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ABSTRACT

Let M be a smooth, orientable, closed, connected 4-manifold and suppose
that H1(M;Z) is finitely generated and has no 2-torsion. We give a ho-
motopy decomposition of the suspension of M in terms of spheres, Moore
spaces and ©CP2. This is used to calculate any reduced generalized co-
homology theory of M as a group and to determine the homotopy types

of certain current groups and gauge groups.

1. Introduction

Let M be a smooth, orientable, closed, connected 4-manifold. This implies by

Morse theory that M has a CW-structure with one 4-cell.

that Hy(M;Z) is finitely generated and has no 2-torsion. Specifically, assume

Received January 15, 2022 and in revised form October 15, 2022



2 T. SO AND S. THERIAULT Isr. J. Math.

o Hy(M;Z) = 2™ & D Z/b; Z;
(1) j=1

e cach b; is a prime power, where the prime is odd.

From (1), by Poincaré Duality, the integral homology of M is:

i H;(M;Z)
0 Z
1 Z"e @), Z/bZ
(2) 2 Z'e @), Z/bZ
3 zZm
4 Z
>5 0

where d > 0 can be any integer. Our main theorem identifies the homotopy
type of X M.

THEOREM 1.1: Let M be a smooth, orientable, closed, connected 4-manifold
and suppose that Hy(M;Z) is finitely generated and has no 2-torsion. If M is
Spin then there is a homotopy equivalence

YM ~ (\7(52 \/54)) Vv ( \7(P3(bj) vP4(bj))) Vv ( \d/ 53) v S5,

i=1 Jj=1 k=1

If M is non-Spin then there is a homotopy equivalence

m n d—1
SM ~ <M(s2 Vv 54)> Vv (j\_/l(Pg(bj) Vv P4(bj))) Vv <k\_/153) vV XCP2.

In fact, Theorem 1.1 is a special case of a more general result about the sus-
pension of 4-dimensional C'W-complexes whose cohomology satisfies Poincaré
Duality and has no 2-torsion (see Theorem 5.9). Such a classification fits into
a long history of classifying CW-complexes with cells occurring in a small
number of consecutive dimensions, with contributions, for example, by White-
head [32, 33], Chang [4], Baues and Hennes [3], Baues and Drozd [2] and Pan
and Zhu [21]. Apart from [33], these classifications occur in the stable range;
the classification in Theorem 5.9 notably occurs unstably.
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A key aspect of Theorem 1.1 is that the suspension of M involves only three
types of spaces: spheres, Moore spaces and XCP2. Each is simple and character-
izes a cohomological property: a sphere corresponds to an isolated Z summand,
a Moore space corresponds to a torsion summand, and a XCP? corresponds to
two Z summands connected by the Steenrod operation Sq?. The hypothesis that
only odd torsion in cohomology is allowed is necessary to achieve this. For ex-
ample, the suspension of S x RP? is homotopy equivalent to 52V XRP3V X2RP3
which does not split as in Theorem 1.1 since YRP? is indecomposable. The list
of indecomposable wedge summands at the prime 2 would therefore be much
more complex.

The simple description of ¥M in Theorem 1.1 is advantageous. It implies
that the homotopy type of XM is completely determined by only two properties:
(i) whether M is Spin or not and (ii) H.(M;Z) (or equivalently, H*(M;Z)).

Interestingly, while suspending a manifold loses all the geometry, it does give
access to many other properties. Theorem 1.1 is applied in three different
contexts: to determine any reduced generalized cohomology theory of M, to
determine the homotopy type of certain current groups associated to M, and to
determine the homotopy type of certain gauge groups associated to M. These
applications are discussed in detail in Section 6.

To prove Theorem 1.1 new methods are developed that use homology and
cohomology to detect whether certain maps are null homotopic. This generalizes
Neisendorfer’s work in defining and determining the mod-p” Hopf invariant [20].

2. Preliminary information on Moore spaces

This section records some information on the homotopy groups of Moore spaces
which will be needed later. For m > 2 and k£ > 2, the mod-k Moore
space P™(k) of dimension m is the homotopy cofibre of the degree k& map
on S™ 1. Notice that

YP™(k) ~ P (k).

LEMMA 2.1: If p is an odd prime and r > 1 then

m3(P°(p")) = Z/p" L.
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Proof. Consider the homotopy fibration F3(p") — P3(p") - $3 where ¢ is
the pinch map to the top cell. This induces an exact sequence

[S%,Q8%) — [S%, F3(p")] — [S3, PP(p")] > [S3, 5°].
At odd primes,
T3 (ng) = 0.

Since P3(p") is rationally trivial and 73(S%) — m3(S®) ® Q is injective, any
composite 3 o p3 (p") - S must have degree zero. Hence g, = 0. Thus,
by exactness, m3(F3(p")) = w3(P3(p")).

To complete the proof it is now equivalent to show that o (QF?3(p")) = Z/p"Z.
For m > 1, let S?™+1{p"} be the homotopy fibre of the degree p” map on S?™+1,

In particular, S?™*1{p"} is (2m — 1)-connected. By [19, Proposition 14.2] there
is a homotopy equivalence

QF3(p") ~ St x (H SQP“{p’““}) x QR*(p")
j=1

where R3(p") is a wedge of mod-p” Moore spaces consisting of a single copy
of P*(p") and all other wedge summands being at least 3-connected. In par-
ticular, for R3(p"), by the Hilton-Milnor Theorem there is an isomorphism
m3(R3(p")) = m3(P*(p")). Further, the Hurewicz homomorphism implies that

m3(PY(p")) = H3(P*(p")) = Z/p"Z.

Returning to the decomposition of QF3(p"), since each space S’zpj_l{p”‘l} is
at least 3-connected, we obtain w2 (Q2F3(p")) = mo(QR3(p")) and we have just
seen that mo(QR3(p")) = Z/p"Z.

LEMMA 2.2 ([24, Lemma 3.3]): Ifp is an odd prime and r > 1 then 4 (P3(p")) =20
and my(P*(p")) 22 0.

LEMMA 2.3 ([19, Corollary 6.6]): Let p be an odd prime, s,t > 1 and m,n > 2.
Then there is a homotopy equivalence

Pm(ps) A Pn(pt) ~ Pm-l—n—l(pmin(s,t)) vV Pm-{-n(pmin(s,t)).
LEMMA 2.4: Let p be an odd prime and s,t > 1. Then

m3(EP%(p*) A P2(p")) = Z/p™ V7.
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Proof. By Lemma 2.3 and for dimensional reasons there are isomorphisms
7T3(EP2 (pS) A P2(pt)) o~ 7T3(P4(pmin(s,t)) vV PS(pmin(s,t)) SN (P4(pmin(s,t))).
Since P*(p™in(=:t)) is 2-connected, by the Hurewicz Theorem there are isomor-

phisms
3 (P4(pmin(s,t))) ~ M, (P4(pmin(s,t)); Z) o~ Z/pmin(s,t)Z-

3. A homological test for a null homotopy I

In the next two sections we give homological and cohomological criteria de-
termining when certain maps are null homotopic. These maps are from S®
or P3(p") into a wedge \/;-; P3(p"). So the material in this section and the
next focus on 3-dimensional Moore spaces.

In what follows we will use the terms “homotopy fibration diagram” and “ho-
motopy cofibration diagram”. To explain these, recall that there is a standard
construction that turns any continuous, pointed map f: X — Y that is a sur-
jection on path-components into a fibration, in the sense that f factors as po ¢
where ¢: X — X' is a homotopy equivalence and p: X’ — Y is a fibration
(see, for example, [23, Theorem 7.1.14]). The homotopy fibre of f is the fibre
of p. As in [23, Section 7.6], a homotopy commutative square

’

(3) w2 x

b

Y$-Z

is equivalent up to homotopy to a strictly commutative square in which the hor-
izontal maps are fibrations. This induces a map between fibres, that is, a map
between the homotopy fibres of ¢’ and g. It is notable that while the homotopy
types of the fibres are determined by the homotopy classes of g’ and g, the
homotopy class of the induced map is not determined by the homotopy classes
of f and f’. However, the induced map « can be chosen via the standard con-
struction above so that there is a homotopy commutative diagram of fibration
sequences

ox 2 pr W X

o bl

Qv 2. F y 2.7
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Further, this diagram could be extended vertically as well, as in [23, Thoerem
7.6.2], to produce a homotopy commutative diagram in which each consecutive
pair of horizontal maps and each consecutive pair of vertical maps is a homo-
topy fibration. Any such diagram originating from the square (3) and extending
via homotopy fibrations horizontally or vertically in this manner is called a ho-
motopy fibration diagram. A homotopy cofibration diagram is defined
dually.

