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ABSTRACT

Let V be an L-variety of associative L-algebras, i.e., algebras where a Lie
algebra L acts on them by derivations, and let c%(V), n > 1, be its L-
codimension sequence. If V is generated by a finite-dimensional L-algebra,
then such a sequence is polynomially bounded only if V does not con-
tain UT5, the 2 X 2 upper triangular matrix algebra with trivial L-action,
and UTS where L acts on UT: as the 1-dimensional Lie algebra spanned
by the inner derivation € induced by eii. In this paper we completely
classify all the L-subvarieties of var’(UT5) and var® (UT$) by giving a
complete list of finite-dimensional L-algebras generating them.
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1. Introduction

Let F be a field of characteristic zero, let F(X) be the free associative algebra
on a countable set X of variables over F' and let A be an associative F-algebra.
A polynomial of F'(X) vanishing under every evaluation in A is called a polyno-
mial identity of A and we denote by Id(A) the T-ideal of polynomial identities
satisfied by A. One of the most challenging problems in the theory of alge-
bras with polynomial identities (PI theory) is to find some numerical invariants
allowing us to classify such T-ideals of F(X). Since there is a one-to-one corre-
spondence between T-ideals and varieties of algebras, often it is convenient to
translate a given issue about T-ideals into the language of varieties of algebras.

If P, is the space of multilinear polynomials in the variables x1, ..., z,, then
we set P
n A) =di " )
enld) =dime

for all n > 1, and we call it the codimension sequence of A. If V is a variety
of algebras and Id(V) is its corresponding T-ideal, then we can similarly de-
fine ¢, (V). Moreover, if V = var(A) is the variety generated by the algebra A,
then we refer to the codimension sequence of V as the one of A. Such a nu-
merical sequence was introduced by Regev in [28] and it measures the rate of
growth of the multilinear polynomials lying in the corresponding 7T-ideal. In
the same paper, Regev also showed that if A is an associative algebra satisfying
a non-trivial polynomial identity, then ¢, (A) is exponentially bounded. Later
on, Kemer in [19] and [20] proved several properties about the codimension se-
quence. On one hand, he showed that ¢, (A) is polynomially bounded or grows
exponentially, on the other he gave a characterization of the varieties of poly-
nomial growth of the codimension proving that ¢, (A) is polynomially bounded
if and only if G,UT5 ¢ var(A), where G is the infinite-dimensional Grassmann
algebra and UTj is the algebra of 2 x 2 upper triangular matrices. Hence var(G)
and var(UT3) are the only varieties of almost polynomial growth, i.e., they grow
exponentially but any proper subvariety grows polynomially.

Varieties of poylnomial growth were extensively studied in the past years
in various settings. We refer the interested reader to [5], [6], [22] for some
results about ordinary algebras; to [8], [23], [24], [32] for superalgebras and more
generally group graded algebras; to [3], [7], [10], [16], [17], [25] for algebras with
involution, graded involution, superinvolution and pseudoinvolution; to [27] for
special Jordan algebras.
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In this paper we deal with associative algebras with a Lie algebra action
by derivations. If L is such a Lie algebra, then its action can be naturally
extended to the action of the universal enveloping algebra U(L) of L and in
this case we say that the algebra A is an algebra with derivations or an L-
algebra. In this context it is natural to define the differential identities of A,
i.e., the polynomials in the variables 2" = h(z), h € U(L), vanishing on A.
In analogy with the ordinary case, one defines the sequence of L-codimensions
and studies their asymptotic behavior. In [13] it was proved that, in case of
finite-dimensional L-algebras, the sequence of L-codimensions is exponentially
bounded or grows polynomially. Moreover, in [9] the authors studied the alge-
bra UT5 of 2 x 2 upper triangular matrices with the action of the 1-dimensional
Lie algebra spanned by the inner derivation € induced by e;. In that paper, they
show that such algebra generates an L-variety of almost polynomial growth. Fi-
nally, by using [9] and [20], it can be proved that the L-codimension sequence
of an L-variety V generated by a finite-dimensional L-algebra is polynomially
bounded only if UT,, UT5 ¢ V, where UT, stands for the algebra of 2 x 2 upper
triangular matrices and L acts trivially on it.

The main purpose of this paper is to classify, up to Pl-equivalence, all the
L-subvarieties of var’(UTy) and varl (UT) in terms of generators of the corre-
sponding T -ideals and to provide a complete list of L-algebras generating such
L-subvarieties. Concerning var?(UT5), the main result is given by Theorem 27
below. We also highlight that if L acts trivially on UT3, then such a classifica-
tion coincides with that of the ordinary case given in [22]. We chose to include
it here for the sake of completeness.

2. On differential identities

Throughout this paper F will denote a field of characteristic zero and L a Lie
algebra over F.

Recall that a derivation of an associative algebra A is a linear map 6 : A — A
such that (ab)? = ab + ab®, for all a,b € A. In particular, an inner derivation
induced by a € A is the derivation ad, acting on the left on A by

b*da = [a,b] = ab — ba,

for all b € A. Clearly, the set Der(A) of all derivations of A is a Lie algebra.
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Let U(L) be the universal enveloping algebra of L. By the Poincaré-Birkhoff-
Witt Theorem, if L has an ordered basis {0; | ¢ € I}, then U(L) has a basis
{03, -+ 03, | i1 < --- <lip, i € I, p > 0}. Thus if A is an associative F-algebra
with an L-action by derivations, then this action can be naturally extended to
an U(L)-action. In this case we call A an algebra with derivations or L-algebra.

Let X = {z1,%2,...} be a countable set and B = {d; | j > 0} be a basis
of U(L). We denote by F(X|L) the free associative algebra over F with free for-
mal generators x?j, i > 0and j > 0, where we identify z; = z}, 1 = dy € U(L).
Notice that U(L) acts on F(X|L) by setting

djy , djy djn s _, 0y djs dj
() i, ey )" =y
djy 0y d; djy i bd;
+$i1 :Cig ...xinn+...+zi1 in "':Cinnv
dj, d; d;
where § € L and z; " x;)* ... 27" € F(X|L). Thus we call F(X|L) the free

associative algebra with derivations on X over F' and we refer to its elements
as differential polynomials or L-polynomials.
Let A be an L-algebra over F. Recall that an L-polynomial

flx1,...,x,) € F(X|L)

is a differential polynomial identity of A (or simply an L-identity), and we write
f=0,if f(a1,...,a,) =0 for all a; € A, 1 <i < n. We denote by

1d“(A) = {f e F(X|L) | f=0o0n A}

the Ty-ideal of L-identities of A, i.e., Id“(A) is an ideal of F(X|L) invariant
under all endomorphisms ¢ of F(X|L) such that

o(f") = ()",

for all f € F(X|L) and h € U(L) (see for example [14, 21, 29, 30]).

Let H be a Lie subalgebra of L. If A is an L-algebra, then by restricting the
action, A can be regarded as an H-algebra. In this case we can identify the T7.-
ideal Id”(A) and the Ty-ideal 14 (A), i.e., in Id*(A) we omit the differential
identities 2° = 0, for all § € L\ H. Furthermore, any algebra A can be regarded
as an L-algebra by letting L act on A trivially, i.e., L acts on A as the trivial
Lie algebra. Hence the theory of differential identities generalizes the ordinary
theory of polynomial identities.
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As in the ordinary case, in characteristic zero, every L-identity is equivalent
to a system of multilinear ones. We denote by

PE = span{:vii(ll) = -ZCZi(T;l) | o€ Sy, d;, €B}

the vector space of multilinear differential polynomials in the variables
&1,...,&,, n > 1. Since Id¥(A) is generated, as Ty-ideal, by the multilin-
ear L-polynomials it contains, the study of 1dr (A) is equivalent to the study
of PL N 1d*(A) for all n > 1. In case U(L) acts on A as a suitable finite-
dimensional subalgbera of the endomorphism ring of A, then Pl is finite-
dimensional and we denote by

PL
ck(A) = dimp R
PLNId™(A)

the nth differential codimension of A or the nth L-codimension of A. From now
on, we will assume that the action of U(L) is always of this type.

