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ABSTRACT

For any nullity 2 extended affine Lie algebra £ of maximal type and £ € C,
we prove that there exist a vertex algebra Ve (¢) and an automorphism
group G of Vg ({) equipped with a linear character x, such that the cat-
egory of restricted £-modules of level ¢ is canonically isomorphic to the
category of (G, x)-equivariant ¢-coordinated quasi Vg (£)-modules. More-
over, when ¢ is a nonnegative integer, there is a quotient vertex algebra
Lg(€) of Ve(¢) modulo by a G-stable ideal, and we prove that the inte-
grable restricted £-modules of level £ are exactly the (G, x)-equivariant
¢-coordinated quasi-Lg (£)-modules.

1. Introduction

Extended affine Lie algebra (EALA for short) was introduced by Hoegh-Krohn
and Torresani in [H-KT] with applications to quantum gauge theory, and since
then it has been studied extensively in the literature (see [N] and the refer-
ences therein). An EALA by definition is a complex Lie algebra &, together
with a finite-dimensional ad-diagonalizable subalgebra and a nondegenerate
invariant symmetric bilinear form, satisfying a list of natural axioms. The
isotropic roots (i.e., roots of length 0) in £ generate a free abelian group of
finite rank called the nullity of £. EALAs of nullity 0 and 1 precisely coincide
with the finite-dimensional simple Lie algebras and affine Kac—-Moody algebras
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respectively [ABGP]. Meanwhile, the structure of EALAs with positive nullity
are like affine Kac-Moody algebras in many ways [ABFP, BGK, CNPY]. It
is well-known that affine Kac-Moody algebras through their restricted mod-
ules can be naturally associated with vertex algebras and (twisted) modules
[FZ, FLM, Lil, Li2]. This association plays an important role in both affine
Kac—Moody algebra theory and vertex (operator) algebra theory. It is a natural
question to ask whether EALAs of nullity > 2 can be associated with vertex
algebras in a similar way as the affine Kac-Moody algebras.

The main goal of this paper is to associate the nullity 2 EALAs and their
modules to vertex algebras. We would like to point out that the representa-
tion theory of nullity 2 EALAs is totally different from that for EALAs with
nullity > 3 (see [ESB, CLT2]), and the nullity 2 EALAs arose naturally in the
work of Saito [Sa] and Slodowy [Sl] on simple elliptic singularities and can be
connected with Ringel-Hall algebras [LPe]. The subalgebra of an EALA gen-
erated by its nonisotropic root vectors is called the core of the EALA, and the
core modulo its center is often called the centerless core of the algebra. It is
known that the classification of EALAs can be reduced to the classification of
their centerless cores [N]. And the centerless cores of nullity 2 EALAs were
classified by Allison-Berman-Pianzola in [ABP] (see also [GP]).

In this paper we deal with the nullity 2 EALAs of maximal type in the
sense that their cores are centrally closed [BGK]. The representation theory of
nullity 2 EALAs of maximal type has been extensively studied (see [G1, G2,
G3, GZ, B2, CLT1, CLT2] for example). By applying the theory of equivariant
¢-coordinated quasi modules for vertex algebras developed by Li (see [Li6, Lig]),
we associate all nullity 2 EALAs of maximal type and their restricted modules
to vertex algebras.

Li introduced the notion of (G, x)-equivariant quasi-modules for vertex alge-
bras in [Li3, Li4] to associate certain infinite-dimensional Lie algebras to vertex
algebras, where G is a group and y is a linear character of G. Li [Li6, Li8] also
developed a theory of (G, x)-equivariant ¢-coordinated quasi-modules for non-
local vertex algebras to associate quantum affine algebras with quantum vertex
algebras (see also [JKLiT, CLTW]), where ¢ is an associate of the 1-dimensional
additive formal group F(z,w) = z + w [Li6]. In this paper we assume the asso-
ciate ¢ = ze", which is indeed the associate appearing in the quantum vertex
algebra theory [Li6, Li8|.
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If g is a finite-dimensional simple Lie algebra with a diagram automorphism r,
we denote by E(g, v) the correspondmg affine Kac-Moody algebra (i.e. nulhty 1
EALA), and £(§,7) = [£(3,7), £(d, )] the derived Lie subalgebra of £(g, 7).
We know that the restricted modules for the affine Lie algebra Z(g, v) of level
¢ € C can be associated with the r-twisted modules for the universal affine
vertex algebra Vz )(€ 0) of the untwisted affine Lie algebra E( ) = Z(g,id)
(sce [FZ, Lil, FLM, Li2]). And the integrable restricted modules for £(g, ) of
level £ € N can be associated with the r-twisted modules for the corresponding
simple affine vertex algebras LE(g)(& 0) (see [FZ, Lil, Li2]).

Similar to the association of the affine Lie algebra Z(g, v) and its restricted
modules with the affine vertex algebras and their twisted modules, we can apply
the equivariant ¢-coordinated quasi-modules for the affine vertex algebras to as-
sociate with the restricted modules for the affine Kac—-Moody algebra E(g, ).
For this purpose, we first, by using results from [Z] and [Li5], investigate the
natural connections among equivariant ¢-coordinated quasi-modules, equivari-
ant quasi modules and twisted modules for the general vertex operator alge-
bras (see Proposition 3.4). And then we prove that the category of restricted
(resp. integrable restricted) modules for the affine Kac—Moody algebra E(g, v) of
level / is isomorphic to the category of equivariant ¢-coordinated quasi-modules
for the universal (resp. simple) affine vertex algebra V 26 )(€,0) (resp. Lz, ) (£,0))
(see Theorem 3.11).

Let g be the untwisted affine Kac-Moody algebra E(g, id), and p a nontran-
sitive diagram automorphism of g. We can also define the twisted toroidal
EALA g[u| similar to the construction of twisted affine Kac-Moody algebra.
Allison—Berman—Pianzola proved in [ABP] that a nullity 2 EALA of maximal
type is either isomorphic to a twisted toroidal EALA g[u], or to EALA 5~[N((Cq)
of type An_1 coordinated by an irrational quantum torus C, (see Section 5 for
details). It was discovered by Billig in [B2] that an untwisted toroidal EALA is
in general not a vertex Lie algebra in the sense of [DLM]. Thus one cannot as-
sociate the restricted g[u]-modules, as in the affine Kac-Moody algebra case, to
twisted modules of vertex algebras. It was also pointed out in [Li3] that, since
the generating functions of ;[N((Cq) are not “local” in general, the restricted
modules of EALA sl ~(Cy) cannot be directly associated to twisted modules of
vertex algebras.
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As the main result of this paper, we prove that every nullity 2 EALA of
maximal type can be associated with a vertex algebra through equivariant ¢-
coordinated quasi-modules. More explicitly, for any nontransitive diagram au-
tomorphism g of an untwisted affine Kac-Moody algebra g, we construct a
vertex algebra V5(£,0), a quotient vertex algebra Lg(¢,0) of V5(¢,0), an auto-
morphism group G, of V5(¢,0) and Lg(¢,0), and a linear character x,, of G.
And then we establish a module category isomorphism from the category of
restricted (resp. integrable restricted) glu]-modules of level ¢ to the category
of (G, xw)-equivariant ¢-coordinated quasi-modules for V5(¢, 0) (resp. Lg(¢,0))
(see Theorem 6.8). Meanwhile, for any positive integer N > 2 and generic
complex number ¢, we also construct a universal (resp. simple) affine vertex al-
gebras VE(EKOO)(E,()) (resp.LZ(glm)(E,())) associated to sl,, an automorphism
group G of the affine vertex algebras, and a linear character y, of Gx.
And then we prove that the category of restricted (resp.integrable restricted)
5~[N((Cq)-modules of level ¢ is canonically isomorphic to the category of (G, x4)-
equivariant ¢-coordinated quasi-modules for VE(EKOO)(E,O) (resp. L E(srw)(& 0))
(see Theorem 7.5).

The structure of the paper is given as follows. In Section 2 we recall the
notion of (G, x)-equivariant ¢-coordinated quasi-module for a vertex algebra
introduced in [Li7], and consider the (G, x)-equivariant ¢-coordinated quasi-
modules for the universal enveloping vertex algebra of a conformal algebra. Af-
ter giving natural connections among equivariant ¢-coordinated quasi-modules,
equivariant quasi-modules and twisted modules for vertex operator algebras
and (general) universal affine vertex algebras, in Section 3 we prove the iso-
morphism between the categories of restricted modules for affine Kac—-Moody
algebras and equivariant ¢-coordinated quasi-modules for affine vertex alge-
bras. In Section 4, for any diagram automorphism p of an untwisted affine
Kac—Moody algebra g, we construct an automorphism 7 of the toroidal EALA
g associated to g and study the Lie subalgebra g[u| of g fixed by the automor-
phism . We recall Allison—Berman—Pianzola’s classification result of nullity 2
EALAs of maximal type in Section 5. And then in Section 6, we define two
vertex algebras V5(¢,0) and Lg(¢,0), and associate restricted (resp.integrable
restricted) g[u]-modules of level £ with equivariant ¢-coordinated quasi-modules
for the vertex algebra V5(¢,0) (resp. Lz(¢,0)). Finally, in Section 7, we associate



Vol. 259, 2024 EXTENDED AFFINE LIE ALGEBRAS 351

restricted (resp. integrable restricted) sly (C4)-modules of level ¢ with equivari-
ant ¢-coordinated quasi-modules for universal (resp.simple) affine vertex alge-
bras associated to sl..

In this paper we denote by Z, Z*, N, C and C* respectively the sets of integers,
nonzero integers, nonnegative integers, complex numbers and nonzero complex
numbers. And if g is a Lie algebra, we denote by U(g) the universal enveloping
algebra.

2. Equivariant ¢-coordinated quasi-modules for vertex algebras

In this section we recall the notion and some basics on equivariant ¢-coordinated
quasi-modules for vertex algebras (cf. [Li8, JKLiT, CLTW]).

2.1. DEFINITIONS AND BASIC PROPERTIES. Throughout this paper, let
Z,W, 20, 21, 22, - - . be mutually commuting independent formal variables. We
use the standard notations and conventions as in [FHL, LeLi]. For example, for
a vector space U, U|[z1, 22, . . ., 2r]] is the space of formal (possibly doubly infi-
nite) power series in 21, 29, . . ., 2, with coefficients in U, and U((z1, 22, ..., 2,))
is the space of lower truncated Laurent power series in z1, 2o, . .., 2z, with coef-
ficients in U. Denote a vertex algebra by V = (V,Y, 1) , where 1 is the vacuum

vector and

Y(-,2):V = Hom(V,V((z2))),

v E vz L

neZ
is the vertex operator. And the canonical derivation on V' defined by v — v_21

for v € V is denoted by D.

For a subset I" of C*, denote by Cr|z] the set of all polynomials in C[z] whose
roots are contained in I'. Let ¢ be the formal power series ¢(z2,29) = 22,
which is a particular associate of the one-dimensional additive formal group
F(z,w) = z + w as defined in [Li3]. Now we recall the notions of equivariant
¢-coordinated quasi-modules for a vertex algebra (see [Li8]).

Definition 2.1: Let (V,Y,1) be a vertex algebra, G a group of automorphisms
on V and x : G — C* a linear character of G. A (G, x)-equivariant ¢-
coordinated quasi-V-module (W, YV?;) is a vector space W equipped with a

linear map

Y5 (-, 2) 1 V = Hom(W, W((2))) C (EndW)][[z, 2~ 1]]
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satisfying the following three conditions:
(i) Yip (1,2) = Lw;
(ii) Yvﬁ(gv,z) = Y‘}T}(U,X(g)z) for ge G,veV;
(iii) for u,v € V, there exists f(z) € Cy(g)[z] such that
f(21/22) Yy (u, 21) Vi (v, 22) € Hom(W, W((21, 22))),
f(ezO)YVT;(Y(u, Zo)’U, ZQ) = (f(zl/ZQ)YI?; (’U,, Zl)YIjlb/ (’U, 22))|Z1:¢(Z2,z0)'

Furthermore, a (G, x)-equivariant ¢-coordinated quasi-V-module
(W, YVT}, d) is a (G, x)-equivariant ¢-coordinated quasi-V-module (W, YV?}) equip-
ped with an endomorphism d of W such that [d, YV?} (v,2)] = YV?} (Dv, z) forveV.

Now we fix a vertex algebra V', an automorphism group G of V', and a lin-
ear character x of G. For a (G, x)-equivariant ¢-coordinated quasi-V-module
(W, YV?}) It was proved in [Li6, Lemma 3.7] that
d

(2.1) YVT}(’DU,Z) =z, YV‘?}(U,Z), Vo elV.
z

This immediately gives the following result.

