J,wehave J:J=R:JCR:I1=1:1DbyLemma 2.1. By
noting that RC J : J, wehave I C(J: N)IC (I: )] =1.

Next we consider an equality IJ = ¢J, where I and J are regular ideals
of R and ¢ € I. Such an equality plays a key role in our characterization of
the finiteness of the set of regular trace ideals given in the next section (see
Theorem 3.8). We also note that the condition I.J = ¢J is saying that J is
I-Ulrich in [7, Definition 4.1].

LEMMA 2.3: Let I and J be regular ideals of R and q € I is a non-zerodivisor
of R. Then J: I C ¢~ 'J. Furthermore, J : I = ¢~ 'J if and only if IJ = qJ.
In particular, I : I C ¢ 'I, and I : I = q~'I if and only if I? = qI.

Proof. Let x € J : I. Then qx € Ix C J. It follows that z € ¢~'.J. Further-
more,
g =J:1 — ¢'JCJ: ] < ¢ 'IJCI
< IJCql < IJ =ql.

LEMMA 2.4: Let I and J be regular ideals of R. Suppose that there exists an
element q € I of R such that IJ = qJ. Then for each regular trace ideal L
with L C trr(J), an equality IL = qL holds.

Proof. Note that g is a non-zerodivisor of R since I.J is a regular ideal and
1J = qJ C (q). Consider the evaluation map

ev: (R:J)®rJ — trr(J),
TRy — Yy,

where z € R : J and y € J. It induces a surjection J®" — trg(J) for
some n. Tensoring R/(q), we have a surjection (J/qJ)®" — trg(J)/qtrr(J).
Since I.J = ¢J, J/qJ is annihilated by I. Hence, I trg(J)/qtrr(J) = 0, that is,
I'trr(J) = qtrr(J).

Let L be aregular trace ideal L with L Ctrr(J). Note that I trr(J)=qtrr(J)
implies ¢711 C trg(J) : trr(J). Then, we obtain that

¢ ' Ctrr(J):trr(J)CL: L

by Lemma 2.2. It follows that ¢~ 'IL C L; hence, IL = qL.

Next we give a correspondence between certain subsets of T(R) and T([ : I)
for a pair of ideals I and J with IJ = qJ.
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PROPOSITION 2.5: Let I be a regular trace ideal of R, and let J be a regular
ideal of R with J C I. Suppose that there exists an element q € I such that
IJ =qJ. Then

{(XeT(I:I)|XCJ: 1} ={¢ 'Y |Y € T(R) such that Y C J}.

Proof. Set S :=1:1. Note that ¢7'J = J: I C S by Lemma 2.3.

(2): Let Y € T(R) such that Y C J. Then ¢~'Y C ¢=1J C S. On the other
hand, since Y C I, ¢7'Y'S = ¢~ 'Y by Lemma 2.2. Hence, ¢~'Y is an ideal
of S. Check the equalities

(S:q7'Y)g 'Y =[(R:1):q"'Y]g"'Y
=(R:q'IY)¢ 'Y =(R:Y)q 'Y =¢ 'Y,
where the third equality follows from IY = ¢Y by Lemma 2.4. It follows

that ¢~1Y € T(S). By Lemma 2.4 again, I(¢"'Y) =Y C J. Thus, ¢ 'Y CJ:1.
(©): Let X € T(S) such that X C J:I. Then

IX=I(S: X)X =I[(R:1): X]X = (R: IX)IX.

This means that IX € T(R). Since X C J: I, ¢-'IX C ¢~'J C S. Hence,
¢ 'ITCS:X=X:X. It follows that ¢g-'JX C X. Therefore, we obtain
that X = ¢ 'IX.

We have some applications of Proposition 2.5. First we deal with the case

of I = J. Then we obtain the following description of T(I : I).

COROLLARY 2.6: Let I be a regular trace ideal of R. Assume that there exists
an element q € I such that I? = qI. Then

T(I:1)={q¢ 'Y | Y € T(R) such that Y C I}.

Proof. We may apply Proposition 2.5 by letting J = I.

Next we consider the case of ¢g(I/J) = 2. If I : I is local, then we get a
description of T([ : I) similar to Corollary 2.6. Before stating it, we prepare a

lemma.

LEMMA 2.7: Let I, J be regular trace ideals of R such that JCI and {r(I/J)=2.
Assume that I : I is a local ring, and there exists an element g € I\ J such that
I1J = qJ and I? # qI. Then the maximal ideal of I : I is ¢~ 1J.



Vol. TBD, 2024 SET OF TRACE IDEALS 9

Proof. Set S := 1 : 1. By our assumption, we have ¢~ 'IJ = J C I. It follows
by Lemma 2.3 that

¢'JCSCq 'L
Here the first inequality follows by observing 1 € S\ ¢~'J. By noting that
Cr(q Y /q71J) = lr(I/J) = 2, we obtain that /r(S/q~'J) = 1. On the other
hand, ¢~ 'J is an ideal of S by Lemma 2.2. Hence,

0<Lls(S/q"J) <tr(S/q'T)=1.
This shows that ¢~!.J is the maximal ideal of S.

COROLLARY 2.8: Let I,J be nonzero trace ideals of R such that J C I
and (r(I/J) = 2. Assume that I : I is a local ring, and there exists an el-
ement q € I\ J such that IJ = qJ and I? # qI. Then

T(I:1)={q 'Y |Y € T(R) such that Y C J}yU{I: I}.

Proof. Since I : I is a local ring with the maximal ideal ¢—1.J, it follows that
T(I:1)={XeT{:I)|X Cq'Jyu{l:I}. Notethatqg'JC J:TC1I:I.
So, applying Proposition 2.5, we see the equality

{(XeTI:I)| X Cq¢'J}={¢ 'Y |Y € T(R) such that Y C J}.

3. Trace ideals of curve singularities

In this section, let (R, m, k) be an analytically irreducible local domain of di-
mension one, that is, R is finitely generated as an R-module and R is a local
ring (hence, R is a discrete valuation ring). We assume that the canonical
map k — R/n, where n is the maximal ideal of R, is an isomorphism (e.g.,
k is an algebraically closed field or R is a numerical semigroup ring). With
this assumption, we investigate the structure of T(R). We use the following
notations:

Setup 3.1: (1) v: Q(R) — Z U {oo} denotes the normalized valuation
associated to R.
(2) v(R) = {v(r) | 0 # r € R} denotes the value semigroup of R.
Set H = v(R).
(3) We write H ={ap=0< a1 <az < < ap < @py1 < apia < -}
Note that there exists an integer n such that a,,; = a,, +1 for all ¢ > 0.
We choose such n as small as possible.
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In addition, let

T(R) = {regular trace ideals of R} as in the previous section, and

I(R) = {integrally closed ideals of R containing c}.
By letting I; ;== {r € R | v(r) > a;} for all i € {0,1,...,n}, we obtain that
I(R)y={L]i=0,...,n}
([17, Proposition 6.8.4]). Note that Ip = R, Iy =m, and I,, = c.