Given a variety V of L-algebras the growth of V is defined as the growth of
the sequence of differential codimensions of any L-algebra A generating V, i.e.,
V = varf(A). In this case we set

Then we say that V has polynomial growth if there exist C,¢ such that
ck(v) < Cnt

and that V has almost polynomial growth if ¢£ () is not polynomially bounded
but every proper subvariety has polynomial growth.

Next we are going to describe two L-varieties of almost polynomial growth.

Let us denote by UT5 the L-algebra of 2 x 2 upper triangular matrices over F'
where L acts trivially on it. Since 2° = 0, for all § € L, is a differential identity
of UT,, we are dealing with ordinary identities. Thus by [20], it follows that the
algebra UT5, generates an L-variety of almost polynomial growth. Moreover, we
have the following result (see [26]).

THEOREM 1:

(1) 1" (UT») = ([a1, z2)[23, 24]) 7. 3
(2) L(UTy) =271 (n—2) +2.
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Let us now denote by UT5 the L-algebra of 2 x 2 upper triangular matrices
over F' where L acts on it as the 1-dimensional Lie algebra spanned by the inner
derivation ¢ induced by ey, i.e.,

(ae11 + beas + ce12)® = ceia,

for all a,b,c € F, where e;;’s are the usual matrix units. In [9], the authors
proved that UTS has almost polynomial growth and also they proved the fol-
lowing.

THEOREM 2 ([9, Theorem 5]):

(1) IdL(UTQE) = <‘T§2 - "Eiv SC?IE%, [1‘1,:172]5 - [$17x2]>TL;
2) E(UTE) =27 1n — 1.

Recall that given two L-algebras A and B, A is T-equivalent to B and we
write A ~7, B in case

Id*(A) = 1d¥(B).

As in the ordinary case, a useful tool when studying L-identities of algebras
with 1 is provided by the so-called proper polynomials.

Recall that a left normed commutator of length n > 2 in the variables x;’s is
defined inductively by setting

hy hn-1  hny _ h1 hp—17ad n
[‘Tl yees Ly q ’xnn] - _[xl ""’wn—l] on”

where hy,...,h, € U(L). An L-polynomial f(z1,...,z,) € F(X|L) is a proper
L-polynomial if it is a linear combination of elements of the type

i ol

PRI kal...wm

where h; € U(L), hi # 1y(py, for all 1 <i <k, and w1, ..., wy, are (eventually
empty) left normed Lie commutators in z;’s.

In characteristic zero, if A is a unitary L-algebra, then Id” (A) is generated,
as Tr-ideal, by the multilinear proper L-polynomials (see [1, Lemma 2.1]).
Thus if I'2 denotes the subspace of PF of multilinear proper L-polynomials
in n > 1 variables, and I'Y’ = span{1}, then we define the sequence of proper
L-codimensions of A as

L
2E(4) = di L

im , n>0.
P L n1at(a)
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For unitary L-algebra A, the relation between the L-codimensions and the
proper L-codimensions is given by the following:

A =3 ()t o=t

i=0
This relation can be proved following closely the proof in the ordinary case in
Theorem 4.3.1 of [2].
Next we present a result on proper L-polynomials which will be useful later.
Recall that given two sets of L-polynomials S, S’ C F(X|L), we say that S’ is
a consequence of S if S” C (S)r, .

PROPOSITION 3: Leti > 1. If k is even, then T’ is a consequence of .. Oth-

erwise, ', ; is a consequence of I' plus the polynomial [x1, o] - - - [, Zpq1].

Proof. We start by proving the statement in case k is even.
Let w € Fﬁ_ﬂ. be a generator and ¢ > 1. Suppose first that w is a product of
commutators. If w is a product of commutators of length 2, then
h1 ho

hk—1 _hy hktio1  hkyi

w = [ay w? ] [ k] [ 0
where hq, ..., hgt; € U(L). Thus w is a consequence of
g .
[, 252 - [t et e T

and we are done. On the other hand, if w contains a commutator u of
length m > 2, then u can be viewed as a consequence of a commutator of
length < m. Thus by the above, we get also that w is a consequence of T' ﬁ .
Hence we may assume that

w:xfll---:c}-“[---]---[---]

with ¢ > 0 and hq,...,hy € U(L). If t < i, then by the previous case, w

is a consequence of Fﬁ. Otherwise, if t > ¢, then w is a consequence of the
hy

polynomial ZC?: cexpt[--]-- o[- ], where r = 741, and we are done also in this
case.
Now suppose that k is odd.

If we prove that 'Y 1 1s a consequence of I'E and the polynomial

(21, T2] -+ [Tk, Thep 1],

by the first part of the proof we reach the desired conclusion. Thus let w € '} 1
be a generator. If either w contains a commutator of length greater than 2
orw = :L'?ll oM ][] with £ > 0, Ry, ... by € U(L), we have, as above,

Tt
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that w is a consequence of I’ﬁ. Thus we may assume that w is a product of
commutators of length 2, i.e.,

h
w = [:C}lhvxgz] e [zzk’xkjfll]v

where hy,...,hip1 € U(L). If hy € spanp{ly)} for all 1 < i < k + 1,
then w = Bz, xa] - - [xk, Tk41], for some 8 € F, and we are done. Hence we
may assume that h; ¢ spang{1y ()}, for some i. We write

hi—3z hi—2

h1 hg] . hi hi+1[ hit1 hi+2” hi hk+1]

w =[z7", 75 [2;5° ;25 | Tit1 Tig1 »Tiqo [[Tg s Ty
h h hi_ hi_27 hi hir hi hi h h
=[xyt 25%] [551'733’951'722]%;11% [%ﬁlaxiﬁz][%k ) Ikﬁl]-

Since yz = [y, 2] + zy and a commutator of length m > 2 is a consequence of a
commutator of length < m, then

__ (. hi hi h h hi— hi— hi h; hr _h
w=(z; lzi++1l [z7", w3%] -+ [5171'—337%—22][%;11 ) zi++22][$kk7xkj-+11]
hit1_hifr.h1i _h hi—s  hi_aqr b hi hi  hk
_xifllxi [z, 23%] - [%i;’awiizz][xirllaxiﬁz][xkkawkﬂl]) (mod (I'k)T, ).

If hit1 ¢ spanp{ly(r)}, then w is a consequence of

h[ hy hz]”

a2 hi—3 hi—2][xhi+1 hi+2][ hi hk+1] c Fé

Y S PP i+1 T2 g > Ty

and we are done. Hence suppose that h;11 = 1y (1), then
w=alwialelt 2] [l S e el 4] (mod (Ti)r ).
Without loss of generality, we may assume that h;=9d7 - - - d5, where 01, ...,ds€ L.
Let
I={iy,....,ip} and J={j1,...,0:}
be two disjoint sets such that TUJ = {1,...,s},41 < -+ < i, and j; < -+ < jy,

respectively. We set ¢; = §;, ---0;, and ¢y = 6;, -+ d;,, then by definition of
derivation, we have the following

hi — h-; hi C C.
i = (Tizip1)" — Ty — E :zilzifrl'
1,0

Since ¢y, cy € U(L) for all I, J, it follows that w is a consequence of

Rzt ghe].

hi_ hi— h; h; h
Tyt ay e e ey e ey e T

Y [l L [ gy e
and this completes the proof.