LEMMA 2.2: For a (G, x)-equivariant ¢-coordinated quasi-V-module (W, YVT}, d),

we have

d
d, Yv‘é(v,z)] =z, Yvﬁ(v,z), Vo elV.

z

Furthermore, we have

LEMMA 2.3: Let (W, YV?}) be a (G, x)-equivariant ¢-coordinated quasi-V-module
and d a linear transformation on W. Assume that there is a generating set A
of V such that [d, Yvﬁ(v,z)] = zdiYg}(v,z) for allv € A. Then (W, Yv?;,d) is a
(G, x)-equivariant ¢-coordinated quasi-V-module.

Proof. Set
V' ={veV|[dYwz2)] =Y (D z)}.
For u,v € V', take f(z) € Cy (¢ [2] such that
Fz1/22) Y (u, 21) Yy (v, 22) € Hom(W, W ((z1, 22))).
Then from (2.1) we have
F2(21/22) Yy (Du, 20) Y5 (v, 22), f2(21/22) Vi (u, 21) Yy (Do, 22)
€ Hom(W, W ((z1, 22))),
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which implies that

fQ(GZU)YVT;(Y(D% 20)V, 22) = (fz(zl/zz)yvﬁ(DU, Zl)YJ;(U, Z2))|21:¢(Z27ZQ))
PG (Y (4, 20)Dv, 22) = (12 (21/22) Vi (4 21) Vi (D, 22)) |z, =(22,20)-
Since D is a derivation on V and u,v € V', we have
F2(e*) Y37 (DY (u, 20)v, 22)
:fz(ezo)YV?} (Y (Du, zo)v + Y (u, 20)Dv, 22)
=(£*(21/22) (Yo (Du, 20) Yy (v, 22) + Vi (1, 20) Yy (D, 22))) |2, =22, 20)
=(F2(21/22)([d: Yy (u, 20)]V55 (v, 22) + Vi (1, 20) [, Vi (0, 22)])) |1 = 22.20)

(F2 (21 ) 22) Y (1, 20) Vi (0, 22)) 2y (2,20
, f2(ez°)Y$(Y(u, 20)v, 22)].

d
d

This implies that V' is a subalgebra of V. Since the generating set A lies in V|
we have V/ = V| as required.

The following analogue of Borcherds commutator formula was proved in
[CLTW, Proposition 5.2].

PROPOSITION 2.4: Let (W, YV?;) be a (G, x)-equivariant ¢-coordinated quasi
V-module and v : x(G) — G be a section of x. Then for u,v € V,

Vi (u, 1), Yy (0, 22)]

2022 52 ¥4
= Res;, Z Yﬁ(y(ngo)v,zz)e 022 o2, (X(g)é(x(g) 2))
9P (x(@)) 1

Using the above formula we have:

LEMMA 2.5: Let (W, YV?;) be a (G, x)-equivariant ¢-coordinated quasi V-module,
and u,v € V be such that u,v = 0 for n > 0. Then there exists a polynomial
q(2) € Cy(@)\1y12] such that

(2.2) Q(21/22)Y$(U, Zl)YI/?;(U, 22) = Q(zl/ZQ)YI/CIi(’Uv Zz)Yvﬁ(U, 21).

Furthermore, for any such polynomial q(z) we have

(2.3) Vi (u_1v, 22) = (q(21/22) Vi (u, 21) Yy (v, 22)) |z, =2, -
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Proof. Since u,v = 0 for n > 0, from Proposition 2.4 it follows that there exist
(possibly the same) A1,..., A € x(G) \ {1} such that

(21/22 = A1)+ (1) 22 — M) Vi (u, 21), Vi (v, 22)] = 0.
This proves (2.2) with ¢(z) = (z — A1) -+ (2 — A\;). Then by definition we have
q(e) Yy (Y (u, 20)v, 22) = (a(21/22) Yy (1, 21) Vi (0, 22)) |y 20

Note that Y (u, zg)v € V[[z0]]; one can set zp = 0 in the above equality, which
gives (2.3).

Furthermore, we have the following results (cf. [Lil, Proposition 2.3.6], [Li2,
Proposition 2.10]).

PROPOSITION 2.6: Let uw € V such that u,u = 0 forn > 0, { a positive integer
and (W, YV‘?}) a (G, x)-equivariant ¢-coordinated quasi-V-module. Then there
exists a polynomial q(z) € Cy gy f13[2] such that

@) TT aCeul ) Vi )+ ¥ o) HOm WV (e )
1<i<j<l41
Moreover, if (u_1)**11 = 0, then
CEI (D | Q70 L TUR R AR I
1<i<j<e+1

And on the other hand, if W is faithful and (2.5) holds, then (u_1)*'1 = 0.

Proof. Note that the first part of the proposition follows from (2.2). For the
second part, it suffices to prove the following identity:

Vg ((u_1)11, 2044)

26) S O VR T0) AT R TN E—

1<i<j<t+1

We prove this equation by induction on . When ¢ = 1, the identity (2.6) follows
from (2.3). Now we assume that £ > 1 and set v = (u_1)*1. Then by induction
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and (2.4), we obtain

q(21/2e41) Vi (u, 21) Y (0, 241)

=q(21/2041) Vi (u, 21)

X ( H Q(Zi/zj)) Yvﬁ(uaZQ)' "Yﬁ(uvzf+1)|22:“‘:ze+1

2<i<j<i+1

( H q(zl/ZJ)>Y$(uvzl) "YI/?;(uaZEJrl”Zz:'“:Z@rl

1<i<j<O+1
€ Hom(W, W((z1, 2¢41)))-

Since u,u=0 for n >0, we have u,v=0 for n>0. Then it follows from (2.2) that

Vi ((u—1)41, 2000) = Vi (u_1v, 2041)
= (q(21/2011) Yy (u, 210) Yy (0, 2041)) [ or =20
S G ) QR CT20) R TUR AR T —
1<i<j<t41

which proves (2.6) and hence completes the proof of the proposition.

2.2. (G, x)-EQUIVARIANT ¢-COORDINATED QUASI-V-MODULES. In this sub-
section we first recall the notion of conformal algebra, then study the equi-
variant ¢-coordinated quasi-modules for the universal enveloping vertex algebra
constructed from a conformal algebra [CLT'W].

A conformal algebra, also known as a vertex Lie algebra (see [P, DLM]),
is a vector space C equipped with a linear operator 0 and a linear map

Y~ :C — Hom(C,z 'C[z™1]),
(2.7) ur— Y (u,z2) = Z Upz "t

n>0
such that for any u,v € C,
(2.8) [0,Y (u,2)] =Y (Qu,2) = dd Y~ (u,z2),
2
Y~ (u, 2)v = Sing(e*?Y ~ (v, —2)u),
Y~ (u,2), Y (v,w)] = Sing(Y (Y™ (u, z — w)v,w)),

where Sing stands for the singular part.
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It was proved in [P, Remark 4.2] that a conformal algebra structure on a
vector space C amounts to a Lie algebra structure on the following quotient
space of C[t,t7] ® C:

C=Clt,t™ Y ®C/(1 ® 0+ jt ® 1)(C[t,t‘1] ®0).

LEMMA 2.7: Let C be a vector space equipped with a linear operator d and a
linear map Y~ as given in (2.7) such that (2.8) holds. Then C is a conformal
algebra if and only if there is a Lie algebra structure on C such that

29) o), o] = 3= (7)o -+ ),

i>0
for u,v € C, m,n € Z, where u(m) stands for the image of t™ ® u in C.

Let C be a conformal algebra. Set

~

C™ = Span{u(-m —1) |u e C,m e N},

(2.10) -
Ct = Span{u(m) | u € C,m € N}.

Then C = C* @ C~ and both C* and C~ are subalgebras of the Lie algebra C.
Moreover, the map

(2.11) C—C, uwu(-1)

is an isomorphism of vector spaces [P, Theorem 4.6]. Consider the induced
C-module

where C is the one-dimensional trivial C*t-module. Set 1 = 1®1 € V. Identify C
as a subspace of V¢ through the linear map u — u(—1)1. It was proved in [P]
that there exists a unique vertex algebra structure on V¢, called the universal
enveloping vertex algebra of C, with 1 as the vacuum vector and

Y(u,z) =u(z) = Z u(n)z~ "1
nez
for u € C. The map —, ® 1 (or equivalently, 1 ® 0) on C[t,t~!] ® C induces a
derivation D on C such that

(2.12) D(u(m)) = —mu(m —1), YueC,mecZ.
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Note that D preserves the subalgebra C—. Thus it can be uniquely extended to
a derivation on U (CA*) 2 V¢, which coincides with the canonical derivation on
the vertex algebra V.

Recall that an automorphism ¢ of the conformal algebra C is a linear auto-
morphism such that pod = dop and p(u;v) = p(u);p(v) for u,v € Cand i € N
(see [K2]). We have

LEMMA 2.8: Let ¢ be a linear map of the conformal algebra C such that
wod = 0oy. Then the linear map

~

@5%(3
u(m) —

on the Lie algebra C is well-defined. Furthermore, ¢ is an automorphism of the

(2.13)
o) (m) (u€C,me L)

conformal algebra C if and only if ¢ is an automorphism of the Lie algebra C.

Proof. The first assertion of the lemma is easy to see. For the second part,
let u,v € C and m,n € Z. Then by (2.9) we have

(), o) = 3 ("7 )o((wse)m+ 0 i)

i>0

(2.14) §O< ) s
and
(2.15) $(u(m)), p(v(n)t = [p(u)(m), p(v)(n)]

= ;J (7?) ((pu)i(pv))(m +n —i).

This immediately implies that if ¢ is an automorphism of C, then ¢ is a Lie
algebra automorphism of C. On the other hand, let ¢ be a Lie algebra au-
tomorphism of C. Assume that ¢ is not an automorphism of C. Then there
exist u,v € C such that ¢(u;v) # (pu);(pv) for some i € N. Let ig be the
maximal one among such integers. Take m,n € Z such that m +n =iy — 1.
Then we have

io—1

3 (Metwariom i, T () temtoonm +n i <€,

‘ 2 ‘
1=0 =0
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and

> (T) pluiv)(m+n—1i), Y <”Z) ((pu)i(pv))(m +n—i) € C™.

>0 12170

Recall that CT NC~ = {0} and ¢ is a Lie algebra automorphism. Then by
(2.14), (2.15) and the maximality of 9 we obtain that

p(uigv)(=1) = ((pu)is (pv))(=1).

This together with (2.11) gives p(u;,v) = (¢u);, (¢v), a contradiction. There-
fore we have finished the proof of the lemma.

We define a multiplication on the loop space C[t,t~!] @ C by

= (5 (15) 10)att) @ (i)
i>0

(f(t),g(t) € C[t,t™], u,v € C).

(2.16)

By [K2, Remark 2.7d] this multiplication affords a Lie algebra structure on the
quotient space

C=(Clt,t™] ®C)/Im(1 ® 0+ tjt ® 1).

Denote by d the derivation on C induced from —t 4% ® 1 € End(C[t,t~!] ® C).
Form the semi-direct product Lie algebra

C=CxCd.

For u € C and m € Z, denote by u[m] the image of ™ ® v in C. Then the Lie
relations on C are given by
m
(2.17) [um], v[n]] =) g @iv)lm+nl, [d,ufm]] = —mulm]
i>0
for u,v € C, m,n € Z. The following notion was first introduced in [G-KK] (see
also [Li3]).

Definition 2.9: A G-conformal algebra is a conformal algebra C together with
an automorphism group G of C such that for u € C, Y~ (gu, z) = 0 for all but
finitely many g € G.
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Let C be a G-conformal algebra and x : G — C* be a linear character. For
any g € G, it is easy to check that (cf. [CLTW, Lemma 5.8]) the linear map

g:C—C, ulm]— x(9)"(gu)[m]

defines an automorphism of the Lie algebra C. Furthermore, g can be extended
to be an automorphism g of C by

(2.18) gle =9 and g(d)=d.
Following [Li6, Section 4], we define a new operation on C by
(a,b) — Z[ga,b] (a,b €C).
geG

It was proved therein that the quotient space
(2.19) C|G] = C/Span{ga —a |a € C,g € G}

is a Lie algebra under the operation. For u € C and n € Z, we denote by u[n] the
image of u[n] under the quotient map C — C[G]. Since god =d o g for g € G,
d descends to a derivation on C[G] and hence we have the semi-direct product
Lie algebra

(2.20) C[G] = C[G] x Cd.

For u € C, we form the generating function wu[z] = > ., u[n]z™", and we

say that a module W for C[G] or C[G] is restricted if u[z] € Hom(W, W ((z)))
for u € C. Tt is known from [P] that an automorphism of C can be lifted uniquely
to an automorphism of V¢. In particular, the automorphism group G of C can

be viewed as an automorphism group of V. Now we have the following result.

ProOPOSITION 2.10: Let C be a G-conformal algebra and x : G — C* be an
injective linear character. Then the (G, x)-equivariant ¢-coordinated quasi V-
modules (W, YVT}, d) are exactly the restricted C|G]-modules W with

d=d and Yﬁ}(u,z):u[z] for u € C.

