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ABSTRACT

We systematically develop a theory of graded semigroups, that is, semi-
groups S partitioned by groups I', in a manner compatible with the mul-
tiplication on S. We define a smash product S#I', and show that when
S has local units, the category S#I'-Mod of sets admitting an S#I'-
action is isomorphic to the category S-Gr of graded sets admitting an
appropriate S-action. We also show that when S is an inverse semi-
group, it is strongly graded if and only if S-Gr is naturally equivalent
to Sc-Mod, where S¢ is the partition of S corresponding to the iden-
tity element € of I'. These results are analogous to well-known theorems
of Cohen/Montgomery and Dade for graded rings. Moreover, we show
that graded Morita equivalence implies Morita equivalence for semigroups
with local units, evincing the wealth of information encoded by the grad-
ing of a semigroup. We also give a graded Vagner—Preston theorem, pro-
vide numerous examples of naturally-occurring graded semigroups, and
explore connections between graded semigroups, graded rings, and graded
groupoids. In particular, we introduce graded Rees matrix semigroups,
and relate them to smash product semigroups. We pay special attention
to graded graph inverse semigroups, and characterise those that produce
strongly graded Leavitt path algebras.
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1. Introduction

The purpose of this paper is to build a theory of graded semigroups that parallels
the theory of graded rings. We start with an overview of the motivating features
of graded ring theory, which has become a vibrant subject, thanks to crucial
applications to various areas of mathematics.

Graded rings frequently appear when there is a group acting on an algebraic
structure, or when the ring structure arises from a free construction modulo
“homogeneous” relations. A ring A is graded by a group I" when, roughly, A
can be partitioned by I' in a way that is compatible with the structure of A.
(See §7 for more details.) Studying graded rings also naturally leads to study-
ing representations of such rings, which can be compatibly partitioned by the
relevant group, namely graded modules. Consequently, three categories play
a prominent role in this setting: the category of left A-modules A-Mod, the
category of graded left A-modules A-Gr, and the category of left A.-modules
A.-Mod, where A. is the subring of A consisting of elements in the partition
corresponding to the identity element € of I'. A substantial portion of the the-
ory of graded rings concerns the relationships between these categories. While
the applications of this theory are numerous, one prominent example is the
fundamental theorem of K-theory, proved by Quillen [34], using the category
of graded modules in a crucial way (see also [21]).
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Three constructions that play an essential role in the study of graded rings
are strongly graded rings, smash products, and graded matrix rings. According
to a theorem of Dade [12], a ring A is strongly graded if and only if A-Gr is
naturally equivalent to A.-Mod. The smash product, constructed by Cohen
and Montgomery [10], allows one to produce a ring A#I" such that A#I'-Mod
is isomorphic to A-Gr. Finally, graded matrix rings, aside from providing
interesting examples, can be used to describe the relationship between graded
rings A and B that are Morita equivalent, i.e., for which the categories A-Gr
and B -Gr are equivalent.

In this note we study grading on another class of algebraic objects, namely
that of semigroups. Analogously to the case of rings, we say that a semigroup S
(with zero) is I'-graded, for some group I, if there is a partition or “degree”
map ¢ : S\ {0} — I" such that ¢(st) = ¢(s)¢(t) whenever st # 0. Our motiva-
tion for systematically studying graded semigroups comes from recent advances
in the theory of combinatorial algebras, where graded rings played a promi-
nent role. These algebras first arose in the work of Cuntz, in the context of
operator algebras, and Leavitt, in the context of noncommutative rings. Ideas
arising from these investigations were subsequently extended in various direc-
tions, leading to the paradigm summarised in the following diagram. (See [14]
for an account of these developments from the C* perspective, [7] for the alge-
braic side, and [28] for an exploration of the connections between some of the
relevant semigroups and groupoids.)

combinatorial data

J

inverse semigroup C*-algebra
(1.1) o
groupoid
4

noncommutative algebra

The now well-trodden path in (1.1) starts with a natural inverse semigroup
constructed from combinatorial data. The groupoid of germs of the semigroup
turns out to be very well-behaved, and the corresponding convolution algebras
(i.e., the groupoid C*-algebra and the Steinberg algebra, discussed below in
more detail) have very rich structures. These algebras are naturally graded, via
lifting grading from the combinatorial data, and the grading plays a crucial role
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in describing their structure. For example, Cuntz and Krieger used it in their
early work in the field, to prove graded uniqueness theorems. Our intention
is to introduce and study the grading earlier along the path, pushing it from
algebras to groupoids and inverse semigroups.

