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ABSTRACT

We classify finite-dimensional Nichols algebras over finite nilpotent groups
of odd order in group-theoretical terms. The main step is to show that
the conjugacy classes of such finite groups are either abelian or of type C;
this property also holds for finite conjugacy classes of finitely generated
nilpotent groups whose torsion has odd order. To extend our approach
to the setting of finite GK-dimension, we propose a new Conjecture on
racks of type C. We also prove that the bosonization of a Nichols algebra
of a Yetter—Drinfeld module over a group whose support is an infinite
conjugacy class has infinite GK-dimension. We apply this to the study of
the finite GK-dimensional pointed Hopf algebras over finitely generated
torsion-free nilpotent groups.

* The work was partially supported by CONICET, Secyt (UNC) and the Alexander
von Humboldt Foundation through the Research Group Linkage Programme.
Received April 11, 2021 and in revised form October 28, 2021

169



170 N. ANDRUSKIEWITSCH Isr. J. Math.

Introduction

0.1. THE CONTEXT. Let k be an algebraically closed field of characteristic 0.
This paper contributes to the classification of Hopf algebras with finite Gelfand—
Kirillov dimension, GK-dim for short. Despite recent interest on this question,
see [21, 22] and references therein, the general structure of such Hopf algebras is
still mysterious, so it is justified to focus on the class of pointed Hopf algebras;
under this assumption we may follow the method from [11], first applied in the
GK-dim context in [12], cf. also [38]. By a celebrated theorem of Gromov [27], a
finitely generated group has finite growth if and only if it is nilpotent-by-finite.
Thus, the first major goal within the method of [11] is to classify Nichols algebras
with finite GK-dim over finitely generated nilpotent-by-finite groups. Towards
this goal, the first natural question is to deal with the classification of Nichols
algebras with finite GK-dim over abelian groups. We collect information on this
question needed for the general case. There are various subclasses to consider:

o Nichols algebras of diagonal type, corresponding to semisimple Yetter—
Drinfeld modules over finitely generated abelian groups. Those with
finite dimension were classified in [29]. Conjecture 1.2 below from [6] re-
duces the classification of the finitely generated Nichols algebras of diag-
onal type with finite GK-dim to [29]. Also [5] deals with Nichols algebras
of diagonal type with finite GK-dim which are not finitely generated.

o Next comes the class of Nichols algebras of blocks & points; here the
classification of those with finite GK-dim was achieved in [6] for finite,
and [5] for infinite, rank; both assume the validity of Conjecture 1.2.

o There are decomposable Yetter—Drinfeld modules over abelian groups
that are not of the form blocks & points; they contain components
known as pale blocks. The classification of those with finite GK-dim in
rank 3 was also obtained in [6] while rank 4 is work in progress [7].

Summarizing, in order to have a classification of the finitely generated Nichols
algebras with finite GK-dim over abelian groups it remains to conclude the clas-
sification of the blocks & pale blocks & points giving rise to Nichols algebras
with finite GK-dim and to prove Conjecture 1.2; we believe that both objec-
tives could be attained soon. We should also mention that the classification
of finite-dimensional Nichols algebras over finite groups is far from complete
notwithstanding intense activity in this direction. See [1, 23, 32] and references
therein.
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The focus of this article is on Nichols algebras over nilpotent groups whose
bosonizations have finite GK-dim. The main results of this paper are:

o The description of the finite-dimensional Nichols algebras over a finite
nilpotent group of odd order G up to the knowledge of the conjugacy
classes and the representations of the centralizers of GG, Theorem 3.11.

o The description of the bosonizations ZB(M)#kG with G a torsion-free
nilpotent group and M € ﬁg)}D semisimple having finite GK-dim up
to knowledge of the irreducible representations of G. See Theorem 3.5.

We next describe how we achieve these results.

0.2. FINITE NILPOTENT GROUPS. Let us start with finite nilpotent groups of
odd order. Our first basic result, Theorem 2.1, states that any conjugacy class
of such a group is either abelian or of type C. The notion of rack of type C was
introduced in [8], where it was shown that any Nichols algebra whose support
is of type C has infinite dimension. Thus we are reduced to deal with abelian
conjugacy classes which give rise to braided vector spaces of diagonal type.
To give a more precise answer, we generalize a technique from [41], the only
reference we know on Nichols algebras over nilpotent groups (beyond the abelian
case). A similar analysis could be carried out in the context of finite GK-dim,
but we need to assume the already mentioned Conjecture 1.2 and the new
Conjecture 1.13 extending the criterium of type C from [8] to the setting of
GK-dim.

0.3. FINITELY GENERATED NILPOTENT GROUPS. Our second basic result, The-
orem 2.6, shows that the bosonization Z(M)#kG of the Nichols algebra of any
Yetter—Drinfeld M module over any finitely generated group G, whose support
is an infinite conjugacy class, has infinite GK-dim even if #(M) could have
finite GK-dim. It is known that any conjugacy class of a finitely generated
torsion-free nilpotent group G is either infinite or central, thus for such groups
we just need to study Nichols algebras with central support. These arise also
over abelian groups, discussed above in §0.1. For illustration we list those cor-
responding to M semisimple, see Theorem 3.5.

Finally let G be a finitely generated nilpotent group and assume that its
torsion subgroup 7T has odd order. Then we show that any finite conjugacy
class is either abelian or of type C, see Proposition 2.9, extending Theorem 2.1.
To proceed further we need the validity of Conjectures 1.2 and 1.13. We also
make a reduction when the order of T" is coprime to 6.
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The paper has four sections: in the first one we collect preliminary informa-
tion on Nichols algebras. Section 2 deals with conjugacy classes including the
basic theorems mentioned above. In Section 3 we establish the main results,
stating some auxiliary lemmas in more generality for future applications and
discussing a few examples. Comments on the open questions on Hopf algebras
over nilpotent-by-finite groups are in the last Section 4.

ACKNOWLEDGMENT. [ thank Caleb Eckhardt and Pavel Shumyatsky for point-
ing out proofs of Lemmas 2.7 and 2.10 to me, respectively. I am also grateful
to Sonia Natale for many interesting discussions (on the matters of this paper).

1. Preliminaries

1.1. NOTATIONS. We denote the cardinal of a set X by |X|. If k < £ are non-
negative integers, then we set Iy = {i € N : k <4 < ¢} and just I, = Iy .
Given a positive integer ¢, we denote by Gy the group of /-th roots of unity in k,
and by G} C G the subset of those of order £. The group of all roots of unity
is denoted by G and G, := G — {1}.

Let G be a group. The identity, the group of characters and the center
of G are denoted by e, G = Homgroups(G,k*) and Z(G). The notations
F < G, or G > F, mean that F' is a subgroup of G, while F'< G, or G > F,
mean that F' < G is normal. We shall use the notations z >y = xyz !,
[,y] = zyz~ty~! (the commutator), |x| = the order of =z, for z,y € G.
Given = € G, let O, be its conjugacy class and let G* be its centralizer. If
emphasis is needed, then we write O = O,.

The symmetric and exterior algebras of a vector space V' are denoted S(V)
and A(V) respectively.

Let Irr C be the set of isomorphism classes of simple objects in an abelian cate-
gory C. If A is an algebra and C is the category of A-modules, then Irr A := Irr C;
if A = k@, then Irr G := Irr A. Also IndecC denotes the set of isomorphism
classes of indecomposable objects in C and corespondingly we have Indec A,
Indec G.

1.2. YETTER-DRINFELD MODULES. A braided vector space is a pair (V,¢)
where V is a vector space and ¢ € GL(V®?) satisfies the braid equation

(c®id)(id ®@c)(c ®id) = (id ®c)(c ® id)(id ®c).
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A systematic way of producing braided vector spaces is through Yetter—Drinfeld
modules over a Hopf algebra H (always assumed with bijective antipode); these
are H-modules and H-comodules subject to a compatibility condition, see [36].
The category %JJD of Yetter-Drinfeld modules over H is a braided monoidal
one. Hence the notion of Hopf algebras in % YD is available. We refer to [1] for
the concepts of Nichols algebra of a Yetter—Drinfeld module (a special kind of
Hopf algebra in %J)’D) and Nichols algebra of a braided vector space (a non-
categorical version of the former), central in the approach to the classification
of pointed Hopf algebras pursued in this paper.