As a consequence we have the following.
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COROLLARY 4: Let A be an L-algebra with 1. If v} (A) = 0 for some k > 1,
then v (A) = 0 for all m > k.

We remark that these results are general facts not related to the L-identities
of UTs.

One of the main tools in the study of T-ideals is the representation theory
of the symmetric group S,,. In fact, the natural left S,-action o(z?) = ,TZ(Z-)
turns P into a S,,-module and therefore the space PF(A) = PL/(PENI1d*(A))
becomes a left S,-module. Similarly TL(A) = T'L/(TE N 1d*(A)) is an S,,-
module under the induced action. We denote by xZ(A) and L (A) the S,-
characters of PL(A) and T'Z(A), respectively, and we refer to them as the nth
L-cocharacter and the nth proper L-cocharacter of A. Since char F' = 0, by
complete reducibility we can write

Xn(A) = maxa,  E(A) =) mixa,
Abn AFn
where A is a partition of n, x, is the irreducible S,,-character associated to A,
and my, m), > 0 are the corresponding multiplicities. It is clear that by knowing
the decomposition of the (proper) cocharacter of A, one can get information
about the corresponding (proper) codimensions.

3. Constructing L-subvarieties in var®(UT5s)

The main goal of this section is to construct some suitable finite-dimensional
L-algebras belonging to the L-variety generated by UT5 whose L-codimension
sequence grows polynomially.

For all £ > 2 let

2 = Spa‘nF{ella E7 E25 R Ek_Qa €12,€13,- -+, elk}
be the subalgebra of UTy(F') where E = Zf:_; eii+1 and L acts on A5 as
the 1-dimensional Lie algebra spanned by the derivation ¢ = ad.,, . Note

that €5, = (B7)* =0, for all 1 < j <k —2, and €5, = ey;, for all 2 < i < k.
We also denote by (Aj3,)* the subalgebra of UT}(F) obtained by flipping Af
along its secondary diagonal. Hence

2 k—2
(Ai)* = spanF{ekk, E, FE g ,E y €1k €2y o v vy ekfl_’k}.

In this case, L acts on (A},)* as the 1-dimensional Lie algebra spanned by the

derivation € = ad,,, . Notice that one can determine the L-polynomial identities

€kk



252 F. MARTINO AND C. RIZZO Isr. J. Math.

of such an L-algebra via those of A5. In fact, if f € F(X|L) and f* is the L-
polynomial obtained by reversing the order of the variables in each monomial
of f, then one can easily check that f € Id"(Af) if and only if f* € Id*((A)*).
Notice that such a kind of algebras was first studied in the ordinary case in [5]

In what follows, we explicitly describe the L-identities of A5 and (A$)* for
any k > 2.

LEMMA 5 ([30], Theorem 3): Let k = 2, then:
(1) IdL(AS) = <JC§2 - "Eiv xi"EQa 5611173 - :172:6? - [$1’$2]>TL;
2
(2) 1d"((A5)") = (25 — 25, 2125, a5aa — 2521 — [21, 72]) 7 5
(3) cr(A5) = ci((A3)") =n+1.
LEMMA 6: Let k > 3, then:
(1) 1d5(A7) = (2 — a5, 255, (o1, 22)° — [o1, 22], 2§22 2p)7, 3
k=2 /n k=2 ~n—I+1 /mn—j\, -
(2) er(A) =24+ (N =1+ + 2005 (56— 1)
~ gn’!
for some q > 0.

)

Hence
2
A" ((A7)") = (2§ — af, 25a5, [on, 20]" — [w1, 2], @1 -2 12)m,

and

L * L ~ k—1

¢ ((AR)7) = ¢ (Af) = qn” .
Proof. Write I = (:10?2 — a5, 25§, [v1, 22]° — [w1, 2], 2§ae - xp)7, . It is clear
that I C IdL(Ai). In order to prove the opposite inclusion, first we find a set of
generators of PX modulo PL N1, for all n > 1.

Let f € PL be a multilinear L-polynomial of degree n. Because of the L-
identities ziz — 27 = 0 and zi25 = 0, in each monomial of f there can occur at
most one differential variable z5. Moreover,

[z1,22]25 =0 and a§[z1,22) =0
are consequences of z5z5 = 0 and [z1,22]° — [x1,22] = 0. Furthermore,
from [x1,x2]° — [21,22] =0 and x5z2 - -z = 0, it follows also that
[IEl,SCQ]SCg T4l = 0.

Finally, since

[x1, xo][x3, 4] =0
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is a consequence of 525 = 0 and [z1,22]° — [z1,22] = 0, every left normed
commutator [z;,,...,x;,] can be written as a linear combination of [z;,, ..., z;]
where i1 > s < -+ < i (see for instance [2, Theorem 5.2.1]).

By taking into account the previous remarks plus the Poincaré-Birkhoff-Witt
theorem, modulo I, f is a linear combination of L-polynomials of the type

(]-> L1 T, :Cil"'SCit[SCi,SCj]IEjl B D)

Ty Tpdl, Tp, - Tp, TpyTq, =" T,
wheret+l=n—-2,r+s=n—11<k—-1,s<k—1,i>75<i < - <iy,
1< <j,m<p <---<pr.and q; < --- < gs. It follows that the space PL
is generated modulo P N I by the above polynomials.

We next show that they are linearly independent modulo IdL(Ai). To that
end, let f € IdL(Ai) be a linear combination of such polynomials and write

&
f:azl...xn+/8:r2...znx1+ E E O[I1J:Ci1'."rit[zi5zj]zj1.'.:Ejl
I<k—11,J

£
+ E E BP,QTp, "+ Tp, Ty Tgy =+ Ty

s<k—1 P,Q
where
I={i,j01,...,i¢}, J=4j1,...,5}, P={m,p1,...,pr}
and Q@ ={q1,...,¢s}

are disjoint sets of indices subjected to the above conditions.

First suppose that a # 0. Then by making the evaluation z; = --- =z, = e
one gets a = 0, a contradiction.

Suppose that there exists ay ; # 0 for some ! < k—1, I and J. Then by making
the evaluation x; = e12, ; =2, = -+ =2, =eppand v, = - =x; = I,
we get oy, ;7 = 0, a contradiction.

Now suppose that 5 # 0. Then if one considers the evaluation 21 = e12 and

To =---=ux, = e11, we get =0, a contradiction.

Fmally, if Bpgo # 0 for some s < k — 1, P and @, then let z,, = eia,
Tp, = -+ = Tp = e and x4, = -+ =z, = E, obtaining Bpg = 0, a
contradiction.

Therefore the elements in (1) are linearly independent modulo P N 1d*(A3)
and, since PLN1d"(A%) D PLNI, they form a basis of PF modulo PLNId"(A%)
and Id"(A45) = I.
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Thus, by counting we get

k—2

k—2n—l+1
cﬁ(Ai)z?—i—n—l—Z(?)(n—l—i—l)—i—Z Z (71]> (j—1) ~gnt 1,
1=0 =1 j=2

for some ¢ > 0 and we are done.
Notice that, from the previous results, it follows also that

1" ((A7)") = <$§2 — ], 275, [1,22)° — [, 22], 21 wp12y)T,
and ck((A7)") = ek (A7) gt

We now introduce, for any fixed k > 2, a unitary L-algebra in varl (UT) the
codimension sequence of which grows as n*~1.

To this end, for all £ > 2, let
Ng = spanF{I, E, E2, ceey EkiQ, €12,€13, ..., €1k}

where I is the identity k x k£ matrix and L acts on IV as the 1-dimensional Lie
algebra spanned by the derivation € = ad,,, . In this case I* = (E’)¢ = 0, for
all1 <j<k—1,andej, = ey, forall 2 <i <k,

LEMMA 7: Let k > 2, then:

1. IdL(Nk) (2 g 517175011727 [21, 22 — [21,22], [T1,- -0 2E]) 703
2. ¢ (NE)—1+Z () ~ gn*~1, for some q > 0.

Proof. Let Q = (zi —af, 252§, [x1,22]° — [x1, 22|, [x1,...,2k])7, . It is easily
proved that Q C TId%(N¢).