Proof. Tt was proved in [CLTW, Theorem 5.12] that the (G, x)-equivariant ¢-co-
ordinated quasi-Ve-modules (W, YV?;) are exactly the restricted C[G]-modules W
with Yvﬁ(u, z) = u[z] for u € C. Note that for u € C, we have

[d,ulz]] = Z[d,u[n]]zifl = Z —nuln]z™" =z d ulz].

nez nez

This together with Lemma 2.2 and Lemma 2.3 proves the proposition.
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Remark 2.11: Assume that G = (g) is a cyclic group of finite order T, and the
linear character x is injective. Then it is straightforward to see that C[G] is
isomorphic to the subalgebra of C fixed by g. And the isomorphism is given by

for u € C and n € Z. Furthermore, this isomorphism can be extended to an
isomorphism from C[G] to the subalgebra of C fixed by g such that d — d.

3. Equivariant ¢-coordinated quasi-modules for affine vertex algebras

In this section, we study the connection between equivariant ¢-coordinated
quasi-modules for universal (resp.simple) affine vertex algebras and restricted
(resp. integrable restricted) modules for affine Kac-Moody algebras.

3.1. EQUIVALENCE OF MODULE CATEGORIES FOR VERTEX OPERATOR
ALGEBRAS. We first study connections among equivariant ¢-coordinated quasi-
modules, equivariant quasi-modules and twisted modules for vertex operator
algebras (see [FLM, FHL]). Recall that for any finite order automorphism o of
a vertex algebra V, there is a (weak) o-twisted V-module (W,Y}},), where W
is a vector space and

Yy, € Hom(W, W((z"/")))
with IV the order of o (cf. [Li2, FLM]). We also recall that a Z-graded vertex

algebra is a vertex algebra V' equipped with a Z-grading V = €
that

ne’ ‘/(n) such

1 € Vo)
and
(3.1) UmVin) € Vingk—m—1) for u € Vigy, m,n, k € Z.

Define the linear operator L(0) on a Z-graded vertex algebra V by L(0)v = nv
for v € Viy,y with n € Z. Then we have the following definition (cf. [Li3, Li4]):



Vol. 259, 2024 EXTENDED AFFINE LIE ALGEBRAS 361

Definition 3.1: Let (V,Y,1) be a Z-graded vertex algebra, G an automorphism
group of V preserving the Z-grading of V' and x : G — C* a linear character. A
(G, x)-equivariant quasi-V-module (W, Yy ) is a vector space W equipped
with a linear map Y (-,z) : V. — Hom(W,W((z))) satisfying the following
conditions:

(i) Yw(1,2) = 1y

(ii) Yw (x(g)"*@gv, 2) = Yy (v, x(g)2) for g € G,v € V;

(iii) for u,v € V, there exists f(z) € Cy(g)[z] such that

f(z1/z2)Yw (u, 20)Yw (v, 22) € Hom(W, W((z1, 22))),
f((z2 + 20)/22)Yw (Y (u, 20)v, 22) = (f(21/22)Yw (u, 21)Yw (v, 22)) [z =204 20-
Remark 3.2: If the automorphism group G = {1} is the trivial group in the
definition, one has the usual module for vertex algebra. And if replacing the

associate ¢ = zo+ 2o in (iil) by ¢ = 29¢*°, one gets the notion of a ¢-coordinated
V-module defined in Definition 2.1.

IfV =(V,Y(:2),1) is a Z-graded vertex algebra, we define a linear map

Y[, 2]: V — End(V)][[z, 27 Y]],

v Y(eE Oy e —1).

Then (V, Y[, 2], 1) also carries a vertex algebra structure [Z, Li7]. Note that if G
is an automorphism group of the vertex algebra V preserving the Z-grading of V,
then it is also an automorphism group of (V,Y[-,v],1). The following result is
a generalization of [Li7, Proposition 5.8].

PROPOSITION 3.3: Let V = (VY (-, 2),1) be a Z-graded vertex algebra, G an
automorphism group of V' preserving the Z-grading of V and x a linear char-
acter of G. Then the (G, x)-equivariant quasi-V-modules (W, Yy ) are exactly
the (G, x)-equivariant ¢-coordinated quasi-modules (W, YV?}) for the vertex al-
gebra (V, Y[, z],1) with

Y‘g}(v,z) =Yw(z¥Ouv,2), VYoeV.

Proof. Assume first that (W, Yy ) is a (G, x)-equivariant quasi-V-module. Then
for v € V and g € G we have

Y5 (v, x(9)2) = Y (x(9)2)" V0, x(9)2) = Yiw (z"Vgv, 2) = Vi (gv, 2).
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This together with [Li7, Proposition 5.8] shows that (W, YV?}) is a (G, x)-equi-
variant ¢-coordinated quasi module for (VY[ z],1). Conversely, let (W, Y;})
be a (G, x)-equivariant ¢-coordinated quasi-module for (VY[ z],1). Then we
have Y (v, z) € Hom(W, W ((z))) for v € V,

Yir(1,2) = Vi (27201, 2) = V{5 (1,2) = 1wy
and
Yiv (x(9) " g, 2) = V17 ((x(9)2) " * O gv, 2)
=Y (x(9)2)"“ v, x(9)2) = Yiw (v, x(9)2),

forv € Vand g € G. For u,v € V, let f(z) be a nonzero polynomial in C, ¢ [2]
such that Definition 2.1 (iii) holds. Then we have

f(z1/22)Yw (u, 21) Y (v, 22)
= f(e1/22) Vi (21 "V, 20) Y (25 7O, 20) € Hom(W, W((21, 22))).
Furthermore, we have
Flz1/22) Y5 (22 + w0) #Ou, 21) Vi (25 7@, 22) € Hom (W, W((21, 22))[[wo]])
and
Flar/22) Vi (22 + wo) 72w, 20) V30 (2 7P, 2) 2y e
= f(e*)Y5 (Y[(22 + wo) FOu, zo]z;L(O)v, 29).

By applying the substitution zo = log(1 + wp/22) in the previous equation, we
obtain from the left-hand side

_ —L(0
(f(21/22) Vi (22 4 w0) " @, 20) Y5 (25 50, 20) |21 22060 ) 2o mtog (11w /22)
=f(z1/2) Vi (21 “Ou, 20) Y8 (25 YO0, 20) 2y s
=f(z1/22)Yw (u, 21)Yw (v, 22)| 2y =20 +wo s

while by using the fact that zﬁ(O)Y(u,zo)z;L(O) = Y(Z2L(O)u,z0z) (cf. [FHL)),
we obtain from the right-hand side

(F(e) Y5 (Y [(z2 + wo) O, z0]25 XV, 20))] 2y —tog(1-4w0/22)
=(F(e*)Yiw (25" VY (€207 (zg ) T u, e20-1) 25 "V, 29)) . Ctog(1-4w022)
=(f(e*)Yw (Y(ZQL(O)eZOL(O)(ZQ +wo) " Ou, (€70 —1)z9)v, 22))| z0=log(14wo / 22)
=f(z2 +wo/2z2) Y (Y (u, wo)v, 22).

This proves the proposition.
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Let V be a vertex operator algebra with the Virasoro element w. We say v € V'
is a primary vector if L(n)v =0 for all n > 1, where
Y(w,z) = Z L(n)z~ "2
neZ
PROPOSITION 3.4: Assume that V is a vertex operator algebra, G is a group

of automorphisms of V' and x a linear character of G. Then the following two
categories are isomorphic:

(i) the category of (G, x)-equivariant ¢-coordinated quasi-V-modules
(W, Y30);

(ii) the category of (G, x)-equivariant quasi-V-modules (W, Yw ).
Moreover, if G = (o) is a cyclic group of finite order N, and x(c) = e~ 2"%71,
then these two categories are also isomorphic to the following category

(iii) the category of (weak) o-twisted V-modules (W, Y}},).

And furthermore, if v € V is a primary vector, then we have the following
identities:

(3.2) YI?}(Z_L(O)U, z) = Yiw (v, 2) = Vi (N2VNHEOy 2N,

Proof. Let (V,Y(+,2),1,w) be a vertex operator algebra of central charge /.
Set 0 =w — 2‘}41. It was proved in [Z] that (V, Y, z], 1,&) carries a vertex op-
erator algebra structure. And, an explicit isomorphism f from (VY (-, 2),1,w)
to V(V, Y[, 2], 1,0) was constructed therein. This together with Proposition 3.3
implies that the (G, x)-equivariant ¢-coordinated quasi-V-modules (W, YV?}) are
exactly the (G, x)-equivariant quasi-V-modules (W, Yy, ) with
Y‘?}(U,z) =Y (zEOf (@), 2), forveV.
In particular, if v is a primary vector, then from [Z] we have f(v) = v and hence
Yvﬁ(z*L(O)v, z) = Yw(v, 2).

Finally, if G = (o) is a finite cyclic group of order N and x(o) = e~ 2"%71,
then it was proved in [Li5] that the (G, x)-equivariant quasi-V-modules (W, Yy)
are exactly the (weak) o-twisted V-modules (W, Y},) with

Yw (v, 2) = Y (®(2)v, 2Y), forv eV,

where ®(z) is an operator in Hom(V, V((2))) such that ®(z)v = (NzN~-1)L0O)y
whenever v is primary. This completes the proof of the proposition.
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3.2. EQUIVALENCE OF MODULE CATEGORIES FOR UNIVERSAL AFFINE VER-
TEX ALGEBRAS. In this subsection, we study the equivalence of certain module
categories for universal affine vertex algebras. Let b be a (possibly infinite-
dimensional) Lie algebra equipped with a nondegenerate invariant symmetric
bilinear form (-,-). Then we have the affine Lie algebra

L(b) = (C[t,t ] ®b) & Ck & Cd,
where k is a central element and
(3.3) [t" ®a,t" @b = t"T" @ [a,b] + (a,b)0minok, [t @a]=mt" @ a,

for m,n € Z and a,b € b. Equip Z(b) with a Z-grading structure with respect
to the adjoint action of —d, and form the following Z-graded Lie subalgebra
of L(b):

L(b) = (C[t,t '] ® b) ® Ck.
Let ¢ be a fixed complex number. View C as a (C[t]®b®Ck)-module with C[t]®b
acting trivially and k acting as scalar £. Then we have the induced £(b)-module

(34) V(o) (6,0) =U(L(b)) Su(cryzveck) C,

which is naturally N-graded by defining degC =0. Set 1 =1® 1 € L(b)(f 0)

and identify b as the degree-one subspace of VE(b)(f, 0) through the linear map
ar (tt®a)le Vi (4, 0),

for a € b. It is known (cf. [FZ, Lil]) that there exists a vertex algebra structure
on V‘C(b)(ﬂ,O)7 which is uniquely determined by the condition that 1 is the

vacuum vector and
Y(a,z) =a(z) = Z (t" ®a)z"™!,
meZ

for a € b. The vertex algebra ﬁ(b)(ﬁ 0) is often called the universal affine
vertex algebra associated to b. Denote by J3 ﬁ(b)(ﬁ, 0) the unique maximal

graded £(b)-submodule of Vz(ey(£,0). Then Ji(0) (4, 0) is an ideal of the vertex
algebra L(b)(f 0). Define

Lz (6)(£:0) = V4 (€:0)/ T 4, (£, 0),

which is a simple Z-graded vertex algebra.
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Assume that G is an automorphism group of b preserving the bilinear form.
It is easy to see that G can be uniquely lifted to an automorphism group
of Vz(b)(ﬁ, 0) that preserves the Z-grading. Moreover, as Jz(b)(ﬁ, 0) is G-stable,
G also induces an automorphism group of L Z(b)(ﬁ,()). Assume further that
for a,b € b,

(3.5) [ga,b] =0, (ga,b) =0

for all but finitely many g € G. For any linear character x : G — C*, we define
a quotient space

(3.6) L(b,G) = L(b)/Span{x(¢9)™(t" ® ga) —t™ @ a | g € G,m € Z,a € b}.

It was proved in [Li4] that £(b,G) carries a Lie algebra structure with Lie
bracket given by

[t @ a,tm 0] = > x(9)™ (" @ [ga, b] + Oy 0{ga, b)E)
geG

for a,b € b and m,n € Z, where t"™ ® a and k stand for the images of " ® a
and k in £(b, G) respectively.
We say that an £(b, G)-module W is restricted if for any a € b and w € W,

t"®a-w=0

for n sufficiently large, and is of level ¢ if k acts as the scalar £. From [CLTW,
Proposition 6.4] we have the following result.