Remark 3.2: (1) Let r € R be an element such that v(r) = a;, where
0 < i < n. Then the equality I; = (r) + I;+1 holds. In particular,
lr(L;/Ii41) = 1.

(2) The integer n appearing in Setup 3.1 (3) is equal to £g(R/c). Indeed, we
have equalities n = {r(R/I1)+£Lr(Ih/12)+ - - +lr(In-1/1,) = Lr(R/c).

Fact 3.3: (1) ([16, Proposition 2.2]): Let I be a regular trace ideal of R.
Then, I contains c.
(2) ([3, Theorem 1]): I(R) is a subset of T(R).
(3) ([7, Theorem 6.8]): If n =2, then T(R) = {R, m,c} = I(R).

On the basis of the above facts, we aim to explore the finiteness of T(R). Let
us start with the following technical proposition.

PROPOSITION 3.4: Let 1 < i < n — 2. The following conditions are equivalent:

(1) For any element r € R with v(r) = a;, the equality I;I;1o = rI; o holds.

(2) There exists an element ¢ € R such that v(q) = a; and the equality
IiIH_g = quJ,_Q holds.

Assume i < n — 3 and s € R is an element such that v(s) = a;+1 and

Iiy11;43 = sliy3. Then the following is also equivalent to both of the above

conditions.

(3) There exists an element ¢ € R such that v(q) = a; and the inclusion
SIH_Q - (q) holds.

Proof. (1)=-(2): This is obvious.
(2)=(1): Let r € R with v(r) = a;. We first prove the following claim.

CrLAamM 1: Il'Jrle g (T) for a]]z+2 S ] S n.
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Proof of Claim 1. We prove Claim 1 by descending induction on j. If j = n,
then r=I; 111, C{z € Q(R) | v(z) > an} = ¢; hence,
LI, Sre C(r).
Suppose that j < n and I;111;41 C (7). By noting that
q i l; Cq  Livs =12 CR,
where the equality follows from the assumption (2), we obtain that
¢ i l; S RO {z € Q(R) | v(z) > aj + (ait1 — i)} C L.

This means I;111; C ¢qlj41. Choose a unit ©v € R* such that ¢ — ur € I;;4.
Then I;1I; € gqljy1 € urljy1 + Iig1lj41. By the induction hypothesis,
Iit1Ij41 C (7). Hence we get I 11I; C (r). Thus we may proceed with the
induction.

By Claim 1, we obtain that I;111;+2 C (r). Remembering that I; = (r)+ 141,
it follows that
r ' iliys C RO {2 € Q(R) | v(2) > air2} = Liyo,
that iS, IiIH_g = TIH_Q.
Now assume ¢ < n — 3 and s € R is an element such that v(s) = a1

and Ij11l,13 = slit3. The implication (2)=(3) is clear. We consider the
reverse direction (3)=(2). Our assumption (3) says

q_18[i+2 Q RN {117 € Q(R) | ’U(l’) Z ai+3} = Il'Jrg.
On the other hand, we see inclusions
G oo = s ipo(q sliy2) C s Higalivs C Liya.

Here the last inclusion follows by the assumption on s. Hence, we have inclusions
Livoliva,sliva C qliy3. Remembering I; = (q) + (s) + Liy2, we get

Liliio = qlipo +slipo+ Iiyoli 0 = qliyo.

LEMMA 3.5: When i = n — 1 or i = n, the equality I? = ¢;I; holds, where
qi € I; such that v(q;) = a;. (Thus, I; is stable in the sense of [23].)

Proof. This is clear if i = n. Assume that ¢ =n — 1. Since I,—1 = (¢n-1) + In,
we only need to check 1721 C qn—11n—1. Since

G2 C{r e Q(R) | v(x) > 2an — an_1(> an)} C I, C I, 1,

we see the inclusion I?l Cqn_1ln_1.
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Let n > 4, and fix an integer ¢ such that 1 <4 < n—3. Fix elements ¢q,¢' € R
such that v(q) = a; and v(q") = a;4+1. For each « € R, we set

IO = (¢ + o) + Lito.

Although the ideal above depends on the choice of ¢ and ¢’ (not only on
and «), we use this notation to avoid complications. The following proposition
shows that Jo(f) are trace ideals.

PROPOSITION 3.6: Assume that I;1;1o # qliio and I 411,13 = ¢'I;+3. Then
the following hold true.

(1) For each a € R, I e T(R).

(2) Ifa— B ¢m, then J5 2 J{.

(3) If k is infinite, then T(R) is an infinite set.

Proof. Set f:=q+ aq'.

(1): Let g€ R : Jo(f). It is enough to prove that g € Jéf) : Jéf) (see Lemma
2.1). Since ¢ = I,, C Jo(f), g € R: ¢ = R. Hence, we can write g = u + h,
where h € R with v(h) > 1 and either u = 0 or u € R*. Indeed, if v(g) > 0,
then we can choose u as 0 and h as g. If v(g) = 0, then there exists v € R
such that ¢ — u € n since k¥ = R/n. That is, v(g — u) > 0. Thus, we can
define h as g — u. By noting that u € Rand g € R : Jéi), we have h € R : JS).
Moreover, to show g € J(gf) : J(gf), it is enough to check h € J(gf) : 53'). We may
assume h # 0.

Observe that h € R: J\) C R: Iiys, and so bl € (Rt Tiyo)lis = Lisa.
Since v(h) > 1, we can obtain a more strict inclusion hl; 1o C I;13. As f € Jéf),
we have hf € R. Thus v(h) + a; = v(fh) € H. Since v(h) > 1, this implies
that either v(h) + a; = a;41 or v(h) + a; > a;y2. Suppose v(h) + a; = ait1.
Then v(fh) = v(f)+v(h) = a;j+1; hence, Iy1 ;13 = fhli+3 by Proposition 3.4.
On the other hand, fhl1o = f(hliy2) C fl+3. By Proposition 3.4(3)=(1)
with ¢ = f and s = fh, we reach an equality I;I; 12 = ql;12. This contradicts
our assumption. It follows that v(h) + a; > a;4o.

Hence,

hf € Rn{z € Q(R) | v(z) > aiya} = Li1o C JO.
)

By combining this inclusion with the inclusion hl;yo C I;43 C Jéf , we obtain

the desired inclusion hJo(f) C Jéf). Therefore, we conclude that Jo(f) is a trace

ideal of R.
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(2): Suppose that o — 8 € m and J9D 5 Jg). Then

(a—B)d =(g+aq)—(¢g+Bd) € JP.