Let now f be an L-identity of N;;. We may assume that f is multilinear, and
since N is a unitary algebra, we may take f proper.

After reducing f modulo @, we get that f is the zero polynomial if deg f > k

and it is a linear combination of commutators
5 ~
[2], 22, ... xn] [T @1, ..o, iy oo,y T

if deg f < k, where 2 < i < n and the symbol Z; means that the variable z; is
omitted.
Hence, modulo @,

f:O‘[ziazéa"'vxn]+Z/Bi[zi;$17"'7:/51'7"'51'71]7
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where n < k — 1. We claim that such commutators are linearly independent
modulo Id*(NF), i.e., f is the zero polynomial modulo Id*(Nf) and this will
imply that Q = IdL(N,j), as required.

Suppose that ; # 0 for some i. Then we consider the evaluation x; = ejo,
x; = E for all j # i and we get 3; = 0, a contradiction. Now, if o # 0, then
we make the evaluation z1 = --- = x,, = I and we get o = 0, a contradiction.
This says that f € Q and so Q = Id*(NF) as claimed.

The arguments above also prove that

BN =17
0, ifj>k.
Hence we also get that
1 =1
ckp =143 (Tt =14 3 (7)imant

= N =

B

for some g > 0.

We want to highlight that the case k =2 was already studied in [30, Theo-
rem 1]. Moreover, it is clear that if k=1, then N§ = F, Id"(N?) = ([z1, 2], 25)7,
and c¢L(N§) =1 for all n > 1.

4. On the structure of algebras generating L-subvarieties of var® (UT5)

In this section we shall study the structure of L-algebras belonging to the L-
variety generated by UT5.

Notice that in what follows we may assume, without loss of generality, that L
is a 1-dimensional Lie algebra spanned by .

We start by proving that any L-algebra inside var®(UT5) satisfies the same
L-identities of a finite-dimensional L-algebra.

THEOREM 8: If A € var’(UT5) is a finitely generated L-algebra over an al-
gebraically closed field F' of characteristic zero, then A is Tp-equivalent to a
finite-dimensional L-algebra over F'.

Proof. If A € varl(UT5), then by Theorem 2, 2° — a¢ € 1d*(A). Hence U(L)
acts on A as the 2-dimensional semisimple Hopf algebra H with basis {1x,&}
where €2 = 2. Thus A can be regarded as an algebra with H-action and we
may restrict the T -ideal Id” (A) to the T-ideal Id” (4). Thus the claim follows

from [18, Theorem 1.1].
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We refer the reader to [13, 18] for an account on algebras with a Hopf algebra
action and the related theory of polynomial identities.

Now we recall the following result characterizing the nth L-cocharacter
of UT5S.

THEOREM 9 ([9], Theorem 12): If xL(UTS) = 3°,,,, maxx is the nth cochar-
acter of UT5, then

n+1, A= (n),
2(g+1), A=(p+aq,p),
q+1, A=(p+gqnp1),

0, otherwise,
where p,q > 0.

In order to characterize the L-subvariety of var®(UTS) we are going to prove
the following.

THEOREM 10: If A € var®(UTY), then A is Tr-equivalent to a finitely generated
L-algebra.

Proof. Let B be the relatively free algebra of var”(A) with 3 generators. We
claim that Id*(A) = Id*(B). Clearly Id*(A) C 1d%(B), thus we shall prove the
opposite inclusion.

Let f € Id"(B) be a multilinear polynomial of degree n and let M be the
Sn-module generated by f. Without loss of generality, we may assume that M
is irreducible. In fact, if M = My & --- & My, is the decomposition into irre-
ducible components, where M; is generated by f; as S,-module, 1 < i < k,
then f; € Id*(A) for all i implies that also f € Id*(A).

Let x» be the irreducible character of M, where A = (A1,...,\.) F n, and let

er, = Z (sgno)ro

T€RT,
seCr,
be the corresponding essential idempotent (see for instance [12, Chapter 2]).
Here recall that Ry, and Cr, stand for the row-stabilizer and the column-
stabilizer of the Young tableau T), respectively.
If Ay # 0 or A3 > 1, then by Theorem 9, it follows that f € Id*(A). Thus we
may assume that Ay =0 and A3 < 1.
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Now consider g = (> 7)f and notice that g is symmetric in at most

TER
two disjoint subsets X, Xo cT)% differential variables. If we identify all the vari-
ables of X; with x; and all the variables of X5 with x5 in g, we obtain the
homogeneous polynomial p = p(z1, 22, x3) which is still an L-identity of B. But
from the definition of relatively free algebra, it follows that p e Id” (4). By
multilinearizing the polynomial p, we get the polynomial Aj!Aalg(aq,...2,).
Hence g € Id*(A) and, since M is irreducible and g # 0, it follows that
also f € Id¥(A). This completes the proof.

As a consequence of Theorems 8 and 10 we have the following.

COROLLARY 11: If A € var®(UTY¥) is an L-algebra over an algebraically closed
field F' of characteristic zero, then var’ (A) =var’ (B) for some finite-dimensional
L-algebra B over F'.

According to Corollary 11, from now on we will always assume, without loss
of generality, that if V C var®(UTs), then V = varl(A) where A is a finite-
dimensional L-algebra.

Now we are going to describe the structure of such finite-dimensional L-
algebras belonging to varl (UT).

First we recall some definitions. A subalgebra (ideal) B of A is an L-
subalgebra (ideal) if it is a subalgebra (ideal) such that B* C B, where B
denotes the set of all h(b), for all b € B and h € U(L).

Let A be a finite-dimensional L-algebra over an algebraically closed field. By
the Wedderburn-Malcev Theorem for associative algebras, we can write

(2) A=B+J

where B is a maximal semisimple unitary subalgebra of A and J = J(A) is its
Jacobson radical. Notice that although J is an L-invariant ideal of A (see [15]),
it may not exist as an L-invariant Wedderburn-Malcev decomposition, i.e., it
may happen that all semisimple subalgebras B of A that satisfy (2) are not
L-subalgebras of A. For example, the algebra U T25 of 2 X 2 upper triangular
matrices where L acts as the 1-dimensional Lie algebra spanned by the inner
derivation ¢ induced by e1s has no L-invariant Wedderburn—Malcev decompo-
sition (see [31, Example 3]). Things are different inside var®(UT%), in fact at
the end of the section, we will prove that, up to T -equivalence, we can always
assume that a subvariety of varl(UTs) is generated by an L-algebra with an
L-invariant Wedderburn—Malcev decomposition.
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To this end, first recall that J can be decomposed into a direct sum of B-
bimodules

J = Joo @ Jo1 D Jio D Ji1

where, for i,k € {0,1}, Jii is a left faithful module or a 0-left module accord-
ing as ¢ = 1 or ¢ = 0, respectively. Similarly, J; is a right faithful module
or a O-right module according as £ = 1 or k& = 0, respectively. Moreover,
for i,k,l,m € {0,1}, JixJim < O 1Jim where O, is the Kronecker delta and

Ji11 = BN for some nilpotent subalgebra N of A commuting with B. For a
proof of this result see [11, Lemma 2].

PROPOSITION 12: Let A= B+J be a finite-dimensional L-algebra. If 6 € Der(A),
then 1% € Jo1 + Jio. Moreover, J§, C Joo + Jo1 + Jio, J§ € Joo + Jo1 + Ji1,
9 C Joo + Jio + Ji1 and J9; C Jo1 + Jio + Ji1.