ProPOSITION 3.5: Let G, x be as above. The following categories are isomor-
phic to each other:
(i) the category of (G, x)-equivariant ¢-coordinated quasi-VE(b)(E, 0)-mod-
ules (W, YVT});

(ii) the category of (G, x)-equivariant quasi-Vz (¢, 0)-modules (W, Yw);

(iii) the category of restricted L(b, G)-modules W of level (.
And, the isomorphisms are determined by

Y;&(a, 2) =2Ywl(a, z) = Z(t" ®a)z" ",
nez

for a € b.
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We assume now that o is an automorphism of b with finite order N and
. e /-
preserving the bilinear form, and set wy = e Fora € bandm e Z,

set a(y,) = ZN o wnT?

with eigenvalue w%}). Then we have the following Lie subalgebras of L(b), called
o-twisted affine Lie algebras (cf. [K1]):

oP(a) and b,y = {agm) | a € b} (the o-eigenspace of b

L(b,0) (Z(Ctm@)b(m)@((?k@((?d

meZ

L(b,0) (Z(Ctm@b(m)@(Ck

meZ

Let xw, be the linear character of the cyclic group (o) such that x,, (o) = w;,l.

We take G = (o) and x = Xwy in (3.6). Then it is easy to check that the linear
map given by

(3.7) t"@a—t" @am), kw— Nk, foraecbmel,

is a Lie algebra isomorphism from £(b, () to L(b, o).

Definition 3.6: Let W be a module of £(b,0) or L(b,0). We say that W is
restricted if for any a € b and w € W,

(t" ®@ag,)) -w=0
for n sufficiently large, and is of level ¢ if k acts as scalar £/N.

From Proposition 3.5 and the isomorphism (3.7), one immediately obtains
the following result.
PROPOSITION 3.7: The following categories are isomorphic to each other:
(i) the category of ((¢), Xwy )-equivariant ¢-coordinated quasi-Vz (¢, 0)-
modules (W, YVT});
(i) the category of (o), Xwy )-equivariant quasj—VE(b)(E, 0)-modules (W, Yw );
(iii) the category of restricted L(b,o)-modules W of level (.
And, the isomorphisms are determined by
Y‘?}(a, z) = 2Yw(a,z) = alz] := Z(t" ® amy)z ",
nez

for a € b.
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Furthermore, by Proposition 3.7, Lemma 2.2, Lemma 2.3 and the fact
that [d,a[z]] = —z & a[z] for a € b, we have

PROPOSITION 3.8: For any complex number ¢, the restricted Z(b, o)-modules W
of level £ are exactly the ((¢), xwy )-€quivariant ¢-coordinated quasi-Vz (¢,0)-

modules (W, Yy}, d) with
d=—d, alz]= Yvﬁ(a,z),

for a € b.

Remark 3.9: We also have the following variant of the twisted affine Lie alge-
bra L(b, o) (cf. [FLM]):

Llb, o] = ( 3 Ctm@)b(Nm)) ® Ck,

mEJ{,Z

where the Lie bracket is given by (3.3) with m,n € \Z. Note that E(b, o) is
isomorphic to Z[b, o] with the mapping

3.8 " @ apm — N @ apmy, Nk k,
(m) (m)

fora € b,m € Z.1t is well-known that the o-twisted Vz ) (¢, 0)-modules (W, YY)
are exactly the restricted £[b, o]-modules W of level £ with

Vi (a,2) = (tN ® a%))z_?’z_l
meEZ

for a € b (cf. [Li2]).

Remark 3.10: One can also define the notion of a o-twisted VZ(b)(E, 0)-module
(W, Y}, d) such that [d,Y}, (v, 2)] = Y{{, (Do, z) for v € V() (€, 0) (see [Li2] for
example). Then such o-twisted VE(b)(f, 0)-modules are precisely the restricted
modules of level ¢ for the algebra

L[b, 0] x C(c;lt ® 1),

as [d, Vi, (v,2)] = LY} (v,2) for v € V(o) (£,0) (cf. [Li2]). And a similar result
also holds for the equivariant quasi—VZ(b)(E, 0)-modules (cf. [Li3]).
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3.3. ASSOCIATING AFFINE KAC-MOODY ALGEBRAS WITH VERTEX ALGEBRAS.
In this subsection, we associate the nullity 1 EALAs (i.e., affine Kac-Moody al-
gebras with derivations) to vertex algebras via equivariant ¢-coordinated quasi-
modules. As a by-product, we obtain a characterization of integrable restricted
modules for affine Kac-Moody algebras, which will be used later to associate
the nullity 2 EALAs with vertex algebras.

Let g be a finite-dimensional simple Lie algebra over the complex field, ha
Cartan subalgebra of g, and A the root system of g with respect to h. Let (-,-) be
the nondegenerate invariant symmetric bilinear form on g which is normalized
so that the square length of long roots is equal to 2. For & € A, choose nonzero
root vectors x4 € g4 such that {z4, 4", v_4} form an sly-triple, where &¥ € b
denotes the coroot of a.

Fix a simple root system II = {cy,...,d} of A, where [ = dimb is the
rank of g. Let » be a diagram automorphism of § of order N (N = 1,2 or 3).
By definition, there exists a permutation  on the set I= {1,2,...,1} such
that v(7+4;) = T4, for i € I. Then the Lie algebra £(g, ) as defined in
Section 3.2 is a Kac—Moody algebra of affine type, and any affine Kac—-Moody
algebra has such a form [K1]. We say that an £(§,7)-module (or an £(g,1)-
module) is integrable if all real root vectors t™ @ x4y, for & € A,m € Z act
locally nilpotent on it [K1]. Now we give the main result of this section.

THEOREM 3.11: Let ¢ be any complex number. For any restricted Z(g,z))-
module W of level ¢, there is a ({I'), xwy )-equivariant ¢-coordinated quasi-
Vz(g)(f, 0)-module structure (YV‘?}, d) on W, which is uniquely determined by

d=—d, Yg}(a, 2) = alz] ( = Z(tm ® a(m))zm),
nez
for a € §. On the other hand, for any ((I'), Xwy )-equivariant ¢-coordinated
quasi—VE(g)(f, 0)-module (W, Yg}, d), W is a restricted Z(g, v)-module of level ¢
with action given by

d=—d

alz] = Yy (a, 2),

for a € g. Furthermore, when { is a nonnegative integer, the integrable re-
stricted L(g,)-modules of level ¢ exactly correspond to the ((I), Xwy )-equi-
variant ¢-coordinated quasi-L bt g)(ﬁ, 0)-modules.
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Proof. The one-to-one correspondence between the category of restricted
L(g, 7)-modules of level £ and the category of ((), xwy )-equivariant ¢-coordi-
nated quasi—VE( g)(ﬁ, 0)-modules follows from Proposition 3.8.

For the last assertion of the theorem, we note that L & g)(ﬁ, 0) is a ratio-
nal vertex operator algebra, and each a € g is a primary vector of weight 1
in Lz, (¢,0). Thus, by Proposition 3.4, it is easy to see that the ({2, Xwn )-
equivariant ¢-coordinated quasi-L ~ ot g)(ﬁ, 0)-modules (W, YV?}) are exactly the v-
twisted Lz (¢,0)-modules (W, Yy,) with

Yﬁé(a, 2) = N2V (a, 2),

for a € §. Recall the algebra L[, 7] defined in Remark 3.9. It is known (cf. [Li2])
that the integrable restricted £[g, 7]-modules of level £ are exactly the v-twisted
(g)(ﬁ 0)-modules with
Y (a, 2) = ZEZ (tva ® ax;l)),z*?*l’

for a € g. Via the isomorphism (3.8), we obtain that the integrable restricted
L(d, )-modules of level ¢ are exactly the ((i7), Y, )-equivariant ¢-coordinated
quasi- L(g)(f 0)-modules (W, Y¢) with

Yvﬁ(a,z) = N2VV(a,2) = Z (t" ® amy)z " = Z ® agmy)z” ™ = alz],
meZ meZ

for a € g. Thus, the last assertion of the theorem follows from this and Lem-
mas 2.2, 2.3.

We write A = Al U Ag, where
Ay ={aeA|(q,p(d)=-1} and A;=A\A,.

For each & € A, we set €5 = (o'f(i) (= 1,2 0r 3), and ps(z) = 11*72; if @ € A,
for s =1,2.

Note that if & € Ay (resp. A;), then the Dynkin diagram associated to the -
orbit {¢P(&) | p = 0,...,N — 1} of & is of type Ay (resp. a direct sum of
type A1). Using this, one can check that

(3.9) pa(z/w) - [az], zalw]] =0,

for & € A. As a by-product of Theorem 3.11, we obtain a characterization of
the integrable restricted L£(g,)-modules.
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PROPOSITION 3.12: Let W be a restricted E(g, v)-module of level . Then W
is integrable if and only if £ is a nonnegative integer, and for each ¢ € A,

310) (I paleszp)oslaoslial - saleesenllamsan s e =0

1<i<j<eql+1
on W.
Proof. Note that if W is integrable, then ¢ is a nonnegative integer and the
ideal Jz(b)(ﬁ, 0) is genfrated by the elements ((z4)_1)**'1 for & € A [K1].
Let W be a restricted £(g, 7)-module of level ¢, and hence by Theorem 3.11 there
o (6,0)-module (W, Y7, d).
Furthermore, if W is also integrable, then (W, Yvﬁ,d) becomes a ({I'), Xwy )-

is a ((P), Xwy )-equivariant ¢-coordinated quasi—VZ(

equivariant ¢-coordinated quasi-L E(g)(ev 0)-module. This then implies that
((@s)-2) 11 =0

on W. Note that (24)n(7s) = 0forn > 0in V
and (3.9), we see that (3.10) holds.
Conversely, if (3.10) holds, again by Proposition 2.6 and (3.9), we see
that ((x4)_1)%T11 = 0 on W, where W is now viewed as a faithful ({(), Xw, )-
equivariant ¢-coordinated quasi-module for VZ(Q)(E, 0)/ kerYV?}. This implies
that Jz ) (¢,0) Cker Y,%,, and hence (W, Y2, d) becomes a ((), Xy )-equivariant
¢-coordinated quasi-L 2@ (¢,0)-module. Finally, the integrability of W follows

@) (£,0). Thus by Proposition 2.6

from Theorem 3.11.

Remark 3.13: When v = id, the identity (3.10) is known as the Lepowsky—Primc
integrability relations [LePr].

4. Twisted toroidal extended affine Lie algebras

In this section, we recall the construction of the nullity 2 twisted toroidal ex-
tended affine Lie algebras arising from diagram automorphisms of affine Kac—
Moody algebras.
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4.1. ToroDAL EALA g. We first recall the definition of nullity 2 toroidal ex-
tended affine Lie algebras in this subsection [BGK, B2]. Let R=Clto, ;" t1,t; ']
be a Laurent polynomial ring in commuting variables ¢ty and ¢;. Denote by

Q) = Rdty © Rdty
the space of Kahler differentials on R. Define the 1-forms
ko =ty 'dty, ki = t; 'dt.
Then {ko,k;} forms a R-basis of k. Let

a(R) = {dr = gt{)dtw gtfldtl |feR}
be the space of exact 1-forms in Qk, and set
K =Qg/d(R),
and
n}” tyot ko if my # 0,
(4.1) Kimg,my = § =2 0%k if mo # 0,my =0,

0 if mg#0,m; =0,
for mg, m; € Z. Then the set
(4.2) B = {ko,k1} U {kmg,m, | (mo,my) € Z*\ {(0,0)}}
forms a basis of K. The set Bx can also be expressed as follows:
(4.3) Bi = {ko} U{t{" k1, Kpy,m, | mo € Z,m1 € Z*},

which will be used later on. Recall that g is a finite-dimensional simple Lie
algebra and (-, -) is the normalized bilinear form on §. Let
tg) =(Rog ek
be a central extension of the double-loop algebra R @ g by K with Lie product
ot @, (0 @y
(44) = O [, y] + () S matet g,
i=0,1
for 2,y € g and mg,m1,no,n1 € Z. It is proved in [MRY] that the Lie alge-

bra t(g) is the universal central extension of R ® g, and it is often called the
nullity 2 toroidal Lie algebra.
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Let

0 0

D -
er(R) R@to ® Rau

be the space of derivations of R. Set
0 0

do =t dy =t .

0 0 atoa 1 1 atl

Then {dg, d; } form a R-basis of Der(R), and the derivation Lie algebra Der(R)
also acts on R ® § with

V(fez)=9(f) @,

for i) € Der(R), f € R,x € §g. One notes that the Der(R)-action on R®g can be
uniquely extended to an action on the center K of the toroidal Lie algebra t(g)
with

¢(fdg) =¥ (f)dg + fdi(g),
for 1) € Der(R),g € R. Now, we form the semi-direct product Lie algebra
T(g) =t(g) xDer(R) =R ® ¢ K @ Der(R),
which is often called the full toroidal Lie algebra [B1]. Note that in 7(g) we
have
(4.5) [ty di, tgoth @ ] =n,(tgo O M @ 1),
(4.6) ot i, £ k] =matg 0T Mk 46,5 m g Tt
r=0,1

(47) [tglo t71n1 di, tgo t7111 dJ] :nitglo-i-no t71n1 +n1 dj _ mjtglo-i-no t71n1 +na di;
for x € g, mg,ng,m1,n1 €Z, and i,j € {0,1}.