By noting that «— 3 is a unit of R, ¢’ € Jéf). This means that there exists x € R

and y € ;1o such that ¢ = zf + y (note that f = ¢+ «aq’). Since v(¢') = a;+1,
we have v(¢' — y) = a;41. It follows that

Iijilivs = (¢ —y)ligs

by Proposition 3.4. On the other hand, since ¢ —y = zf, we can also ob-
serve that (¢’ —y)lit2 = xfILiy2 C (f). Thus, by Proposition 3.4(3)=-(1), we
get I;1; 1o = ql;yo. This contradicts our assumption.

(3): By (1) and (2), any pair of nonzero distinct representatives a and g of
the residue field K = R/m provides distinct trace ideals Jéf) and J éi). Hence,
there are trace ideals more than the cardinality of k.

COROLLARY 3.7: Let n > 4. Assume there exists 1 < ¢ < n — 3 such that
Iili1o # qliyo for some (any) ¢ € R with v(q) = a;. Then the following hold
true:

(1) I(R) € T(R).

(2) If k is infinite, then T(R) is an infinite set.

Proof. We first note that for any element p € I,,_o with v(q) = n — 2, the
equality I,_oI, = ql, always holds. Thus we may pick ¢ as the biggest integer
such that the inequality I;I;12 # ql; 12 holds for any ¢ € R with v(¢) = a;. In
particular, for such 4, we have I; 11113 = ¢'I;13 for any ¢’ € Rwithv(¢') = a;41.

(1): By Proposition 3.6(1), we have Jl(i) =(¢+¢)+ Iiy2 € T(R). On
the other hand, by Proposition 3.6(2), Jl(i) cannot contain Jo(i). In particular,
le‘) =% I; since Joi) C I;. This shows that Jl(l) ¢ I(R). Hence we obtain
that I(R) # T(R). By recalling Fact 3.3, this proves I(R) C T(R).

(2): Now we assume k is infinite. Then, by Proposition 3.6(3), T(R) contains
an infinite subset {J,gf) | @ is a nonzero representative of k}.

Here we achieve the main theorem of this section.

THEOREM 3.8: Let n > 3. The following conditions are equivalent:
(1) T(R) =I(R).
(2) For each 1 < i < n — 2, there exists an element g; such that v(g;) = a;
and IfL'IiJFQ = QiIfL'+2.
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(3) For each 1 < i < n — 2 and each element ¢; € R with v(¢;) = a;, the
equa]ity IiIiJr2 = QiIi+2 holds.
If the residue field k is infinite, then the following is also equivalent to the above
conditions.

(4) T(R) is a finite set.

Proof. (1)=-(4): This is trivial.

(4)=(2): If n = 3, then the condition (2) is I;I3 = ¢113, and this is auto-
matically satisfied since I3 = ¢ and R is a discrete valuation ring. Hence, the
assertion holds true. Assume that k is infinite and n > 4. Then the assertion
holds by Corollary 3.7.

Hence, it is enough to prove that (1), (2), (3) are equivalent. (2)<(3) follows
from Proposition 3.4. Note that for the case of n = 3, the condition (2) is auto-
matically satisfied by Lemma 3.5. Hence, it is enough to prove the implications
(1)=(2) for n > 4 and (3) = (1) for n > 3.

(1)=-(2): This implication follows from Corollary 3.7.

(3)=(1): Let I € T(R). We aim to prove I € I(R). Let ¢ be an integer
such that a; = min{v(z) | € I}, and we choose ¢; € I such that v(g;) = a;.
Note that I contains ¢ by Fact 3.3(1). Hence, I =cifi=n. Ifi=n—1, we
obtain that ¢ C I C I,,_;. It follows that I = I,,_;. Hence, we may assume
that 1 <1 <n-—2.

Since I contains ¢, we can write I = (¢, fa,..., fi) + ¢ for some [ > 2, where
fo,..., 1 € Iitq.

CrAM 2: I contains I; for each j € {i +2,...,n}.

Proof of Claim 2. We proceed by descending induction on j. The case of j =n
is trivial. Suppose that j <nandI D I . Since j > i+2and i+1 > 4, we have
Tiv1d; € Iili o = qiliyo. In other words, qi_lleiH C I;+2 C R. Hence, by not-
ing that fa,..., fi€l;11, we obtain that qi_llj[(fg, o)+ qu_lljliﬂ CR.
It follows that

4 "LI=q ' Li{(qi, far .- 1) + €] C L+ ¢ ' IiTipa C R

In other words, we have g, r 5 € R:I=1:1I, where the last equality follows
from Lemma 2.1. Therefore, we obtain that

ILi=q 'Lg; Cq ' LIC(I: ) =1.
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By Claim 2, we have I;;o C I C I;. By noting that ¢r(l;/Ii12) = 2 (see
Remark 3.2) and there is nothing to prove if I = I;, we may write I = (¢;)+1;+2.
Let ¢;+1 € R such that v(g;+1) = a;+1. By noting that I;1;10 = gili12, we
obtain that

(¢ ‘g ) Tive S (g7 Mivaliys C (g ) ilive = (¢ Nailiva = iy C R
and
(¢; 'qi+1)q = qi+1 € R.
From the above inclusions, we deduce qi_lqur1 €R:I. Hence, giy1 € (R: I)I=1.

Thus, we conclude I = (q;,qiv1) + Livo = I;.

COROLLARY 3.9: Let n < 3. Then the equality T(R) = I(R) holds. In partic-
ular, T(R) is a finite set.

We aim to apply Theorem 3.8 to Arf rings. Here we say that a local ring
(R,m) is Arf if every regular integrally closed ideal I satisfies I? = zI for
some x € I (cf. [24, Theorem 2.2]).

COROLLARY 3.10 ([18, Proposition 3.1]): If R is an Arfring, then T(R) = I(R).

Proof. Since R is an Arf ring, I? = ¢;I; for all 1 <i < n — 2. By Lemma 2.4,
Liliio = qiliys for all 1 <4 < n — 2. Hence, the assertion follows from Theo-
rem 3.8.

The following theorem shows that the finiteness of T(R) is inherited by that
of T([z : Iz)

THEOREM 3.11: Assume the equality I(R) = T(R) holds. Let 1 < i < n and
¢i € R be an element such that v(q;) = a;. Then

{7 |i<j <n} i1} = gl

{7 | i+2<ji<n}yu{l;: L} ifI}#ql;.

In particular, T(I; : I;) is a finite set.

Proof. Note that every intermediate ring between R and R is a local ring be-
cause R is a local ring and finitely generated as an R-module. In particular,
I; : I; is a local ring for all 1 < i < mn.

Suppose that either ¢ = n or n — 1. Then, the equality I? = ¢;I; holds by
Lemma 3.5.
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Thus, the assertion follows by Corollary 2.6. Now let 1 < i < n — 2. By
Theorem 3.8, we have an equality [;1;12 = ¢;I;y2. Note that ¢; € I; \ I;12
and ¢(1;/I;12)=2. Therefore, the assertion can be derived from Corollary 2.8.