If Ve ZYD, or if (V,c) is a braided vector space, then %(V) denotes its
Nichols algebra and J = J (V) its ideal of defining relations.

Example 1.1: Yetter—Drinfeld modules of dimension 1 are classified by YD-pairs
over M, that is pairs (g, x) € G(H) x Homae(H, k) satisfying

x(h)g = x(h@))hay9S(hsy), he H.

Given a YD-pair (g, x), we denote by kx € ﬁy’D the one-dimensional vector
space where H acts by x and co-acts by g. Let ¢ = x(g). It is well-known that

K[T)/TN, ifqeGly,N > 1;

B(kX) ~
. k[T, otherwise,

where T is an indeterminate.

1.3. NICHOLS ALGEBRAS OF DIAGONAL TYPE. Let 8 € N and I :=Ily. Given a
matrix q = (g;j)ije1 € (kX)L we denote by (V,c®) the braided vector space
of diagonal type associated to q, where V' has a basis (z;);c1 and

(1.1) Cq($i®l’j) =@ Tj Q Xy, i,7 € L.

In this case we set Jq = J(V), B9 = #(V), etc. The Dynkin diagram
associated to q is the graph with 6 vertices, where the vertex ¢ is labelled by g;;,
and there is an edge between ¢ and j labelled by ¢;; := ¢i;qj;. When ¢;; = 1,
the edge is omitted except sometimes for the needs of the exposition.

Assume that a matrix p = (p;;)ijer is twist-equivalent to g, that is they
have the same Dynkin diagram, i.e., p;; = ¢i; and p;; = g;; for all 4 # j. Then
the Nichols algebras %, and g, which are not necessarily isomorphic, have
the same Hilbert series, hence the same GK-dim by [34, Lemma 6.1]. We shall
express this situation by Xy ~w Aq.
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We may refer to the connected components of the Dynkin diagram and a
fortiori of q. For many purposes we may assume that q is connected as %y is
the twisted tensor product of the Nichols algebras of the connected components
of q. Under suitable hypotheses, a matrix q gives rise to a generalized root
system [33]; if dim %4 < oo, then q has a finite root system. The classification
of all q with finite root system and connected Dynkin diagram was given in
[29]; this contains the classification of the finite-dimensional Nichols algebras of
diagonal type. The Nichols algebras %4 with q in the list of [29] have finite
GK-dim. It was conjectured that these are all.

CONJECTURE 1.2 ([6, Conjecture 1.5]): The root system of a Nichols algebra
of diagonal type with finite GK-dimension is finite.

The conjecture holds when § < 3, when q is of Cartan type, or when q is
generic; see [4], [17] and references therein.

The defining relations of the Nichols algebras % with q in the list of [29]
appear in [14, 13]. See the survey [2].

We shall apply several times the following result. The first three items are
well-known, the last follows from [4, Theorems 1, 2, 4.1]. The case = 1 is
covered by Example 1.1.

LEMMA 1.3: Assume that 6 > 2. Given q € k™, let V be a braided vector space
of diagonal type with matrix q = (¢;j)i,je1 where ¢;; = ¢ for all i,j € I; thus
locally the Dynkin diagram is

2
q q
[©)

%

g for all i # j.
J

Then:
(i) If g =1, then B(V) ~ S(V).
(ii) If ¢ = —1, then B(V) ~ A(V).
(ii) If ¢ € G5 and dimV = 2, then (V) is of Cartan type Ay and has
dimension 27.
(iv) Otherwise GK-dim #(V') = oo.

The next result will be useful too. For the first two items we assume Conjec-
ture 1.2 and go through the list of [29]. Here by cycle we mean a closed path.
For (iii), see [6, Lemma 2.8] inspired by [38].
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LEMMA 1.4: Let V be a braided vector space of diagonal type such that its
Dynkin diagram contains

(i) either an N-cycle, with N > 3,
(i) or else a 3-cycle, with no vertex labelled by —1,

(i) or else a sub-diagram of the form & —" 5 ,r# L

Then GK-dim A(V) = oc.

Remark 1.5: The only 3-cycles with all vertices labelled by —1 in [29] are

=
7 N where q,7,5 # 1, grs = 1.

~1 q ~1

O —— O

These are of type D(2,1;a), [2, §5.4]. When ¢ = r = s € G}, dim %, = 2133.
Furthermore, this diagram can not be embedded in a Dynkin diagram of rank
4 with finite root system; see [29, Table 4].

Remark 1.6: The only Dynkin diagrams of rank 2 in the list of [29] with both
vertices labelled by the same ¢ # 1 are

—1

L | , of type As;
g C 8 , where ¢ € G/, and ¢ = —(?; of type ufo(8), see [2, §10.8].

Definition 1.7: Let (V,c%) be a braided vector space of diagonal type. A prin-
cipal realization of (V,c?) over a Hopf algebra H is a family (g;, xi)ie1 of
YD-pairs such that g;; = x;(g:) for all 4, 7. In this case V = P, k}/ € "yD.

Let G be a finite group of odd order. By inspection of the list in [29], we see
that a matrix q with finite root system and connected Dynkin diagram could
have a principal realization over the the group algebra kG only when either it
is of Cartan type, or else its Dynkin diagram is one of

(1.2) PR 5 . S
-1 —1 -3 —1 —4 4 -3
(1.3) g < g < Co g < Co < Co ,
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where the order of ¢ divides |G| and is > 3, w € G§ and ¢ € G§. In particular,
if 3 does not divide |G|, then q could admit a principal realization only if it
is of Cartan type. See [2, §7.2, §7.3] for information on (1.2) of type br(2),
resp. (1.3) of type br(3).

1.4. YETTER—DRINFELD MODULES OVER GROUPS. Let G be a group. Recall
that O, denotes the conjugacy class and G* the centralizer of z € G. For
any y € O, we fix g, € G such that g, >z =y. Then for h € G and y € O,

(1.4) thy = g,:;yhgy e G".

A Yetter—Drinfeld module M € ﬁg)ﬂ’l) is just a G-graded vector space
M =@ cq M,y provided with a linear action of G such that

h'Mg:Mhng h,gGG

In such case, the support of M is suppM = {g € G : M, # 0}, which is a
disjoint union of conjugacy classes. If v € M, then degv := g.

We next describe Irr HigyD and Indec ﬁgyD. First we consider € G and a
representation p : G* — GL(W). We set

M(2z,W) :=Indg. W ~kO@ W ~ 5 g, @ W.
y€O,

As is known, M (z, W) belongs to Y5 YD with action and grading
h-(gy @ W) = ghoy @ thy -w, deglgy ®w) =y,

where t5,,, is given by (1.4). We also use the notation M (x, p) = M (z, W), and
accordingly

B(x, W) = B(M(x, p) = B(x,p).
For brevity, we set g,w = g, ® w. Then the braiding of M (x, W) is given by
(1.5) c(g:u @ gyw) = gapy(tzy - w) ® gzu, 2,y € O, u,w € W.
Example 1.8: A YD-pair over kG is just a pair (g,x) € Z(G) x G; then
kg =~ M(Og, x),

see Example 1.1. If, e.g., g € Z(G) N [G,G] and x € G, then #(g,x) ~ S(W)
where dim W = 1, thus GK-dim %(g, x) = 1.
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PropoSITION 1.9: Irr ﬁg)ﬂ’l) is parametrized by pairs (O, W) where O is a con-
jugacy class and W € Irr G for a fixed choice of x € O. Similarly Indeck&YD
is parametrized by pairs (O, W) where now W € Indec G*.