We define a Lie subalgebra S of Der(R) as follows:

S = {fodo + fid1 € Der(R) | fo, f1 € R,do(fo) +di(f1) = 0}.

The elements in S are often called skew derivations over R (cf. [BGK, NJ),
and also known as divergence-zero derivations (cf. [B2]). It is easy to see
that, for mg, m; € 7Z,

amo,ml = motgnoﬁTldl — mltBnOtTldo
are elements of S, and the set

Bs = {do,d1} U {dmo,m, | (mo.m1) € Z x Z\ {(0,0)}}
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forms a C-basis of S. Note that Hm,o = mtj'd; for m € Z, we can rewrite Bg
as follows:

(48) Bs = {do} U {tgmdl, dmo,ml | mo € Z,mq € Z*},

and the Lie product relations are given as follows

(49) [dla dm07m1] = midmo,mlv [dmo,m1 > dno,nl] = (monl* mlno)dm0+n07m1+n17

for 7 € {0,1}, and mg, my,ng,n1 € Z.
Form the following subalgebra of 7 (g):

(4.10) =t xS=RR§esLssSs,

which is often called the nullity 2 toroidal extended affine Lie algebra
[BGK, B2].
From (4.5) and (4.6), one has the following Lie product relations in g:

(4.11) [ my s E1OE7 ® 2] = (momy — myng oM+ @
(4.12) [dingmss Knoina ] = (Mom1 = M110)Kimg g my 41
+ Omo+no,00mi+ny1,0(Moko + miko),
for mg,ng,m1,n1 € Z, and x € g. And the Lie subalgebra
g:=(C[t1,t;'] ® §) ® Cky @ Cd,

of g is isomorphic to the affine Kac-Moody algebra Z(g) We extend the nor-
malized bilinear form (-, -) of § to a nondegenerate invariant symmetric bilinear
form on g by defining

(7" @z + aky + bdy, 7 @y + a'ky +0'dy) = Smnolz,y) + ab’ +bad’,

where m,n € Z, x,y € g, and a,b,a’, b’ € C. It is easy to see from (4.3) and (4.8)
that the Lie algebra g is linearly spanned by the set

(4.13) {td"u, K, Eim,n, do, ko |u€eg, meZ neZ},
with a nondegenerate and invariant symmetric bilinear form (-, -) defined by
(414)  {t§atg™y) = (ey), (Ko,do) = (dmn Ko n) = 1,

forz,y € g, m € Z, n € Z*, and a self-centralizing ad-diagonalizable subalgebra

h =5 Cko @ Ck, ®Cdy® Cd,.
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4.2. DIAGRAM AUTOMORPHISMS OF AFFINE KAC-MOODY ALGEBRAS. For any

diagram automorphism p of the affine Kac-Moody algebra g, we define an

automorphism [ for the full toroidal Lie algebra 7(g), which will be used to

construct twisted toroidal extended affine Lie algebras in the next subsection.
Denote by

h=haCk ®Cdy

the Cartan subalgebra of the affine Kac-Moody algebra g, and h* the dual space
of h. We identify h* as a subspace of h* such that a(ky) =da(dy) =0fora e b,
and define the null root 6; € h* by setting

(h)=0ky) =0, 6(d)=1.
Then we have the root space decomposition g = b @ > . A ga, Where
A= {&+mb,né | & €A meZnecZ.

Denote by AX = {& +md; | & € A,m € Z} the set of real roots in A. Recall
that for each & € A and oo = & +méd; € A%, there are sly-triples {zs,0", 24}
in g, and {z,,a",z_,} in g, where

2
oV =av + m ki o =17"® T4 € ga-
{é, @)
Let 6 be the highest root in A with respect to the simple root system
I={c1,...,d;} of A. Then II = {ay, ..., o} forms a simple root system of A
with ag = 61 — 0 and o; = ¢; for 1 < i < 1. Denote by

(o, aj)
A= (aiger = (2 (v, ;) )i,je]
the generalized Cartan matrix of the affine Kac—Moody algebra g, where
I={0,1,...,1}. Let p be an automorphism of the generalized Cartan matrix A,
which by definition is a permutation of I such that a;; = a,;)u() for i,7 € I.
It is known (cf. [KW], [FSS]) that there is a unique automorphism of g, still
denoted by u, such that

(4'15) M(wiai) = Ttay, i) <:U’($)a :U’(y)> = <x7y>

for i € I and x,y € g. Moreover, u stabilizes b and has the same order as it is
viewed as a permutation of I.
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Remark 4.1: The automorphism g of the affine Kac—Moody algebra g deter-
mined by (4.15) is called a diagram automorphism associated to an auto-
morphism g of the generalized Cartan matrix A.

From now on, we fix a diagram automorphism g of g with order 7. Recall
that u(h) = bh. Then there is an action of u on h* defined by

ple)(h) = a(p='(h)
for € h*, h € h. Let
Q=ZI1=Zoy® - P 2Ly
be the root lattice of g, and Q =ZII be the root lattice of §. Note that
plai) = ayqy foriel

and hence p(Q) = Q. Furthermore, it is known that u(d1) = d; (cf. [FSS]).
Since Q = Q @ Zé1, for each & € Q, we can write

() = pulé) + pu(d)on,
where f1(¢) € Q and p, (&) € Z. One can easily check that
f:Q—Q, ()
defines an automorphism of @, and the map
pu:Q =2, & pu(Q)
is a homomorphism of abelian groups.

Now identify h with h* via (-,-) so that the coroot &" = (d%é) for & € A.
Then by C-linearity we obtain the two linear maps i : h — b and Pu h— C
such that
(4.16) pu(h) = i(h) + pu(h)ky

for h € h. Furthermore, we can extend [ to an automorphism of the Lie
algebra g by the following rule (cf. [CJKT]):

(4.17) w(aa) = 80"V @ fi(2a) € Gaa)tpn (@)

for & € A (recall that u(d) = (&) + p.(&)di). Then we have the following
results:
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LEMMA 4.2: Fora € A andn € 7, we have

(4.18) u(th @ xs) = 17V @ iz, u(ki) = ki,
(4.19) p(tt @ aY) =7 @ (&) + dn,0pu (@ )k, ,

h.h
(420) /L(dl):dl—f—h— < 72 >k1,

where h € §) is determined by

(4.21) () (h) = —pu(¥) for ¥ € Q.

Furthermore, for any h € § we have

fi" (h) = h,
T—1
(422) Z;pu(u (h)) =0,
Tﬁl'l’h fo—TilT (k). hy 1 L)
p;u( )= *;( )P (h), )+

Proof. The equalities (4.18) and (4.19) were proved in [CJKT, Proposition 2.2].
Assume that p(d;) = h + aky + bd; with h € f) and a,b € C. Since

L= (dy, ki) = (u(d1), p(ki)) = (h+aky +bdy, ki) = b,

we obtain b = 1. Then for any & € Q,

0= (u(d1), u(&)) = (h + aky +di, (&) + pu(@)ki) = (h, 1(&)) + pu(d),

and hence h is determined by the condition (4.21). And by using the fact
that (u(dy), u(d1)) = 0, one obtains

L (hn)
2
which implies (4.20). Finally, (4.22) follows from the equalities (4.19), (4.20)
and the fact that p has order T'.

Now we are ready to define an automorphism of the full toroidal Lie alge-
bra 7(§) from the diagram automorphism pu of g.
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PROPOSITION 4.3: The following assignment, for &€ A, mg, mi €Z andi = 0,1,
R e - TEN
O ©6Y o 5017 © (6Y) + ol gk,
to ot ki > g0t Ky,
to ot do — toOt" do,
(h,h)
2

defines an automorphism, denoted by [i, of the full toroidal Lie algebra T(g)
with order T

IOy e g dy O R )

Proof. For mg, mi,n9,n1 € Z, by applying (4.4)—(4.7), we have
[A(ty™ ™ dv), At ty" di)]

h,h
:[tgnot;nldl,tgot?ldl] _ < 72 >

([t 7" du, £ 0 k] + [t 7" K, 787 da )

+ [t du, 1" @ R+ [t @ h 6ot da] + [t @ b, 1501 © R

(h, h)
2

h,h
B < ) > ( Z mit6n0+not71n1+n1ki _ Z nit6n0+not71n1+n1ki)

2 . .
1=1,2 1=1,2

:(nl _ ml) (t6n0+n0t;nl+nld1 4 tg“boJrnot;nlJrnl Qh — t6710+n0t717%1+n1k1)

+ <h, h> Z mit6n0+n0t71n1+nlki

i=1,2
=(([ty 0t d1, tgt " da]).

One can check that i preserves all other relations by a similar argument as
above. And it follows from (4.22) that the order of the automorphism f is
equal to T'.

4.3. SUBALGEBRA OF g FIXED BY THE AUTOMORPHISM ji. From the definition
of the automorphism /i of the full toroidal Lie algebra 7 (g) given in the previous
subsection, it is easy to see that fi(g) = g. Fix a Z-grading g = @,,,cz 0(m) by
the adjoint action of —do, i.e., g(my={z € g | [do, 2] = —ma}. Set

W= wp = e27r\/—1/T

and let w™9° be the automorphism of g defined by w=% (a) = w™a for a € (m)-
Therefore,

i=w"%ojlg
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defines an automorphism for the toroidal EALA g. Now we investigate the Lie
subalgebra g[u] of g fixed by the automorphism .
Firstly, for € g, with @ € AX U{0}, h € b, m € Z and n € Z*, we have

[ty ) = w "G p(),
Ato'tY @ h) = w " (tg'tT @ f(h) — pu(h)mk, n),
fi(ko) = ko,
(4.23) (o) = do,
ﬂ( m n) m N3]
fi(dpn) =w™™ (Hm,n +mty'ty @ h+ <h’2h> kam,n).

Moreover, we recall that the diagram automorphism p preserves the Cartan
subalgebra h and the bilinear form (-, -). Therefore, by (4.14), (4.21) and (4.23),
we have the following results:

Lenvia 4.4: ji(B) = B, and (ji(), i(y)) = (v,y) for 2,y € §.

Denote by §[u] and by the Lie subalgebras of § and b respectively fixed
by ji. We consider the root space decomposition of g[u] with respect to its
abelian subalgebra H[,u] Denote by (h*)* the subspace of h* that is fixed by p
and denote by

T b ) ama= Y )
the canonical projection. Since &(h — p(h)) = 0 for € h* and h € b, we may
identify (h*)* with (h*)*, where h* is the subspace of h fixed by p. Note that
blu] = b @ Cko @ Cdy.
We view (h")* as a subspace of h[u]* such that
a(ko) = a(do) =0
for o € (h*)*, and define &y € h[u]* b
(4.24) do(b*) = do(ko) =0, do(do) = 1.

In particular, for cach a € A, & € (h*)* = (h*)* is an element in hlu]*.
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For o € b[u]*, set

8lula = {x € alu] | [h,2] = a(h)z, h € blu]}.

Then we have the following root space decomposition:

glul =dlulo® Y lula
aEAM

where A, = {a € h[u]"\{0} | ls]a # 0}. Let
T-1
(4.25) mai 88l @y i)
p=0

be a projection from g to g[u]. It can be readily seen that

(426) um (tBnu) GE[M]der(;ov um (km-,n)a um (dm,n) EE[M]MZSOJHMSU kOv dO EE[H]O
for u € go with « € AU{0}, m € Z and n € Z*. Then we have
LEMMA 4.5: The root system A, C (7, (A) + Zd) U Zdy and glulo = Bl

Proof. The first assertion follows from (4.13) and (4.26). For the second one,

note that if a = > ._; a;q; is a root in A, then

1 T-1
a= DD aitu)

icl p=0

el

is clearly nonzero. This together with (4.26) implies that

1o = 1.(h) © Cko & Cdy = hu.

Denote by t(g, ¢t) the subalgebra of t(g) fixed by i (noting that i(t(g)) = t(g)).
We have the following result from [CJKT].

PROPOSITION 4.6: The Lie algebra t(g, ) is centrally closed.

In the rest of this subsection, we recall a characterization for the subset of

the root system A, given in [CJKT]:
A: ={a+md €A, |a€AmecZand (& a) #0}.