Proof. Since ¢ € Der(A), by [15, Theorem 4.3] 6 = ad, + ad; +¢’, where b € B,
j € Jand & € Der(A) is such that BY = 0. Thus since

[J11,1B] = Joolp = 1BJoo = 0,

we get 1‘]53 = 1aij € Jo1 + Jio-

Let joo € Joo. Since 1pJygy = 0, we get 0 = 1(1533'00 + 1ngo and so it
follows that 1ngo € Jip. On the other hand, since Jyplg = 0, we have
0 = 4315 + jool%. Then

jgolB € Joi-
Thus it follows that J3, € Joo + Jo1 + Jio-
Let now ji1 € J11. Then
5 s 5§ _ 6 )
Ji1 = (J111B)° = ji11B + juilp € Jor + Jio + Ji1-
Thus we get J{sl C Jo1+J10+J11. Similarly it can be proved for Jy; and Jyg.

In case of algebras belonging to var®(UTs), the action of L on J and its
components can be assumed to be much more simpler.

LEMMA 13: If A = B+ J € VaI'L(UTf) with J = Joo + J1o + Jo1 + J11,
then j¢ = j for all j € Jo1 U Jyp.

Proof. If j € Jo1 (resp. j € Jip), then j = [j,15] (resp. j = [15,j]). Thus the
claim follows since [z, z]° — [1, z2] € Id¥(A).
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LEMMA 14: Let A = B+ J € varl(UT5). Then

JooJor = J10JG0 = Ji1J10
= Jo1Ji; = Jo1Jio
= JiwJo1 = Jo1[J11, J11]
= [J11, J11]J10 = [Joo, Joo] Jo1
= Jio[Joo, Joo] = 0.

Proof. Since [r1,72]° — [z1,72] = 0 and 2525 = 0 on varl(UTY), the result

immediately follows applying Lemma 13.
THEOREM 15: If A = B+ J € var®(UT¥) then, up to Tr-equivalence, B* C B.

Proof. If J = 0 there is nothing to prove, so let J # 0 and since A € var(UT¥)
then B = F&®---® F. By Proposition 12 it readily follows that if either 13 =0
or Jo1 = Jig =0, then B* C B and we are done also in this case.

So, suppose 15 = j # 0, where j € Jo1 + J1o, and consider

g’ = e —ad; € Der(4).

Note that ¢’ # 0, in fact if ¢ = 0, then ¢ = ad; and 15; = j° = 0, since
ng = J120 =0 and, by Lemma 14, Jy1J10 = J10Jo1 = 0. This is a contradiction
since z°° — a° € 1d*(A).

Let now A,/ be the L-algebra A where L acts on it as the 1-dimensional Lie
algebra spanned by ¢’. Clearly 1% =0,B° CBanda straightforward compu-
tation can also prove that A., € var’(UT§). We claim that Id*(A) = Id*(A./)
and this will complete the proof.

Let f € Id“(A) be a multilinear polynomial of degree n. According to [9,
Theorem 5] we can write f as

n
§ : e
f:azl...zn+ ﬂkxil '."rin—lzk
k=1
e
+ E YPtTpy ** Tp,y, [:Ctvle’ s 7:rjn—m—1] +9,
Pt

where

g € 14" (UT;) C1d"(4),
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and i1 < -+ <ip_1,p1 < < DPm, J1 < - < Jn—m—1. Notice that if we make
the evaluation 1 = --- =z, = 1, we get a = 0. Thus

F=> B i, 7,

(3)

£ bty T [T Ty @] + g € TAE(A),
Pt

In order to prove that f € IdL(AEr), we have to show that

n

_ E e’ § e’ ~

f— ﬂk‘ril ST, Ty YP,tTp, "':E:Dm[zt "’Ej17"""rjn7mfl] +9
k=1 Pt

vanishes under every evaluation of elements of A. Here § stands for the poly-
nomial g in which we substituted every differential variable ¢ with <
Since ¢’ = ¢ — ad;, it is enough to prove that

n

ad; ad; L
g By, - xi, E VPiZp, - T, [Ty T Ty ] € 17 (Ae).
k=1 Pt

But by definition of inner derivation, the claim follows since
[ja x]s - [Ja .T] € IdL(A)

and (3) holds. Hence f € Id*(A.).
Similarly it can be proved that Id“(A./) C 1d*(A). Thus A ~7, A. and the
claim is proved.

As a consequence of Proposition 12, Lemma 13 and Theorem 15 we get the
following.

COROLLARY 16: If A= B+ J € Val“L(UTf) with J = Joo + J10 + Jo1 + J11,
then J% C Jy, for all i,k € {0,1}.

According to the previous results, from now on we will assume that the
Wedderburn-Malcev decomposition and the Jacobson radical decomposition
into bimodules of every considered L-algebra are L-invariant.
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5. On minimal L-subvarieties in var’(UT¥)

In this section we shall prove that the L-algebras A7, (A5)* and Ny introduced
in Section 3 generate minimal L-varieties of polynomial growth. We start with
the definition of minimal L-variety.

Definition 1: An L-variety )V is said to be minimal of polynomial growth
if c£(V) = gnF, for some ¢ > 0, and for any proper L-subvariety U C V,
we have that cZ(U) ~ ¢'n' with t < k.

Algebras generating minimal varieties will play an important role in the main
result, since we shall prove that any L-algebra inside var®(UTs) has the same
differential identities of a direct sum of such kind of algebra plus a nilpotent
algebra, eventually.

Remark 17 ([25], Remark 2): Let A = F + J be an L-algebra with
J = Joo + J1io + Jo1 + J11-
If A satisfies the identity [z1,...,z:] =0 for some t > 2, then Jy; = Ji0 = 0.

Proof. The proof immediately follows from the fact that Jig = [Jio, F, ..., F]
~ ~~ rd
t—1

and J01 = [JOl,F,...,F].
~
t—1

THEOREM 18: For all k > 2, N; generates a minimal L-variety of polynomial
growth.

Proof. Suppose that A € varl(Nf) and cL(A) ~ gnk~! for some ¢ > 0. We
shall prove that A ~p, N; and this will complete the proof.

Since cL(A) is polynomially bounded, by [31, Theorem 10] we may assume
that
A=B, @& -3 B,
where Bj,..., B, are finite-dimensional L-algebras such that

B;
di <1
1mg J(Bl) S 1,

for all 1 <4 < m. This implies that either B; & F' + J(B;) or B; 2 J(B;) is a

nilpotent algebra. Moreover, since

ek (A) <cl(By)+ -+ ck(Bn),
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then there exists B; such that cZ(B;) ~ bn*~!, for some b > 0. Thus
var? (N§) D varl (A) D var® (F + J(B;)) 2 var®(F + J11(B;))

and cL(F+J(B;)) ~ bnF~1 Here we remark that F'+.J;;(B;) is an L-subalgebra
of F+J(B;) since, according to Theorem 15, in var® (UT) we may assume F¢=0
and J7; C J;; for all 4,5 € {0,1}.

Moreover, by Remark 17, we get that Jio(B;) = Jo1(B;) = 0 and so

F+J(B:) = (F+ Ju(B:) @ Jool By,

as L-algebras, and c¢Z(F + J(B;)) = ck(F + J11(B;)) for n large enough.