Note that the reverse of Theorem 3.11 does not hold in general:

Example 3.12: Let R = k[[t>,t% ¢7]] be a numerical semigroup ring over an
infinite field k. Then T(R) is infinite (see Example 7.6), but as m : m is equal
to k[[t5,5,¢7,¢8,¢%]], which is an Arf ring, we see that T(m : m) is finite.

4. Trace ideals of numerical semigroup rings

In this section we focus on numerical semigroup rings. Throughout this section,
let H C N be a numerical semigroup. Then, H defines a local k-subalgebra

R =k[[H]) = k[[t" | h € H]] C k[[¢]],

where k[[t]] is the formal power series ring over a field k. Then R satisfies the
assumption written in the beginning of Section 3; hence, we reuse the notation
of Setup 3.1. Note that H is equal to the value semigroup v(R) of R.

THEOREM 4.1: Let n > 3. The following conditions are equivalent:
(1) T(R) = I(R).
(2) Liliyo = (tai)IH_g for all i € {1, e, — 2}
(3) aj+aj41—a; € H forallie{l,...,n—2}andj e {i+2,...,n}.
If the residue field k is infinite, then the following is also equivalent to the above

conditions.

(4) T(R) is a finite set.

Proof. The equivalence of (1), (2), and (4) follows by Theorem 3.8.

(2)=(3): Assume (2). This means that ¢~*Il;;o = I;o for each
i=1,...,n—2. Then, the elements t*+' € [,;; and t% € I;;5, where
je{i+2,...,n}, satisfy t~*¢%+1¢% € I,1 9 C R. It shows that a;+a;41—a; € H.

(3)=(2): Note that the assumption (3) is equivalent to saying that
t%+1 [0 C (t%) for all ¢ € {1,...,n — 2}. We then show that for each
i€ {l,...,n— 2}, the equality I;I;1o = t* ;15 holds by descending induc-
tion on ¢. We know that the equality I,_oI, = t%—2I, always holds. Let
i < n—2. By the induction hypothesis, we have I; 11,13 = (t%+)I; ;3. Thanks
to Proposition 3.4 (3)=(1), we deduce the equality I;I;1o = t%[;o.
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We also note a characterization of numerical semigroups with T(R) = I(R)
and n = 4 as a special case of Theorem 4.1. In Section 7, we consider such a
situation again with paying attention to reflexive ideals.

COROLLARY 4.2: Assume k is infinite and n = 4. Then the following conditions
are equivalent:

(1) T(R) is finite.

(2) T(R) =I(R).

(3) aa — a1 > a4 — as.

Proof. Since n = 4, the condition (3) of Theorem 4.1 is stated as follows:
az+az —ay, a4+azx—a;, as+az—az € H.

Since the last two of the above are larger than a4, a4+ a2 —aq and a4 + ag — as
are automatically in H. Furthermore, we have a3 < as + as — a;. Hence,
as + az —a; € H if and only if a3 + az — a1 > a4. Therefore, the assertion
follows from Theorem 4.1.

By using Theorem 4.1 and Corollary 4.2, we obtain infinitely many rings R
satisfying T(R) = I(R) other than Arf rings (see Corollary 3.10). Since Arfrings
have minimal multiplicity, we explored rings that are not of minimal multiplicity.
Although, at least to our knowledge, we are not able to describe every numerical
semigroups satisfying the conditions above by giving their systems of minimal
generators, we note some of them.

Example 4.3: The following numerical semigroup rings R satisfy T(R) = I(R)
and n = 4, but are not of minimal multiplicity. Let k£ be a field.

(1) R = k[[t1, 14, ¢18 420 421 428 424 426 427 430]],
(2) R = K[[t, 12,416 19 20 422 423 426)].
(3) R = K[[t°,¢%,'2,t'1]].
Example 4.4: Let n > 3 be an integer, and let
H={0}Uu{3n+3ieN|0<i<n—-1,buti#2}U{jeN]|j>6n}
be a numerical semigroup. Set R = k[[H]]. Then
T(R)=I(R) and (r(R/(R:R))=n.

Furthermore, R does not have minimal multiplicity. In particular, R is not an
Arf ring.
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Proof. We have
a1 =3n,a2 =3n+3,a3=3n+9,a4 =3n+12,...,a,_1 =6n — 3,
and

Gtk =6n+k forall k> 0.

Hence, {g(R/(R : R)) = n. By noting that a;11 — a; is either 3 or 6, where
i€{L,2,...,n— 3}, we obtain that for all j € {i +2,...,n—1}, aj + ait1 — a;
is either a; + 3 or a; + 6. In both cases, we have a; + a;+1 —a; € H. It follows
that H satisfies Theorem 4.1 (3), thus T(R) = I(R).

Since antp = 6n + 6 = 2(3n + 3) = 2aq, it is straightforward to check that R
does not have minimal multiplicity.

Let (R, m, k) be an analytically irreducible local domain of dimension one.
In what follows, we note the relation between the conditions T(R) = I(R)
and T(k[[v(R)]]) = I(k[[v(R)]])-

Remark 4.5: Let (R,m,k) be an analytically irreducible local domain of di-
mension one as in Section 3. We reuse the notation of Setup 3.1. Suppose
that T(R) = I(R). Then, T(k[[H]]) = I(k[[H]])-

Proof. Since T(R) = I(R), we have I;I; 1o = q;l;4o foralli e {1,...,n—2}. Tt
follows that for all j € {i +2,...,n},

Gi+1695 € Lilivo = ¢ilivo C ().

Hence, q[lqi+1qj € R. Thus, —a; +a;41+a; € H. This concludes the assertion
by Theorem 4.1.

On the other hand, the reverse of the assertion in Remark 4.5 does not hold

in general.
Example 4.6: Let R = k[[t'5 + ¢16,¢18 24 27 ¢" | n. > 30]]. Then
v(R) ={0,15,18,24,27} U {n | n > 30}.

Set H = v(R). Note that k[[H]] is the ring of Example 4.4, where n = 5. Hence,

On the other hand, one can obtain that T(R) 2 I(R).
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Indeed, assume that T(R) = I(R). Then, we have I I3 = (t'° + t16)I3 by

Theorem 3.8. It follows that

2=t e [1 I3 = (P +1)I; C (#P+19) I+ R = (394420 #*2+) -1 R.

Hence, we can write t42 = f(#3° + t10) + g(t*2 + t%3) + h, where f,g € R
and h € t**R. Write f =a+ f, and ¢ = b+ g1, where a,b € k and f1,1 € R
with v(f1),v(g1) > 15. Then

t12 — a3 + 110 — bt +113) = L3 + 110 + gL (P2 + 1) + h € t*R.

This is impossible. Hence, I1 I3 # (t1° + t16)I5. It follows that T(R) 2 I(R).