We sketch a proof of this well-known result for completeness, as we have not
found a reference for the case when G is infinite.

Proof. If M is indecomposable, then necessarily supp M = O, for some = € G
that we fix. Thus M = Gayeox M, and G* acts on M,. Let N, be a G”-
submodule of M,. For each y € O, choose g, € G such that g, >z = y.
Then g, - Ny C My and N := @ ,c0, gy - N is a Yetter-Drinfeld submodule
of M. Thus, if M is indecomposable, respectively simple, then so is M, as G-
module, and M ~ M (x, M,). The converse is proved similarly.

Actually, there is an equivalence of categories between Rep G* and the full
subcategory of ﬁgyl) whose objects have support on O,.. See [30, Prop. 1.4.17].
I thank the referee for pointing out this fact.

1.5. RAcCKS. Nichols algebras over groups are studied systematically through
racks. We refer to [9] for an exposition on racks and Nichols algebras over
groups and [1] for more recent results. Here we collect some material needed
in this paper. A rack is a non-empty set X with a self-distributive operation
>: X x X — X such that ¢, := x> is bijective for every x € X. The
main examples are subsets of groups stable under conjugation. All racks here
are assumed to be subracks of groups. A rack X is abelian if x>y = y
for all x,y € X. The inner group of a rack X is the subgroup Inn X of the
group Aut X of rack automorphisms generated by ¢, for all z € X.

LEMMA 1.10 ([9, Lemma 1.8]): A surjective morphism of racks m : X — Y
extends to a surjective morphism of groups Inn7 : Inn X — InnY.

Proof. Given x € X, define Inn7(p,) = @r(q). If 2 € X satisfies g, = ¢,

then ¢ (,)(7(y)) = 7(z) > 7(y) = m(x>y) = 7(2>Y) = Px(z)(7(y)). Since 7 is
surjective, then ¢ () = @r(2), i.e., Inn7 is well-defined. Consider next

G = {0 € Sx : v € Sy such that no = vr}.

Clearly such v is unique, G < Sx and ¢ — v is a morphism of groups. Thus
Inn 7 is a morphism of groups which is surjective because 7 is so.

The following statement is a consequence of [31, Theorem 2.1].
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THEOREM 1.11: Let G be a finite non-abelian group and V and W be two
simple Yetter—Drinfeld modules over G such that G is generated by the support
of Ve W,dmV <dimW and

(16) CQ|V®W # idV®W .
If dim B(V & W) < oo, then (dim V, dim W) belongs to
(L.7) {(1,3),(1,4),(2,2),(2,3),(2,4)}.

When dimW = 3 in (1.7), W is the braided vector space associated to the
transpositions in Sg with the cocycle —1, which is not of diagonal type.

Recall from [8, Definition 2.3] that a finite rack X is of type C when there
are a decomposable subrack Y = R[S and elements r € R, s € S such that

(1.8) r>s#s (hence s>r#r),
(19) R = Oinlly, S = OillnY,
(1.10) min{|R|,[S]|} >2 or max{|R|,|S]|} > 4.

THEOREM 1.12 ([8, Theorem 2.9]): A finite rack of type C collapses, that is
dim #(0,q) =
for every finite faithful 2-cocycle q.

The proof of Theorem 1.12 relies on [31, Theorem 2.1], which in turn depends
on the notion of Weyl groupoid [33]. For some of the arguments below we need
the validity of the following conjecture; the adaptation of the proof of [31] does
not appear to be straightforward.

CONJECTURE 1.13: Let X be a finite rack of type C. Then
GK-dim £(0,q) = o
for every faithful 2-cocycle q.
Example 1.14: Assume that G = G1 X Go. If © = (x1,22) € G, then
(1.11) Oy =04 X Oy,, G"=G"* x G2, DIrrG* ~Irr G** x Irr G™.
Thus if W ~ W) ® Ws is a simple G*-module, then

(1.12) M(z, W) ~ M(z1, W) @ M(2q, Ws).
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Correspondingly, the tensor product of two braided vector spaces (V, cy) (W,ew)
is (V@ W, cygw) where cygw : VROWR@VRW = VoWV W is defined
by

Ccvew = (id RTy,w & id) (CV ® Cw)(id RTw,v & id).

Observe that there is no clear relation between the Nichols algebras Z(x, W),
PB(x1,W1) and B(x4, Ws). For instance, if all three modules in (1.12) have di-
mension one, then the braidings are given respectively by ¢,¢1 and ¢
with ¢ = ¢q1¢2 so that any of them could be 1 with the other two being non-trivial
roots of 1. But the criterium of type C propagates in this setting.

Namely, let X = X; X X5 be a direct product of racks. If either X; or X,
is of type C, then so is X. Indeed, let Y3 = Ry ][] S1 be a subrack of X; and
elements r; € Ry, s1 € Sp satisfying (1.8), (1.9) and (1.10). Pick any 22 € X5
and set Y = Y] x {a2}, R = Ry x{x2}, S = 51 x {xa}, r = (r1,22), s = (81, 22).
Then (1.8), (1.9) and (1.10) hold for them.

2. Hopf algebras and conjugacy classes

Recall that the upper central series of a group G is the sequence of subgroups
e=20<1721<---<2; Q-+, where

Zﬂ"rl = Zn"rl(G) = {(E €G: [CE,G] < Zn}y

G is nilpotent iff the upper centralizer series stabilizes in G [24, Th. 2.2].

2.1. CONJUGACY CLASSES IN FINITE NILPOTENT GROUPS. Here is our first
basic result on Nichols algebras over finite nilpotent groups.

THEOREM 2.1: Let O be a conjugacy class in a finite nilpotent group G of odd
order. Then O is either of type C or else an abelian rack.

There are examples of conjugacy classes of finite nilpotent groups that are of
type C; see Subsection 3.8.3.

Proof. 1t is well-known that a finite group is nilpotent if and only if it is iso-
morphic to the product of its Sylow subgroups; see, e.g., [24, Theorem 2.13].
Hence, by Example 1.14, we may assume that G is a p-group with p an odd
prime. Let us assume that O is not abelian. That is, there exist r,s € O such
that 7> s # s (and then s>r # 7). Let H = (r,s) < G.
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If R:= 0O #£5 := 0O then Y := R[] S is a decomposable subrack of O
that satisfies (1.9), because H = (Y) so R = O = O"»Y and OF = OlmnY,
Now (1.8) holds by assumption. Evidently p divides both |R| and |S|. Since
p >3, (1.10) holds and O is of type C.

Next suppose that s € OF =Y. Then H = (Y), hence Y = O = OInnY ig
indecomposable by [9, Lemma 1.15]. Also InnY ~ H/Z(H) by [9, Lemma 1.9],
hence InnY is a p-group. Now by a routine recursive argument, there exists a
surjective morphism of racks 7 : Y — Z where Z is simple. Considering the
surjective morphism of groups Innz : InnY — Inn Z given by Lemma 1.10, we
see that Inn Z is a p-group, so in particular | Z| should be a power of p. But then
Inn Z could not be a p-group being a semidirect product of a p-group with a
group of order not divisible by p, see [9, Proposition 3.2 and Theorem 3.7], and
also the discussion at the end of page 204 and the beginning of [9, p. 205].

Note that this is not a statement on racks with p” elements, p an odd prime
but on conjugacy classes of p-groups.

When G is a 2-group, Theorem 2.1 is no longer true. Indeed, the group
Dy = (x,y|2? = e = y*, zyxr = y3) admits a a finite-dimensional Nichols alge-
bra #(V) where

suppV =Y = OIHOry
which is neither abelian nor of type C. The rack Y can be realized as conjugacy
class in the group Dy x Z/4 determined by the automorphism o : Dy — Dy,

o(x) =zy, o(y)=y.