In general, let i;: XX — XX V XY and io: XY — XX V XY be the
inclusions of the left and right wedge summands respectively. Let

[i1,i5): SXAY — SX VEY

be the Whitehead product of i1 and is.
Let 7, s,t be positive integers such that s,t > r. Then
H*(P(p*); Z/p"Z) = H*(P*(p'); Z/p"Z) = Z/p"Z.
Let us and u; be the generators of H2(P3(p®);Z/p"Z) and H*(P3(p'); Z/p"Z)
respectively. Then H?(P3(p®) x P3(p'); Z/p"Z) is generated by us®1 and 1®u.

LEMMA 3.1: Let p be a prime and let s and t be integers such that s,t > 1.
Then there is an isomorphism

H4(P2(ps) ~ Pz(pt); Z/pmin(s,t)Z) ~ Z/pmi“(s’t)Z
and us U uy Is a generator.
Proof. One case of the Kiinneth Theorem (see, for example, [10, Theorem 3.15])

is as follows. If X and Y are CW-complexes, R is a ring, and H*(Y; R) is a
finitely generated R-module for all k, then the cross product

H*(X:R)®p H*(Y;R) — H*(X x Y; R)

is a ring isomorphism. In our case, if » = min(s, t) then both H*(P?(p*);Z/p"Z)
and H*(P?)(p!); Z/p"Z) are finitely generated free Z/p"Z-modules. Therefore,
by the Kiinneth Theorem, there are isomorphisms

HY(P*(p®) x P*(p'); Z/p"Z) = H*(P*(p°); Z/p"Z) @ H*(P*(p'); Z/p"Z)
SZ/pLRQL/PL=L/p"L
and us U uy is a generator.

Propositions 3.2 and 3.3 give useful tests for when a certain map is null
homotopic.
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PROPOSITION 3.2: Let p be an odd prime and s,t > 1. Let
f:8% = 2P (p*) AP2(p')
be a map and let C' be the homotopy cofibre of the composite
s L 2P ) A PR M P %) v PP ).
The following are equivalent:

(a) the map f is null homotopic;
(b) H3(SP2(p*) AP2(pt); Z/p™s:07) L H3(S3,2,/p™n(:0Z) is the zero
map;

(c) all cup products in H*(C; Z/p™™(=DZ) are zero.

Proof. (a) < (b). Let u = min(s,t) and consider the following string of iso-
morphisms:

m3(BP(p") A P*(p"))

1

H3(SP?(p*) A P2(p'); Z2)
s(P*(p") vV P°(p"); 2)
3(PY(p") v P°(p"); Z/p" L)
P(p") v P*(p"); Z/p"Z)
SP2(p®) A P2(p"); Z/p ).

IR

1%

TR R X

’(
’(

1%

The first isomorphism is due to the Hurewicz Theorem because £ P?(p*) A P%(p?)
is 2-connected. The second isomorphism holds by Lemma 2.3. The third iso-
morphism holds since

H3(P*(p") v P°(p*); Z) = H3(P*(p"); Z) = Z/p"Z

and changing homology coefficients from Z to Z/p“Z induces an isomorphism
here. The fourth isomorphism holds by the Universal Coefficient Theorem. The
fifth isomorphism holds by Lemma 2.3. Observe that under these isomorphisms
the map S% 5 Y P%(p*) A P%(p') is sent to

HY(SP2(p*) A P2(p"); 2/p"Z) L5 H3(S%2/p"Z).

Thus f is null homotopic if and only if f* = 0 in degree 3 mod-p* cohomology.
(a)=(c). If f is null homotopic then C' ~ P3(p*)V P3(p')V S* is a suspension,
so all cup products in H*(C;Z/p"Z) are zero.
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(c)=-(b). Consider the homotopy cofibration diagram

(4) 53 L 5p2(p) A P2(pt) o
N
2ol pa ey v PR () c

*

P3(p*) x P3(p') ——= ) x P3(p")

where Cy is the homotopy cofibre of f and d is an induced map. As Cy is
2-connected, there is an isomorphism

d*: H*(P*(p*) x P*(p'); Z/p"Z) — H*(C; Z/p"Z).
Therefore H?(C;Z/p"Z) is generated by d*(us ® 1) and d*(1 ® uy).
The right column of (4) induces the exact sequence
H3(C;Z/p"Z) — H3*(Cy; Z/p"7)
b S u d* u
= HY(P*(p°) x P*(p'); Z/p"Z) = H*(C; Z/p"L).
By Lemma 3.1, H4(P3(p®) x P3(p'); Z/p“Z) = Z/p“Z is generated by the cup
product us Uus. The naturality of the cup product implies that
d* (us Uuyg) = d* (us) Ud*(uy).

But by assumption, cup products in ﬁ*(C’; Z/p"7Z) are zero. Therefore d* =
in (5), implying that b is onto. Hence the order of H3(Cy; Z/p“Z) is at least p*.
On the other hand, the top row of (4) induces the exact sequence
H*(S%Z/p"7) — H*(Cy; Z/p L)
(6) .
% HY(SP2(p*) A P2(p"): Z/p"Z) T H*(S% Z/p"Z).
Since H?(S3;Z/p“Z) = 0, the map a is an injection, and by Lemma 2.3,
H*(SP?(p*) A P*(p'); Z/p"Z) = Z/p"L.

Hence the order of H3(Cy;Z/p“Z) is at most p*.

Thus H3(Cy;Z/p*Z) has order p*. But this implies that a is a monomor-
phism between finite groups of the same order and so must be an isomorphism.
Therefore f* in (6) is the zero map.
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A similar argument to Proposition 3.2, but with variations, gives the follow-
ing.

PropoOSITION 3.3: Let p be an odd prime and r,s,t > 1. Let
[ PP(p") = BP?(p") A P2(p')
be a map and let C' be the homotopy cofibre of the composite
Pp) L SP2p) A PR M Pt v PR ).
Let v = min(r, s,t). Then the following are equivalent:
(a) the map f is null homotopic;

(b) H3(XP?(p*) A P%(p'); Z/p°Z) EAN H3(P3(p"); Z/p"Z) is the zero map;
(¢) all cup products in H*(C;Z/p"Z) are zero.

Proof. (a)<(b): Let u = min(s,t) and consider the following string of isomor-
phisms
[P2(p"), BP*(p") A P2(p")] = H3(SP2(p*) A P2(p'); 2/p" Z)
= HY(SP(p°) A P2 (p'): Z/p"2)
= H (P (p") v PP (p"); Z/p" L)
Z/p"Z ifr<u
Z/p"Z ifr>u
=Z/p’L
= H*(PY(p") vV P°(p"); Z/p"Z)
= H*(SP*(p" A P2(p*); Z/p" ).