For every i € I = {0,1,...,1}, denote by O(i) the orbit containing ¢ under the
action of the group (u). We say p is transitive if O(i) = I for each i € I.
Observe that a diagram automorphism on g is transitive if and only if g is of
type Al(l), and it has order [ 4+ 1. Note that in this case we have m,(a;) = 01
for any ¢ € I, and hence AE =.
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From now on we assume that p is nontransitive, and in this case, it is known
that the folded matrix
a= (2l
(&, 0u) Jijel
of A associated to u is also an affine generalized Cartan matrix (cf. [FSS, ABP]),
where I = {i € I | u*(i) > i for k € Z} is a set of representative elements in 1.
Denote by A and W respectively the root system and the Weyl group associated
to the folded matrix A. Then {¢;},c; is a simple root base of A. Furthermore,
we have the following result from [ABP, Lemma 12.15].

LEMMA 4.7: For each i € I, one and only one of the following statement holds:
(a) The elements «,, for p € O(i), are pairwise orthogonal;

(b) O(i) = {i, u(i)}, and a;, ;) = —1 = a,3)i-

Recall that T is the order of the diagram automorphism pu. For every ¢ € I,

we set

) 1, if (a) holds in Lemma 4.7;
(4.27) T, =T/|0®)|, and s;=
2, if (b) holds in Lemma 4.7.

The following result was proved in [CJKT, Proposition 5.1].
PROPOSITION 4.8: If p is nontransitive, then
A ={wé; + Timdo | w € W,i € I,m €7}
T . .
U {20+ (3, +mT)do | w e W,i el withs; =2,me}.

Remark 4.9: If p is nontransitive, then Aﬁ is a nullity 2 reduced extended affine
root system introduced by Saito (cf. [Sa]). Conversely, any nullity 2 reduced
extended affine root system is of such a form (cf. [ABP]). Furthermore, we will

see in the next section that the triple (g[u], b[u], (,-)) is a nullity 2 EALA, and
which we call a nullity 2 twisted toroidal extended affine Lie algebra.

5. Nullity 2 EALA of maximal type

In this section, we first recall the definition of extended affine Lie algebra
(cf. [AABGP, N]), and the classification of nullity 2 extended affine Lie algebras
of maximal type based on Allison-Berman-Pianzola’s work [ABP].
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Let £ be a Lie algebra equipped with a nontrivial finite-dimensional self-
centralizing ad-diagonalizable subalgebra H and a nondegenerate invariant sym-
metric bilinear form (-|-). Let

E=MN& Y &

acd

be the root space decomposition with respect to H, where ® is the corresponding
root system. The form (+|-) is also nondegenerate when it is restricted to H = &.
Hence it induces a nondegenerate symmetric bilinear form on H*. Set

" ={ac®|(ala) # 0},
P’ ={ac @] (ala) =0}

Let &. be the subalgebra of £ generated by the root spaces &,,a € ®*, which
is called the core of £.

Definition 5.1: £ := (€,H,(:]-)) is called an extended affine Lie algebra
(EALA for short) if

(1) ad(z) is locally nilpotent for x € &,,a € ®*;

(2) ®* cannot be decomposed as a union of two orthogonal nonempty sub-
sets;

(3) the centralizer of & in £ is contained in &;

(4) @ is a discrete subset of H* with respect to its Euclidean topology.

The axiom (4) implies that the subgroup (®°) of H* generated by ®V is a free
abelian group of finite rank, and this rank is called the nullity of £. Indeed, the
nullity 0 EALAs are exactly the finite dimensional simple Lie algebras, while
nullity 1 EALAs are exactly the affine Kac-Moody algebras (cf. [ABGP]). For
the purpose of classifying EALAs, the following notion was introduced in [BGK].

Definition 5.2: An EALA is of maximal type if its core is centrally closed.

Note that the nullity 0 and nullity 1 EALAs are all of maximal type. In
general, an EALA may not be of maximal type. However, the maximal EALAs
appear to be the most interesting ones as from them one can know the structure
of other EALAs (see [BGK, Remark 3.73] and [N] for details). In what follows,
we give two classes of nullity 2 EALAs of maximal type.
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PROPOSITION 5.3: Let p be a nontransitive diagram automorphism of an un-
twisted affine Kac-Moody algebra g. Then the triple (3[u],b[u], (-,-)), defined
in the previous section, is a nullity 2 EALA of maximal type, and t(g, ) is the
core of g[u].

Proof. Recall from Lemma 4.5 that the ad-diagonalizable subalgebra H[u] of glu]
is self-centralized, and it follows from Lemma 4.4 that the invariant form (-, )
restricted to g[u] is still nondegenerate. One can easily check that (g, p) is
generated by the elements 1), ({3 +q,) for m € Z and ¢ € I. This together with
Proposition 4.8 implies that the core of g[u] is t(§, ). Now we check the axioms
(1)=(4) in Definition 5.1. The axiom (1) follows from Proposition 4.8, while
the axiom (2) is implied by Remark 4.9 as the root system defined by Saito is
irreducible (see [Sa, Definition 1]). The axioms (3) and (4) are obvious. Finally,
Proposition 4.6 implies the maximality of g[u).

For the second class of nullity 2 EALAs of maximal type, we let ¢ € C*
be generic, i.e, ¢ is not a root of unity, and C, := (Cq[tgﬂ,tlﬂ] the quantum
torus associated to g such that tgt; = qtity. For any positive integer N > 2,
gln (C,) denotes the general linear Lie algebra over C,, and sly(C,) the derived
subalgebra of gly(Cy). For 1 <i,j < N, a € Cy, we write E; ja for the matrix
whose only possible nonzero entry is the (i, j)-entry which is a. We consider
the central extension of the Lie algebra gly (C,):

a[N((Cq) = gln(Cy) & Cko & Cky,
where kg, k; are central elements, and
(it t7" Erato 87" =0;5q™ " Bytg oty
(5.1) — 8i0q™ ™ By gty o
+84,k0i,10m0+10,00m1 40,040 (Moko +mik),

for 1 <i,j,k,1 < N and mg, my,ng,n1 € Z. Moreover, we define two deriva-

~

tions do, d; acting on gl (C,) by
[d,«, Eiyjtgmt;m] = mTEiyjtgmt;mv [dra kS] =0= [dra dS]a

for r,s € {0,1} and for 1 < i,5 < N,mg,m; € Z. Therefore, we obtain a Lie
algebra

o~

gly(Cy) := gln(C,) & Cdo & Cd, .
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Set
sIn(Cy) = [aly (Cy), 8Ly (Cy)] = sIn(Cy) @ Cko @ Cky,

the derived subalgebra of gly (Cy). It is known that ;[N((Cq) is centrally closed
and QT[N((Cq) = E,A[N((Cq) @ CIy (cf. [BGK]), where Iy is the identity matrix.
Furthermore, we define

sIn(C,) = sln(C,) & Cdg & Cdy,
—1
7‘[ = (C(Elﬂ — Ei+171‘+1) D (Cko D Ckl D (Cdo D Cdl,
i=1
and a bilinear form (-,-) of sly (C,) such that
(Eijto """, Ejatg "t ™) = 1 = (dr, kr),

for 1 < 4,5 < N,mg,my € Z, r € {0,1}, and trivial for others. The following
result is from [BGK]:

PROPOSITION 5.4: Let N > 2 be a positive integer and ¢ € C* be generic. Then
the triple (sIn(Cgy), M, (-,)) is a nullity 2 EALA of maximal type, and sln(C,)
is the core of sy (C,).

For any given EALA &, we call &.. := £./Z(E.) the centerless core of &,
where Z(&,) is the center of the core £.. One notes that the centerless core of the
affine Kac-Moody algebra g is isomorphic to the loop algebra g = Clty, tl_l] ®g.
Denote by i the automorphism of g induced by p. Then the centerless core
of g[y] is isomorphic to the p-twisted loop algebra

L(g, 1)) = Y 1§ @ gm) C Clto 15 1@ g =R @3,
nez

where g(,,) = {7 € g | i(z) = w™z}.
It is clear that the centerless core of ;[N((Cq) with ¢ generic is isomorphic
to sly(Cq). The following classification of centerless cores of nullity 2 EALAs

was given in [ABP]:

PROPOSITION 5.5: The centerless core of a nullity 2 EALA is either isomorphic
to sln(Cy) for some positive integer N > 2 and generic ¢ € C*, or to L(g, i) for
some nontransitive diagram automorphism p of an untwisted affine Kac—Moody
algebra g.



384 F. CHEN, S. TAN AND N. YU Isr. J. Math.

Two EALAs are said to be equivalent if their cores are isomorphic. Then
we have the following result.

THEOREM 5.6: Up to equivalence, a nullity 2 extended affine Lie algebra of
maximal type either has the form sly (Cq) for some positive integer N > 2 and
generic ¢ € C*, or has the form g[u| for some nontransitive diagram automor-
phism p of an untwisted affine Kac—Moody algebra g.

Proof. Let £ be a nullity 2 EALA of maximal type. Then by Proposition 5.5,
either &, = sly(Cy), or & = L(g,[i). Then the maximality of £ forces that
either £ = ;[N((Cq) or & = t(g,p). Thus it follows from Propositions 5.3
and 5.4 that & is either equivalent to sly (Cq) or to glu).

Remark 5.7: Following [BGK, NJ], a K-valued affine cocycle 7 on S is an
abelian 2-cocycle 7 : § x § — K such that 7(S,d;) = 0 for ¢ = 0,1, and
(1(s1,82),83) = (s1,7(s2,83)) for s1,s2,s3 € S. For any affine cocycle 7, one
can define a new Lie multiplication [-,-]; on g defined by

[x1 + 81,22 + S2]r = [x1 + s1, @2 + 2] + 7(51, $2)

for w1, e € t(§) and s1, 52 € S. We denote the resulting Lie algebra by g,. It is
easy to see that the action (4.23) also defines an automorphism /i of g, denote
by g[p]- the subalgebra of g, fixed by ji. Similar to the proof of Proposition 5.3,
one can check that (§[u];, B[], (-, -)) is a nullity 2 EALA of maximal type if y is
nontransitive. By the explicit construction of EALAs (of maximal type) given
by Neher in [N], one can prove that if an EALA is equivalent to g[u], then it
is isomorphic to g[u|, for some affine cocycle 7. And, if an EALA is equivalent
to 5~[N((Cq), then it must be isomorphic to sly (Cy).

Remark 5.8: Tt was shown in [MRY] that there exist nontrivial affine cocycles.
For example, for any complex number a, the bilinear map 7, : S x § — K
defined by

Ta(87 d’!‘) = 07
Ta (dmo,m1 ) dno,ﬂl) = a’(monl - n0m1)3kmo+n07m1+n1

for mg,m1,n9,n1 € Z and r = 0, 1, is an affine cocycle. Then we have the Lie
algebras g[u]-, with g[ul,, = g[u]. It is conjectured that any K-valued affine
cocycle on S has the form 7, for some a € C. This will imply that g[u],,
and ;[N((Cq) exhaust all nullity 2 EALAs of maximal type up to isomorphism.
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6. Associating g[u] with vertex algebras

Let p be a fixed diagram automorphism of the untwisted affine Kac-Moody
algebra g. In this section, we associate the twisted toroidal EALA g[u] with
vertex algebras through equivariant ¢-coordinated quasi-modules.

6.1. VERTEX ALGEBRAS V5(/,0) AND Lg(¢,0). We recall the variant of the skew
derivation algebra S introduced in [CLiT]:
2 0
§={
foy .

For m,n € Z, set

+ fidi | fo,fi€R fo)+d1(f1):0} C Der(R).

d
> ot |

o~

dp,m = (n+ 1)tgt*dr — metit do,
It is easy to see that the set
Bs = {t; 'do, tg 'di} U {dnm | (n,m) € Z x Z\ {(~1,0)}}
= {t;'do} U {t2dy, dpom | m € Zym € Z*}
forms a C-basis of S. , and subject to the following relations:
(6-1) [taldoaan,m] = (’n + 1)an—1,ma [taldlaan,m] = man—l,ma

(6.2) [dn,ma dnwm] =((n+1)my —m(ns + 1))dn+n1,m+m17

for n,m,ni;,m; € Z. In view of this, we have the following subalgebra of the
full toroidal Lie algebra T (g):

§=t(a)+[S, 8]+ Ctyld,.

Note that g is linearly spanned by the set

(6.3) {t2u, Kp.ms ko, dpom |u € g, n € Z, m € Z*}.
From (4.5) and (4.6), we have

(6.4) (i, 8087 @ 2] =((i + D)n — mj)t5 4" @ )

(6.5) (i kjon] =((i + 1) (m +n) = m(i + ) kisjmn

+ Omtn,00i+5,0((7 + ko + mk),
for i, j,m,n € Z and = € g. Set

(66) a+ = Span{tguvknJrl,mvdn*l,m | ueg, ne Na m e Z}a

(6.7) g_ = Span{t&"_lu,k,nﬂm,a,n,gym |ueg neN, meZ}.
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Then both g, and g_ are subalgebras of g. Furthermore, we have the decom-
position:
(68) ﬁ:ﬁ+ EB(CkO @ﬁ_.