The idea of assigning degrees to the elements of a semigroup has appeared
in the literature before. For example, Howie [20, p. 239] calls a semigroup S
equipped with a map |-|: S — N, such that |st| = |s| + |t|, a semigroup with
length. He uses this construction to measure the lengths of words in a free
semigroup. More relevantly to the paradigm described above, graded inverse
semigroups have been studied in connection with étale groupoids and Steinberg
algebras [3, 37]. A more general notion has been explored in connection with
congruences and Cayley graphs [22, 23]. However, no systematic investigation
of graded semigroups seems to have been undertaken before.

In addition to their relation to combinatorial algebras, graded semigroups
actually arise quite naturally on their own. For example, it is well-known that
any semigroup can be embedded in the full transformation semigroup of a set X .
Now, if X happens to come equipped with a map to a group, i.e., an assignment
of degrees, then the collection of transformations of X that respect the degrees
constitutes a graded semigroup, and any graded semigroup can be embedded
in one of this sort (Proposition 2.5). An analogous statement can be proved for
inverse semigroups (Proposition 5.4), giving a graded Vagner—Preston theorem.
Also, for any I'-graded ring A, the multiplicative semigroup of A is likewise a
I'-graded semigroup. Moreover, one can construct graded analogues of Rees
matrix semigroups (§3.2), and graph inverse semigroups are naturally Z-graded
(§8). Finally, as mentioned before, free semigroups are likewise naturally Z-
graded, and this grading can be used to induce ones on various quotients of
free semigroups, i.e., semigroups presented by generators and relations. Other
examples are given below.

The heart of this paper consists of three categorical results, which parallel
the aforementioned ones from ring theory. To state them, we require some no-
tation. For a semigroup S and a set X, we say that X is a (unital pointed
left) S-set if there is an action of S on X such that SX = X, and X has a dis-
tinguished “zero” element Ox (see §2.3 for more details). Also, if S is I'-graded,
for some group I', then we say that an S-set X is I'-graded if there is a func-
tion X \ {Ox} — I that respects the S-action. Let S-Mod denote the category
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of unital pointed left S-sets, with functions that respect the S-action as mor-
phisms, and let S -Gr denote the subcategory of S-Mod whose objects are the
I'-graded S-sets, and whose morphisms respect the I'-grading. We show in The-
orem 3.5 that, analogously to the Cohen/Montgomery result mentioned above,
if S has local units, then S-Gr is isomorphic to S#I'-Mod, where S#I is a
suitably defined smash product for semigroups. We also show in Theorem 5.8
that when S is an inverse semigroup, it is strongly I'-graded if and only if S -Gr
and S.-Mod are naturally equivalent, in parallel to the aforementioned result
of Dade. Our third categorical result, Theorem 4.4, shows that for a pair of
graded semigroups with local units, being graded Morita equivalent implies be-
ing Morita equivalent, using the notion of Morita equivalence for semigroups
introduced by Talwar [38] (see §4 for more details).

Aside from providing examples of graded semigroups, and studying the rel-
evant categories, another goal of this paper is to investigate the relationships
between graded semigroups, graded rings, and graded groupoids. In §6 we re-
call the relevant concepts about groupoids, show that strongly graded inverse
semigroups produce strongly graded groupoids of germs, and describe the grad-
ings on inverse semigroups constructed from strongly graded ample groupoids.
In §7 we review semigroup rings, show that strongly graded semigroups produce
strongly graded semigroup rings, and relate smash product rings with smash
product semigroups. In §8 we characterise the strongly graded graph inverse
semigroups (Theorem 8.8) and relate graph inverse semigroups to smash prod-
uct semigroups (Theorem 8.19).

We are particularly interested in graph inverse semigroups, since they are
built from graphs, as are other well-studied algebraic objects alluded to above,
namely certain combinatorial algebras and groupoids. More specifically, start-
ing from a graph F, in addition to the graph inverse semigroup S(E), one
can construct the graph groupoid ¥g and the inverse semigroup %g of slices
of ¥ (see §6.3 for more details, and [24] for an explanation of the relations be-
tween these objects). From these groupoids and semigroups one can then build
algebras, namely the Cohn path algebra Ck(E) (which is a semigroup rings
over S(E)), the Leavitt path algebra L (F) (which is a certain quotient of the
former), the graph groupoid Steinberg algebra A (9g) (which is a convolution
algebra over ¥5), and the enveloping algebra K(4}) of 91 (see §8.3). All these
algebras inherit natural Z-gradings from S(E) or ¥g, and the last three are
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graded isomorphic, for a fixed graph [9, 7]; see the diagram below.