2.2. HOPF ALGEBRAS AND INFINITE CONJUGACY CLASSES. Let H be a Hopf
algebra. If R is a Hopf algebra in %JJD, then the bosonization (or biproduct)
R#H is the Hopf algebra with underlying vector space R ® H and structure as
in [36, Section 11.6].

Remark 2.2: Recall that an affine algebra is a finitely generated one. Let O be a
conjugacy class in a finitely generated group G. Let x € O and let W € Rep G*
be a finitely generated module. Set M = M (O, W). Then T(M)#kG is affine,
hence so is Z(M)#kG.

Proof. Let (g;)ier be a family of generators of G and (w;)jes be a family
of generators of W. Then the g;’s together with the w;’s generate the alge-
bra T(M)#kG.
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Let G be a finitely generated group and let M € ﬂig)ﬂ’l) be such that the
action of G is locally finite. By [6, Lemma 2.3.1], we have

(2.1) GK-dim Z(M)#kG < GK-dim Z(M) + GK-dimkG.

Furthermore, if dim M < oo, then the equality holds in (2.1). Our second
basic result, Theorem 2.6 (inspired by [6, Example 2.3.3]), roughly states that
GK-dim Z(M)#kG = oo if the support of M is an infinite conjugacy class, even
if GK-dim (M) is finite, in sharp contrast with (2.1). We start by a theorem
of Malcev needed for our approach.

THEOREM 2.3 (Malcev [24, Theorems 2.23, 2.24]): Let G be a finitely gener-
ated nilpotent group and let H < G. Assume that there exists a finite set X
of generators such that for any g € X there exists a positive integer n such
that ¢g" € H. Then the index of H in G is finite.

Furthermore, if for any g € X the integer n is a power of a fixed prime p,
then [G : H] is also a power of p.

Actually, the last claim holds more generally if n is a w-number, where w is
a fixed set of primes.

COROLLARY 2.4: Let G be a finitely generated nilpotent-by-finite group and
let H < . Assume that for every g € G there exists a positive integer n such
that ¢g" € H. Then the index of H in G is finite.

Proof. Let N < G be nilpotent of finite index; N is finitely generated by [37,
1.6.11]. If g € N, then there exists n € N such that ¢" € HNN; thus [N : HNN]
is finite by Theorem 2.3 and so is [G : HN N] = [G : N][N : HN N]. But
[G:HNN]=|G: H|[H: HNN],so [G: H] is finite.

COROLLARY 2.5: Let G be a finitely generated nilpotent-by-finite group,
let O C G be an infinite conjugacy class and pick x € O. Then there exists
g € G such that g" > x # «x for alln € N.

Proof. If for every g € G there exists n € N such that ¢" >z = =z, then
|O| =[G : G*] is finite by Corollary 2.4.

THEOREM 2.6: Let G be a finitely generated group and M € HigyD such
that O = supp M is an infinite conjugacy class. Then

GK-dim Z(M)#kG = .
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Proof. By Gromov’s Theorem we may assume that G is nilpotent-by-finite.
Let z € O. Since M, is the union of its finitely generated G*-submodules, we
may assume that it is finitely generated. Let S be a finite set of generators
of the group G and let F' be a finite set of generators of the G*-module M,.
Pick g € G such that z,, = g">x # x for all n € N, which exists by Corollary 2.5,
and mg € F\0. Let V = (1,5,971, F), a set of generators of Z(M)#kG.
For n € N we set m,, = ¢"mog~" € V21, Given s € Io,n, let

Ams:{mil---mis:1§i1<---<i5§n}, An: U An75.
SEHU,n

We claim that (i) [A,| = 2" (exercise), (i) A, € V™*D* and (iii) 4, is a
linearly independent set. For (ii), just observe that

Ay ={1,m}CcV3cV: A, CApi{l,m,} C V"V VIHL D),

For (iii), it is enough to prove that A, ¢ C %°(M) is a linearly independent set.
Clearly, m,, € M, for all n € Ny. The claim (iii) is a particular case of

CLAM (iv): Given m; € M,,\0, i € 1,,, the subset
Anys = {y g, 1 1<y <o <ig <}
of B(M) is linearly independent.

Proof of Claim (iv). By induction on s and n. The elements x; are all different
by our choice of g, thus the case s = 1 follows. After completing appropriately
the family (m;) to a homogeneous basis of M, we know that there exist skew-
derivations 9; : (M) — B(M), j € 1,,, such that

03 (uv) = 0;(u)(; - v) + wdy(v), O (7e) = b
Set Iy = {i= (i1,...,1s) : 1 < iy < -+ <ig <n}, my =my, ---m;,. Then

0, if j & {i1,...,is},

7”I~’Li1 ""I?I"Lihil(mj 'T?Lih+1)-'-(.%'j . ﬁ’Lis) lf_j = 1ip, h e ;.

0j(my) =

Thus we consider the map v, from I, ; := {i = (i1,...,4s) € I, : 3h,ip = j} to
Iy :={i=(i1,...,is-1) € Is_1 : Pk,ix = j} given by

i— (’L.l,---,l.hfl,l.thl,---,is)-
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It is easy to see that this map v; is bijective. Let now A, i € I, be a family of

scalars such that > Aimi = 0. Then for any j € I,

i€l
0= aj(z )\iﬁli) = D Nty Ty (@ T, ) - (g - G,
iel, icl,,;
If j = n, then
0= Z )\iﬁ’Lil "'ﬁ’Li571 :*> /\i =0Vie Is;n

i€l

— 0= > A= Y i = N =0Viel.,,
icls,—n i€ls;n—1

where « is by the inductive hypothesis on s and ¢ is by the inductive hypothesis
on n. Claim (iv) is proved.

By (i), (i) and (iii), 2" < dim V(™*D* for all n; the Theorem follows.

2.3. FINITELY GENERATED TORSION-FREE NILPOTENT GROUPS. Recall that
the FC-center FC(G) of a group G is the union of all finite conjugacy classes
of G; FC(G) is a characteristic subgroup of G containing Z(G) [18]. The
following result is folklore; see, for instance, [25] for a different proof.

LEMMA 2.7: If G is a finitely generated torsion-free nilpotent group, then every
non-central conjugacy class is infinite.

Proof. Since G is finitely generated nilpotent, so is FC(G). By [39, Theo-
rem 1.6], [FC(GQ), FC(G)] is finite. Since G is torsion-free,

[FC(G), FO(Q)) = e,
ie, FCO(GQ) = Z(FC(Q)) = Z(G), the last equality by [25, Lemma 2.2].
2.4. FINITE CONJUGACY CLASSES IN NILPOTENT GROUPS. We generalize The-

orem 2.1 to nilpotent groups whose torsion has odd order, using a well-known
result of Gruenberg.

THEOREM 2.8 ([28]): Let G be a finitely generated nilpotent group with tor-
sion T # e and e # g € G. Then there exists a prime p that divides |T|, a finite
p-group P and a morphism 7 : G — P such that 7(g) # e.
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PROPOSITION 2.9: Let G be a finitely generated nilpotent group whose torsion
subgroup T' # e is non-trivial and has odd order. Then a finite conjugacy
class O of G is either abelian or else of type C.

Proof. Suppose that O is not abelian. Pick r,s € O such that r>s # s, i.e.,
[r,s] # e. By Theorem 2.8 there exist an odd prime p and an epimorphism 7
from G to a finite p-group P such that [w(r), 7(s)] = 7([r, s]) # e. Let

H=(r(r),n(s)) <P, R:=0%F, §:=0.(r"

Arguing as in the proof of Theorem 2.1, we see that Y =R 11 Sisa decompos-
able subrack of P. Let R := n~Y(R)NO, S := 7~ (R)NO. Then Y := R[S is
a decomposable subrack of O. Now the elements 7(s), 7(r) > (s), m(r)? > 7(s)
of S, respectively 7(r), w(s) > m(r), w(s)2>w(r) of R, are different. Hence
s,r> 8,12 > s € S, respectively 7, s> 7,52 >1r € R, are different, (1.10) holds

and O is of type C.

