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ABSTRACT

A theorem of Glasner from 1979 shows that if A C T = R/Z is infinite,
then for each € > 0 there exists an integer m such that nA is e-dense
and Berend—Peres later showed that in fact one can take n to be of the
form f(m) for any non-constant f(z) € Z[z]. Alon and Peres provided a
general framework for this problem that has been used by Kelly-Lé and
Dong to show that the same property holds for various linear actions on
T<. We complement the result of Kelly—Lé on the e-dense images of integer
polynomial matrices in some subtorus of T¢ by classifying those integer
polynomial matrices that have the Glasner property in the full torus T¢.
We also extend a recent result of Dong by showing that if I' < SL4(Z) is
generated by finitely many unipotents and acts irreducibly on R, then
the action I' ~ T has a uniform Glasner property.

1. Introduction

In 1979 Glasner [7] showed that an infinite subset A C T = R/Z satisfies
the property that for every e > 0 there exists n € N such that nA is e-dense
in T. This was later extended by Berend—Peres [4] in a number of ways. For
example, they showed that for each non-constant polynomial f(z) € Z[z] there
exists n € N such that f(n)A is e-dense in T. This motivated them to define
a set S C N to be Glasner if for all infinite A C T and € > 0 there exists
an s € S such that sA is e-dense. Turning our attention to more general
semigroup actions on metric spaces, we extend this definition as follows.
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Definition 1.1: We say that a subset S of a semigroup I' is Glasner for an
action I' ~ X on a compact metric space X by continuous maps if for each
infinite Y C X and e >0 there exists an s €.5 such that sY is e-dense. We say that
the action I' ~ X is Glasner if I" is a Glasner set with respect to this action.

In fact, Berend—Peres realised that a more uniform notion of the Glasner
property holds for this action on T. This leads us to the following definition.

Definition 1.2: If k : Ryg — N is a function, then we say that a subset S of a
semigroup I' is k-uniformly Glasner for an action I' ~ X on a compact met-
ric space X by continuous maps if there is an ¢y > 0 such that for each 0 < € < ¢
and Y C X with |Y| > k(e) there exists an s € S such that sY is e-dense. We
say that the action I' ~ X is k-uniformly Glasner if I' is a k-uniformly Glasner
set with respect to this action. We will also use the phrase uniformly Glasner
to mean k-uniformly Glasner for some unspecified k : Ry — N.

In particular, Berend—Peres showed that the multiplicative action of N acting
on T is (c1/e)®/“-uniformly Glasner.! Moreover, they also gave a lower bound
by showing that there is a set A. C T of cardinality ce~2 such that nA. is
not e-dense for all n € N. The seminal work of Alon—Peres [1] closed this
significant difference in the lower and upper bounds by showing that in fact

this action is e =279

-uniformly Glasner for all § > 0. Secondly, Alon—Peres also
quantitatively improved the polynomial example by showing that if f(z) € Z[z]
is a non-constant polynomial of degree D, then the set {f(n) | n € N} is e 2P—0-
uniformly Glasner for all § > 0.

The Glasner property of linear actions on a higher-dimensional torus T¢ was
studied by Kelly- Lé [10], where they used the techniques of Alon—Peres [1] to
show that the natural action of the multiplicative semi-group Myxq(Z) of d x d

3

. . . — 2 . . .
integer matrices on T? is cge 3% uniformly Glasner. This was later improved

by Dong in [5] where he showed, using the same techniques of Alon—Peres to-
gether with the deep work of Benoist-Quint [3], that the action SL4(Z) ~ T¢

4d=9_yniformly Glasner for all § > 0. Furthermore, Kelly-Lé also gave

is ¢s,q€”
the following multidimensional generalization of the aforementioned result on

the Glasner property of polynomial sequences.

Lt k(e,c,c1,...,) is an expression involving € and possibly constants c,¢; etc., by k(e)-
uniformly Glasner we always technically mean k-uniformly Glasner for the function k(e) =
k(e, ¢, c1,...) for some choice of ¢,c; > 0.
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THEOREM 1.3 (Kelly—Lé, [10, Theorem 2]): Let A(x) € Maxq(Z|x]) be a matrix
with integer polynomial entries. Then the following conditions are equivalent.
(1) The columns of A(x)—A(0) are linearly independent over Z (as elements
in Z[z]?) and whenever v, w € Z¢ are such that

v (A(z) — A(0)w=0
then v - A(0)w = 0.
(2) For any infinite subset Y C T? there exists a subtorus (non-trivial

connected closed Lie subgroup) T = T (Y, A(z)) such that for all ¢ > 0
there exists an n € Z such that, for some Yy C Y, the set

An)Yo = {A(n)y | y € Yo}
is e-dense in a translate of T .