It turns out that, in order to prove A ~p, Nj, it suffices to show
that F' + Ji1(B;) ~7, Nji. Hence we assume, as we may, that A is a uni-
tary L-algebra and we shall look at its proper codimension and cocharacter

sequences.
Since cZ(A) =~ gn*~1, then

BT

and, by Corollary 4, v*(A) # 0 for all 0 < i < k—1 and v/ (A) = 0 for alli > k.
L
Moreover, recall that since Id*(N¢) C Id*(A), then FLH?&L(A) is isomorphic
to a quotient module of '
L

rrlnid"(Ng)
Thus if
PP (A ZmAXA and ¢/ (N}) ZmAXA
AFi AFi
are the i-th proper L-cocharacters of A and Nf, respectively, then my < m)
for all A+ 1.
From now on, suppose k > 3. For all 3 <¢ <k —1, let
fi=lx1,29,...,22] and fo=[2],21,...,21]
~ - ~ -
i—1 i—1
be the highest weight vectors corresponding to the partitions Ay = (i — 1,1)
and Ao = (i), respectively. It is clear that f; and f; are not differential identities
of Ni, thus x(;_1,1) and x(;) participate in the i-th proper L-cocharacter of N
with non-zero multiplicities.
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Moreover, since v (Nf) =i = deg x(i—1,1) + deg x(), for all 2 < i <k — 1,

we get that
O (NE) = X(—1,1) + X(3)-

Now, since v{_;(A) # 0 then either ¥} (A) = x@x—1) or V{1 (A) = X(k—2,1)
or Yf_1(A) = X(k—1) T X(k—2,1)-

First suppose that L | (A) = X(k—1)- Then [$1,i€2, . ,:173] =0 on A and this

k—2

trivially implies [zi,fl, e ,:c}/] =0on A. Thus ¢f (A) =0 and v ,(A) =0,

k—2
a contradiction.
Now suppose & | (A) = X(k—2,1), then [zf,21,...,21] = 0 on A. Let us
! ~ ~~ rd
k—2
substitute the variable x1 with z; 4+ 22 and consider the multihomogeneous
component with degree k — 2 in 27 and 1 in z9. As a consequence, we get the

following identity modulo I (UT5):
0.

(4) (25, @1, ..., x1] + (k — 2)[2], x2, 21, ..., x1]
~ ~~ - ~ ~~ -
k=2 k—3

Since [z1, x2] — [25, za] — [x1,25] € IdX(UTS) C 1 (A), we get

15 —
[z27x17f1a---a$5] = [SCQ,S\Cl,...
~ ~
k—3 k—2 k—2

yx1] =[5, 21, .., 2]
- N~ ~ r

By putting together the latter relation with (4) we get the identity
(5) (k= 2)[x2,21,...,21] = (k= 1)[25, 21, ..., 21].
~ % N

~
k—2 k—2

Moreover, by substituting the variable zo with 5 in (4) and recalling that

25’ = x5, we also obtain [:173,31, e ,:ci] = 0. From this plus identity (5), we
~
k—2
finally get the identity [zo,21,...,21] =0, thus ¢F | (4) = 0 and 7&_,(4) =0,
~ ~ -
k—2

a contradiction. Hence we must have 1% | (A4) = X(k—1) + X(k—2,1)-
Now, for all 2 < i < k — 2, as before either ¢/ (A) = x ;) or ¥ (A) = x-1,1)
or Y (A) = x() + X(i-1,1)-
If L (A) = X(i) then [x1,22,...,22] =0 on A. Thus also [z, 22,.. ., 2]
N~ -~ - ~ ~ d
i-1 k—2
which is absurd, for the first part of the proof. Analogously, if ¥F(A) = X(i—1,1)

0,

then [25,21,...,21] =0 on A and so [2§,z1,...,21] = 0, a contradiction.
S~ 7 S~ 7

i—1 k—2



264 F. MARTINO AND C. RIZZO Isr. J. Math.

Thus X (A) = x@) + X(@—1,1) = VF(Nf), forall 1 <i <k — 1 and

4(;1):2() —1+Z<)2—c N§).

Hence A and N have the same codimension sequence and, since

1" (N§) € 1d"(4),
we get the equality Id*(Ng) = Id¥(A), as required.

Notice that if k = 2, then ¥2(N5) = x(1,1) + X(2) and with similar arguments
as in the first part of the proof we get 12(A) = ¥2(N5), ck(A) = cE(N5) and
so A ~p, N5.

We now recall a result about the Jacobson radical of an algebra belonging
to varl(A) that will be very useful hereafter.

LEMMA 19: Let A= F+J € varl(A5) (resp. A = F+J € var®((A$)*)). Then
Jlsl =0 and J01 = [J117J11] =0

(resp. JIO = [Ju, JH] = 0)

Proof. We will prove the statement in case A € var®(A5). The other one will
follow analogously.
Recall that according to Corollary 16, Ji; C Ji1. Moreover, since

a5xy - xp, € 1d¥(AL) C 1dH(A),
for all j € J11 we get j°¢ 1F F = 0. Thus, if we let j¢ —j € Jy1 then
k—1
0= 1 lp =7,
\ d
k—1

since 1p acts as a unit element on Ji;. Now, due to the identity
(@1, 22])° — [w1,22] =0,

we get also [Ji1, J11] = 0.
Finally, by Lemma 13, for all a € Jy;, a® = a. Thus by using the same
argument as before, we get that Jo; = J§; = 0.
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LEMMA 20: Let A = F + J € var®(45) (resp. A = F + J € vark((49)%)).
If cE(A) ~ gn*=1, for some q > 0, then A ~g, A5 (resp. A ~7, (AL)*).

Proof. We prove the statement for
A=F+Jevark(43).

The case A = F 4 J € var®((A{)*) will follow with similar arguments.
By the previous Lemma,

Jo1 = [J11, J11] = 0,

so we may assume A = F + Jypo + J1o + J11 and J;; commutative. More-
over, Ji; = 0.

First suppose that JloJé“(;Q =0.

If J™ =0, then for all n > m we shall prove that

g=Tp TpTiTo - Th1 € IdL(A).

Since such a monomial is multilinear, we can evaluate each variable in a basis
of A consisting of a union of a basis of Jyy, Jig, J11 and 1g. Since n > m
and J™ = 0, if we evaluate all the variables in J then we get zero, thus at least
one variable must be evaluated in 1.

Let us focus our attention on the variable x1. It is clear that if xq is evaluated
in 1p or on Jy1, then g vanishes since F'¢ = Ji; = 0. If we evaluate x; in an
element jio € Jio, then ji; = jio and we are forced to evaluate za,...,25_1 on
elements of Jyg. Since J10J§0_2 = 0, we get zero. Finally, let us evaluate x; on
an element joo € Joo. Then j§, € Joo and since there exists ¢ such that z; is
evaluated in 1p, also in this case we get zero.

Therefore we have proved that xy---xpa{ze---xp_1 € IdL(A). From this
identity and from [z1,x2]® — [x1,x2] = 0 it follows also that

Tjg1 - TplT1, x2)Xs - x) € IdL(A).

Since A € vark(A5), if f € Pl with deg f = n > m, then after reducing f
modulo the T -ideal generated by the differential identities of Aj, and by g, by
using also Lemma 6, we have that f is a linear combination of the L-polynomials

xl...wn’ ‘/I;’Ll ...er[‘/I;/L’J;]]J;Jl...J;]l’

£ £
L2 Ty,  Tpy Tp,LyLgy * " Lyy,
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wheret+l=n—-2,r4+s=n—-11<k—2,s<k—2,i>7<i1 < - <y,
< <gym<p <---<prand q < --- < gs. Note that [,s < k — 2
since g = 0 on A.

Therefore

k-3 k=3 n—l4+1

L n n-—7 o o J k=2
cn(A)§2+n+lz;<l) (n—1+1) +Z Jz: (l_1> (J—1)=q¢n"7
for some ¢’ > 0. This is a contradiction, since we are assuming that cZ(A)agn*~1
Thus J10J§0_2 # 0 and there exist a € Jig and by,...,bx_o € Jgo such
that aby - - - by_s # 0. Let f € Id” (A) be a multilinear L-polynomial of degree n.