5. Trace ideals over fiber products

In this section, we discuss trace ideals over fiber products of local rings as a
trial for the case of non-domains. Let

R=R1 XkRQ

be a fiber product of Noetherian local rings (R1,n1, k) and (Rgz,ne, k) over k,
i.e., Ris asubring {(s,t) € R1 X Ry | m1(s) = ma(t)} of a usual product Ry x Ra,
where m1: Ry — k and my: Ry — k are canonical surjections. Let m denote the
maximal ideal of R. The canonical maps p1: R — R; and py: R — Ry are

surjective homomorphisms of rings. In addition, there are isomorphisms
ili ng = Kerp2 =n; X (O)and i2: ny = Kerp1 = (0) X Mg
as R-modules. And m has a decomposition m = Ker po®Ker p; as an R-module.

THEOREM b5.1: Let (Ry,n1,k) and (Ra,ng, k) be (not necessarily one-dimen-
sional Cohen—Macaulay) local rings with positive depth. Let R be a fiber prod-
uct Ry X Ro of Ry and Ry over k. Then

T(R) = {ir(I) @i2(J) | I € X1, J € X2} U{R},

where X1 and X5 are defined as follows:
(1) If Ry (resp. R2) is a discrete valuation ring, then X; = {m} (resp.
Xo = {na}).
(2) If Ry (resp. Rg) is not a discrete valuation ring, then X1 = T(Ry)\{R:1}
(resp. Xo = T(R2) \ {R2}).
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Proof. (C): Let L be an ideal in T(R) with I # R. Then one has an equal-
ity L = i9pa(L) @ i1p1(L). Indeed, the inclusion L C igpa(L) @ i1p1(L) is
clear. Since there are surjections i1p1: L — i1p1(L) and dope: L — dopa(L),
it yields that iop2(L) @ i1p1(L) C trr(L) = L. Thus we only need to know
what p1(L) and pa(L) are. Note that both pi(L) and p2(L) are nonzero. In-
deed, if p; (L) = 0, then L = iaps(L) is annihilated by 41 (n1). This means that L
is not a regular ideal of R.

(1): If Ry is a discrete valuation ring, then py (L) is isomorphic to Ry = n;.
Thus, we have a surjection L — i1(n1)(C m). Therefore, i1(ny) is contained in
trr(L) = L. In particular, one obtains ny D pi(L) 2 p1(i1(n1)) = ny.

(2): Suppose that R; is not a discrete valuation ring. What we need to prove is
that p1 (L) belongs to T(R1)\{R1}. In order to show this, let f: p1(L) — Ry be
a homomorphism of modules. Assume that Im f = R;. Then, since there exists
a surjection R?“ — ny for some integer a > 0, we obtain the surjective homo-
morphism L% — R®* — n;. Thus, i1(ny) is contained in trg(L)(= L), which
yields that p1 (L) = ny. It follows that f induces a surjection ny — Rj; hence, Ry
is a discrete valuation ring. This contradicts our assumption. We now see that
an inclusion Im f C n; holds for any homomorphism f € Hompg, (p1(L), Ry).
Take the composition i1 fp1: L — R. We have Im(i; fp1) C trg(L) = L. Hence,
we obtain that p; (L) D Im(p1i1 fp1) = Im(p1i1 f) = Im f. This means that p; (L)
is a trace ideal of Ry.

(D): Let L = i1(I) ® ia(J), where I € Xy and J € X5. Then, since
ur(L) = pr(ia(I)) + pr(i2(J)) > 1, L has no free summands. Hence,

Homp (L, R) = Hompg(L, m) = Hompg (i1 (1) ® ia(J),i1(n1) ® iz2(ng)).

Assume that f € Homp(i1(1), i2(n2)). Then, since i1 (]) is annihilated by i (nz),
Im f is also annihilated by i2(n2). By noting that depth Re > 0, it follows that
f = 0. By the same argument, we have Homp(i2(J),41(n1)) = 0. Hence,

HOIIlR(L7 m) = HOIIlR(il (I), il (nl)) D HOIHR(iQ(J), iQ (I‘lQ)).
Therefore, it is enough to prove that

HomR(il(I),il(nl)) = HomR(il(I),il(I)) and

(511) HOIHR(iQ(J)a 2‘2(112)) = HomR(i2(J)7i2(J)).

Indeed, (5.1.1) shows that Hompg(L, m) = Hompg(L, L).
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If Ry (resp. Rq) is a discrete valuation ring, then I = ny (resp. J = na).
Hence, (5.1.1) holds. If R; (resp. R3) is not a discrete valuation ring, then
I € T(Ry)\ {R1} (vesp. J € T(R2) \ {R2}). In any case, (5.1.1) holds. This
completes the proof.

COROLLARY 5.2: Let R be a fiber product Ry Xy Ro of local rings (Ry,ny, k)
and (Rg,n2, k) with positive depth over k. Then T(R) is finite if and only if so
are both T(R;) and T(R3).

Example 5.3: Let R be a fiber product
E[[£5, £5, 412, £14]) s R[[£2, £12, £16, $19 420 422 423 426]].

Then, it is clear that R is not a domain. On the other hand, since both
T(k[[t5, 8, t12,¢14]]) and T(k[[t?, 12,10 +19 20 422 23 ¢26]]) are finite by Ex-
ample 4.3, T(R) is also finite.

6. Some special reflexive modules

Throughout this section, we employ Setup 3.1. Denote by Ref;(R) the set of
isomorphism classes of reflexive modules of rank one over R. We say a fractional
ideal I is reflexive if R: (R: I) = I. Note that an ideal I is reflexive exactly
when its isomorphism class belongs to Ref(R).

As a first part of this section, we prove that Ref;(R) is finite when the
equality T(R) = I(R) holds.

LEMMA 6.1: Let M be a reflexive R-module of rank one. Then there exists a
reflexive ideal I of R such that I is isomorphic to M and contains .

Proof. First note that M is isomorphic to some nonzero ideal J of R.
Set a; = min{v(z) | = € J} and take an element ¢ € J such that v(q) = a;.
Then both of the integral closures of J and (g) are equal to I;. Hence (q) is
a minimal reduction of J, that is, J“*1 = ¢J* for some ¢ > 0. By [7, Theo-
rem 3.5], J is isomorphic to an ideal I containing ¢. As M = I, it is clear that I

is reflexive.

THEOREM 6.2: Assume T(R) = I(R). Let ¢; be elements such that
v(g;) = a; for 1 < i < n —1. Then there is an inclusion map from Refi(R)
to I(R) U {(q:) + Lix2}ieq1,....n—2}- In particular, Ref;(R) is a finite set.
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Proof. Set Jéf) = (¢ +agit1) + Lo forae Rand 1 <i<n—2.
Let I be a reflexive ideal of R containing ¢. Fix an integer ¢ and an element
q € I such that a; = v(q) = min{v(f) | f € I'}. The inequality ¢ < n is obvious.

CraMm 3: We have either I = I; ori <n—2 and I = Jo(f) for some o € R.
CLAM 4: Ifi<n—2and I = Jo(f) for some a € R, then I is isomorphic to Jéi).