(1.2) S(E) g5 Y

LK(E) er K<g§> Ser AK(gE)

In Theorem 8.13 and Corollary 8.16 we characterise the graph inverse semi-
groups S(E) for which the Leavitt path algebras Lk (F) and graph groupoids g
are strongly graded in the natural Z-grading. We also describe the strongly
graded Cohn path algebras C'x (E) in Corollary 8.15.

The paper concludes with some ideas for further research on our topic.

2. Definitions and basics

We begin by recalling relevant concepts from semigroup theory, defining graded
semigroups and related concepts, and providing some simple examples and ob-

servations.

2.1. GRADED SEMIGROUPS. Recall that a semigroup is a nonempty set
equipped with an associative binary operation. A monoid is a semigroup with
an identity element 1. Throughout this note we assume that semigroups have
a zero element 0, unless specified otherwise. A semigroup S is called regular
if every element s € S has an inner inverse ¢t € S such that sts = s. One
can show that S is regular if and only if for any s € S there exists ¢ € S such
that sts = s and tst = t. If every s € S has a unique inner inverse, denoted s,
then S is called an inverse semigroup.

We say that a semigroup S has local units if for every s € S there ex-
ist u,v € E(S) such that us = s = sv, where E(S) denotes the set of idem-
potents of S. It is easy to see that every regular semigroup has local units.
A semigroup S has common local units if for all s,¢ € S there are idempo-
tents u, v € S such that us = s = sv and ut =t = tv. Clearly, every monoid has
common local units. We refer the reader to [20] for the theory of semigroups
and [26] for that of inverse semigroups.

Next we define the main object of our interest.
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Definition 2.1: Let S be semigroup and I' a group. Then S is called a I'-graded
semigroup if there is a map ¢ : S\ {0} — T such that ¢(st) = ¢(s)é(t),
whenever st # 0. For each o € T', we set

Sa = ¢~ 1(a) U {0}.

Equivalently, S is a I'-graded semigroup if there exist subsets S, of S
(o € T) such that
S={J Sa:

ael

where S,53 C Sap for all a, 8 € T', and S, N Sg = {0} for all distinct o, B € T.

Let S be a I'-graded semigroup. For each @ € T" we refer to S, as the
component of S of degree a. Also, for each a« € T' and s € S, \ {0}, we
say that the degree of s is «, and write deg(s) = a. Note that deg(s) = ¢
for all s € E(S) \ {0}, and deg(s™!) = deg(s)~! for all s € S\ {0} in the
case where S is an inverse semigroup. (Here, and throughout the article, the
identity element of T' is denoted by e.) The set {« € T' | S, # {0}} is called
the support of S. We say that S is trivially graded if the support of S is
contained in the trivial group {e}, that is S; = S, in which case S, = {0} for
each a € T'\ {¢}. Any semigroup admits a trivial grading by any group. It is
also easy to see that S. is a semigroup (with zero), and that S. is an inverse
semigroup whenever S is.

A homomorphism ¢ : S — T of I'-graded semigroups is called a graded
homomorphism if ¢(S,) C T, for every € I'. Thus a graded homomorphism
is a homomorphism that preserves the degrees of the elements.

Example 2.2: Given a group I', any free semigroup (with or without zero)
F = (z; |1 €1I) can be made into a I'-graded semigroup by assigning (freely)
elements of I' to the generators x; of the semigroup. In particular, if I' = Z,
the group of the integers, and we assign 1 € Z to every generator of F|,
then F' = (J,cy
comes a Z-graded semigroup with support N.

F,,, where F,, is the set of words of length n, and so F' be-

Example 2.3: Given a group I', a semigroup S = (z; | rp = si), defined by
generators and relations, can be graded by assigning ¢(z;) € T to each gener-
ator x;, so that ¢(ry) = @(si), where ¢ : F \ {0} — T". In particular, any free
inverse semigroup (with or without zero) can be graded in this manner. More
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concretely,
B = {a,b|ab=1),
B' = (a,b|a® =0,b* =0,aba = a,bab = b)
are I'-graded semigroups, via assigning any o € I' to a and assigning a~! to b.