Theorem 2.6 and Proposition 2.9 show that the classification of pointed Hopf
algebras with finite GK-dim over a finitely generated nilpotent group whose
torsion has odd order goes through Nichols algebras over abelian groups. For
instance, a Hopf algebra H like this is co-Frobenius if and only if gr H ~ Z(V),
where V is of diagonal type and dim Z(V') < oo, as follows from the preceding
results and [6, Theorem 1.4.2]; see loc. cit. for details. This last claim does not
assume Conjecture 1.13.

We finish this Section with a result needed later, see Lemma 3.13.

LEMMA 2.10: Let G be a finitely generated nilpotent group with torsion T and
let O = O, be a finite conjugacy class in G. Then |O| divides |T)|.

Proof. As G/T is torsion-free, FC(G/T) = Z(G/T) by Lemma 2.7. Hence the
image of z is central in G/T; ie., [G 2] < T. Let ¢ : G — T be given by
g—lg,7], g€ Gandlet S=¢ 1T NZ(Q)). If g€ Gand h € S, then

(2.2) d(gh) = [gh, 2] = ghah~ g~ a™" = g[h,2]lzg™ 2~" = ¢(g)p(h).

Thus the restriction ¢ : S — T'N Z(G) is a homomorphism; clearly, G* < §
and S/G® embeds into T'N Z(G). Hence |OF]| divides |T'N Z(G)|. Let now

k=min{k € Ng: T < Z(G)}.
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We argue by induction on & and |O|. If k = 0, then G is torsion-free and
Lemma 2.7 applies. If k =1, then T < Z(G), G = S and the claim follows.

Assume that & > 1. Let H = G/(T N Z(G)) and let 7 : G — H be the
natural projection. Given y € (95(1), we fix z, € OF = O such that 7(z,) =y
and g, € G such that z, = g, >x. For t € OF, fix g, € S such that t = g; > x.
We claim that the map

J:Of(w) x 05 = 0,
o(y,t) = zytz™ = 2, 7], Y€ OTIf(m),t €0’
is a well-defined bijection. First, since ¢(g¢) € Z(G),

syt =t = gy alwlon 7] = 3(g,)8(g0)e = d(gyg0)x = gyge v x € O

we have
o(y,t) = o(w,s) = m(zyd(g1)) = m(20¢(9s)) = y=w = t=s.
Finally, let z € O and y = 7(z); then z = zyu where v € TN Z(G). Now

z=zyu=(gy>x)(gy>u) =gy > (zu) = zuec O;

pick g € G such that uz = zu = gbz and set t = gox; since u=(g>z)z "t =¢(g),

we conclude that g € S, t € O and o(y,t) = 2. The claim is proved.
The torsion of H is Ty = T/T N Z(G). Then

Zj(H)ﬂT1 :F(Zj.H(G)ﬂT), 7 € Ny,

and so Zy_1(H) NTy = Ty. By the inductive hypothesis on k — 1, |Of(x)|

divides |7T1]; thus |O] = |(97?(x)||(’)f| divides |Th||T N Z(G)| = |T.

3. Nichols algebras

3.1. FIRST REMARKS: dim W > 2. In this subsection, we fix

o A group G, a finite conjugacy class O in G, x € O.

o W € Irr G* with representation p : G* — GL(W). We assume that
dim W is countable; this is the case if G is finitely generated. By the
Schur Lemma, aka Dixmier’s Lemma [40, 0.5.2], there exists n € Z/(G\f”)
implementing the action of Z(G*) on W.

o x€ C/;?”; set ¢ := x(x).
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Remark 3.1: Pick y € O and g, € G such that g, >2 =y. Then GY = g, > G”
and

pY GY — GL(W),
pY(g9) = plg, " >g)
is an irreducible representation of GY. Hence
M(O,p) ~ M(O,p?) and n(z) =n"(y).
Similarly,
M(O, x) =~ M(O,x") and q=x"(y).
We start with an argument going back to [26, 3.1], based on Lemma 1.3.

LEMMA 3.2: Let W € IrtG* be as above. Assume that dimW > 2.
Let M = kax ® W, a braided subspace of M(O,W) with dimM = dim W.
Then (M) is a braided Hopf subalgebra of (O, W) and we have
(i) If n(x) = 1, then (M) ~ S(M). Thus GK-dim B(O,W) = oo implies
that dim W < oo.
(ii) Ifn(z) = —1, then B(M) ~ A(M).
(iii) If n(z) € G5 and dim W = 2, then HB(M) is of Cartan type Az and has
dimension 27.
(iv) In any other case, GK-dim B(0O, W) = co.

Proof. Choose g, = x, thus t, , = z, cf. (1.4). Fix a basis (w;);cr of W, so that
the symbols xw; form a basis of M and its braiding is given by
c(zw; @ zw;) = n(x) zw; @ zw,;, 1,j € 1.
Then GK-dim Z(M) can be read off from Lemma 1.3.
We next generalize [41, 3.5].

LEMMA 3.3: Let G be a finite group of odd order and let W € Irr G* as above.
(a) If dim W > 2 and GK-dim Z(O, W) is finite, then n(x) = 1 and conse-
quently GK-dim (0, W) > 0.
(b) If x € Z(G) and n(xz) = 1, then GK-dim Z(O, W) = dim W.
(c) If dim B(x, W) < oo, necessarily dim W = 1.

Proof. (a) and (b) follow from Lemma 3.2: as |G| is odd n(z) # —1, and dim W,
a divisor of |G®|, could not be 2. In turn (a) implies (c).
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3.2. NICHOLS ALGEBRAS WITH CENTRAL SUPPORT. Let M € [&YD with cen-
tral support. Then the braided vector space M can be realized in ?ggg;yp,
hence it fits into the theory of Nichols algebras over abelian groups sketched
at the Introduction. For illustration we describe the semisimple M € ﬁg)}D of
finite length and central support such that GK-dim Z(M) < oo, up to Conjec-

ture 1.2. See [6, 3] for Nichols algebras of indecomposable M.

PROPOSITION 3.4: Let M € HigyD be semisimple of the form
(3.1) M’:Ml@"'@Mt@MH_l@“'@MQ,

where M; ~ M (g;, W;) with g; € Z(G), W; € Irr G and

e ifi € Iy, then W; has dimension > 2 and central character n;;
o ifi €419, then W; has dimension 1 and action given by x; € G.

Let q = (gij)i,jel, ..o, Where q;; = X;(g:). Then
GK-dim#(M) < oo

if and only if the following conditions hold:

(a) The connected components of the diagram of q are either points labelled
by 1 or else belong to the list of [29].

(b) Ifi € I, then n;(g;) € G2 U Gs.

(c) If i € Iy and n;(¢g;) = 1, then n;(gj)n;(g;) = 1 for all i # j € I,
and 1;(gr)xk(g:) = 1 for all k € T;41 6.

(d) Ifi#j €Iy and n;(g:) # 1 # n;(g;), then ni(g;)n;(g:) = 1.

(e) Ifiely, k€10 and 1;(g;) =w € GY, then n;(g9x)xk(g:) =1 unless {k}
is a connected component of q labelled by —1 and n;(gx)xx(g:) = w?.

(f) Ifi € Iy, k € i1, and m;(g;) = —1, then n;(gx)xx(g:) = 1 except when
dim W = 2 or 3 and the points from g; @ W together with the connected
component of k appear in one of the following: rows 1, 8, 15 in Table 2,

rows 5, 18 in Table 3, or row 8 in Table 4 from [29)].