Let £ be a complex number. View C as a (g4 + Ckg)-module with g acting
trivially and with kg acting as scalar £. We form the induced g-module

(6.9) V5(£,0) = U(9) ®ug, +cko) C-
Let A be a vector space with a basis {K,,, D,, | n € Z*}, and set
Ag - g &b A.

Form the generating functions a(z), a € Ay in g[[z,27']] as follows:

u(z) = Z(tgu)zfnfl, Dy (z) = Zan,mz”hQ, K (z) = Z Ky, mz"",

ne neL neL
foru € gand m € Z*. Set 1 = 1® 1 € V5(¢,0). Identify A, as a subspace
of V5(¢,0) through the linear map

(6.10) u— (t5'u)l, K, —konl, D,—d g,l,

for u € g, n € Z*. Tt is proved in [CLiT] that there is a unique vertex algebra
structure on V5(¢,0) with Y (a, 2) = a(z) for a € Ay, and 1 the vacuum vector.

Remark 6.1: Note that t(g) & S— oo Ctaldo with
d
[~t5'do, a(2)] = L2 €A

This implies that V5(¢) is a t(g) ®S-module with —ty 'dy acting as the canonical
derivation D. In particular, from [CLiT] it follows that an ideal of vertex
algebra V5(¢,0) is the same as a t(g) © S-submodule.

When / is a nonnegative integer, denote by J3(¢, 0) the g-submodule of V5(¢, 0)
generated by the vectors
(6.11) (t *waa;) 11, i,

where ¢; = (a»za-y It is straightforward to check that Jg(¢,0) is ¢, Ldg-stable

(cf. [CLiT, Lemma 3.13]), and hence by Remark 6.1 it is an ideal of the vertex
algebra V5(¢,0). Let

(6.12) Lg(£,0) = V5(£,0)/J5(£, 0)

be a quotient vertex algebra of V5(¢,0).
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6.2. CONFORMAL ALGEBRA Cy. In order to associate the twisted toroidal
EALA g[u] with the vertex algebras V5(¢,0) and Lg(¢,0), we define a G-

o~

conformal algebra Cy such that (?g =7y, and 59 [G,] = g[u]. As a vector space,

we set
Cy = (C[0] ® Ag) & Cko,
and define 0 to be a linear transformation on Cy4 such that
20" @x)=0" " @x, (ki) =0
form e N, z € Ay. Let
Y™ :Cqg — Hom(Cy, 27 *Cy[z7Y]), a— Zaizﬂ;l
€N
be the unique linear map such that the property (2.8) holds, and the nontrivial
i-products on Ay @ Cko are as follows:
(7 @u)o(th @ v
" @u)h(tf @v
(Dr)o(t1" @ u
" @ u)o(Dy

= 7" @ [u, v] + (1, v)m(0 @ Kpin) + Smn.o{u, v)mky,
= (m + n){u, V) Kptn + Omn,0{u, v)ko,

=m0 ;" @u)),

=r(@® (17" ®u)),

)
)
)
)
(D)1t @ u) = (' @ w1 (Dy) = (r+m)t7 ™ @,
(Dr)o(Ks) =7(0 @ Kris) + 0pys,0mk1,
(Ks)o(Dr) = 5(0 @ Krys) + 0rqs,0(—1k1 + 0 @ ko),
(Dr)1(Ks) = (Ks)1(Dr) = (r 4 8)Kyrqs + 6r45,0ko,
(d)o(t]" ®@u) = = (11" @ u)o(dr) = mi}" @ u,
(di)1(k1) = (k1)1(d1) = ko,
(di)o(Kr) = —(K;)o(dr) = rK,,
(d1)o(Dr) = =(Dr)o(dr) = Dr,
(Dy)o(Ds) =10 @ Dyys + 6pp5.0(—10° @ dy),
(Dr)1(Ds) = (r + s) Dy,
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PROPOSITION 6.2: The vector space Cq4, together with the linear maps 0
and Y ~, as defined above, is a conformal algebra, and the linear map zg : C —g
defined by

u(m) = tg'u, Kp(m)— knt1n, Dnp(m)— Em_l,n, ko(m) — 0y, —1ko,

foru € g, m € Z and n € Z*, is an isomorphism of Lie algebras. Furthermore,
the linear map iq : Cy — g defined by

ulm] = 0w, Kn[m] = kmn,  Dplm] — dpon,

(6.13)
ko[m] — 6m,0k0, d— —do,

foru € g, m € Z and n € Z*, is also an isomorphism of Lie algebras.

Proof. By definition, (?g is linearly spanned by the elements a(m),kq(m)
for a € Ag, m € Z. Note that ko(m) = 0 if m # —1. Using these with (6.3), it is
easy to see that the map gg is an isomorphism of vector spaces. Then CAg admits a
Lie algebra structure transferring from g via the linear isomorphism gg. By using
the relations (4.4), (6.1), (6.2), (6.4), (6.5) and the facts that 8,170 = (n+1)t§d,
and kp, o = — ! t0ky for n € Z and m € Z*, one can check that the Lie brackets
on (?g coincide with that in (2.9) with the i-products defined above. Thus, by
Lemma 2.7, (Cq, 0, Y_) is a conformal algebra with %g a Lie algebra isomorphism.

For the second assertion of the proposition, we note that 59 is linearly spanned
by the elements a[m], ko[m], d for a € Ay and m € Z. Also note that ko[n] =0
if n # 0. These together with (4.13) give that iy is a linear isomorphism.
Furthermore, by comparing the Lie relation (2.17) in 59 and the Lie rela-
tions (4.4), (4.9), (4.11), and (4.12) in g, it is straightforward to check that i,
is a Lie algebra homomorphism, as required.

Now we define an automorphism group G, on Cq4 so that 59 (G = glp]. We
first define a linear transformation R, on C4 by

R,(0" ®z) =0 @ p(z),
Ry.(ko) = ko,
R, (0™ ® K,) (')m®Kn,
Ru(0™ ® (£ @ 1) = 8™ & (£ @ () + pu (O™ @ Ko,

h.h
R,(0" ® Dy) = 9™ ® D, — 0™ @ (17 @ h) + < 5 >8m+2®Kn,

for z € g, with @ € AXU{0}, h € b, m € Z and n € Z*.
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LEMMA 6.3: The linear transformation R,,, as defined above, is an automor-

s
phism of Cy with order T'.

Proof. Note that R,00 = 0oR,, on Cy. Then we have a linear map E# : CAg — CAg
determined by (2.13). Via the isomorphism i, : (?g — g given in Proposition
6.2, E# induces a linear map on g determined by

~

Ry (1) = 15" (),
R, (t 7 @ h) = tg47" @ fu(h) — pu(h)mKp n,
ﬁ,u(km,n) - km,n;

~ h,h
Ru(dmpn) =dmn + (m+ 15t @ h+ < 5 )

for € go with a € AXU{0}, h € h, m € Z and n € Z*. Moreover, from
Proposition 4.3 we have a Lie automorphism fi of 7(g), which preserves g.

(6.14)

(m + 1)mkyy n.

~

And one can check that g = }A%# on g. Thus R, is an automorphism of the
Lie algebra CAg with order 7. The assertion of the lemma then follows from

Lemma 2.8.

Set G, = (R,,), an automorphism group of Cq, and let x., be the linear char-
acter of G, defined by x.,(R,)=w'. Recall that for any G-conformal algebra C
and any linear character y of @, there is a Lie algebra C| [G] defined in (2.20).
By specializing G = G,,, C =C4 and x = xu,, we obtain a Lie algebra (,7g (Gl

Recall also the surjective map 7, : g — g[u] defined in (4.25); we have

PROPOSITION 6.4: The following assignment:
u[m] = nu(tglu), Kn[m] = nu(km,n)a Dn[m] = m(am,n),

(6.15)
ko[m] — 5m10Tk0, d— 7d0

for w € g, m € Z and n € Z*, determines an isomorphism from the Lie alge-
bra C4|G,] to the Lie algebra g[u).

Proof. Corresponding to the automorphism R, of Cg, there is an automor-
phism E# of 59 (see (2.18)). Via the isomorphism i : 59 — g given in Propo-
sition 6.2, ITEM induces an automorphism of g. It is straightforward to check
that this automorphism of g coincides with i (see (4.23)). Since G, is a cyclic
group of order T, it follows from Remark 2.11 that 59 [G}.] is isomorphic to the
subalgebra of 59 fixed by Ru- This implies that 59 [G,.] is isomorphic to g[u]
with the isomorphism given in the proposition.
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6.3. THE CORRESPONDENCE THEOREM FOR g[p]. In this subsection we general-
ize the correspondence theorem (Theorem 3.11) for affine Kac-Moody algebras
to the nullity 2 twisted toroidal extended affine Lie algebras g[u).

Form the following generating functions a*[z], a € Ay in glu[[z, 27 ]]:

W] =Y (i)™ Dhlel =D mu(dnm)z ™,

neL neZ
KﬁL[z] = Z nu(kn,m)z_na
nez
foru € gand m € Z*. Note that all the components of these generating functions
together with kg, dp span the algebra g[u]. As in the affine Kac-Moody algebra
case, we formulate the following definition.

Definition 6.5: We say that a g[u]-module W is restricted if for any a € Ag,
at[z] € Hom(W,W((z))). And W is said to be of level ¢ € C if the central
element kg acts as the scalar ¢/T. Furthermore, if u is nontransitive, we say

that T is integrable if for any o € AE, g[u]a acts locally nilpotently on W.

For each ¢ € I = {0,1,...,l}, one recalls the positive integers T}, s; defined
in (4.27), and sets

1— 25T
pl('z): 1— T °

Then we have the following analogue of Proposition 3.12.
PROPOSITION 6.6: Assume that u is nontransitive. Then for any i € I,

(6.16) pi(z1/22)[ah o, [21], 2l [22]] = 0.

Furthermore, if W is a restricted g[u)-module of level £, then W is integrable if
and only if ¢ is a nonnegative integer and for any i € I,

(617) ( H Di (ZZ/Z])) ‘Tiai [21]$iai [22] . 'xlj:ozi [26¢@+1]|21222“‘:Zei2+1 =0

1<i<j<e; 41

on W.

Proof. For each i € I, denote by g[u]; the subalgebra of g[u] generated by the
elements tJ'x1q,, do for m € Z. We first show that g[u]; is isomorphic to
the affine Kac-Moody algebra of type Agfi). For k£ = 1,2, we denote by 0
the order k£ diagram automorphism of the simple Lie algebra sl;1. Then for
cach i € I, we have an affine Kac-Moody algebra L(sl,, 11, s,) of type Agfi) (see
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Section 3.2). Recall that 7, (t{'c+aq,) = ZZ;OI t0'T+a,, ., fori € I and m € Z.
In particular, we have 1, (t{’c+q,) # 0 if and only if m € T;Z. By Lemma 4.7,
it is straightforward to see that the assignment (m € Z and S a fixed simple
root of sls, 1)

. . T
Nt " T ra,) Pt @ (T8) (m)» JRomk do— Tid

determines an isomorphism from the Lie algebra g[ul; to the Lie algebra
L(sls,41,05,). This together with (3.9) implies the first assertion of the propo-
sition.

For the second assertion, let W be a restricted g[u]-module of level ¢. For
cach i € I, via the isomorphism §[u); 2 L£(sls,41,6s,), W becomes a restricted
L(sly,+1,60;)-module of level £. Note that the g[u]-module W is integrable if
and only if the elements t{'z4,,, ¢ € I,m € Z act locally nilpotently (as they
generate the core t(g, 1)). Thus, W is integrable if and only if W is integrable
as an E(5[si+1, 6;)-module for all i € I. Thus the assertion follows from Propo-

sition 3.12.

Note that ko is a central element in C4. Thus, for any £ € C, the CAg—submodule
(ko =€) of V¢, generated by ko — £ is an ideal of V¢, (as a vertex algebra). Re-
call the isomorphism gg : CAg — @ given in Proposition 6.2. One can readily
check that %B(CA;) = g+ and %B(CA;) = g_ ® Ckg (see (2.10) and (6.6)). This
implies that V5(¢,0) is isomorphic to the quotient vertex algebra Ve /(ko — £).
Recall also that the automorphism group G, = (R,) of Cy can be uniquely
lifted to an automorphism group of its universal enveloping vertex algebra Ve, .
As Ry (ko) = ko, G, is naturally an automorphism group of V5(¢,0). Further-

more, we have

LEMMA 6.7: For each nonnegative integer {, J3(¢,0) is a R,-stable ideal
of Vﬁ(f, 0).

Proof. The assertion follows from the fact that
Ry((ty ' m20,) " 111) = (t5 p(@20,)) T = (15 "2, ) ) O T € T (0),
where €,;y = ¢; for i € I.