The following main result of this paper characterizes those A(x) € Myxa(Z[x])
which satisfy the stronger property that {A(n) | n € Z} is Glasner (for the nat-
ural linear action on T?), i.e., it characterizes when we can take the subtorus 7°
to be the full T.

THEOREM 1.4: Let A(x) € Mgxq(Z[x]) be a matrix with integer polynomial
entries. Then the following conditions are equivalent.
(1) For allv € Z4\ {0} and w € Z% \ {0} we have that
v (A(z) — A(0))w # 0.
(2) Theset {A(n) | n € Z} is cre~“2-uniformly Glasner for the linear action
Mgxa(Z[z]) ~ T for some constants ci,co > 0 depending on A(x).

That is, for every Y C T? with |Y| > c1e=“2 there exists n € Z such
that A(n)Y is e-dense in T?.

Remark 1.5: As we shall see in the (2) = (1) proof, in condition (2) of Theo-
rem 1.4 one can replace c;e~“2-uniformly Glasner with the weaker condition of
being just Glasner. So Glasner and c;e~“*-uniformly Glasner are equivalent for
sets of the form {A(n) | n € Z} for some A(x) € Myxq(Z[z]).

Let us remark that, as stated, the subtorus 7 in Theorem 1.3 depends on Y
and not just A(z) and the proof in [10] is not constructive as it makes use of
Ramsey’s Theorem on graph colourings to demonstrate the existence of such
a 7. Thus it does not seem that our result can be easily derived from the result
or techniques of Kelly-Lé. Note that in Theorem 2.8 we will provide an effective
estimate on the uniformity (estimates on the constants ¢; and cg).
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It will be convenient to give some alternative formulations and geometrically
intuitive extensions of condition (1) in Theorem 1.4.

Definition 1.6: A set S C R? is said to be hyperplane-fleeing if for all
proper affine subspaces H of R? (i.e., H = W + a for some proper vector
subspace W C R? and a € R?) we have that S ¢ H.

Thus, condition (1) in Theorem 1.4 is equivalent to the statement that for
each non-zero w € Z¢ \ {0} the orbit

{A(n)w | n € Z}
is hyperplane-fleeing (as it is not a subset of the hyperplane
{zeRY|v-z—v-A(0)w = 0}

for any v € Z%\ {0} and in fact any v € R?\ {0} as A(x) has integer polyno-
mial entries). This hyperplane-fleeing property of the orbits is related to the
irreducibility of linear group actions. Indeed, it is easy to see that if d > 1,
and I' < Myxq(Z) is a semigroup whose action on R is irreducible, then the or-
bit of any non-zero vector v € R%\ {0} is hyperplane-fleeing (we prove a stronger
statement in Lemma 3.2). This enables us to use Theorem 1.4 to deduce the
Glasner property for various irreducible representations. For instance, we re-
cover in a more elementary way (by avoiding the deep work of Benoist—Quint [3])
the aforementioned result of Dong but with weaker (but still polynomial in e~1)
uniformity bounds. In general, we will demonstrate that subgroups generated
by a finite set of unipotent elements of SL4(Z) that act irreducibly on T¢ satisfy
the uniform Glasner property.

THEOREM 1.7: Let d > 1 and let wuy,...,u, € SLg(Z) be unipotent ele-
ments such that the action of the subgroup I' = (uy,...,u;,) on R? is irre-
ducible. Then there exists c1,ca (depending on T') such that the following is
true: For each € > 0 there exists an integer k < c1e~“? such that for any distinct
x1,..., 7 € T? there exists v € T such that {yx1,...,vyzy} is e-dense in T?. In
other words, the action of I' on T? is ¢;e~°? uniformly Glasner.

This will follow by showing (see Proposition 3.3) that I' contains such a
polynomial satisfying the condition (1) of Theorem 1.4.

Let us now explore some examples of such subgroups other than SLg(Z)
(which is an example as SL4(Z) is generated by the finitely many elementary
matrices obtained from changing a single 0 to a 1 in the identity matrix).
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THEOREM 1.8: Let Q(x,y,2) = xzy — 2% or Q(x,y,2) = x? — y?> — 22
Let T' = SOz(Q) be the subgroup of SL4(Z) preserving this quadratic form.
Then the action of I' on T? is uniformly Glasner.