In §8, we investigate graph inverse semigroups, which constitute a vast class
of semigroups that includes B above. See also Example 2.8.

Example 2.4: Let S = {J,cp
free abelian group. For each n € Z define the n-th Veronese semigroup by

S = Spas

acl

S, be a I'-graded semigroup, where I is a torsion-

where S&") = S, for each a € T'. Clearly S is a subsemigroup of S, and if S
is a regular or an inverse semigroup, then so is S(™. Note that S(-1) = § as
semigroups, but with the components flipped, i.e., ngl) =S5_..

Recall that given a set X, the set 7(X) of all functions ¢ : X — X is a
semigroup under composition of functions, with the empty function as the zero
element, called the full transformation semigroup of X. Our next goal
is to show that every graded semigroup can be embedded in an appropriately
defined graded subsemigroup of 7 (X).

We say that a set X is pointed if there is a distinguished element Ox € X.
Given a group I', we say that a pointed set X is I'-graded if there is a map
¢ : X\{0x} — T. In this situation we set X, = ¢~ (a) U{0x} for each a € T..
(In §2.3 we define a more elaborate version of this notion.) Denote by 7'(X)
the set of all pointed maps 1 : X — X, ie., ones for which ¥(0x) = 0Ox.
Clearly 77(X) is a subsemigroup of 7(X), with 07+ € 7'(X), defined by

OT/ (m) = OX
for all x € X, as the zero element. For each a € I define
T(X)a = { € T/(X) | $(X5) C Xop for all § € T},

and

TE(X) = | T(X)a-
ael’
Then it is easy to check that 78 (X) is a I'-graded subsemigroup of 77 (X).
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PROPOSITION 2.5: Let S be a I'-graded semigroup. Then there is a graded
injective homomorphism 1 : S — T (X) for some I'-graded set X.

Proof. Let X = S!:= SU{1} be the monoid obtained by adjoining an identity
element 1 to S. Then letting deg(1) = e, turns X into a I'-graded set, under
the grading induced from that of S. For each s € S define 05 : X — X by

0s(x) = sz,
and let

b S — TE(X)

s+— 0.

To show that this is a well-defined graded function, let a, 8 € ', s € S,
and z € Xg. If st =0, then 6,(x) = 0 € X,3. Otherwise deg(fs(x)) = a8, and
so, once again, 0,(z) € X,5. Thus 8, € T(X)a, from which it follows that ¢
is well-defined and graded. Moreover, 1 is injective, since 65 = #; implies
that s = 0,(1) = 6,(1) = t, for all s,t € S. Finally, it is easy to see that ¢ is a

homomorphism.

We note that the “regular” transformation semigroup 7 (X) would not have
worked in the above context, since every grading on 7 (X) is trivial. To see
this, note that if ¢ € T(X) is any constant map (i.e., one whose image has
cardinality 1), then ¢? = ¢, and hence deg(¢) = ¢ in any grading on T (X).
Thus, for all nonzero ¢ € T(X) we have

deg(¢) deg(v)) = deg(¢1)) = deg(o) = ¢,

which implies that deg(y)) = . Similar reasoning shows that every grading
on 7'(X) is trivial as well.

A recurring theme of this paper is that there tends to be a close connection
between the structure of S and that of S, for a graded semigroup S. We
give the first two instances of this next. (See also, e.g., Proposition 2.13 and
Theorem 5.8.)

Recall that for an inverse semigroup S, the natural partial order < on S
is defined by s <t (s,t € S) if s = tu for some u € E(S). Equivalently, s <t
if s = ut for some u € E(S). (See [20, §5.2] for more details.) In particular,
if u,v € E(S), then v < v amounts to v = uwv = vu. Recall also that an
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inverse semigroup (with zero) S is called 0-FE-unitary if for all s € S and
u € E(S)\ {0}, such that u < s, one has s € E(S).

PROPOSITION 2.6: Let S be a I'-graded inverse semigroup. Then S is 0-E-
unitary if and only if the inverse semigroup S, is 0-E-unitary.

Proof. Suppose that S; is 0-E-unitary. Let s € S and u € E(S)\ {0} such that
u < s, i.e., u = sv for some v € E(S). Then

deg(v) = € = deg(s) deg(v),

and so s € Sc. Thus, by hypothesis, s € E(S.), from which it follows that S
is 0-E-unitary.
The converse follows from the fact that E(S.) = E(S5).