By Lemma 6, f modulo Id¥(A$) can be written as

f :aml .. .:L'n + /3:1;2 .. xnx‘i + Z ZaI,inl .. xlt[$15$]]$]1 .. .le

I<k—11,J

+ Z ZﬁPanpl"'wprxfnwm"'xqs""fla
s<k—1P,Q
where f/ S IdL(Ai)a I= {iajvilv"'vit}v J = {jlv"'vjl}a P = {mapla"'va}
and Q = {q1,...,¢s} witht+l=n—-2,r+s=n—-1,1<k—-1,s<k-—1,
i>j<i1<---<it,j1<---<jl,m<p1<---<pTandq1<---<qs.

By choosing 1 = -+ = x,, = 1 we get a = 0. Moreover, by induction on [,
for fixed I and J, the evaluation z; = a, x; = x;;, = --- = x;, = 1y and z;, = b,
forall 1 < h <[, gives ary = 0. If welet 1 = a and 29 =--- =2z, = 1p,
then we get f = 0. Finally, by induction on s, for fixed P and @, the eval-
uation x,, =a, Tp, = -+ = ¥ = lp and x4, = by, for all 1 < h < s,
gives Bpg = 0.

Thus f = f’ € Id*(A3) and Id*(A) = Id*(A), as claimed.

We are now in a position to prove that Aj and (A7)* generate minimal L-

varieties.

THEOREM 21: For all k > 2, A and (A%)* generate minimal L-varieties of
polynomial growth.

Proof. Let A € varl'(A%) such that cZ(A) ~ gn*~1, for some ¢ > 0. By [31
Theorem 10] we assume

A=B1&---& B,
where By, ..., By, are finite-dimensional L-algebras such that dimpg J( B, ) < 1.
This says that either B; = F + J(B;) or B; = J(B;) is a nilpotent L-algebra,
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for all 1 <4 < m. Since
ey (A) < e (Br) + - + ¢ (Bu),
there exists B; such that c%(B;) ~ bn*~!, for some b > 0. Thus B; = F + J(B;)
and, by the previous Lemma, B; ~7, A7. Hence
varl (A5) = varl(B;) C varl(A) C varl(A5)

and so var®(A4) = varl(Ag).

Similarly one can prove the statement for (Aj7,)*.

6. Classifying subvarieties of varl (UT5)

In this section we present the main result about the L-variety generated by UT5,
ie., we will classify up to Tr-equivalence all the L-algebras generating L-
subvarieties of varl (UT%).

To this end, we start with the following lemma concerning algebras with slow
codimension growth.
LEMMA 22: Let A = F + Jio + Juu € varl(UTS) with Jig # 0
(resp. A = F + Jo1 + Ji1 € var®(UT§) with Jo1 # 0). If J§; = 0, then
A ~Ty Ag (I‘(?Sp. A ~Ty (AS)*)
Proof. Since F¢ = J§; = 0 and JZ, = 0, it is clear that

T125 — Toxs — 11, 1) € Id¥(A),

thus Id"(A45) C 1d%(A).

In order to prove the opposite inclusion, let f € IdL(A) be a multilinear
L-polynomial of degree n. By [30, Theorem 3], f can be written as

n
f_ CY].T“ "'xzn,lx_] +6$2"'$n$1 +ga
j=1

where g € IdL(Ag) and ip < -+ <p_q.
Suppose that there exists j # 1 such that «; # 0. Then by making the

evaluation z; = b € Jyg, for some b # 0, and x;, = -+ = 3, , = 1p, we
get a;j = 0, a contradiction. Now, if a; # 0, then by making the evaluation
r1 ==z, = lp we get a; = 0, a contradiction. Finally, if 5 # 0, then we
let x1 =band zo =--- =z, = lp getting S = 0, a contradiction.

Hence f = g € 1d*(A45) and so A ~7, A5.
Similarly, it A = F + Jo1 + Ji1, we get A ~p, (A5)*.
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LEMMA 23: Let A= F + Jy; € varl(UT%). Then A ~r, Ng, for some k > 1.

Proof. Since A € var®(UT5), then ck(A) ~ gn*~! for some ¢ > 0 and k > 1.
If J5, = 0, then 2° = 0 on A and so [z1, x2] € Id¥(A). This trivially implies

that A is a commutative algebra with trivial derivation, i.e., A ~p, Nj = F.
Let now J§; # 0. Since A is a unitary algebra, we can consider the proper

L-codimension sequence and write

=3 (7)ot

=0
with v%(A) = 0 for all i > k. In particular,
W (A) =0

and so [zy,...,2;] € 1d"(A). Hence 1d*(Nf) C Id*(A) and by Theorem 18,

since cL(A) ~ gn*~1, it follows that A ~p, Nf.

We now prove some auxiliary lemmas very useful in the proof of the main
theorem. We start with the following that allows us to reduce our problem to
the study of a variety generated by an L-algebra with either Jo; = 0 or Jig = 0.

LEMMA 24: Let A= F +J € varl'(UT§). Then
A ~TrL (F + Joo + J1o + Jll) S (F + Joo + Jo1 + Jll)-

Proof. Let By = F'+ Jyo+ Jig+ J11 and By = F + Jog+ Jo1 + J11. Since F =0
and J§; C J;; for all 4,5 € {0, 1}, it is clear that By and By are L-subalgebras
of A. Then Id*(A) C 1d*(B; @ By) = 1d%(B;) n1d*(By).

Moreover, since Jo1J19 = J10Jo1 = 0, it turns out that also

1d*(B; @ By) C 1d%(A)
holds. Thus A ~p, By & B as claimed.
LEMMA 25: Let A = F + Jog + Jio + J11 € varL(UTf) with Jig # 0

(resp. A=F+ Jy + Jo1 +J11 € VaI‘L(UTQE) with Jop 75 0)
(1) If Jj; = 0, then A ~p, A5 & N (resp. A ~p, (A5)* & N), for some
k > 2 where N is a nilpotent L-algebra.
(2) If J5, # 0, then A ~p, A5 & N; ® N (resp. A ~7, (A7)* @& N; & N),
for some u > 2 and k > 2 where N is a nilpotent L-algebra.
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Proof. Let A = F + Joo + Jio + J11 € varX(UT5) with Jip # 0. The other case
will follow with similar arguments.

Suppose first J{; =0 and let ¢ > 0 be the greatest integer such that JyoJ}, # 0.
Notice that if ¢ = 0 then JigJoo = 0 and A = (F+J10+J11) ® Joo as L-algebras.
By Lemma 22 we get F' + Jio + J11 ~7, A5, hence A ~p, A5 & Joo, where Jyo
is a nilpotent L-algebra.

So let us assume t > 0, i.e., JigJ&, # 0 (that is, in particular, Ji9Joo # 0)
and JioJidt = 0.

Suppose that J§,Jid* = 0. Then it is easy to check that

TSy -y € 1dX(A),

thus Id"(Af,,) C Id"(A). Furthermore, since JigJ}, # 0, there exist a € Jig
and by,...,by € Jgo such that aby---b; # 0. Therefore, as in the proof of
Lemma, 20, one can prove that A ~p, A 5.

Suppose now JgoJégl # 0. Note that, since J§, C Joo, €2 = ¢ and Lemma 14
holds, J§, is an L-ideal of A, thus we can consider A = A/J§,. As before,
since JigJggt = 0, it follows that a§zs -~ 2412 € Id¥(A), 1d"(Az ,) C 1d*(A)
and so A ~r, A5,

Notice that 1d"(A4) C 1d*(A) = Id*(Af,,) and, since Jyo is an L-subalgebra
of A, 1d"(A) C 1d"(Jyo). Therefore Id*(A) C Id"(As , & Joo).