The first isomorphism is due to the mod-p” Hurewicz isomorphism since
S P%(p*) A P2(p?) is 2-connected. The second isomorphism holds by the Uni-
versal Coeflicient Theorem and the third holds by Lemma 2.3. The fourth
isomorphism is the calculation of degree 3 cohomology, the fifth holds since
v = min(r,s,t) = min(r,u), the sixth is calculation again, and the seventh
holds by Lemma 2.3. The transition from the second to the seventh is induced
by the map of coefficient rings induced by the epimorphism Z/p"Z — Z/p"Z.
Thus, under these isomorphisms, a map f: P3(p") — X P?(p®) A P(p!) is sent
to the map it induces in mod-p” cohomology. Thus f is null homotopic if and
only if f* =0 in mod-p” cohomology.
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(b)<(c): Consider the homotopy cofibration diagram

P3(pr) —L= 5P (p*) A P2(p) Cy

|

21,12]0f
T b3y v PR C

O ld

P3(p®) x P?(p') === P*(p®) x P*(p")

where Cy is the homotopy cofibre of f and d is an induced map. As Cy is
2-connected,

d* : H*(P*(p®) x P*(p"); Z/p"Z) — H*(C;Z/p"Z)

is an isomorphism. Therefore H?(C;Z/p'Z) is generated by d*(us @ 1)
and d*(1 ® u). The diagram also induces a diagram of exact sequences

H3(Cy;Z/p"2) HYSP?(p°) A P2(p); Z/p"Z) ——= H3(P3("); Z,/p"Z)

lb ic

HY(P3(p*) x P(p'); Z/p"L) === H"(P*(p*) x P*(p"); Z/p"Z)

|- |

HY(C, Z/p"L) ———— HY(P*(p) V P*(p°); Z/p"Z) = 0

where a, b and ¢ are names for the maps induced in cohomology. Observe that,
in the middle column, s,t > v so

HY(SP(p*) A P2(0'); Z/p"Z) = HY(P*(p°) x P*(p'); Z/p"Z) = L/p"Z,

implying that c is an isomorphism. Therefore, the commutativity of the top
square implies that a is surjective if and only if b is. On the other hand, the top
row implies that a is surjective if and only if f* is the zero map, while the left
column implies that b is surjective if and only if d* is the zero map. Thus f* =0
if and only if d* = 0. Since H*(P3(p®) x P3(pt); Z/p*Z) is generated by usUuy,
d* = 0 if and only if H*(C;Z/p"Z) has no cup products. Hence f* = 0 if and
only if H*(C;Z/p*Z) has no cup products.
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4. A homological test for a null homotopy II

In this section we aim towards Proposition 4.4, which gives homological and
cohomological criteria for when certain maps are null homotopic, and which is
applicable much more widely than Propositions 3.2 and 3.3. It also generalizes
a result of Neisendorfer [20, Corollary 11.12] on the mod-p” Hopf invariant. We
rephrase that result in weaker form for a better comparison to Proposition 4.4.

LEMMA 4.1: Let p be an odd prime and r,s > 1. Let f: P3(p") — P3(p®) be
a map and let C¢ be its cofibre. If

o f.: H(P3(p");Z) — H.(P3(p®);Z) is the zero map, and

e all cup products in I:j*(Cf; Z./p™ () 7)) are zero,

then f is null homotopic.

Lemma 4.1 will be generalized to maps f: X — \/I P3(p") for X = $3
or X = P3(p"). This requires some initial work, the first aspect of which is a
general lemma concerning trivial cup products related to maps of wedges.

LeEMMA 4.2: Let f:\/;Z, A;—\/_, Bj be a map with homotopy cofibre C'y and
suppose that f* =0 for cohomology with coefficient group G and all cup products
in H*(Cy; G) are zero. For 1 <1< m and 1< j3<n, let f,, be the composite

m n
fuyi A=\ AL \/ By — B,
i=1 j=1
where the left map is the inclusion of the 1*" wedge summand and the right
map is the pinch onto the 5" wedge summand. If C t,., is the homotopy cofibre
of fi,, then all cup products in H*(Cy, ; G) are zero.

Proof. We use an intermediate map. Let f, be the composite

(7) £\ 45 \/ B — B,
=1

j=1
and let Cy, be the homotopy cofibre of f;. Consider the homotopy cofibration

diagram

m f n
Vieg Ai —— Vj:l Bj —— Cy

N

Vit Ai B, Cy

J




12 T. SO AND S. THERIAULT Isr. J. Math.

where d is an induced map of cofibres. Take cohomology with coefficient
group G. The homotopy cofibration diagram induces a map between long exact
sequences in cohomology. By hypothesis, f* = 0 so the definition of f, implies
that f7 = 0 as well. Therefore, for every k > 1, there is a commutative diagram
of exact sequences

0 = HN(\™, $A:G) —= H(Cy, : G) HY(B,: C)

| |

0 ——= H*VL, A G) —— H*(Cy; G) —— H* (VL Bi;G) —= 0.

A diagram chase shows that d* is injective, and this is true for all £ > 1. Thus,
by the naturality of the cup product, the vanishing of cup products in H* (C;G)
implies their vanishing in ﬁ*(Cf]; Q).

Next, notice that the definition of f, , in the statement of the lemma and f,
in (7) imply that f, , is the composite A4, < \/I", 4; EiN B,. This factorization
induces a homotopy cofibration diagram

&——>WLAri»vgun

.
fos

A'L : B] Cft,]
b
* Cf] Cf]

where h is the pinch map, and ¢ and d’ are induced maps. Since f; =0 and

m m

h*: H*<\/Ai;G) %H’K(\/Ai;G)

i=1 i=1
i

is an injection, the top right square implies that ¢g* = 0. Therefore, from the

right vertical cofibration in the preceding diagram we obtain a surjection

(d')*: H*(Cy,;G) — H*(Cy, ,; G).

As cup products in ﬁ*(CfJ;G) are zero and (d')* is a surjection, cup products

in I;T*(CfI)J;G) are also zero.
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Next, we make a transition from a hypothesis that a map is zero in coho-
mology as in Lemma 4.2 to a map being zero in homology. In general, if the
coefficient group G in Lemma 4.2 is a field, then the Universal Coefficient The-
orem immediately implies that if f. =0 then f* = 0. The coefficient ring we
care about is Z/p"Z, so we need to be more cautious. Perhaps overdoing it, we
focus on the 3-dimensional Moore space case again.

LEMMA 4.3: Let p be an odd prime and let r > 1. Let X = P3(p") or S® and
let f: X — \/", P3(p") be a map. If f, : Ho(X;Z) — H.(\/I", PP(p"); Z) is
trivial, then for any abelian group G the map

fre I~{*<\/P3(p”);G> — H*(X;G)
i=1
is trivial.

Proof. Tt suffices to prove the lemma in the m = 1 case. For X = P3(p") it
is obvious that f* : HI(P3(p™);G) — HI(P3(p"); G) is trivial except possi-
bly for j € {2,3}. By the Universal Coefficient Theorem, there are natural
isomorphisms

H*(P*(p"); G) = Hom(Ha(P*(p"); Z), G))
and

H*(P*(p"); G) = Ext(Hx(P*(p"); Z), G)).
By hypothesis, f.: Ha(P3(p");Z) — Ha(P3(p™);Z) is the zero map, so the
naturality of the Universal Coefficient Theorem implies that

[ H (PP (p™); G) — HY (P(p"); G)
is the zero map for j € {2,3}.
For X = §3, it suffices to show that f* : H3(P3(p™);G) — H3(S3;G) is
trivial. Let p : P3(p"1) — S3 be the pinch map to the top cell and consider the
composite

(8) HA(% G) Lo BY (P (p™): G) L H (5% 0.

Observe that the long exact sequence in cohomology determined by the homo-
topy cofibration $2 — P3(p™) £ §3 implies that p* in (8) is an epimorphism.
Therefore, in (8), f* = 0 if and only if f*op* = 0. But po f is a self-map of 53
which factors through a rationally contractible space, implying that it is null
homotopic. Hence f* o p* =0, and so f* = 0.
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In general, the Hilton—Milnor Theorem states that there is a homotopy equiv-

alence
(9) Q< \ 21@-) ~ [T sy A Yo
i=1 a€cl
where Z runs over a module basis for the free Lie algebra L{vy,...,vy), and if
a € L{vy,...,vn) is a module basis element then for 1 < i < m the integer a;

records the number of instances of v; in a. Here, if a; = 0 for some 7 then the
smash product Y,*** A--- AY,A%m is regarded as omitting Y; rather than being
a point; for example, Y*? A YO A Y3 is regarded as Y{*2 A Y43, Moreover,
for 1 <k <mlet m

w: BV — \/ 2V

i=1
be the inclusion of the k" wedge summand. For o € Z, let

m
wo: DY A AV — \[ XY,
i=1
be the iterated Whitehead product formed from the maps ¢, where each in-
stance of v in « is represented by the map tx. Then the homotopy equiv-
alence (9) is realized by multiplying together the maps Quw, using the loop
structure on Q(\/-, 2Y;).