PROPOSITION 2.7: Let S be a I'-graded regular semigroup. Then sending each
left (respectively, right) ideal I of S to I. := S. NI gives a one-to-one inclusion-
preserving correspondence between the left (respectively, right) ideals of S and
the left (respectively, right) ideals of S..

Proof. We treat only the case of left ideals, as the proof for right ideals is very
similar.

Clearly, I. is a left ideal of S, for each left ideal I of S, and the map I — I is
inclusion-preserving. Now, for each left ideal J of S; it is easy to see that SJ is
a left ideal of S. We conclude the proof by showing that SI. = I and (SJ). = J
for each relevant left ideal.

Let I be a left ideal of S. Then clearly SI. C I. For the opposite inclusion,
let s € I'\ {0}. Then s = sts for some ¢ € S, and so comparing the degrees
gives deg(ts) = e. Thus s = sts € SI,, from which it follows that SI. = I.

Next, let J be a left ideal of S., and let s € J\ {0}. Writing s = sts
for some t € S, a degree comparison again gives st € S¢, and so

s=sts € S.NSJT = (SJ)..

It follows that J C (SJ).. Now let r € (SJ). \ {0}. Then r = st for some
s€ S and t € J. Since deg(r) = = deg(t), necessarily s € S;, and so r € J.
Thus (SJ). =J.

We show in Example 3.6 that the above proposition cannot be extended to
two-sided ideals.
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Example 2.8: Recall that the McAlister inverse semigroup M,, (for n a positive
integer) is the inverse semigroup generated by {z1,...,z,}, subject to the re-
lations :ciz;l =0=ux; " x;, for all i # j. (See [26, §9.4] for more details.) Then
sending x; — 1 and :ci_l — —1 for each 1 < ¢ < n induces a Z-grading on M,
(see Example 2.3).

Using the normal form for elements of M,, [26, Proposition 9.4.11], it is easy
to show that (My)o = E(M,). Thus, by Proposition 2.6, each McAlister in-
verse semigroup is 0-F-unitary, giving an alternative quick proof of this well-
known fact. Moreover, by Proposition 2.7, the left (and right) principal ideals
of M, are in one-to-one correspondence with the sets {u € E(M,) | u < v},
for v € E(M,).

2.2. STRONGLY GRADED SEMIGROUPS. Let us next introduce strongly graded
semigroups—a particularly interesting class of graded semigroups, which we
study in detail throughout the rest of the paper.

Definition 2.9: Let S be a I'-graded semigroup. We say that S is strongly
I'-graded if S, S = Sup for all o, 8 € I

Here are a couple of simple examples of strongly graded semigroups.

Example 2.10: Let TV be any group, and let T =TI U {0} (the group with zero
corresponding to I''). For any group homomorphism ¢ : IV — T, it is easy to see
that T is a strongly I'-graded (inverse) semigroup if and only if ¢ is surjective.

Example 2.11: Let I C 7Z be an interval, i.e., a subset with the property that
ifi,k € I and i < j < k for some i, j,k € Z, then j € I. Set
B:=(IxI)u{0g},
and define multiplication on B by
(pt) ifq=s,
(p,q)(s,t) = .
Op otherwise,

and
(p:q)-0p =05 =0p"-(p.q) forall (p,q),(s,t) € B\ {05}
Then it is easy to see that B is an inverse semigroup, with (p,q)~! = (g, p) for

each (p,q) € B\{0p}. Moreover, sending (p, q) — p—q turns B into a Z-graded
semigroup.
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Now, if I = Z, then for all 4, j € Z and (p, q) € B;+; we have (p,p — i) € B,
(p—1i,q) € By, and

(p,p—1)(p—1i,q9) = (p, Q).

Thus, B;y; C B;Bj, and so B is strongly Z-graded in this case. It is also easy
to show that, conversely, if I # Z, then B is not strongly Z-graded.

Recall that given a semigroup S and s,t € S we write
st if Sls =8
and
sAt if sS' =1tSt,

where S! denotes the monoid obtained from S by adjoining an identity element.
These (along with _#, 7, and 2, which we will not review here) are known as
Green’s relations.

For a I'-graded unital ring A (see §7 for more details), being strongly graded
is equivalent to 1 € A, A,-1 for all @ € I'. The following is an analogue of this
statement for semigroups, which gives various convenient characterisations of
strongly graded semigroups.