Proof. If GK-dim Z(M) < oo, then (a) follows from [29] assuming Conjec-
ture 1.2; (b), from Lemma 3.2; (c), from Lemma 1.4(iii); (d), from Lemma 1.4(i).
Now (e) and (f) follow by inspecting the list in [29]; the exception in (e) is from
row 15, Table 2 in [29]. The proof of the converse implication is standard.
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3.3. HOPF ALGEBRAS OVER TORSION-FREE NILPOTENT GROUPS. Combining
Lemma 2.7 with Theorem 2.6 and Proposition 3.4 we get:

THEOREM 3.5: Let G be a finitely generated torsion-free nilpotent group.
Let M € ﬁg)}D be semisimple of finite length. Then

GK-dim Z(M)#kG < oo

if and only if
supp M C Z(G)

and M is as in Proposition 3.4.

As already mentioned, the classification of all M € ﬁig)ﬂ’l) of finite dimension
with GK-dim Z(M)#kG < oo would follow from the abelian case once this is
settled completely.

3.4. ABELIAN NON-CENTRAL CONJUGACY CLASSES. We next study Nichols al-
gebras over finite conjugacy classes that are abelian as racks. We keep the
notation from §3.1 and assume from now on that

O is abelian but not central.

The braided vector space M (O, W) can be realized in fLYD where I' = (O)
is an abelian subgroup of G, hence the theory of braided vector spaces over
abelian groups applies again. In order to give more precisions, we start with
some general reductions.

Let y,z € O and gy,g9. € G such that g,> 2 =y, g. > = z. Since O is
abelian, we see as in (1.4) that t., = g, ' 29, = (g, '9-) > . Now (1.5) says
G2y eOHY) =gty w) @ u,w e W.

c(gyw @ gzu) = g=(ty,> - u) @ gyw,

We first consider the case when dim W > 2; we elaborate on Lemma 3.2 using

a result on pale blocks from [6, §8].

LEMMA 3.6: Let W € Irr G® such that dimW > 2 and n(z) # —1. Then
GK-dim #(0, W) < oo if and only if dim W < oo, t, , acts on W by a scalar 7

such that 7., = 7,7},

(i) n(x) = 1; then B(O, W) =, S(WI®I), GK-dim Z(O, W) = dim W|0|;
(ii) or else n(z) € GY, dim W = 2; in this case dim B(O, W) = 271l

for any y # z € O, and either
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Proof. Fixy # z € O. Assume that w is an eigenvector for ¢, , with eigenvalue A
and that v € W is an eigenvector for ¢, , with eigenvalue p.
(a) By (3.2), the 2-dimensional braided vector space spanned by g.u, g,w

n(x)  An n(w)
o o .

is of diagonal type with Dynkin diagram

(b) Assume that u € W satisfies ¢, , - u = p(u+u). Let v1 = g u, va = g,u
and v = gyw. Then the braided vector space V' with basis (v;);er, has
braiding given by

n(z)vy ® vy n(z)ve ® vy Avg ® U1
(c(vi ®vj))ijer, = | n(x)vr @va  N(T)v2 @ V2 vz @ vg
por @uvs  p(ve +v1) @vs N(z)vs @ vs

Now [6, Theorem 8.1.3] says that GK-dim Z(V') < oo if and only if

1,  thus GK-dim#A(V)
—1, thus GK-dim A(V)

1; or

2.

(3.3) n(x) =—1 andA\p =

First we assume that GK-dim Z(O, W) < co. Since one of our assumptions
is that n(x) # —1, both ¢, . and ¢, , act diagonally on W by (b).
(i): If n(xz) = 1, then dimW < oo by Lemma 3.2. Pick eigenvalues A, p as
above. Then Ay = 1 by Lemma 1.4 (iii); thus g and A\ = p~! are uniquely
determined, i.e., t. , and %, . act by inverse scalars.
(ii): Assume that n(z) =: w € G4 and dimW = 2. Let A; and A2 be the
eigenvalues of ¢, . acting on W, respectively 111 and po the eigenvalues of ¢, ,.
Then the Dynkin diagram of V' := g.W & g,W has the form

w A1pa w

A1 2 A2p1

€
€

A2 2

If at least two of the \;u; are different from 1, then this diagram has either a
3-cycle or a 4-cycle with all vertices equal to w, so GK-dim Z(V') = oo, while if
three of them are 1, then the fourth also is 1. The converse is clear.

The case when dim W > 2 and n(z) = —1 is still open, see §4.2.
Next we treat the case when dim W = 1, i.e., given by a character x.
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LEMMA 3.7: Assume that O is an abelian rack and that
(3.4) x((g7'>x)(g>a)) =1 for every g € G\G”.

Then M (O, x) is a braided vector space of diagonal type whose Dynkin diagram
is totally disconnected with all vertices labelled by q¢ = x(x). Hence

dim B(0, x) = N1°, GK-dim (0, x) =0, ifqe Gly, N>2;
GK-dim Z(0, x) = |0, ifg=1orq€k\Ge.
Proof. By (3.2), we have ¢(g. ® g,) = x((g, '9-) > £)gy ® g=, therefore
*(9: ® gy) = x((92 ' 9) > )x((9, ' 92) > 2)g= © gy-

By (3.4) the Dynkin diagram is totally disconnected and (3.5) follows.

If dim W = 1 but (3.4) does not hold, then we apply an argument generalizing
[41, Lemma 3.7]. Given g € G, as O, is finite, the set

(3.6) Zri={z:=g'va:i €L} C O,
is finite; [Z7| = 1 iff g € G* and |Z]| divides |g| when this last is finite.

LEMMA 3.8: Fix g € G\G*. Assume that

(3.7) ¢:=x(zm121) = x((g7 ' pa)(gp ) # 1.
If GK-dim #(0, x) < oo, then

(3.8) q=x(z) #1,

(3.9) n:=|27| €{2,3}.

Furthermore:

(i) If n =2, then either ( = ¢~ or else ¢ € G}y and ¢ = —(>.
(i) If n = 3, then ¢ = —1 and ¢ € G4.

For this Lemma, we just need Z7 to be an abelian subrack of O.
Proof. Let J =1y ,,—1. In the notation (1.4), choosing g., = g* we have that
Loz, = gz_jlzigzj =g 29 =24, i,j€],
since Zj is abelian. Set v; = g'1e M(O,x), V= (v; :i €J). Then

(3.10) c(v; ®vj) = x(zimj)v; @vi, 4,5 €.
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Thus the Dynkin diagram of V' has locally the form

q X(z-121) q
G P S
i i+l

By Lemma 1.4 (iii), ¢ # 1. If n = 2, then Remark 1.6 applies. If 2 < n < oo,
then this is an m-cycle by (3.7). Thus Lemma 1.4 and Remark 1.5 imply
that n = 3 and (ii).

Assume that G is finite; hence n = |Z7| divides |G|. If G' has odd order,
then (i) and (ii) could not happen and we have the following consequence.

LEMMA 3.9: Assume that G is a finite group of odd order and that O is an
abelian rack. Then GK-dim #(0, x) < oo if and only if (3.4) holds. When this
happens, dim (0, x) < oo if and only if ¢ # 1.

Proof. If (3.4) does not hold, then GK-dim #(0,x) = oo by Lemma 3.8.
If (3.4) holds, then GK-dim #(0,x) < oo by Lemma 3.7. The last claim
follows from (3.5) since G is finite.

Example 3.10: If O is an abelian rack, then O C G*. In this case, the extra
assumption O C ker x implies (3.4) and ¢ = 1. Thus GK-dim #(O, x) = |0|.

3.5. NILPOTENT GROUPS OF ODD ORDER. We are now ready to determine the
finite-dimensional Nichols algebras over a finite nilpotent group of odd order in
terms of its group structure and representation theory.

THEOREM 3.11: Let G be a finite nilpotent group of odd order. Given a
finite-dimensional M € £SYD, we have that dim B(M) < oo if and only if
M~ My® M, & --- & M; where:
(i) supp My C Z(G), hence My is given by a family of YD-pairs (g;, Xi)ic.
such that the connected components of the matrix q = (q;;)i jes belong
to the list in [29)].
(ii) For j € I;, M; ~ M(Oj,x;) where O, is not central and abelian as
rack; x; € G5 for a fixed xj € O that satisfies (3.4); and q; = x;(x;)
has order 2 < N; < co. Also dim #A(0;, x;) = N]loj‘.