In our case, we have

Q< \/ Pg(pTi)> ~ H QEPQ(ph)/\al /\"~/\P2(prm)/\o‘m_
1=1

acl
Observe that P2(p™ )"t A ... A P2(p"m ) Nm is (a1 + -+ - + i) — 1)-connected.
Suppose that X’ is 2-dimensional. Then
(X', QEP2(p") " Ao A P2(p" )] 200 if (g + -+ + ) >3
Observe also that there are m cases for which (a3 +-- -4 a.,) =1 an ( ) cases
for which (a1 + -+ am) = 2. So if X =3 X’ then

{X, \2 P3(p”)} = [X', Q(i_\nZPg(p”))]
=~ [X’, ﬁ QP (p) x [[ QP (™) A P2 (p")
i=1 kAl

= [[X. PPr)) = [[IX, SP2(p"™) A P*(p™)].

j=1 k#l
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Further, the j' factor [X, P3(p"7)] is mapped to [X, \/i~, P3(p")] by the in-
clusion ¢; and the (') factors [X, SP%(p"*) A P?(p")] may be arranged so that
they map to [X,\/;~, P3(p"")] by the Whitehead products

2P2(ka)/\P2(p”) [tk 5ty] P3( T’“)\/P3( rl (_> \/PS m
i=1
where 1 < k <1 <m. Hence if f: X — \/[", P?(p"*) then we may write

(10) [~ Z ogit+ Y tku] ol
]

1<k<i<m
for maps X 25 P3(p75) and X 24 SP2(pr) A P2,

PROPOSITION 4.4: Let X = P3(p") where p is an odd prime and r > 1 or
let X = 5% and set r = co. Let f: X — \/[~, P3(p"") be a map and let Cy be
its cofibre. If

o f.:H.(X:Z)— H, (\/ L P3(p"); Z) is the zero map and

e all cup products in H*(Cf, Z/p™ (7Y are zero for all 1 < i < m,

then f is null homotopic.

Proof. Since X is S3 or P3(p") we have X ~ XX’ where X' is 2-dimensional.
Therefore, by (10), we have

[~ ZLJOgJ+ Z [ty t1] © P

1<k<I<m

; h
for maps X 2 P3(p"i) and X —% $.P2(p™s) A P2(p™). To show that f is null
homotopic it suffices to show that each g; and hj; is null homotopic.
First consider the map g; when X = P3(p"). Notice that g; is the composite

_\7 (") - Py

where ¢ is the pinch map onto the j'* wedge summand. Since f induces
the zero map in integral homology, so does g;. by Lemma 4.3, g; therefore
induces the zero map in mod-p™»("73) cohomology. By hypothesis, all cup
products in ﬁ*(Cf;Z/pmi“("”)Z) are zero, so by Lemma 4.2, all cup prod-
ucts in ﬁ*(ng;Z/pmi“(T’”)Z) are also zero. Thus, by Lemma 4.1, g; is null
homotopic.
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Next, consider the map g; when X = S3. Now g; is the composite

§* L\ P ) < PR,
=1

Consider the composite

g;: PP(p7) = 8% 25 PR(p)
where 7 is the pinch map to the top cell. The argument in the previous para-
graph implies that g, is null homotopic. Therefore g5, extends across the cofibre
of 7, implying that g factors as a composite S° P g3 1, ps (p™) for some
map ;. By Lemma 2.1,

m3(P*(p™)) = Z/p"Z,

so gj >~ p"J - 7; is null homotopic.

At this point, we have shown that for either X = S% or P3(p") we have g; null
homotopic for 1 < j < m. Thus (10) implies that f ~ >, . ;o [tk,u] © Ay
Let

g\ PP(p"™) — PP(p™) v P(p™)
i=1

be the pinch map onto the k" and {*?

wedge summands. Observe that every
Whitehead product [is, ¢¢] for 1 < s < ¢ < m composes trivially with gx ; except
[thyti]. Therefore g o f ~ qx 0 (Zl§5<t§m[Ls, te] o hst) = [tk, ] © hiy. That
is, gi, o f is homotopic to the composite
h :
hiy: X 28 P2 (prey A P2(pm) 4] p3(prey v PR (),
Since f induces the zero map in integral homology, so does hy;. Let €,  be the
homotopy cofibre of hy ;. By hypothesis, cup products in ﬁ*(Cf; Z/p™in(rri) 7,)
are zero for 1 < i < m so cup products in

ﬁ* (Cf, Z/pmin(r,rk,rl)Z)
are zero. By Lemma 4.2 (with B, = P3(p™) Vv P3(p™)), cup products in

EI* (Chk’l : Z/pmin(r,rk,rl)z)

are also zero. Therefore, by Proposition 3.2 in the case X = 5% and Proposi-
tion 3.3 in the case X = P3(p"), the map hy,; is null homotopic. As this is true
for all 1 < k <l < m we obtain f ~ x.
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5. The homotopy type of the suspension of certain C'W-complexes

In this section we assume M to be a 4-dimensional finite CW-complex that has
one 4-cell and homology as follows:

i Hi(M;Z)
0 Z
1 Z'e @), Z/bZ
(11) 2 Z'e @i, L/bjZ
gm
7/
>5 0

Here each b; and 1_75 is a power of an odd prime.

First consider the integer summands of Hq(M;Z). Since the Hurewicz ho-
momorphism 71 (M) — Hi(M;Z) is an epimorphism, each direct summand Z
of H1(M;Z) is generated by the Hurewicz image of some map «;: S — M.

Let
¢

a: \/ St— M
i=1
be the wedge sum of the maps «; and let W be the homotopy cofibre of a.

LEMMA 5.1: The map Xa has a left homotopy inverse and there is a homotopy
equivalence
¢
SM ~ (\/52) vV EW.
i=1

Proof. The Hurewicz Theorem implies that the image of a, is
Hy(M; Z)tree = 7.

The Universal Coefficient Theorem implies that H'(M; Z)free = Hi(M;7Z)trco-
Let a; € Hy(M;Z) be the image of («;). and a; € H'(M;Z) be the dual of a;.
Then a; is represented by a map €;: M — K(Z,1) ~ S! and the composite
St 2 M =4 ST s the identity map. After suspending, one may use the co-H

structure to give a map
¢
e: XM — \/ §?

i=1
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which is a left homotopy inverse for ¥a. Therefore, with respect to the homotopy
cofibration, \/f:1 S2 Z% v\ 2% YW where w : M — W is the quotient map,
if o is the comultiplication on XM, the composite

l
e: IM 2 M v EM YEY <\/52>vzw

=1

induces an isomorphism in homology. As the domain and range of e are simply-
connected, Whitehead’s Theorem implies that e is a homotopy equivalence.

The description of H,(M;Z) in (11) implies that the homology of W is as
follows:

i H,(W;Z)
0 z
1 @, Z/b;Z
2 Z'e @i, Z/bL
gm
Z
>5 0

We wish to give a homotopy decomposition of ¥XW as a wedge of spheres and
Moore spaces. To do so we analyze the homology decomposition of 3W.

Define M(Z/kZ,n) = P"*1(k) and M(Z,n) = S™, and for any finitely gen-
erated abelian groups A and B define

M(A® B,n) = M(A,n)V M(B,n).

Then H;(M(A,n);Z) is A for i = n and zero otherwise. The following lemma,
describes the homology decomposition of a simply-connected C'W-complex.