Proof of Claim 3. The case where n — 2 < ¢ < n is clear since I contains c¢. So
we may assume ¢ < n — 3. Since I contains ¢, R: I C R: ¢ = R. Then observe
that g(R: 1) CqRNR C {z € R|v(z) >v(q)} = I;. Therefore

I=R: (R:I);)R:q_lfi,
Using Theorem 4.1 and the assumption T(R) = I(R), we see that
¢ 'Liliis C Iiys CR.

It follows that R : ¢~ 'I; D Ii1o. We then have an inclusion I O I;;2, which
yields that either I = I; or Jéf) for some o € R.

Proof of Claim 4. We set z := 1+ aq{lqiﬂ. Then ¢;x = ¢; + ag;+1.
In view of Theorem 4.1, the assumption T(R) = I(R) implies zlj1o = ;2.
Indeed, zI; 15 C I;42 follows from

wlivs C Liys + ag; 'qip1livs and  aq; 'gip1live C agq; ' Iidiys C Iipo.

On the other hand, the inclusion xl;y5 2D I;1o follows from the observation
that zI;1o contains ¢ and all elements of order a; for i < j < n since v(z) = 0.
Thus we get

eI = (2;) + @liyo = (@ + agigr) + Lo = JO.
This means that Jéi) is isomorphic to Jo(f) via the multiplication by x.

By Claims 3 and 4, reflexive ideals containing ¢ are only either I; for0 < j <n
or JOZ) for 0 < i < m — 2 up to isomorphism. By combining this result with
Lemma 6.1, a system of representatives of Refj(R) is a subset

Next we explore reflexive Ulrich modules over rings R satisfying an equality
ml3 = ¢l for some ¢ € m. Note that rings R satisfying T(R) = I(R) have the
equality mI3 = ¢I3 (Theorem 3.8). Let us recall the notion of Ulrich modules.
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Definition 6.3 ([10, Definition 3.1]): We say that a finitely generated R-module M
is an Ulrich module if M is maximal Cohen-Macaulay (equivalently, torsion-
free since dim R = depth R = 1), and e(M) = ur(M), where e(M) denotes the
multiplicity of M and pur(M) denotes the number of minimal generators of M.
It is known that M is Ulrich module if and only if mM = ¢M, where (¢) is a
minimal reduction of m (see [10]).

In what follows, throughout this section, let (¢) be a minimal reduction of m.

LEMMA 6.4 ([1]): Let M be a finitely generated reflexive R-module such that M
has no free summands. Then, M can be regarded as an m : m-module. That is,
by regarding M as a submodule of Q(R) ®@p M == Q(R)"*"*#(M) we have

(m:m)M = M.
LEMMA 6.5: Let M be an Ulrich R-module. Then Hompg (M, R) is a reflexive
Ulrich R-module.
Proof. By applying the R-dual to 0 — M %4 M — M/qM — 0, we obtain an
exact sequence
0 — Homg (M, R) % Homg (M, R) — Exth(M/qM, R).
Note that Extk(M/qM, R) is a free R/m-module since mM = ¢M. Hence, the

above exact sequence proves that Homg(M, R)/qHompg (M, R) is a free R/(q)-
module. It follows that

mHomp(M, R) C gHompg(M, R).
Hence, Homp(M, R) is an Ulrich R-module. The reflexivity of Homp (M, R)

follows from a well-known fact; see [13, Lemma 4.1] for example.

LEMMA 6.6: Set S =m:m. If M is a reflexive Ulrich R-module, then M is a
reflexive S-module.

Proof. By Lemma 6.4, M can be regarded as an S-module. Let X be the kernel
of the canonical surjective S-homomorphism
m®s M — mM,;
a®x+—ax

for a € m and z € M. Note that X is of finite length as an R-module since
there are equalities

rankp(X) = rankp(m ®g M) — rankg(mM) = 0.
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Hence, by applying the R-dualto 0 - X - m®g M — mM — 0, we obtain an
isomorphism Homp(M ®s m, R) = Homp(mM, R). Therefore, we obtain that

Homg(M, S) = Homg(M,Homp(m, R)) = Homp(M ®g m, R)
=~ Hompg(mM, R) = Homg(¢M, R) = Homg(M, R).

By noting that Hompg (M, R) is again a reflexive Ulrich R-module by Lemma 6.5,
we obtain that

Homg(Homg (M, S), S) = Homg(Hompg (M, R), S)
>~ Homp(Homg(M, R), R) = M.

Hence, M is reflexive as an S-module ([13, Lemma 4.1]).

We now characterize reflexive Ulrich R-modules in terms of the endomorphism
algebra m : m of m.

THEOREM 6.7: Suppose that an equality mIs = qls holds. Set S = m : m.
Let M be a finitely generated R-module such that R and S are not in the direct
summand of M. Then, the following are equivalent:

(1) M is a reflexive Ulrich R-module.

(2) M is a reflexive S-module.

Proof. (1)=-(2): This follows by Lemma 6.6.

(2)=(1): Suppose that M is a reflexive S-module. Then M is reflexive as an
R-module by [19, Theorem 1.3(1)]. Thus, we have only to show that M is an
Ulrich R-module.

Let n be the maximal ideal of S. Since S is not in the direct summand of M,
M can be regarded as an n : n-module by Lemma 6.4. Suppose that m? # gm.
Then, by Lemma 2.7, n: n= ¢ 'I3: ¢ 'I3 = I3 : Is. Hence, we have

¢ 'mM C (I3 : I3)M = M.

It follows that M is an Ulrich R-module.
Suppose that m? = gm. Then, by Lemma 2.3, ¢"'m = S. Hence,

g 'mM = SM = M,
that is, M is an Ulrich R-module.

As an application, we obtain the finiteness of reflexive Ulrich R-modules up
to isomorphism when n is small. Before showing it, we need a lemma.
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LEMMA 6.8: Suppose that R is not a discrete valuation ring. Let S =m :m
and c¢g denote the conductor of S. Then, {s(S/cs) < £r(R/c). Furthermore,
ls(S/cs) =LRr(R/c) — 1 if and only if R has minimal multiplicity.

Proof. Note that cg =S : S = (R:m): R=R:mR. Therefore, by noting
that mR = ¢R, we obtain that ¢cg = R : ¢R = ¢~ 'c. It follows that

ls(S/cs) = Lr(S/cs) = Lr(qS/c) < Llr(m/c) =Llr(R/c) — 1,

where the third inequality follows from ¢S C m.
The equality £5(S/cs) = £r(R/c) — 1 is equivalent to saying that ¢S = m.
This is also equivalent to saying that m? = gm by Lemma, 2.3.

COROLLARY 6.9: Assume that either of the following holds:

(1) n<3.

(2) n =4, mI3 = ql5, and R is not of minimal multiplicity.
Then there exist only finitely many indecomposable reflexive Ulrich R-modules
up to isomorphism.

Proof. Set S = m : m. By Theorem 6.7, it is enough to show that there exist
only finitely many reflexive S-modules up to isomorphism.