Furthermore,

(311) C|2Mi®Mj = id|Mi®]Mj7 ) #] S ]IO,t-
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Proof. Since ﬁgyl) is semisimple, we may decompose M = €. ; M; where

il
the M;’s are simple. Let

J={iel:suppM,; C Z(G)}

and Mo =D, ;M;. If supp M; is central, then M~ M ({g;}, W) where g; €Z(G);
by Lemma 3.3(c), dim W = 1. Thus there is a family of YD-pairs (g;, x;) such
that M; ~ ki for all i € J. By [29], dim %(M)) < oo if and only if (i) holds.

Assume that M ~ M(O,W) for some non-central conjugacy class O. By
Theorem 2.1 O is either of type C, or is an abelian rack. In the first case
dim Z(M)=oc0 by Theorem 1.12. Assume that O is abelian and dim Z(M) < oo;
fix x € O. By Lemma 3.3, dimW = 1, so W is given by yx € Ge. By Lemma
3.9, (3.4) should hold. Conversely, if O is abelian, W is given by x € G*
and (3.4) holds, then dim ZB(M) < co by Lemma 3.9. Up to renumbering I\J,
we have (ii).

Finally, assume that M’, M" € Irr ESYD satisfy dim Z(M'@&M") < oo, where
M’ ~ M(O, x) and O is a non-central conjugacy class. By (ii), M’ is of diagonal
type. We may replace G by the subgroup generated by supp M’ U supp M".
Clearly dim M’ is odd and > 1. If (3.11) does not hold, then dim M’ should
be 3 by Theorem 1.11, but then M’ is not of diagonal type, a contradiction.

Algorithm 3.12: Let G be a finite nilpotent group of odd order. By Theo-
rem 3.11, to list all Nichols algebras in HigyD we should do the following.

(i) Compute Z(G), |G,G] and G = [G/,E] Thus we have all YD-pairs
(9.X) € Z(G) x G.

(ii) For any braided vector space (V, ¢?) either of Cartan type or of diagonal
type (1.2) or else (1.3), compute all principal realizations over G; see
Definition 1.7 and the subsequent discussion.

(iii) Compute the set of abelian conjugacy classes

(3.12) Clap(G) = {O conjugacy class of G : [0,0] =¢, O ¢ Z(G)}.

Given O € Cl,,(G), pick € O and compute G* and G, Thus the set
of pairs (with an evident abuse of notation)

(3.13) {(O0,x) : O € Clap(G), x € G* satisfies (3.4) and x(z) # 1}

parametrizes the finite-dimensional Nichols algebras in HigyD of
irreducible objects with abelian non-central support.
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(iv) Compute all pairs (O, x), (O, x') as in (3.13) such that
(0,0
X)X ()" o) =1, Vye0,ze0,

where z € O, 2’ € O" and gy, ¢, € G satisfy

€,

/ /
gybr=y, g, > ==z

(v) Similarly for (O, y) as in (3.13) and (¢',¥') € Z(G) x G.

3.6. NILPOTENT GROUPS OF ODD ORDER, II. Let GG be a finite nilpotent group
of odd order. We extend the discussion in the previous subsection to determine
all M € ¥5YD such that GK-dim Z(M) < co. To have a complete picture we
still need Conjectures 1.2 and 1.13, and an analogue of Theorem 1.11. Here are
the necessary steps:

1: supp M C Z(G).

Since every object in ﬁg)}D is semisimple, Proposition 3.4 gives a complete
picture, up to Conjecture 1.2.

2: M ~ M(O,W) where O is not central.

By Theorem 2.1, O is either abelian or of type C. To discard type C, we need
the validity of Conjecture 1.13.

Assume that O is abelian; fix z € O. If dimW > 1, then n(z) = 1 and
GK-dim Z(0, W) = dim W|O| by Lemma 3.6. If dim W = 1, then (3.4) should
hold and then GK-dim #(M) < oo, given by (3.4); see Lemma 3.9.

3: Braidings between M (O, W) with O not central and other summands.

We guess that (3.11) holds; this would need an analogue of Theorem 1.11 for
finite GK-dim. Clearly this would be related to Conjecture 1.13.

3.7. FINITELY GENERATED NILPOTENT GROUPS WHOSE TORSION HAS ORDER
COPRIME TO 6. Let G be a finitely generated nilpotent group with torsion
subgroup 7', let O be a finite abelian conjugacy class and z € O. Assume
that g € G\G" satisfies (3.7); recall the set Z7 from (3.6).
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LEmMMA 3.13: If p = |Z7| is prime, then it divides |T)|.

Proof. Let K = {g,G*). As g € G*, [K : G*] € p" by Theorem 2.3, thus p
divides |O| =[G : G*] = [G : K][K : G*]. Then Lemma 2.10 applies.

Assume now that |T| is coprime to 6. In particular |T| is odd, hence any
finite conjugacy class is either abelian or of type C by Proposition 2.9.

LEMMA 3.14: Let y € G*. Then GK-dim B(O, x) < oo if and only if (3.4)
holds, in which case $(0O, x) is given by (3.5).

Proof. If (3.4) does not hold, then GK-dim #(0O,x) = oo by Lemmas 3.8
and 3.13 (that excludes 2 and 3 by the hypothesis). The converse is clear.

In summary, if G is a finitely generated nilpotent group with torsion T
with |T'| coprime to 6, and assuming Conjecture 1.13, then the

M =M(O,W) € rGyD

such that GK-dim #B(M) < oo are either covered by Proposition 3.4, Lemma 3.6
and Lemma 3.14, or else O is abelian non-central, dim W > 2 and n(z) = —1.
For these last, see the discussion in §4.2. Once this is settled, the determination
of the semisimple M such that GK-dim #(M) < oo can be obtained softly.

3.8. EXAMPLES.

3.8.1. Class 2. Let GG be a finite nilpotent group of odd order. We discuss how to
prove the following result from [41] by means of Theorem 3.11: If [G, G] = Z(G),
then dim Z(M) = oo for any M € ¥E6YD\0. Equivalently any finite-dimensional
pointed Hopf algebra over G is isomorphic to kG.

The contention [G, G] D Z(G) implies that dim Z(M)=cc for any M €£&YD
with central support. By Theorem 3.11, we are reduced to prove:

CrAM: Let x € G such that O, is non-central abelian and let x € G* with x(x)#L.
Then there exists g € G\G* such that x((¢~'>x)(g>x)) # 1.

First, let T be a group, z € T' and g € Np(I'*), such that [g,[g,z]] = 1.

1

Then (g~ !> x)(g>x) = 22. Indeed, clearly [g, 2]~ = [¢g~!, 2], hence

—1 2

(¢ e a)(gra) = [g7", zlalg, alx = [g,2] " [g, 2]a® = 2®.
Now Ng(G®) # G* since G is nilpotent and any g € Ng(G*)\G* satis-
fies [g, [g, x]] = 1 because [G, G| C Z(G).
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3.8.2. Heisenberger groups. Let K be a commutative ring and n € N. We
consider the Heisenberg group H = Hy,,+1(K) that consists of the matrices

ap  ag e Ay, &
o 1 0 ... 0 b
00 1 ... 0 b
(3.14) e . € GLpy2(K).
00 0 ... 1 by
o o0 o0 ... 0 1
For simplicity, we denote a := (aj,az,...,a,), b := (b1,ba,...,b,) and the

matrix (3.14) by (a,b,c). Let w: K?" x K?" — K be the ‘symplectic form’
w((a,b),(r,s)) = Z (ajs; — bir;), a,b,r;se K"

1<i<n
Then
(a,b,c)> (r,s,t) = (r,s,t +w((a,b), (r,s))).
Given r,s € K", let (r,s)* be the K-submodule of K2" of those (a,b) such
that w((a,b), (r,s)) = 0; and let (r,s) be the ideal of K generated by i, s;,
i €1,. Clearly Z(H) = 0 x 0 x K and the conjugacy class of (r,s,t) is

Ofrs,ty = {(r;s,t+ 1) : £ € (r,s)}.