LEMMA 5.2 ([10, Theorem 4H.3]): Let X be an n-dimensional simply-connected
CW-complex and let H; = H;(X;Z). Then there is a sequence of subcom-
plexes {X;}"_; such that
(1) Hi(Xn;Z) 2 Hi(X;Z) for i <m and H;(X;,;Z) =0 for i > m;
(2) Xo=M(H,2) and X ~ X,,;
(3) Xn+11s the mapping cone of a map fo, : M (Hyq1, m)—X,y, that induces
a trivial homomorphism (fp,)s: Hpy(M(Hpyg1,m); Z) = Hpy(Xon; Z).
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In our case, to describe the homology decomposition of W we need some
notation. Let
d
P3(b;) and S= \/ 52,
=1 k=1

Y

Il
<<

hA
S

~

I
<:\

<
Il
i

<
Il

Starting with Wy = P, Lemma 5.2 implies that there are homotopy cofibrations

SV P LW, W,
(12) \/53 £>VV3 —>W4,

=1
sty W, s sw,

where f5, f3 and f4 induce the zero map in integral homology. In Lemmas 5.5
and 5.7 we will show that the maps fo and f3 are null homotopic, and in
Lemma 5.8 we will show that the map f, is either null homotopic or factors
in an entirely controllable way. As this will involve analyzing maps between
Moore spaces of different torsion orders, a preliminary lemma is required.

LEMMA 5.3: Let X be a finite CW-complex. If p and q are distinct primes
and m,n > 3, then any map f: P™(p") — XX V P"(q') is homotopic to the
composite

P(p) L BX < £X v PY(¢h)

pinch
—

where f’ is the composite P™(p") Livov P"(q") rX.

Proof. First we show that [P™(p"),Z A P™(q")] is trivial for any finite path-
connected CW-complex Z. By the Kiinneth Theorem there is an exact sequence

0— @I?Ii(Z) ® Hoi(P"(q")) = Ha(Z A P™(q"))

- EB Tor(Hy(Z), Hp—i—1(P"(¢}))) — 0.

This implies that the groups H,(ZAP"(q")) are finite abelian and consist only of
g-torsion. Therefore, by Serre’s Theorem, the homotopy groups m;(Z A P"*(q?))
are also finite abelian and consist only of g-torsion. The homotopy cofibration

Sm—l P_T) Sm—l N Pm(pr)
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induces an exact sequence
Tn(Z A P(@") Lo (2 A P (q) — [P (0"), Z A P"(q")
— Tm-1(Z A P™(q")) LN Tm-1(Z N P™(q")).
Since multiplying m;(Z AP™(q")) by p” is an isomorphism for i > 1, by exactness
we obtain [P™(p"), Z A P"(¢")] = 0.
Next, the homotopy class of f is in [P™(p"), XX V P"(q")]. Noting that

both P™(p") and P"(q') are suspensions since m,n > 3, the Hilton—Milnor
Theorem implies that

[Pm(pr)7 nX vV Pn(qt)] ~ H [Pm(pr)7 nxAeL A (Pn—l(qt))/\az]
acT
where Z runs over a Hall basis for the free Lie algebra L{u,v) and oy, as count
the number of instances of u, v respectively in the bracket corresponding to a.
The argument in the first paragraph implies that if ay > 1 then each factor
[P™(p"), X 1 A (P 1(gt))"22], which is isomorphic to [P™(p"), ZAP"(q")]
for Z = X"t A (P 1(g"))"*27 1 equals zero. The Hall basis for L(u,v) only
has one term with as = 0, and that is v (when ay = 1). Thus
[P™(p"), BX v P (q")] = [P (p"), B X].
Hence f factors through f’ up to homotopy.
We also need a lemma concerning cup products in Ws.

LEMMA 5.4: Cup products vanish in H*(Ws; Z/p"Z).

Proof. Recall that W is a 4-dimensional CW-complex with a single 4-cell. Let Y
be the 3-skeleton of W. Then by cellular approximation and the definition of
W3 the inclusion W3 — YW factors as a composite

W5 5 2Y < W,

Suppose that there are elements z,y € I:T*(Wg;Z/pTZ) such that x Uy # 0.
Since W3 is simply-connected and of dimension 4, it must be the case
that |z| = |y| = 2. By Lemma 5.2

g H* (XY Z/p"Z) — H*(Wa; Z/p"Z)

is an isomorphism. Let z,5 € H2(XY;Z/p"Z) be elements such that z = g*(z)
and y = ¢*(g). Since XY is a suspension, all cup products in H*(XY;Z/p"Z)
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are zero. In particular, we have T U g = 0. The naturality of the cup product
therefore implies that

zUy=g"(x)Ug"(y) =g"(xUy) =0,
a contradiction. Hence it must be the case that all cup products in
H* (W3 Z/p"Z)
are zero.

LEMMA 5.5: There is a homotopy equivalence W3 ~ PV XSV XP.

Proof. We will show that the map SV P ELN W in (12) is null homotopic,
implying the statement of the lemma. It will be helpful to partition the Moore
spaces in P by primes. Recall that P = \/?:1 P?’(B;) where each B; is an odd
prime power. List the primes appearing as {p1,...,p:}. Write

t Ns
P=\/ P, where P, =\/ P3(ps").
s=1

=1
Note that n = nq + - - - + ng. Isolating P, let
t
Q = \/ Ps
s=2

so that P = PV Q. For convenience, write p; asp and ry ¢ as g for 1 </ <n;
so that Py = \/;, P3(p™). Correspondingly, write P = P; V@ where P is the
wedge of all the mod-p? Moore spaces in P for some ¢ > 1, and Q is the wedge
of mod-g® Moore spaces for all primes ¢ # p. Note that as the torsion in P
and P may be different, it is possible that for the given prime p the wedge Py
is trivial. Taking ny = 0 in the trivial case, write Py = \/;L, P*(p"*). The

homotopy cofibration SV P ELN Wy = P — W3 may then be rewritten as
SVPIVQ L PvQ — W

To show that fs is null homotopic it is equivalent to show that each of the
composites

fs:S<s SV PIVQ L PV,
fp:Pl‘—>S\/P1\/Q£>P1\/Q,

fo: Qo SVPIVQ L PvQ,
is null homotopic. Since f induces the trivial map in integral homology, so do
each of fp, fo and fs.
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First, consider fg. Since S is 2-dimensional, P; V @ is 1-connected, and fg
induces the trivial map in degree two integral homology, the Hurewicz homo-
morphism implies that fg is null homotopic.

Next, consider fp. Since P; = ?;1 P3(p™), to show that fp is null homo-
topic it suffices to show that the restriction

ff;5P3(p”)‘—>P1£>P1\/Q

of fp to the £** wedge summand is null homotopic. Since @ consists of mod-¢*
Moore spaces for primes ¢ # p, Lemma 5.3 implies that f5 factors as a composite

£
P3p') 25 P PLVQ

for some map g%. We will show that g% is null homotopic, thereby implying
that ffi—, is null homotopic.

Observe that as fp induces the zero map in homology, so does f and
therefore so does g%. Let Cgf;, be the homotopy cofibre of g% and recall
that Py = \/;L, P3(p"*). If cup products vanish in ﬁ*(C’SP;Z/pmi“(”“)Z)
for 1 < k < nq, then Proposition 4.4 implies that gfp is null homotopic.

It remains to show that cup products vanish in H*(CﬁP;Z/pmi“(”*’"k)Z).

First, as gfp induces the zero map in integral homology, by Lemma 4.3 it also

min(ry,

induces the zero map in mod-p k) cohomology. Second, notice that gfg is

homotopic to the composite

e pinch

P3(p) 5 PLvQ S P

The definitions of ff; and fp then imply that gfg is homotopic to the composite

P3(pt) — P1 — SVPVQ L PvQ Y p.

As W3 is the homotopy cofibre of fo and cup products vanish in
E’[* (W3; Z/pmin(rg,rk)z)

by Lemma 5.4, the factorization of g% through f; and Lemma 4.2 imply that
cup products vanish in ﬁ*(CgP;Z/pmi“(”’Tk)Z).