Proof. For Q(x,y,2) = xy — 22 this can be seen as follows. By identify-

ing (z,y,2) € Z* with

[Z y] € sly(Z)

T —z
we see that Q(z,y, z) is the determinant. But the determinant is preserved by
the conjugation action (adjoint representation) of SLa(Z) on sly(R) given by

Ad(9)A = gAg™" for A € sly(R) and g € SLy(Z),

which is irreducible. Note that Ad(u) is unipotent for unipotent w since w is
a polynomial map and group homomorphism, Ad(SLy(Z)) thus generated by
unipotents. Of course, this example generalizes to any higher dimensional ad-
joint representation, thus showing that it also has the uniform Glasner property.

2 one instead notices

2 —<w+y>>.

For Q(m,y,z) :m2 _y2 -z

T—y —z

Q(z,y,z) = det (

Hence we may regard @ as the determinant map on the abelian subgroup

{(au a12> S 5[2(2) | as21 = A12 mod 2} = Z3.
a21  a22

Now notice that the conjugation action of

)6 )

preserves this additive subgroup and acts irreducibly on sl3(R). Again, the
generators are unipotent hence have unipotent image under the adjoint repre-
sentation, as required.

We remark that these examples complement a recent work of Dong [6] where
he extended his result from [5] on the Glasner property of SL4(Z) ~ T¢ by
showing that the subgroups I' < SL4(Z) that are Zariski dense in SLy4(R) are
also Glasner for the action on T¢, but the uniform Glasner property was not
established. The examples above are not Zariski dense in SLq4(R), though it is
remarked in Remark 4.2 of [6] that it is possible to also extend his techniques to
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the case where I' satisfies the Benoist—Quint hypothesis, which these examples
do. However, these techniques are not quantitative and do not establish the
uniform Glasner property provided in Theorem 1.7. It is also worth remarking
that our proofs are more self-contained as they avoid the deep work of Benoist—
Quint.

ACKNOWLEDGEMENT. The authors were partially supported by the Australian
Research Council grant DP210100162.

2. Hyperplane fleeing orbits implies Glasner property

In this section we prove Theorem 1.4. We start with the easier direction.

Proof of (2) = (1) in Theorem 1.4. Suppose that we have v, w € Z%\ {0} such
that v - (A(z))w = ¢ where ¢ = v - A(0)w is a constant. Let w,, € T¢ be the
image of ! w and ¢, € T be the image of ! c. Notice that C' = {c,, | m € Z>}
cannot be dense in T because ¢, —+ 0 € T, hence avoids a non-empty open
set U C T. The map f : T¢ — T given by f(u) = v-u is well defined, continuous
and surjective with f(A(n)w,,) = ¢, for all n € Z and m € Zsg. Thus the
infinite set Y = {wy, | m € Z~o} C T9 satisfies the property that f(A(n)Y)
will never intersect U and so A(n)Y will never intersect the non-empty open

set f~1(U).

LEMMA 2.1: If A(x) € Myxq(Z|z]) is a matrix of integer polynomials, then the
following are equivalent.

(1) The orbit {A(n)w | n € Z} is hyperplane-fleeing for all w € Z¢\ {0}.

(2) For all w € Z%\ {0}, the entries of (A(z) — A(0))w are polynomials
in Z[z] that are linearly independent over Z.

(3) The polynomial v'(A(z) — A(0))w is non-zero for all v,w € Z% \ {0}.

(4) For all v € Z4\ {0}, the entries of v'(A(z) — A(0)) are polynomials
in Z[z] that are linearly independent over Z.

If w= (wy,...,wq) € Z* we let ged(w) = ged(wy, ..., wq). If Wy, ..., 0, are
integer vectors (of possibly different dimensions) then we identify (wi,...,wy)
with their concatenation, so ged(wh, ..., wq) makes sense and is equal to

ged(ged(wh ), . . ., ged(Wy)).
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PRrOPOSITION 2.2: Let vy,...,vqg € Z" be linearly independent vectors. Then
for all ay,...,aq € Z and q € Z~o with ged(aq, ..., aq4,q) = 1 we have that

ged(arvy + - -+ + aqug, q) < d!'max ||”1Hgo
K2

Proof. Let Vi : Z* — 7" be the linear map given by

d
‘/O(xlv s 7:Cd) = levl
i=1
It is of full rank, hence there exists a full rank d x d minor of the matrix Vp, in
other words there is a projection 7 : Z" — Z% of co-ordinates so that
V=mnoVy:Z%— 7%

is of full rank. By the Smith normal form for integer matrices, there exists a
linear map D : Z¢ — Z% and automorphisms R and L of Z? such that