In view of the above lemma, G, is also an automorphism group of the vertex
algebra Lg(¢,0). Now we state one of the main results of the paper.
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THEOREM 6.8: Let ¢ be a complex number. For any restricted g[u)-module W
of level {, there is a (G, Xw)-equivariant ¢-coordinated quasi-V(¢,0)-module
structure (YVT}, d) on W, which is uniquely determined by

d:_dOa YI/?;(G/)Z)ZG’M[Z])

for a € Ag. On the other hand, for any (G, xw)-equivariant ¢-coordinated
quasi-V5(£,0)-module (W, Yg}, d), W is a restricted g[p]-module of level £ with
action given by

do =—d, d"[z]= Yg}(a,z),

for a € Ay. Furthermore, if ¢ is a nonnegative integer and i is nontransitive,
then the integrable restricted g[p]-modules of level ¢ are exactly the (G, Xw)-
equivariant ¢-coordinated quasi-Lg(¢,0)-modules (W, Yg}, d).

Proof. By Propositions 2.6, 2.10 and 6.4, the restricted g[u]-modules are ex-
actly the (G, xw)-equivariant ¢-coordinated quasi-Ve -modules. Thus the fact
that V5(¢,0) = Ve, /(ko — £) implies the first assertion of the theorem.

For the second part of the theorem, we assume that £ is a nonnegative integer,
1 is nontransitive and W is an integrable restricted g[u]-module of level £. Note
that for each i, we have [214,(21),%4a,;(22)] = 0 on g. This implies that for
anyn € Nand i € I,

(6.18) (@ta)n(T4a,) =0 on V5(£,0).

Viewing W as a faithful (G, xw)-equivariant ¢-coordinated quasi-
V5(¢,0)/ ker Yﬁ}—module, by Proposition 6.6, we have

(6.19) <1<i<j<eie+1pi(2i/zj))

XYI?;(:L‘iai,Zl)Y‘?; (ziaiaZQ)' : 'YI;?;(:C:‘:OH7Z€il+1)|21222"':Zeie+1:0 on W

for all ¢ € I. This together with (6.18) and Proposition 2.6 proves that
(Tta,)-1)11 € ker Yg} for i € I. Thus, we have J5(¢,0) C kerYVT} and W
becomes a (G, X )-equivariant ¢-coordinated quasi-Lg(¢,0)-module.
Conversely, let (W, Yv‘f},d) be a (G, xw)-equivariant ¢-coordinated quasi-
Lg(¢,0)-module. Then it is also a (G}, xw)-equivariant ¢-coordinated quasi-
V5(¢,0)-module, and such that for any i € I, ((24a,)-1)““"'1 acts trivially
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on W. Recall from the first part of the theorem that W is then a g[u]-module
with a#[z] = Y‘g}(a, z) for a € Ay. Combining this with (6.16), we obtain

( H pl(zl/zj)) Y%(xiaivzl)yﬁ(xiai722> o 'Yﬁ(ziawzéi@rl)
1<i<j<eil+1

€ Hom(W, W((z1, ..., ze.041))).

Then again by (6.18) and Proposition 2.6, we see that (6.19) holds. This implies,
viewing W as a restricted g[u]-module of level ¢, that (6.17) holds. Thus, by
Proposition 6.6, W is an integrable g[u]-module. This completes the proof of
the theorem.

Remark 6.9: For any complex number a, two vertex algebras Vi ,).(¢)
and Ly ,)0(¢) were constructed in [CLiT], and such that V¢, o). (¢) = V5(¢,0)
and Ly, ). (¢) = Lg(¢,0). By a similar argument as above, one can prove that
the Lie algebra g[u]-, can be associated with the vertex algebras Vi ,)0(€)
and Ly, )0 (€) via their equivariant ¢-coordinated quasi-modules, where glu]-,

and the affine cocycle 7, are defined in Remark 5.8.

7. Associating 5~[N((Cq) with vertex algebras

Let N > 2 be a positive integer and ¢ € C* a generic complex number. In
this section we prove an analog of Theorem 6.8 for the extended affine Lie
algebra sly (Cy).

First, we define the following generating functions in sly (Cy)[[z, 2 1]J:

(Bigt")lz) = Y (Bigtgt)="",

ne’

Hyl2) = (Brk — Brraps)tgz ",
nez

HN[Z] = Z(EN,th — q—nEthg + 5n70k1)z_",
ne’

where 1 <i4,j < N, m € Z with (i—j,m) # (0,0) and 1 < k < N—1. Note that
all the coefficients of these generating functions, together with kg, dp and dy,
form a basis of sly(Cy).
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Definition 7.1: We say that an sly (Cy)-module W is restricted if
(Eijt1")[z], Hi[z] € Hom(W, W((2)))

for 1 < i,5,k < N, m € Z with (i — j,m) # (0,0). Furthermore, W is said
to be of level ¢ € C if the central element kg acts as the scalar ¢. Further-
more, we say that W is integrable if E; ;t{t]" acts locally nilpotent on W for
1<i#j<N, mnecZ.

The following result is from [CLiTW, Proposition 3.13].

PROPOSITION 7.2: Let W be a restricted gIN(Cq)—module of level {. Then W
is integrable if and only if £ is a nonnegative integer and
(Eiﬁjtgn)[Z]ZJrl =0 onW
for1<i#j< N andm € Z.
Let gl,, be the algebra of all doubly infinite complex matrices with only
finitely many nonzero entries. For m,n € Z, let E,, , denote the unit matrix

whose only nonzero entry is the (m,n)-entry which is equal to 1. Equip gl
with a nondegenerate, invariant and symmetric bilinear form (-, -) defined by

(Eij, Era) = 05k 0it,

for i, j, k,l€Z. Let sl = [gl,., gl..] be the derived subalgebra of gl__. Then (-, -)
is also nondegenerate on sl.. And associated to the pair (sls, (-,-)), we have
the corresponding affine Lie algebra E(s[oo), the universal affine vertex alge-
bra VE(S[OO)(E, 0), and the simple affine vertex algebra

Lzsiy(60) = Vg (6,0)/ Tz (61.) (€, 0)
(see Subsection 3.2). The following result is given in [CLiTW, Lemma 3.11].

LEMMA 7.3: If{ is a nonnegative integer, then Jx (£,0), as E(s[oo)—module,

L(slso)
is generated by the set of vectors

(7.1) {t' @ Emnrinng) 1| for1 <i#j<N, m,ncZ).
Let o be the automorphism of the algebra gl defined by
(72) ON (Emn) = Em+N,n+N7

for m,n € Z. Restricting oy to the subalgebra sl.,, we see that o is also an au-
tomorphism of sl that preserves the bilinear form (-, ). Denote by Gy = (on)
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the automorphism group of sl,, generated by on. As pointed out in Section 3.2,
Gn can be extended uniquely to an automorphism group of the vertex alge-
bras Vz(ﬂm)(ﬁ, 0) and LE(S[OO)(E, 0). Let x4 : Gy — C* be the linear character
defined by x,(oR) = ¢ for n € Z.

Define a Z-grading gl., = @, 8loo(n) on gl by assigning

(73) deg EmN+fL'_’nN+j =m-—n,

form,n € Z, 1 <i,7 < N. Note that sl is a graded subalgebra of gl__. Denote
by P the derivation of sly, defined by P(a) = na if a € sly, with dega = n.
Note that for a,b € sls, one has (Pa,b) + (a, Pb) = 0. This allows us to lift
the derivation P of sl to be a derivation of the affine Lie algebra 2(5[00) with

(7.4) Pk)=0, P{t"®a)=t"®P(a),

for n € Z,a € sle. As Pt7IC[t7!] @ sly) C t7IC[t71] ® slo, P is also a
derivation of the associative algebra U (¢ !C[t~!] ® sl,,). Via the isomorphism

UETICtT @ slo) 2V,

E(slw)(f’o)v

P becomes a derivation of V. (£,0) (as a vertex algebra). Furthermore, if ¢
is a nonnegative integer, then by Lemma 7.3, we see that P also preserves the
submodule Jz(slm)(f, 0). Therefore, it descends to a derivation of LZ(slw)(€7 0).

Definition 7.4: A (Gy, xq)-equivariant ¢-coordinated quasi-VZ(gl )(E,())-
module (W, Yvﬁ,d, p) is a (G, xq)-equivariant ¢-coordinated quasi-module
(W, YVT}, d) equipped with a linear transformation p on W such that

[p, Vi (v, 2)] = Vi (Pv, 2),

for v € VE(srw)(f’ 0). Similarly, when /¢ is a nonnegative integer, we can define
the notion of (G, x,)-equivariant ¢-coordinated quasi-LE(slm)(f, 0)-module

(W, Y5, d,p).

THEOREM 7.5: Let ¢ be a complex number. IfW is a restricted sly (Cy)-module
of level £, then there is a (G, x4)-equivariant ¢-coordinated quasi- Zist) (¢,0)-

module structure (Y‘?}, d,p) on W uniquely determined by
p= 7d1; d= 7d05
Vit (Bimn+,2) = (Bijt™)z], Yip(Erw — Bryrpir, 2) = Hil2]
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for 1 < i,5,k < N, m € Z with (i — j,m) # (0,0). On the other hand, if
(W, YV?}, d,p) is a (G ,xq)-equivariant ¢-coordinated quasi—VZ(s[ )(6, 0)-module,
then W is a restricted 5~[N((Cq)—modu]e of level ¢ with action given by
dl = —D, dO = 7da
(Eijt™)[z] = Vi (Bimn 2), Hilz] = Vg (Brk — Brg1ps, 2)
for 1 <i,j,k < N, m € Z with (i — j,m) # (0,0).
Furthermore, if ¢ is a nonnegative integer, then the integrable restricted

;IN((Cq)—modules of level { are exactly the (G, xq)-equivariant ¢-coordinated
quasi—LE(grm) (¢,0)-modules (W, Y‘jf}, d,p).

Proof. Recall that sly (Cy) = A[N((Cq) @ Cdp @ Cd;. Tt was proved in [CLITW,
Proposition 3.8] that the restricted sly(C,)-modules W of level ¢ are exactly
the (G, xq)-equivariant quasi—VE(srw)(f, 0)-modules (W, Yy, ) with

N Eigt) e = Yw (Bimns 2), 27 Hilz] = Yw (B — Birak1, 2)

for 1 < i,5,k < N, m € Z with (i — j,m) # (0,0). It then follows from
Proposition 3.5 that the restricted sly(Cgy)-modules W of level ¢ are exactly
the (Gn,Xq)-equivariant ¢-coordinated quasi—VE(grm)(E,())—modules (W, YVT})
with

(Ei gtz = Yig(Bimn+j,2),  Hilz] = iy (B — Eri 141, 2).
Furthermore, by (7.3) and Lemma 2.2 we have
[—dy, (Bijt7")[2]] = —m(E; jt7)[z] = —mY (B s 2)
=Yy (P(Eimn-): 2),
[—dy, He[2]] = 0 = Y (P(Brg — Ers1011), 2),

d
dz

d
Z Yo (Biymngs 2) = Yig(D(Eimn+5), 2),

z

[—do, (B3 ;t7")[2]] = 2z | (Ei;t7")[2]

d d
[~do, Hi[2]] = =, Hyl2] = ZdZYv??(Ek,k = Ept1,541,2)
= V?}(D(Ek,k — Ei41.5+1), 2).

Therefore, we have finished the proof for the first part of the theorem.
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To prove the second part of the theorem, we suppose that ¢ is a nonnega-
tive integer and W an integrable restricted sy (Cy)-module of level ¢. Then
for 1 <i# j <N and m,n € Z, we have (ExnN+timN+j)r(EnNtinmN+;) = 0
for » > 0 in VZ(
VZ(

(¢,0). And as a (G, xq)-equivariant ¢-coordinated quasi-

sloo)

5[00)(6, 0)-module we have

Y{?(EnNJri,quLj; z) = Yv?;(o'?[(Ei,(m—n)N-i—j)a z)
= Vit (B ()N Xa(On)"2) = (Bi it ") (q"2).
This implies that

[V (Bantismngs 21)s Yo (BaNtimn+is 22)]
= [(Ei 17" ")(q" 1), (Ei ;17" ")(¢"22)] = 0.

Thus, by Propositions 2.6 and 7.2, we have ((Enniimn+j)-1)T11 = 0

in VE(srw)(f’ 0)/ ker Yg}. This together with Lemma 7.3 implies that

I~

ot (6:0) C ker Y,

and hence (W,YVT;, d, p) is a (G, Xq)-equivariant ¢-coordinated quasi-LE(sroo)@O)—
module. Conversely, let (W, Y{T}, d,p) be a (Gn, xq)-equivariant ¢-coordinated
quasi—LE(grm)(E, 0)-module. Then it is a restricted sly (Cy)-module of level ¢.
Again by Lemma 7.3, Proposition 2.6 and Proposition 7.2, one deduces that W
is integrable as required.
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