Finally, consider fgo. Separating out the mod-pis Moore spaces in () one
prime at a time as was done for p; and P;, the same argument as for fp can
be used iteratively. Thus fg is null homotopic and the proof is complete.
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Observe that the space Wy in (12) is the same as the suspension of the 3-
skeleton of W. That is, Wy ~ XY for Y the 3-skeleton of W. Our approach to
dealing with the maps fs and f4 in (12) will be to use the fact that both W,
and YW are suspensions. This requires a general lemma.

LEMMA 5.6: Let A; be simply connected for 1 < i < m. Suppose that there is a
mapg: i, A; — XX and asequence {i1,...,ix} withl <i; <--- <ip <m
such that, for 1 < j < k, the pinch map ¢;: \/\~; Ai — A;; extends across g to
amap rj: ¥X — A;,. Then the composite b: \/;?:1 Ay, = Vi A NS¢
has a left homotopy inverse.

Proof. Let r be the composite

k Er F
r: X —2— \/ 2x =3 \/ 4,
j=1 j=1
where o is defined using the comultiplication on ¥ X. We claim that r o b is
homotopic to a homotopy equivalence. Observe that for 1 < j < k we have

q]‘OT’Z’I“j

where G : \/?:1 A;; — A;; is the pinch map. By hypothesis, r; o g ~ ¢;, so by
definition of b we also have 7; o b ~ ¢;. Therefore Gjorob~r;ob~ g;. In
homology, the direct sum of finitely many Z-modules is the same as the direct
product, so the map

k k k
ﬁ*<\/AZ,Z) T*—Ob)* ﬁ*<\/A1,Z> g@f‘j*(Aj,Z)
Jj=1 j=1 j=1

is determined by the projection to each H, (Aj;Z). This projection is given
by (¢;)«. Thus the fact that (¢;)« = (g;)«or.obs implies that r,ob, is the identity
map. Hence, by Whitehead’s Theorem, r o b is a homotopy equivalence.

LEMMA 5.7: There is a homotopy equivalence Wy ~ PV XSV XP Vv /" S%.

Proof. By (12) and Lemma 5.5 there is a homotopy cofibration
\/ 52 2 PvssvEP — W,
i=1

where f3 induces the trivial map in integral homology. We will show that f3 is
null homotopic and then the statement of the lemma follows.
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Consider the composites

§% s \/ 8% L5 PvESVEP — P — P(by),

i=1

(13) §% s \/ 8 L PyssvEP — 55— 52,
1=1

§% s \/ 8% L% PvEsSvEP — 5P — PYb)),

i=1

where the three right-hand maps pinch onto a single wedge summand. Let g
be the first composite in (13) and let Cy be its cofibre. Since the cofibre
of fs3 is Wy which is the suspension of the 3-skeleton of W, all cup prod-
ucts in ﬁ*(W4; Z/p;j Z) are zero. Therefore, by Lemma 4.2, all cup products
in ﬁ*(C’g; Z/p;j Z) are zero. Hence, by Proposition 4.4, g is null homotopic.

Since f3 induces the zero map in integral homology, the second and third
composites in (13) are null homotopic by the Hurewicz Theorem. These null
homotopies hold for the inclusion of each S* into \/I~, S®, so f3 composes
trivially with each of the pinch maps PV XSV XP — X for X = P3(b;), 93
or P4(Bj). Thus each of these pinch maps extends to a map W, — X. Since W,
is a suspension, Lemma 5.6 implies that the map PV XSV XP — W, has a
left homotopy inverse. Hence f3 is null homotopic.

LEMMA 5.8: Suppose that H*(W;Z) has no 2-torsion. If the Steenrod opera-
tion Sq? acts trivially on H*(W;Z/27) then there is a homotopy equivalence

SW ~PVESVEPV (\/54) v S°.
i=1
If Sq? acts nontrivially on H*(W;Z/27) then there is a homotopy equivalence
d m
SW~Pv\/ $vPv (\/54) Vv ECP?.

k=2 =1

Proof. By (12) and Lemma 5.7 there is a homotopy cofibration

st pyssvepv\/ st — sw

=1
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where f; induces the trivial map in integral homology. Consider the composites

st L pyssvEP v\ St — P — Py,
=1

st pyssvepv\/ st — 85— S°
(14) -
st pyssvEP Y\ St — SP — PA(dy),
i=1
st pyssvepv\/ st — \/ st — s
i=1 i=1
where the middle and right maps pinch onto a single wedge summand.
Suppose that Sq¢? acts trivially on H*(W;Z/2Z). Since each b; and 1_75 is a
power of an odd prime, by Lemma 2.2,

ma(P?(b;)) 2 ma(PP(b;)) =0 and  ma(P(b)) = ma(P*(b;)) =0,

implying the first and third composites in (14) are null homotopic.
Since 74(S®) = Z/2Z is generated by a map 7 which is detected by Sq?, the
assumption that Sq? acts trivially on H*(W;Z/2Z) implies that the second
composite in (14) is null homotopic. Since f4 induces the zero map in homol-
ogy, the Hurewicz homomorphism implies that the fourth composite in (14) is
null homotopic. Thus each of the pinch maps PV XSV XPV \/:11 St — X
for X = P3(b;), 53, P*(b;) or S* extends to a map SW — X. Therefore,
by Lemma 5.6, the map PV XSV XPV V., S* — SW has a left homotopy

inverse. Hence f4 is null homotopic, implying that

SW~PVESVEPV (\/54) v S°.
i=1

Next, suppose that S¢? acts nontrivially on H*(W;Z/2Z). Arguing as before,
the first, third and fourth composites in (14) are null homotopic. As S¢? detects
the generator 1 of m4(S%) =2 Z /27, the nontrivial action of S¢* on H*(W;Z/27Z)
implies that the second composite in (14) is nontrivial for at least one of the
pinch maps 8 = \/{_, §3 — 3. Possibly the second composite in (14) could
be nontrivial for several such pinch maps. However, by [24], any map

d
d €L
h: 8% vkik;] \/ 5% with ¢, € {0,1} for all 1 < k < d,
k=1
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and having at least one ¢, = 1, can be composed with a self-equivalence e
of \/Z:1 53 so that e o h is homotopic to the composite S* —1s §3 < \/Z:1 S3
where the inclusion can be assumed to be the first wedge summand. Altering the
copy of X5 in PVYXSVXPV \/:11 5% by the same self-equivalence e, we obtain
that each of the pinch maps PV\/{_, S*VIPVVT, §* — X for X = P3(b;),
S3 for 2 < k < d, P4(Bj) or S* extends to a map YW — X. Therefore, by
Lemma 5.6, the map P\/\/z:2 S3vEPVv\iL, S* — SW has a left homotopy
inverse. Therefore f4 factors as the composite

d m
st st pv\/sPvepv\/§
k=1 i=1
implying that W ~ P v \/¢_, $3V PV (V7 §%) v ECP? since XCP? is the
homotopy cofibre of 7.
Combining the homotopy decomposition XM ~ (\/!", §?)VEW in Lemma 5.1
with that of W in Lemma 5.8, we obtain a homotopy decomposition for ¥ M.

THEOREM 5.9: Let M be a 4-dimensional CW -complex that has one 4-cell and
has homology as in (11). If Sq? acts trivially on H*(M;Z/2Z) then there is a
homotopy equivalence

4 d m n n

YM ~ <\/ SQ> Vv ( \ S3> Vv (\/ 54) v < \ P3(bj)) Vv ( \V P4(Bj)> Vv S
=1 k=1 =1 Jj=1 j=1

If Sq? acts non-trivially on H*(M;Z/27) then there is a homotopy equivalence

LM ~ (\Z/52)v(:\_/15‘3)v(l_\7154)\/<>_n/1P3(bj))v(

i=1

—.

P4(Bj)) VECP?.

=1

<
Il

As a special case we prove Theorem 1.1.