By Lemma 6.8, £5(S/cs) < 2, where ¢g is the conductor of S. Then, by
Lemma 3.5, S has minimal multiplicity. Let n be the maximal ideal of S, and
set S1 = n:n. Then, £g (S1/cs,) < 1. It follows that S; again has minimal
multiplicity by Lemma 3.5. Therefore, S; or the endomorphism algebra of the
maximal ideal of S; is a discrete valuation ring. In any case, we obtain that S
is an Arf ring by [24].

In particular, there exist only finitely many reflexive S-modules up to iso-
morphism by [18, Corollary 3.6].

7. Reflexive ideals in numerical semigroup rings with small non-gaps

The purpose of this section is to explore the relation between the finiteness of
T(R) and that of Ref;(R) for numerical semigroup rings R. Here, Refi(R)
denotes the set of isomorphism classes of reflexive modules of rank one over R,
as introduced in the beginning of Section 6. We maintain the notations of Sec-
tion 4. We already saw that both T(R) and Ref; (R) are finite if n = {g(R/c) < 3
(Corollary 3.9 and [7, Theorem 6.8]). Thus, we focus on the case of n = 4. The
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goal of this section is to prove Theorem 7.1. Let us prepare notations to de-
scribe Theorem 7.1. We say that an ideal I is monomial if I is generated by
monomial elements. Set

RT(R) = {I € T(R) | I is reflexive}.
THEOREM 7.1: Suppose that n = 4 and k is infinite. Then the following con-
ditions are equivalent:

(1) For all I € Ref1(R), I is isomorphic to some monomial ideal contain-
ing c.
(2) Refi(R) is finite.
(3) RT(R) is finite.
(4) Either one of the following holds true:
(i) az — a1 + a3 > ay, that is, T(R) is finite.
(11) 2a3 — a1 < ay.
To prove Theorem 7.1, we note several lemmas.
LEMMA 7.2: Let I be an ideal of R containing ¢. Then, R: 1 C R.
Proof. Since ¢ C I, we obtain that
R:ICR:¢=R:t""R=t""(R:R)=R.
LEMMA 7.3: Let I = (f)+c be an ideal of R, where f € R. Then I = (t"(f))+c.
Proof. f can be written in the form t*() + ¢t* Nz where 2 € R with v(z) > 1.
Hence, ¢ = (1 + z)c and
N+ A+ )|t D)+ =)+ 1 +a)c=1
LEMMA 7.4: Let I be an ideal of R. Let a; = min{v(f) € H | f € I}. Then:
(1) R+t"~%RCR: 1.
(2) R:[R+t* %R] =1, Hence, | CR:(R:I)C I,.

Proof. (1): R C R: I is trivial. Note that t*»~% C t* R = ¢ since v(f) > a;
for all f € I. Hence, t*»~*IR C R, that is, t*" "R C R: I.
(2): Note that R: [R+t*%R] = (R: R)N (R : t*~%R). On the other
hand, we obtain that
Rt %R =1%"%(R: R) = % %" R = {% R

Hence, R : [R+ t* *R] = RNt*R = I;. Therefore, by (1), we obtain
that R: (R:I) C R: R+t %R] = I,.
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LEMMA 7.5: Assume that n = 4 and as — a1 + a3 € H. Then the following
hold true:

(1) For each a € R, J& = (t* 4+ at®?) 4+ Is € T(R).
(2) Let o, f € k. If a # B, then J5" # J§".

Proof. Since n = 4, the equality IoIy = t*?14 holds. On the other hand, the
inequality I I3 # t* I3 follows by the assumption as — a1 + a3 € H. So we may
apply Proposition 3.6.

Now we prove Theorem 7.1.

Proof of Theorem 7.1. (1)=(2): This is clear.

(2)=(3): Recall that for I, J € T(R), I = Jif I = J; see [16, Corollary 1.2(a)]
for example. Hence, we can regard RT(R) as a subset of Ref;(R). Thus,
(2)=(3) holds.

(3)=(4): Suppose that as — a1 + as < asg and 2a3 — a; > ay4. It is enough to
prove that RT(R) is infinite. Let o € k and I = (¢** + at®2,¢¢) +¢. Then, it is
enough to show that I € Ref;(R). Indeed, by noting that as < as—a1+as < a4
implies that as —a1+a3 € H, we have I = M e T(R) by Lemma 7.5(1), where

JWU = (19 4 at®?) + Is.

We further prove that I = Jél) is a reflexive ideal for each o € k. Then, we
complete the proof since RT(R) is infinite by Lemma 7.5(2).
Set f=1t" + at® and x = —at® . Then f =t (1 — ). Set

g=1"(1 x4 +ab),
where ¢ > a4. We obtain that
fg=t%1 -z, teg=t>®"114g4...+2°, and gcCec

Since we assume that 2as —aq > ay, it follows that g € R : I. By Lemma 7.4(1),
R+t "R+ (g9) C R: I. Hence,

R:(R:I)CR:[R+t*" MR+ (g))=LN(R:g)
by Lemma 7.4(2). Let h € Iy N (R : g). We can write

h = dit™ + dot™ + d3t™ + - - -,
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where d; € k. Then,
gh =t~ (1 x4 -+ %) (dit™ + dot®® + dt®) (mod )
=1 4z+- - +a°)(dt® + dotoz o) (mod c).

By noting that v(z) = as — aj, the gh’s coefficient of degree as + az — a;
is —adi +ds. On the other hand, we have gh € R and as — a1 +a3 ¢ H. Hence,
we obtain that —ad; + dy = 0. It follows that

h=di(t" + at®) +dst™ +--- € (" +at®,t%) +c=1.
Hence, I; N (R : g) C I. In conclusion, we obtain that
ICR:(R:I)CLin(R:g)C1I.

Hence [ is a reflexive ideal.

(4)(1)=(1): This follows from Theorem 6.2.

(4)(i1)=(1): Suppose that I is a reflexive ideal. By Lemma 6.1, we may
assume that ¢ C I. Then I forms one of the following. Let o, 5 € k.

(a) I = 10311312)—[3)—[4-

(b) I = (t* 4 at®) +c.

(¢) I=(t"" 4 at®™ 4 Bt*3) +c.

(d) I=(t" 4 at™,t%3) +c.

() I=(t" 4 at,t% + Ft) +¢.

For the case (a), there is nothing to prove. By Lemma 7.3, in the cases (b)
and (c), I is isomorphic to some monomial ideal containing c¢. Thus, it is enough
to prove the following claims:

CLAIM 5: Suppose that 2a3 — a; < a4. Let T = (1% 4 at®,t%) + .
Then R: (R:1I)=1I.

CLAIM 6: Suppose that 2a3 — a1 < as. Let I = (t** 4+ at®,t% + [t%3) + c.
Then the following hold true:

(d-1) If a1 + a3 # 2aa, then R: (R:I) = 1.