V =LDR
and D is a diagonal matrix with non-zero (the kernel of V' and hence D is trivial)
diagonal entries satisfying the divisibility condition Dj 1|D22l---|Dg,q. Since
automorphisms preserve divisors, we have that for @ = (a1,...,aq)

with ged(aq,...,aq,q) = 1, ged(Réd,q) = 1. Hence since all D;; # 0, we
get that ged(DRa, q) < Dg,q. Since L preserves divisors, we get that

ged(Va, q) = ged(LDRd, q) < Dg,q.
We have the upper bound
Dgq < |det(D)| = |det(V)] < d!' max ||v;||% .

Finally, since V = 7o Vi we have ged(Vpd, q) < ged(V @, q), which completes
the proof.

Definition 2.3: We say that a vector P(z) = (Pi(x),...,Pr(x)), where
P;(z) € Z|z], has multiplicative complexity Q if for all @ = (aq,...,a,) € Z"
and ¢ € Z with ged(aq, ..., ar,q) =1 we have that the polynomial

D
ija:j = (P(x) — P(0))-a

satisfies ged(by,...,bp,q) < Q.
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Throughout this paper, if A(x) € Myxq(Z[z]) is a matrix with polynomial
integer matrices, then we let ||A(z)|| denote the largest absolute value of a
coefficient appearing in A(x).

COROLLARY 2.4: Let A(x) € Maxa(Z[z]) be a matrix with integer polynomial
entries and w € Z%\ {0} such that the entries of the row vector w!(A(z) — A(0))
are elements of Z[x] that are linearly independent over Z. Then w'A(z) has
multiplicative complexity () where

Q = Q(A(z),w) = d! - (d- | A(z) = A(O)][|wlloc)”.

Proof. Let vy, ...,vq€Z[z] denote the entries of the row vector wt(A(z)—A(0)).
These are linearly independent over Z and so we may apply Proposition 2.2 by
viewing v; as an element of Z", where  — 1 is the maximal degree of the v;, to
obtain the desired estimate.

Throughout this paper, we let e(t) = exp(2mit). We will need the following
classical bound of Hua.

THEOREM 2.5 ([8], see also [9]): For a positive integer D and 0 < § < [, there
exists a constant Cp s such that if f = ap + a1z + -+ + apz? € Z[z] is a
polynomial and q is a positive integer such that ged(aq,...,ap,q) =1, then

P CRIEEES

We now state some extensions of tools developed by Alon-Peres [1] that
have been used or slightly modified in subsequent works on the Glasner prop-
erty [5], [10]. Let

B(M)={meZ|m+#0 and ||f]e < M}
denote the L> ball of radius M in Z? around 0 with 0 removed.
PROPOSITION 2.6: For each positive integer d there exists a constant
Cy = C1(d) > 0 such that for all € > 0, if we set M = |d/e|, then the fol-
lowing is true: Let v1,...,Yn C Majxd(Z) be a finite sequence of matrices

and X = {xy,...,mx} C T¢ Suppose that ,X is not e-dense in T? for
alln=1,...N. Then

K fdl > Jbze(m'%(%—%))-

MmEB(M) 1<ij<k = n=1

IN
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Proof. This is exactly Proposition 2 in [10] without the limit. See the short
half-page proof that uses the exponential sum estimate from [2].

ProPOSITION 2.7: Fix an integer d > 0 and any real number r > 0. Then
there exists a constant C' = C(d,r) such that the following is true: Given any
distinct 1, . ..,z € T, let hy denote the number of pairs (i, j) with1 <i,j <k
such that q is the minimal (if such exists) positive integer such that q(x; —x;)=0.
Then

thq—r < Ck2_T/(d+1).

q=2

Proof. For r > 1, this is a combination of Proposition 5 and Lemma 4.2 in [5],
which is based on Proposition 1.3 of the Alon—Peres work [1]. It is only stated
in [5] for r > 1 but it is in fact true for r > 0. We reproduce the proof for
the sake of convenience and certifying that indeed only the assumption r > 0 is
needed. Let