PROPOSITION 2.12: Let S be a I'-graded semigroup with local units. Then the
following are equivalent:

(1) S is strongly graded;

(2) SaSa-1 = S for every a € T

(3) SaS,-1 contains all the local units of S, for every a € T'.

Moreover, if S is an inverse semigroup, then these are also equivalent to the

following:

(4) E(S) = {ss7!|s € Sa}, for every a € I';

(5) E(S)={s"1s|s € S,}, forevery a € I;

(6) for allu € E(S) and o € T, there exists s € S, such that u.% s;

(7) for allu € E(S) and o € T', there exists s € S, such that uZ s.

Proof. (1)=-(2) This follows immediately from Definition 2.9.

(2)=(3) Since the local units of S are idempotent, they are elements S.. Thus
if S¢ = S4S4-1 for some a € T, then S,S5,-1 contains the local units.
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(3)=(1) Let a, 8 € T" and s € Spp. Then there is a local unit u € S such
that su=s. By (3), u = rt, for some r € Sg-1 and t € Sg, and so
s=su=(sr)t € Sa58.
It follows that S,z = S5, and so S is strongly graded.
Suppose now that S is an inverse semigroup.

(2)=(4) Let a € I'. Then clearly {ss™! | s € So} C E(S). For the opposite
inclusion, let u € E(S). Then, by (2), u = st for some s € S, and t € S,-1.
Since u € E(S), we have u = u~!, and hence

(2.1) u = st =st(st)"! = (stt7)(tt 7 s,

where stt~! € S,. It follows that u € {ss™! | s € S,}.

(4)=(2) Let s € Sc and a € . Then, by (4), s"1s =t~ !t for some t € S,-1.
Hence s = ss7ts = (st71)t € Sy Sq-1. Thus Sc = S S,-1.

4)«<(5) This follows from the fact that s € S, if and only if s~ € S,-1.
( y o

(5)=(6) Given u € E(S) and a € T, we have u = s~ 's for some s € S,,
by (5). Since s = su, it follows that u.% s.

(6)=(5) Given ue E(S) and a €T, we have u=st for some s€S and t€S,,
by (6), where necessarily s € So-1. Then u = (stt~!)(tt~1s71), by (2.1), where
tt=ts71 € S,. Therefore u € {s7's|s € S,}, from which (5) follows.

(4)<(7) Since (5) is equivalent to (6), this follows, by symmetry.

The next result gives a first glimpse at the special nature of strongly graded
semigroups.

PROPOSITION 2.13: Let S be a strongly I'-graded semigroup with local units.
Then the following hold:

(1) S is a regular semigroup if and only if S. is a regular semigroup.
(2) S is an inverse semigroup if and only if S, is an inverse semigroup.

Proof. (1) Suppose that S is regular, and let s € S.\{0}. Then there exists t € S
such that sts = s and tst = t. A degree comparison shows that

deg(s) = deg(t) =&,

and hence S; is regular.
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Conversely, suppose that S is regular, and let s € S\ {0}. Then s € S,, for
some « € I', and s = su, for a local unit v € S.. Since S is strongly graded,
u = rt for some r € S,-1 and t € S,. Now, sr € S, and so sr = srpsr for
some p € S¢, as S; is regular. Hence

s = su = srt = srpsrt = s(rp)s,
which shows that S is regular.

(2) Recall that a regular semigroup S is an inverse semigroup if and only
it E(S) is commutative [20, Theorem 5.1.1]. Since E(S) = E(S.), the statement
follows from (1).

Next we use the natural partial order to define a weaker version of “strongly
graded” for inverse semigroups, which will be of use in the sequel.

Definition 2.14: Let S be a I'-graded inverse semigroup. We say that S is
locally strongly I'-graded if for all o, 8 € I' and s € Sup \ {0}, there exists
t € 5,53\ {0} such that t < s.

Clearly any strongly graded inverse semigroup is locally strongly graded.
Now, given a I'-graded inverse semigroup S and « € I, set
E(S)a :={s57'|s€ S}
According to Proposition 2.12, S is strongly graded if and only if u € E(S),
for all w € E(S) and a € T'. In the next proposition we show that S is locally
strongly graded if and only if a local version of this condition holds, and provide
other equivalent statements.