(d-2) Ifay +az = 2az and o # — 3%, then R: (R : 1) = I.

(d-3) Ifay + a3 = 2az and o = —B3?, then I = (t%,192) + c.

Proof of Claim 5. It is enough to prove that R : I C R+ t*+~ % R. Indeed, if
R:IC R+t “R then we have R: I = R+ t* “ R by Lemma 7.4(1).
Hence, R: (R : 1) =1I; by Lemma 7.4(2).
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Let g € R: 1. Then, by Lemma 7.2, we can write g = c¢g + ¢’, where ¢ € k
and ¢ € R : I such that v(g’) > 0. Then ¢'(t** + at®?) € R and ¢'t*® € R
since ¢'I C R. This proves that

v(g')+a; € H and wv(g')+a3 € H.

Hence, we have v(g’) + a1 = a; for some i > 2, and a; — a3 + a3 € H. On the
other hand, by the assumption, we have a3 < ag+az—a; < 2az3—a; < a4. Thus,
as+ a2 —a1,2a3—a; ¢ H. This proves that ¢ # 2,3. Therefore, v(g') > as—aq,
that is, ¢’ € t*+~ 9 R. Tt follows that g = co + ¢’ € R+ t* "1 R.

Proof of Claim 6. (d-1): This proof proceeds in the same way as the proof of
Claim 5. As we explain in the beginning of the proof of Claim 5, it is enough
to prove that R : I C R+ t“ R, Let g € R: I and write g = ¢y + ¢/,
where ¢y € k and ¢’ € R : I such that v(g’) > 0. Then ¢'(t** + at®) € R
and ¢'(t*2 + ft*3) € R since ¢'I C R. This proves that

v(gY+a1 € H and wv(g')+as € H.

Hence, we have v(¢’) + a1 = a; for some ¢ > 2, and a; — a1 + az = aq; for
some j > 3. We show that ¢ > 4. Assume that ¢ = 2. Then 2a2 — a1 = q;
for some j > 3. By the assumption of (d-1), we obtain that j # 3. But,
because 2as — a1 < 2a3—ay < a4, j > 4 is also impossible. Thus, ¢ # 2. Assume
that i = 3. Then az—ai+a2 = a; for some j > 3. Since a3z < as—a1+ag, j # 3.
It follows that a3 — a1 +as > a4. This contradicts the assumption 2a3—a; < a4.
Therefore, i > 4. It follows that v(g') > a4 — aq, that is, ¢’ € t**~ % R. Hence,

g=co+g € R+t "R
(d-2): Set s = az — a;. By the assumptions, ag = 2as — a1 = a1 + 2s and
as + 2s = 2a3 — a1 < a4. Hence, we obtain that
(7.5.1) as=ai+s, az=a;+2s, and a4 —az>2s-+1.
Set
fi=t" +at™t* and  fy =t 4 gt

Then R: I = (R: fi)N(R: fo) N R by Lemma 7.2. Let g € R : I, and write
g =co+cit+cot? +- -, where ¢; € k. Then, for all z > a; + 2s, we obtain that
(the f1g’s coefficient of degree =) = c;—a, + QCr—(a,+25),

7.5.2
( ) (the fag’s coefficient of degree =) = c;—(a,45) + BCo—(a,+25)-
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Here, suppose that =,z + s € H. By (7.5.2), we obtain that

Cx—a, + Al (a1 +2s) = 0,
Crts—a + acz+s—(a1+25) = 07
Cx—(ay+s) + chf(a1+2s) =0,
Cots—(ar1+s) + ﬂcz+s—(a1+25) =0.
By (7.5.3), (7.5.6), and (7.5.5), we have
(757) —QCz—qy—2s = Cx—a; = _ﬁcm—al—s = 62Cz—a1—25-
Therefore, since we assume that o # —32, we obtain that Co—ay—2s = 0. It
follows that
(758) Cx—ai1+s = Cx—ay; = Cx—a1—s = Czx—a1—2s = 0
by (7.5.3)-(7.5.6). That is, if z,z + s ¢ H, then we have (7.5.8).

On the other hand, z,x +s ¢ H holds for all a3 +1 < x < a4 — s — 1.
Note that the number of (consecutive) integers between az + 1 and ag — s — 1
is ag —s—1—az > s by (7.5.1). Therefore, the fact that (7.5.8) holds for
all x =a3+1,...,a4 — s — 1 turns out that

c(a3+1)—a1—25 == Clag—s—1)—a1+s — 0.
By noting that (a3 +1) —a; —2s=1and (ag—s—1)—a1+s=a4—a; — 1
due to (7.5.1), we obtain that
g =cCo + Ca4—a1ta4_a1 + Ca4_a1+1ta4_a1+1 + .- € R + tHT MR,
Therefore, by combining this result with Lemma 7.3,
R:(R:I)=R:(R+t*“ " “R)=1.

(d-3): Suppose that a; + a3 = 2a and o = —3%. Set s = as — a;. Note that
we have (7.5.1). Hence,

(#%,8%2) e = (" 19 7%) o = (17 — BT )
L4 Bt7)[(t™ — Bt F2,1m77) + ]
(tal - ﬂQtal+2s,ta1+S +ﬂta1+25) + (1 +Bts)c
(tal + ata1+257ta1+s + Bta1+25) 4
=I.

1%
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By Claims 5 and 6, in the cases (d) and (e), a reflexive ideal I is isomorphic
to some monomial ideal containing ¢, respectively. Therefore, for each of the
cases (a)—(e), I is isomorphic to some monomial ideal containing c.

Example 7.6: Let e > 5 be an integer and set
R=Ek[[ttT T2 1" | 2e + 5 < i < 3e — 1],

a numerical semigroup ring over an infinite field k. Then T(R) is infinite, but
Ref;(R) is finite.

Proof. This is the case where n =4, a1 =e,as =e+1, a3 = e+2, and ag = 2e.
It follows that 2a3 —a1 = e+ 4 <2e=a4 and as — a1 + a3 = e+ 3 < 2e = ay.
Hence, the conclusion follows from Corollary 4.2 and Theorem 7.1.

We note one of the easiest examples arising from Example 7.6.

Example 7.7: Let R = k[[t>,t% ¢7]] be a numerical semigroup ring over an infi-
nite field k. Then T(R) is infinite, but Ref;(R) is finite.

Example 7.8: Let e > 4 be an integer and set
R = k[[te,tT 4272 " | 2e + 3 < i < 3e — 3]],

a numerical semigroup ring over an infinite field k. Then Ref;(R) (and
hence T(R)) is infinite.

Proof. This is the case where n = 4, a1 = e, as = e+ 1, ag = 2e — 2,
and a4 = 2e. It follows that 2a3 — a1 = 3e — 4 > 2e = a4 since e > 4. We
also have as — a1 + ag = 2¢ — 1 < 2e = a4. Hence, the conclusion follows from
Corollary 4.2 and Theorem 7.1.
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