Hpyo =Y hy form>2
q=2
and Hy = 0. We first show that H,, < km?t!. To see this, note that for each
fixed 7 and ¢, there are at most ¢? values of j such that q(z; — xj) = 0. Thus
summing over j = 1,...,k and then over ¢ = 1,...,m we get H,, < km?*™.
Note also that H,, < k2 for all m. Choose large enough Q > k'/(¢t1) such
that hy =0 for all ¢ > Q). We have that

) Q
Z heqg " = Z hqeq™"
q=2

)
no

(Hq - Hq—l)qir

e T17e

Hy(g™" = (¢+1)7") + Ho(@+1)™"

(=)
||
N

= > Hylg"—(g+1)7")

2<g<kt/(d+1)

+ Y Hyg"—(q+ 1))+ Ho(Q+1)"
k@41 <q<Q
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Now for the second sum use the bound H, < k2, telescoping and let Q — oco.

d+1

Then for the first sum use the inequality H, < kq to get

Sha TS 3 ka™aT (g4 1))+ R/
q=2 2<g<kl/(d+1)
<k Z rq" 4 K2ET/ (44D
9<q<kl/(d+1)
< Ok2T/(dHD) | 2=r/(d+D)

for some constant C = C(d —r).

We are now ready to prove the (1) = (2) direction of Theorem 1.4. We will
actually prove the following stronger quantitative form.

THEOREM 2.8: For ¢ > 0 and integers d, D > 0 there exists a constant Cs g p >0
such that the following is true: Let A(x) € Maxq(Z[z]) be a matrix with inte-
ger polynomial entries of degree at most D such that for each w € Z4\ {0} the
orbit {A(n)w | n € Z} is hyperplane-fleeing. Then for each ¢ > 0 and positive

integers

k> C&,d,DHA(m) _ A(O)Hd(d+1)6—2d(d+1)D—d(d+1)—6
we have that whenever 1, ..., x;, are k distinct elements of T?, then there exists
an integer n such that {A(n)x,..., A(n)xy} is e-dense in T9.

Proof. Fix € > 0 and assume that no such n exists. We will obtain an upper
bound for k£ by applying Proposition 2.6 with ~,, = A(n) and letting N — oo
in the upper bound. We claim that if z; — x; is irrational and m € B(M),

where M = |d/e] as in Proposition 2.6, then
1 & 1 &
lim > e(ii-yn(@i — x;)) = lim N > e(m A(n)(x; — x;)) = 0.

N—o0 N—o0
n=1 n=1

To see this, first note that the row vector
m'(A(z) — A(0)) = [Pi(z), ..., Pa(w)]

has linearly independent entries over Z (see Lemma 2.1) and hence over R
as P;(z) € Z[z]. Now if 0 = (61,...,0,4) € T¢ is irrational, then we claim that

g(z) = ' (A(z) — A0)0 =) _ 6: Pi(x)
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is irrational, i.e., not in Q[z]. To see this, note that otherwise we have
that ¢(z), P1(z),..., Ps(x) are linearly dependent over R and hence over Q,
and so as Py (z),... ,Pd( ) are linearly independent we must have a linear com-

bination ¢(z) = > 0.P;(x) with all , € Q. But by linear independence of
Py (z),..., Pi(z) we have that 6§, =60,€ Q. So we have shown that m'A(n)(z; —z;)
has at least one irrational non-constant coefficient when viewed as an element

of R[n] and hence by Weyl equidistribution we get the desired limit

N

: 1 —t _
Jim > e(m A(n)(z; — x;)) = 0.

n=1

Now we need to focus on the case where x; — x; is rational. Thus we
may write z; — z; = ;d where ¢ € Z~o and @ = (a1,...,aq) € Z¢ with
ged(q,ai,...,aq) = 1. Now by Corollary 2.4 we have that m!A(x) has mul-
tiplicative complexity @) where
(1) Q= sup dl-(d-|A(x) — AO)|[|7il]oo)? < dld*¥[|A(z) — A(O)]|%e™.

meB(M)

Thus the greatest common divisor of ¢ and the non-constant coefficients of
the polynomial m!A(z)d € Z[r] is at most Q. Thus if D is the maximum

degree of an entry in A(x), we may apply Hua’s bound (Theorem 2.5) to obtain

1

a constant Cy = C3(D,d) depending only on D and any constant 0 < § < [,

such that

q 1

Jm A =) = S e(ataon) <ex( )

n=1 n=1

Now let hy denote the number of pairs x;, z; such that ¢ is the least positive
integer for which ¢(z; — z;) = 0. We apply Proposition 2.6 to obtain that

k%ij 3 (Zh(}g( )D_6+k>

meB(M)

. & . C
< Qb 9Cy(2M)? Edl S heg® e+,

q=2

1 (2M)%.