Fix a non-central class O and (r,s,t) € O, where (r,s) # (0,0). Given ¢ € (r,s)
pick (a, b) such that w((a,b), (r,s)) = £ and set

xg:(r,s,t—i—g)e(’), gZ:(a7b70)a
so that g¢>xg = 2¢. Then for m € (r,s), the element (1.4) is given by

tin,e i= g[lxmgg = ( —a, —b, Z aibi) (r,s,t+m)(a,b,0) = (r,s,t +m —{).

The centralizer of (r,s,t) is HTS?) ~ (r,s)* x K, which is abelian, so
Hs0) ~ (@- x K
parametrizes Irr H™%%), Let y = (x1, x2) be such a character and
q = xa(r,s)x2(t).
Then the braiding of M (O, x) is given by

(3.15) c(gm ® ge) = xa(r,8)x2(t)x2(m — £)ge ® gm, m, L€ (r,s).
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That is, M(O,x) is of diagonal type with matrix twist-equivalent to
d = (¢ij)ijer, gij = g for all ¢, j. Clearly dim M (O, x) = |(r,s)|. By Lemma 1.3,

GK-dim Z(0, x)

|<I’, S>|’ '93(07X) Etw S(M(OaX)) if Xl(ras) = X2(t)_1;

- 0, ‘%(OaX) tw A(M(07X)) if X1(I‘,S) = _Xz(t)_l;
0, dim B(z, x) = 27 if x1(r,s)x2(t) €GY and |(r,s)| = 2;
00 in any other case.

The first two lines correspond to the situation in Lemma 3.7 while the third one
is covered by Lemma 3.8 (i); this last case occurs, e.g., with K = Z/6, n = 1,
r=(3,0) =s, t =2, x; trivial and y2 non-trivial.

Another family of examples arises taking an ideal I of K and the quotient

H:=Hop 1 (K)/0x0xT~K"xK/I

Clearly Z(H) = I*" x K/I. Let w: K — K/I, t — t be the natural projection
and let w: K?" x K2 — K/I,

If (r,s) € K*", and t € K, then
HsD = (r, S)J_J X K/I; O(r,s,t) =(r,;s,t+ <I’, S>)’

where
(r,s)t! = {(a,b) € K?" : w((a,b), (r,s)) € I}.

Let x = (x1,Xx2) € (r,/s)TI X I?/\I and ¢ = x1(r,s)x2(t). Then M (O, x) is of
diagonal type with matrix twist-equivalent to q = (gij)i,je1, ¢i; = ¢ for all i, j
and (0, x) is determined by a similar analysis.

Suppose that K = Z and I = Z/N where N > 2; then H is an FC-
group with torsion ~ Z/N. Assume further that N = 2d is even, n = 1,
r=(d,0) #s=(0,0), t = 1; thus

)~ (dNN)Z x 73 ~ 7%

Then |(r,s)| = 2 and ¢ = x1(r, s)x2(¢) might be in G} even if NV is coprime to 3.
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3.8.3. Unitriangular groups. We show examples of classes of type C. Let K be
a commutative ring and G = UT4(K), consisting of the matrices

1 a2 a3 aus
0 1 a3 ax
3.16 € GL4(K).
( ) 0 0 ]. asz4 4( )
0 0 0 1
For simplicity, we denote matrices (3.16) by
ai2 az3 a34
a = a13 24 )
a14
etc. Then
b2 bas b34
arb= b1z + a12b23 — bi2as3 bay + a23bzs — bazaszs

bia + bi2(a23a34 — a24) — bizass — bagai2a34 + basar2 + basais

Let

T12 723 T34

12 23 T34
] 1 0
0
satisfies
0 0 0
[r,s] = 0 0
—T34

Hence H := (r,s) ~ H3(K) via (1,0,0) — 1, (0,1,0) — s, and OF N O = (.
Thus, if K is finite and | K| is odd, then O, is of type C.
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4. Conclusions

We discuss the problems that remain open as well as some applications.

4.1. REPRESENTATIONS. In the previous sections we have argued assuming
some information about the representations and conjugacy classes of finitely
generated nilpotent groups. But the representation theory of such groups is
not completely known to our knowledge. Let H < G and W € Rep H. Then
Indg W = kG @y W is called the induced representation of W. We need two
definitions. Let m: G — GL(V) be a representation.

o 7 is monomial if there are H < G and x € H such that 7 ~ Indg X-
o 7 has finite weight if there are K < G and 7 € K such that

Vin i={veV:n(k)(v)=n(k)vVke K}

is non-zero and finite-dimensional. Generalizing classical results of
Dixmier, Kirillov and Brown, Parshin [35] conjectured the following

result.

THEOREM 4.1 ([19]): Let G be a finitely generated nilpotent group. An irre-
ducible representation of G is monomial iff it has a finite weight.

Thus finite-dimensional irreducible representations of G are monomial, but

this was already known [20, Lemma 1].

4.2. FINITE NILPOTENT GROUPS OF EVEN ORDER. In order to deal with Ni-
chols algebras over a finite nilpotent group of even order with finite dimension
or finite GK-dim extending Theorem 3.11 (see also Section 3.6), the following
points need to be addressed:

o Conjugacy classes: It suffices to consider 2-groups. We need to keep
track of the conjugacy classes that are neither abelian nor of type C;
the information from [31, 32] would be crucial.

o Irreducible Yetter-Drinfeld modules, dimW > 2: In the setting of
Lemma 3.6 we still have to consider the case n(z) = —1. We shall

need:

LEMMA 4.2: Let I' be an abelian group and V =V, @ V), € ﬁg;yp such that
GK-dim A(V) < oo, where g # h. Then the action of h on V, is locally
finite.
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Therefore we may consider eigenvectors and blocks; see the proof of Lem-
ma 3.6. Since the classification of the Nichols algebras of blocks & pale blocks &
points with finite GK-dim is not yet finished, we could not carry out a complete
analysis that eventually would be straightforward.

o Irreducible Yetter—Drinfeld modules, dim W =1: We need to explore
further the possibilities | 2| € {2, 3} in Lemma 3.8, together with other
restrictions.

o Braiding between simple modules: The condition (3.11) has to be
adapted, cf. Theorem 1.11; in the even case it does not follow from
finite dimension.

4.3. FINITELY GENERATED NILPOTENT GROUPS WITH EVEN TORSION. The
strategy would be parallel to the one in the previous Subsection.

4.4. FINITELY GENERATED NILPOTENT-BY-FINITE GROUPS. Assume that G is
nilpotent-by-finite and fix N <t G a normal nilpotent subgroup of finite index.
Then the image Oof OinG /N is a conjugacy class. As said, the knowledge of
the Nichols algebras over finite groups is still incomplete, but if O is of type C, D
or F, then so would be O and then any Nichols algebra over G with support O
would have infinite dimension, and infinite GK-dim, if Conjecture 1.13 and its
analogues for types D and F are true. See [8] and references therein.

4.5. APPLICATIONS. Once all the Nichols algebras over G with finite GK-dim or
finite dimension are known, one still needs to (i) compute all post-Nichols alge-
bras with finite GK-dim and (ii) compute all liftings. For (i), when the braided
vector spaces come from the abelian setting, we know: a finite-dimensional
Nichols algebra does not have post-Nichols algebras with finite dimension (ex-
cept itself) [13]. For finite GK-dim see [10, 15]. As for (ii), see [16]. Finally
observe that when G is torsion free, our results contribute to the classification
of pointed Hopf algebras with finite GK-dim that are domains.
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