Proof of Theorem 1.1. By assumption M is a smooth, orientable, closed, com-
pact 4-manifold. Then, by Morse Theory, M has a CW-structure with one
4-cell. Since Hy(M;Z) is finitely generated and has no 2-torsion, (1) holds and
so H.(M;Z) is as in (2). Since (2) is a special case of (11), Theorem 5.9 applies
to decompose M. Observe that if M is Spin then the Steenrod operation Sq?
acts trivially on H*(M;Z/27Z), so Theorem 5.9 implies that there is a homotopy
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equivalence

m n d
EM:(\/(SQ\/S‘*) (\/ )V PY(by)) )v(\/53)v55,
i=1 =1 k=1
while if M is non-Spin then Sq? acts nontrivially, so Theorem 5.9 implies that
there is a homotopy equivalence

2M:<i_\71(52vs4) <\i/ )V PA(b >v<l>_/153)vch2.

6. Applications

Suppose that M is a 4-dimensional manifold satisfying the hypotheses of The-
orem 1.1. In this section we give three applications of the homotopy decompo-
sition of X M.

The first application is to calculate E*(M) as a group for any reduced gen-
eralized cohomology theory E*. Examples include complex and real K-theory
and cobordism.

PROPOSITION 6.1: Let M be a smooth, orientable, closed, connected 4-manifold
satisfying the hypotheses of Theorem 1.1 and let E* be a reduced generalized
cohomology theory. If M is Spin there is a group isomorphism

E"(M) =P(E"(S") @ E"(5%) @ PE"(P* (b)) @ E"(P* (b))

i=1 j=1
d
&P E"(S*) & E"(SY).
k=1

If M is non-Spin there is a group isomorphism

E" (M) =P(E"(SY) @ E"(5°) & DE"(P* (b)) & E"(P*(by))

i=1 j=1

d
o P E"(S*) & E"(CP?).
k=2
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Proof. Let X, A and B be CW-complexes such that ¥X ~ ¥ AV X B. Using
the axioms of reduced generalized cohomology theories, we obtain a string of
group isomorphisms
E"(X) = E"TH(2X)

~ E"TH(SAVEB)

~ EnJrl(EA) o EnJrl(EB)

= E"(A)® E"(B).
In our case, the asserted group isomorphisms for E™(M) follow immediately

from the above group isomorphisms and the homotopy decomposition of XM
in Theorem 1.1.

The second application is to current groups. Let X be a smooth manifold
and let G be a connected Lie group. The current group associated to X
and G is the space of smooth maps from X to G, which is homotopy equiva-
lent to Map(X, G). The most famous example is the loop group Map(S?!, Q).
Current groups have received considerable attention, notably in [5, 17, 22].

In our case, consider Map(M, G). There is a fibration

Map* (M, G) — Map(M,G) =5 G

where ev evaluates a map at the basepoint of M. The multiplication on G
induces one on Map(M, G) so the right inverse of ev induced by projecting M
to the constant map implies that there is a homotopy equivalence

(15) Map(M, G) ~ G x Map* (M, G).

Note that Map*(S™,G) = Q"G. For k € Z, let G £ G be the kth-power map
and let G{k} be its homotopy fibre. Applying Map*( ,G) to the homotopy
cofibration

sm ks gn s prtl(k)
gives a homotopy fibration
Map* (P (k),G) — Q"G - Q"G,

implying that
Map*(P" " (k), G) ~ Q"G{k}.
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PROPOSITION 6.2: Let M be a smooth, orientable, closed, connected 4-manifold
satisfying the hypotheses of Theorem 1.1 and let G be a connected topological
group. If M is Spin there is a homotopy equivalence

Map(M, G) ~ GxH (QGx Q%G xH QG{b;} x VPG {b;})x (Hsﬂ )xQ4
=1 j=1
If M is non-Spin there is a homotopy equivalence

Map(M, G) ~G x ﬁ(QG x BG) x ﬁ(QG{bj} x Q2G{b;})

i=1 j=1
d
X < II Q2G> x Map*(CP?, Q).
k=2

Proof. In general, if ¥ X ~ YAV XB then
Map*(X, @) ~ Map* (XX, BG) ~ Map* (XA, BG) x Map*(XB, BG)
~ Map*(4, G) x Map* (B, BG).
In our case, the homotopy decomposition of XM in Lemma 1.1 implies that

if M is Spin there is a homotopy equivalence

m

Map™ (M, G) ~ [[(QG x Q*G) x H QG{b;} x V2G{b;}) x (Hm > x G

i=1 j=1

and if M is non-Spin there is a homotopy equivalence

Map*(M, G) ~ ﬁ(QG x V3G x ﬁ(QG{bj} x Q2G{b;})

j=1
d
X (H Q2G> x Map*(CP2, Q).
k=2
The asserted homotopy decompositions for Map(M, G) now follow from (15).

The third application is to gauge groups. Let G be a simply-connected, sim-
ple compact Lie group and let M be an orientable, closed, compact 4-manifold.
Then [M, BG] 2 Z so for each k € Z there is a principal G-bundle P;, with sec-
ond Chern class k. The gauge group Gy (M) of Py, is the group of G-equivariant
automorphisms of Py that fix M. Gauge groups are of paramount importance
in mathematical physics and geoemetry, and recently their homotopy theory
has received a great deal of attention [8, 9, 13, 14, 15, 16, 24, 25, 26, 27, 28, 29,
30, 31].
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By [1, 7] there is a homotopy equivalence BGy (M) ~ Map, (M, BG) where the
right side is the component of the space of continuous (not necessarily pointed)
maps from M to BG containing the map inducing Pj. From the mapping space
point of view there is an evaluation fibration sequence

G -2 Map} (M, BG) — Map, (M, BG) = BG

where ev evaluates a map at the basepoint of M and J is the fibration con-
necting map. Notice that the homotopy fibre of dy, is Gi(M).

In Propositions 6.3 and 6.4 the Spin and non-Spin cases of smooth, orientable,
closed, connected 4-manifolds are considered separately due to some additional
delicacy in the non-Spin case.

PROPOSITION 6.3: Let M be a smooth, orientable, closed, connected 4-manifold
and let G be a simply-connected, compact, simple Lie group. If M is Spin and
satisfies the hypotheses of Theorem 1.1 then there is a homotopy equivalence

m n

G (M) ~ Gp(S*) x [[ (G x @°G) x [[(9G{b;} x Q*G{b;}) x (HQ2G).
=1

i=1 j=1

Proof. The pinch map q: M — S* to the top cell induces an isomorphism
[S4, BG] — [M, BG], so by the naturality of the evaluation fibration there is
a homotopy fibration diagram

(16) G — Map}(5*, BG) —= Map,(5*, BG) —~ BG

| |

G —— Map} (M, BG) —= Map,,(M, BG) —*~ BG.

Consider the homotopy cofibration sequence S3 N My —s M -2 $* where M;
is the 3-skeleton of M and f is the attaching map for the top cell. This induces
a homotopy fibration Map*(S*, BG) — Map* (M, BG) — Map* (M3, BG).
Since Map* (M3, BG) has one component, restricting to the &* component
of Map* (M, BG) we obtain a homotopy fibration

Mapj (S*, BG) — Map} (M, BG) — Map*(Ms, BG).

Notice that the connecting map for this homotopy cofibration is X f, which is
null homotopic by Theorem 1.1 since it is assumed that M is Spin.
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From the left square in (16) we therefore obtain a homotopy fibration diagram

* — OMap,. (M, BG) =——= QMap;,(M, BG)

| o

gk 54 E— gk(M) Map*(EM3,BG)

Gr(S%) G Map} (54, BG)

|

*

Mapj (M, BG) ——— Mapj,(M, BG)

where a and b are induced maps. Since (Xf)* is null homotopic, b has a right
homotopy inverse. The homotopy commutativity of the top right square then
implies that a has a right homotopy inverse. Therefore, using the multiplication
on G (M) we obtain a homotopy equivalence

Gr(M) =~ Gi.(S*) x Map® (M3, BG).

As M is Spin, the homotopy decomposition of XM in Theorem 1.1 implies that
n

Y M5 ~ <V(52vs4)) Vv < \/ (P3(b;) v P*(b; > <\/s3)
i=1 j=1
Substituting this into Map* (2 M3, BG) then gives the homotopy equivalence
asserted in the statement of the Proposition.