Now apply Proposition 2.7 to get that

S hegt~ b < Cyk2 (B D@D
q=2
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for some constant C5 = C3(d, D) depending only on d and D. Thus we have
shown that

aC1

C
’ Csk2~(p=0)/(d+1) | edl (2M)%k.

2 < Qb 0Cy(2M)
Now using M = |d/e] and the upper bound (1) on @ we have that
k< Csq D”A(:Z?) _ A(O)||d(d+1)672d(d+1)D7d(d+1)75

for some constant Cs 4 p depending only on d, D and any 6 > 0.

3. Applications to groups generated by unipotent matrices

3.1. BALLS IN THE CAYLEY GRAPH OF A LINEAR GROUP. Let I' C SL4(Z) be a
group generated by elements S C I' and suppose that the linear action I' ~ R?
is irreducible. We let

Sr={s1-sm |0<m<rands,...,s. €5}

denote the elements of I" that can be written as a product of at most r elements
of S (including 1 € S, as it is the empty product), i.e., the ball of radius r in
the Cayley graph with respect to S.

LEMMA 3.1: For each v € R?\ {0}, we have that R-span(S;_1v) = R%

Proof. For integers r > 0 let V, = R-span(S,v). Suppose r > 0 is such
that V,. # R?. Then by irreducibility of I and v # 0 we must have that V. is
not -invariant and hence not S-invariant. Thus SV, ¢ V., and so S;41v € V.,
which means dimV,; > dimV, + 1. That is, we have shown that the nested
sequence of subspaces Vo C Vi C Vo C --- is strictly increasing in dimension
until the dimension is d, with Vo = Rv of dimension 1, hence V;_; = R? as

required.
LEMMA 3.2: Ifd > 1 and v € R%\ {0}, then Sqv is hyperplane fleeing.

Proof. Suppose not, thus there exists a proper linear subspace W < R? and a € R?¢
such that Sqv C W+a. As d > 1, there exists an s € S such that sv—v # 0 (as
otherwise Rv would be a one-dimensional, hence proper, I' invariant subspace).
Now apply Lemma 3.1 to sv — v # 0 to get that Sy_1(sv —v) ¢ W. But this
contradicts Sqv C W + a since

Si—1(sv—v) CSqv—SqvCW+a—(W+a)=W.
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3.2. CONSTRUCTING POLYNOMIALS VIA UNIPOTENTS. The following Proposi-
tion together with Theorem 2.8 completes the proof of Theorem 1.7.

PROPOSITION 3.3: Suppose that S C SL4(Z) where d > 1 and each s € S is a
unipotent element, and suppose that the action of I' = (S) on R? is irreducible.
Then there exists a matrix with integer polynomial entries A(z) € Myxq(Z[z])
such that A(n) € T for all n € Z and {A(n)w | n € Z} is hyperplane-fleeing for
all w € R\ {0}.

Proof. Write S = {uy,...,un} where each u; is a unipotent element, and use
cyclic notation so that u; = u;1;m for all 7,5 € Z. Note that for each fixed i
the matrix «} has entries that are integer polynomials in n, hence

N
QN(nl, . ,nN) = Hu?’ S ded(Z[nl, Ceey nN])
i=1
is a matrix with multivariate integer polynomial entries in the variables
ni,...,ny. Now let N = dm and use Lemma 3.2 to get that

{@n(n1,...nn)w [ n1,...nn € Z}

is hyperplane-fleeing for all w € R?\ {0}. In other words, for each fixed
w € R\ {0}, if we let Py,..., Py € R[ny,...,ny] be the polynomials such that

Q(nl,...,nN)w: (Pl(nl,...,nN),...,Pd(nl,...,nN)),

then Pp,..., Py, 1 are linearly independent over R. But there exists a large
enough R € Zs( (independent of w) such that the substitutions n; — anifl
induce a map Z[ny,...,ny] — Z[n] that is injective on the monomials appear-
ing in Qn(n1,...,ny). Thus Py,..., Py, 1 remain linearly independent over R
after making this substitution, thus {Q(n,n%, .. LB | n € Z} is also

hyperplane-fleeing. So the proof is complete with
Alz) = Q(z,2®,... 2% ).
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