Conversely, let f € Id¥(AS 2@ Joo) be a multilinear L-polynomial of degree n.
We can write f as

f=axy -z, + Pro- - xpx] + Z ZQLJ:CZ-I e my, (@, ey,

I<t+1I,J
£
+ E E BP,QTp, * " Tp, Ty Tqy * " Tq,
s<t+1 P,Q
(6)
+ E E Oé]/,J/CL'i/l ---xi;[xir,xjr]xji CL'JZI
U>t1',J
g
+ E E ﬂplﬁQ/:cpzl T Tpt Ty Tgt Tl +9,
s'>t P,Q’

where g € Id"(UT5) C Id*(A) and the indices of the variables are subjected to
the conditions as in Lemma 6.

We remark that g and the last two summands of f are L-identities of A7, ,.
Moreover, in Lemma 6 it was also proved that the first four summands of f are
linearly independent modulo IdL(A§+2), hence « = 8 = ary = fpg = 0 for
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all I,J, P and @, and
F=)2D  aw g oy fwy, aplay oy

U>t1,J’

£
+ E E ﬂp/yQ/I'pfl S Xpt L Tt Tt + G-
s'>t P',Q’

(7)

Since f € Id¥(Jy), if we evaluate all the variables on Jyo, we get zero. Now,
since JipJigt = J5; = [Ji1,J11] = 0, every evaluation of f into elements
of A gives the zero value, hence f € Id"(A). So Id*(A45,, @ Joo) C Id*(A)
and A ~7, A7, 5 @ Joo follows.

Suppose now Ji; # 0.

Let B = F + Jygo + Jiop and D = F + Jy1. It is clear that B and D are
L-subalgebras of A. Moreover, for the first part of the proof, B ~7, A7, , ® N,
for some ¢t > 0, and by Lemma 23, D ~7, N¢ for some u > 2. Thus

1dX(A) C1dX(B @ D) = 1d*(45,, & N: @ N).

Conversely, let f € IdL(A§+2 ® N @ N) be a multilinear polynomial of
degree n and write f as in (6). As in the previous case, since f € IdL(A§+2), we
can reduce f as in (7). Notice that f € Id¥(B) N 1d*(D), thus any evaluation
of fin B orin D gives zero. Furthermore, since JyoJii* = J5,Ji0 = 0, we get
that f vanishes under any evaluation on elements of A.

Thus f € Id*(A) and 1d*(A) = 1d"(B ® D) = 1d*(A;,, @ N; © N). This
immediately implies A ~7, A7, , © N; © N and we are done.

By putting together the previous results, we get the following.

LEMMA 26: Let A = F+J € varl'(UTs) with Jig # 0 and Jo1 # 0. Then either
Ar~p, AL ®(AS)* @ N or A ~p, A5 @ (AS)* & NS @ N, for some k,r,u > 2,
where N is a nilpotent L-algebra.

Proof. By Lemma 24, A ~Ty By ® By where By = F + Jyo + Jio + J11
and By = F+Joo+Jo1+J11. Moreover, by the previous Lemma, By ~7, A &N
or By ~p, A, @ N; & N and By ~7, (A2)* @& N or By ~1, (A2)*® N; & N,
for some k,7,u > 2 and N a nilpotent L-algebra. It readily follows that
Ar~p, AL®(AS)" BN or
A~ A& (A7) @ N @ N,

as claimed.
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We are now in a position to prove the main theorem of the paper.

THEOREM 27: If A € var®(UTs), then A is Ty -equivalent to one of the following
L-algebras: UT5, N, NF@&N, A, &N, (A5)*@N, AL NG N, (AS)*E&N; SN,
AT & (AS)* @ N, A5 @ (A%)* @ N; @ N, where N is a nilpotent algebra and
koryu>2,t>1.

Proof. If A ~p, UTS there is nothing to prove, so suppose that A generates a
proper L-subvariety of varl (UTs). Thus, by [9, Theorem 15], cZ(A) is polyno-
mially bounded and by [31, Theorem 10] we may assume that

A:Bl@...@Bm,

where By, ..., By, are finite-dimensional L-subalgebras of A such that
B;
di <1
) =
forall 1 <i<m.
If for all 4, dimg J(Eg;,) = 0, then B, = J(B;) is a nilpotent L-algebra
and A ~7, N where N =DB1 @ ---® By,.
Thus suppose that there exists ¢ such that dimp J(%_) =1, that is

B, = F+ J(B;).

Write
J(Bi) = Joo @ J10 @ Jo1 @ J11-

If Jip = Jo1 = 0, then by Lemma 23, A ~p, Ng. @®N for some u; > 1, where N
is a nilpotent L-algebra. If either J19 # 0 or Jy; # 0, then by Lemmas 25 and 26,
B; is T-equivalent to one of the following L-algebras: Aj & N, (A5 )" @® N,
Af ON; ©N, (A7)*©N;, ©N, A7 @ (A5,)" N or A7 @ (A7) © N;, ®N,
for some k;, r;, u; > 2.

Since A = B; & --- & B, by taking into account the previous possibilities,
we get the desired conclusion.

As a direct consequence of the previous Theorem and Lemmas 18 and 21, we
get the following corollary that classifies, up to T -equivalence, all L-algebras
generating minimal varieties of polynomial growth inside var® (UT5).

COROLLARY 28: Let A€varl(UTs). Then A generates a minimal L-variety if
and only if either A~q, N§ or A~p, A5, or A ~p, (A})*, for someu > 1, k > 2.
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7. Classifying subvarieties of var® (UT)

In this section we classify, up to Tpr-equivalence, all the L-subvarieties
of varf(UTy). As we remarked before, since L acts trivially on UTy, this
is equivalent to the classification of the algebras inside the variety generated
by UT» in the ordinary case given in [22]. In what follows we present such
results in the language of L-algebras for the convenience of the reader.

For k > 2, let Ay, A; and Ny be the algebras A%, (A5)* and N constructed
in Section 3, respectively, where L acts trivially on them.

Since 2° = 0 for all § € L, in this case we are dealing with ordinary identities.
Thus we have the following results characterizing the L-identities and the growth
of the L-codimensions of the above algebras.

THEOREM 29 ([4, Lemma 3]):

(1) 1d"(Az) = (21, 2)ws)r, and 1d"(Aj) = (x1[22, x3])7, -
(2) ch(Ag) = ch(As) =n.

THEOREM 30 ([22], Lemma 3.1): Let k > 3, then:

(1) 1a%(Ag) = ([21, wo][w3, 24, [21,m0)3 - Tpp1) 7y
(2) ck(Ay) = ;:02 (N (n—=1-1)+ 1~ gn*', for some q > 0.

Hence 1d" (A}) = ([x1, z2][x3, 24], @1 - Th_2[Th_1, %)), and
e (A7) = o (Ag) = qn* .
THEOREM 31 ([5, Theorem 3.4]): Let k > 3, then:

(1) 1d"(Ne) = (1, 2o][ws, 4], [21,. .., 2k))7y;
(2) k(N )*1+Z§;21 (?)(j*l)%an’l,forsomeq>0,

Moreover, Ny ~7, F.

The following result classifies the subvarieties of var(UTy).

THEOREM 32 ([22, Theorem 5.4]): If A € varl(UTy), then A is T -equivalent to
one of the following L-algebras: UTy, N, N, &N, Ay &N, AX&N, Ay,&N, SN,
AT®N, &N, A, ® AL BN, A, & A: & N, & N, where N is a nilpotent algebra
and k,r,u > 2.

As a consequence of the previous theorems, we can also get the classification
of all L-algebras generating minimal varieties.
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COROLLARY 33: An L-algebra A € var®(UTy) generates a minimal variety of

polynomial growth if and only if either A ~p, N, or A ~7, Ay or A ~p, A},
for some u > 2, k > 2.
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