Next, consider the non-Spin case. We aim for an argument mirroring the Spin
case, but using a map M — CP? instead of the pinch map M — S*4. However,
the existence of such a map is not obvious. We produce a near substitute using
the approach in [24]. To do so an extra hypothesis is introduced on 7 (M)
involving the graph product of groups.

Let T' = (V,E) be a finite undirected graph with vertex set V' and edge
set E, and let G = {Gy|v € V} be a collection of groups associated to the ver-
tices of I'. The graph product I'G of G over I is the quotient group F/R,
where F' = %,cy G, is the free product of G,’s and R is the normal subgroup
generated by commutator groups [G,,, G,] wherever (u,v) is in E. For example,
if T' is a complete graph then I'G = @
points then G = *,cv Gy .

vey Go or if I' is a graph of discrete
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If each G, is cyclic then the abelianization of I'G is P,cy Gu. It is known
that if a group H is finitely presented then there is a smooth, orientable, closed,
connected 4-manifold whose fundamental group is H (see, for example, [6, The-
orem 1.2]). For example, if I'G is a graph product of cyclic groups {G,}vev then
there is a smooth, orientable, closed, connected 4-manifold with m (M) = Y€
and Hy(M;Z) = @,y Go. A specific interesting case is when M = M’ x S*
where M’ is a smooth, orientable, closed, connected 3-manifold with m (M")
the graph product of copies of Z (a right-angled Artin group) or copies of Z/27
(a right-angled Coxeter group).

PROPOSITION 6.4: Let M be a smooth, orientable, closed, connected 4-manifold
and let G be a simply-connected, compact, simple Lie group. Let I'G be a graph
product of{Gi};’;'{" where G; =Z for1 <i <m, Gjim =Z/b;Z for 1 < j <mn,
and each bj is odd. If M is non-Spin and 7, (M) =2 T'G then there is a homotopy

equivalence

Gr(M) ~ Gx(CP?) x [[(QG x 9°G) x H(QG{b } x Q2G{b;}) x (Hm )
i=1 j=1

Proof. For 1 < i < m, denote the generator of G; = Z by «;. For 1 < j < n,

denote the generator of Gji+,, = Z/b;Z by ;. Then each «; has infinite

order and each f; has finite order b;. Since the Hurewicz homomorphism

h:m (M) — Hi(M;Z) is the abelianization, h(c;) has infinite order and h(3;)

has order b;. They generate the direct summands of

M) = G?Z ® @IZ/ij.
1= J=

In particular, M satisfies the hypotheses of Theorem 1.1.

For 1 < i < m, each «; is represented by a map z;: S; — M of infinite
order and for 1 < j < n, each §; is represented by a map y;: S' — M of
order b;. Since §; has order b;, it extends to a map f3; : P?(b;) — M. Let

£: <i_\7151) v (\ZPQ(bj)) — M

be the wedge sum of the maps «; and Bj. The graph product hypothesis
on (M) implies that ¢ induces an epimorphism on 7. By (1), & is an
isomorphism in degree 1 integral homology, and the description of H,.(M;Z)
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in (11) together with the homotopy decomposition of XM in Theorem 1.1 im-
plies that X¢ has a left homotopy inverse. Define the space C' and the map g
by the homotopy cofibration

(?Sl)v(\i/P2(bj)) LIy Y NG}

Since £ induces an epimorphism on 71, C' is simply-connected. This implies
that C' can be given a minimal C'W-structure with one cell corresponding to
each homology class, and H,(C;Z) is determined by H,(M;Z) since (. has a
left inverse. Since 3¢ has a left homotopy inverse, ¥ g has a right homotopy
inverse. Explicitly, the homotopy equivalence for ¥ M in Theorem 1.1 implies

that
m n d—1
2O ~ (\/ 54) Vv < \V P4(bj)) Vv < \ S3> vV XCP?.
i=1 j=1 1=1
This homotopy equivalence may not desuspend but observe that if Cs is the
3-skeleton of C' then
d—1

NC5 ~ (254) Vv ( \ZP4(bj)) Vv (l_\/1 53) v 3

Because C3 has cells only in dimensions 2 and 3, the attaching maps for the
3-cells are in the stable range, so this homotopy equivalence desuspends and we

Cy ~ (\/53) v(\/P3(bj)) v(
i=1 j=1
Let D be the subwedge of C5 given by
m n d—1
D= (\/53) v(\/P3(bj)) v(\/52).
i=1 j=1 =1

Then the composite of inclusions D — C35 — C' has homotopy cofibre X,
where XX ~ SCP2.
Define the map ¢ by the composite ¢': M -2+ C — X and define the

have
d—1

\V 52) v S,
=1

space Y and the maps f’ and § by the homotopy cofibration sequence
M5 x Ly 2onm 2 vk,
As Y¢' has a right homotopy inverse s: XX — XM, the composite

dVs

YyveX M ymyveM s uM
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is a homotopy equivalence, where V is the fold map. This implies that J has a
left homotopy inverse and hence f’ is null homotopic. Further, when combined
with the homotopy equivalence for ¥M in Theorem 1.1, it implies that there is
a homotopy equivalence

(17) Y~<i_\71(52vs4) (\? i)V P(b ) <\/S3>

Now replace the homotopy cofibration M 2, 54 2, > Mj5 and the null homo-
topy for X f in the argument for the Spin case with the homotopy cofibration

M— X Ll) Y and the null homotopy for f’ to obtain a homotopy equivalence
Gr(M) ~ Gi(X) x Map* (Y, BG).

Substituting the homotopy equivalence for Y in (17) into Map* (Y, BG) then
gives a homotopy equivalence

(18) Gr(M) ~ Gp(X)x [ [(QGx2*G) x [ [ (2G{b;} x2*G{b;}) x (Hm >
i=1 j=1
Notice that X only contains one 2-cell and one 4-cell, so it is the cofibre of an
for some odd number a. While X may not be homotopy equivalent to CP2, and
while G (X) may not be homotopy equivalent to G, (CP?), by [24, Lemma 2.12]
there is a homotopy equivalence Gi(X) x Q2G ~ G (CP?) x Q2G for d > 2.
If d = 1, by the construction of X, the map M — X induces isomorphisms

H}..(M;Z)= HE . .(X;Z) and H*M:Z)= H'X;Z).

Furthermore, the cup products of degree 2 free elements are preserved under
these identifications. So X is a Poincaré complex and must be CP2. Conse-
quently, Gi(X) ~ Gx(CP?). Thus, in all cases, from (18) we obtain the asserted
homotopy decomposition of Gy (M).

Propositions 6.3 and 6.4 greatly generalize the results in [24], which considered
the special cases when 1 (M) is: (i) free, (ii) isomorphic to Z/p"Z, or (iii) a free
product of groups in (i) and (ii). It is worth emphasizing that the decomposition
of G (M) can be simply read off from H,(M;Z).

Further, Huang and Wu [11] proved a cancellation result in p-local homotopy
theory. From this we obtain the following.
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COROLLARY 6.5: Let M be a manifold as in Propositions 6.3 or 6.4 and let p be
a prime. If M is Spin, there is a p-local homotopy equivalence G (M) ~ G, (M)
if and only if there is a p-local homotopy equivalence Gi,(S*) ~ G,(S*). If M is
non-Spin, there is a p-local homotopy equivalence Gy, (M) ~ G;(M) if and only
if there is a p-local homotopy equivalence Gy (CP?) ~ G,(CP?).

A classification of when there is a p-local homotopy equivalence
Gi(SY) =~ Gi(sY)
for any prime p has been determined for G = SU(2) [15], G = SU(3) [§],
G=SU(5) [30], and G=Sp(2) [28]. For example, when G = SU(3) there is a p-
local homotopy equivalence Gy (S*)~G;(S*) if and only if (k,12)=(l,12), where
(a,b) is the greatest common denominator of integers a and b. Partial classifi-
cations have been determined in many other cases [9, 13, 14, 16, 25, 29, 31].
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