PROPOSITION 2.15: Let S be a I'-graded inverse semigroup. Then the following

are equivalent:

(1) S is locally strongly graded;

(2) for all « € T and u € E(S) \ {0}, there exists v € E(S), \ {0} such
that v < u;

(3) for all a, p € T and s € Sap \ {0}, there exists u € E(S) \ {0} such
that u < s™1s and su € S,Sp;

(4) for all a,p € T and s € Sap \ {0}, there exists u € E(S) \ {0} such
that u < ss~! and us € S, 5.

Proof. (1)=-(4) Let o, €T and s € So3\{0}. By (1), there exists t € 5,55 \ {0}
such that ¢t < s. Then t = vs for some v € E(S) \ {0}. Setting u = t¢t~!, and

1

using the fact that E(S) is commutative, gives u = vss~tv = vss™! < ss7 1.

Moreover, us = t(t's) € S,S5, since deg(t™') = B~ 1a~!.
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(4)=(3) Let o, B € T" and s € S, \ {0}. By (4), there exists u € E(S) \ {0}

1

such that v < ss™! and us € S,53. Then we have us = uss™'s = s(s~'us),

where s~lus € E(S) \ {0} and s~ tus < s71s.

(3)=(2) Let « € T" and w € E(S)\ {0}. Then u € S; = Spq-1. By (3), there
exists v € E(S)\ {0} such that v < wand uv € S,S,-1. Since uv = v, it follows
that v = st for some s € S, and t € S,-1. The computation in (2.1) then gives
v=(stt71)(tt71s7 1), where stt~! € S,. Hence v € E(S),.

(2)=(1) Let a, 3 € T'and s € Sa3\{0}. By (2), there exists v € E(S5)g-1\{0}
such that v < s™'s. Then v = rr—!, where r € Sg-1 and r~1 € Sg. Therefore,
setting t = sv, we have t < s and t = (sr)r~! € S,S5. Moreover, v # 0
and v < s~1s imply that t # 0.

In Proposition 5.3 we exhibit a class of locally strongly graded inverse semi-
groups that are not strongly graded. Also, in §8 we discuss locally strongly
graded graph inverse semigroups.

2.3. GRADED S-SETS. Next we introduce S-sets, which are of central impor-
tance to much of what follows.

Let S be a semigroup and X a set. Then X is a left S-set, or a left S-act, if
there is an action S x X — X of S on X, such that s(tz) = (st)x for all s,t € §
and x € X. We say that a left S-set X is unital if SX = X (i.e., for all
x € X there exist y € X and s € S such that sy = ). Also, a left S-set X is
called pointed if there exists a “zero” element 0x € X such that 0x = 0x for
all z € X (in which case, necessarily sOx = Ox for all s € §). The right (unital
pointed) S-set is defined analogously. We say that X is an S-biset if it is both
a left S-set and a right S-set, and (sz)t = s(xt) for all s,¢ € S and x € X. Note
that this condition implies that the zero elements corresponding to the left and
right S-set structures of an S-biset are equal. Throughout the paper, unless
mentioned otherwise, all S-sets are assumed to be pointed.

For left (respectively, right) S-sets X and Y, a function ¢ : X — Y is
called an S-map if ¢(sx) = s¢p(x) (respectively, ¢p(zs) = ¢(x)s) for all s € S
and z € X. If X and Y are S-bisets, then ¢ : X — Y is called an S — S-map
if ¢p(sx) = s¢(z) and ¢(zs) = ¢(x)s for all s € S and x € X. Note that in each
of these situations we have ¢(0x) = Oy.
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To extend the S-set construction to the graded setting, let us now
assume that S is I'-graded. A left S-set X is I'-graded if there is a function
¢ : X\ {0x} — I that satisfies ¢(sz) = deg(s)d(z), for all s € S and =z € X
whenever sz # O0x. For each a € T, we set X, := ¢~ !(a) U {0}. Equivalently,
X is a I'-graded left S-set if there exist subsets X, of X (a € T') such that

X = Xa,
@€l

where Sp X5 C X,p for all a,f € T, and X, N Xg = {Ox} for all dis-
tinct a, B €T. For all @« € T and =z € X, \ {0}, we say that the degree
of z is a and write deg(z) = a. D-graded is defined analogously for right
S-sets. An S-biset X is I'-graded if it is I'-graded as a left S-set, and addi-
tionally XgSqo € Xop for all a, 8 €T

For a semigroup S, we denote by S-Mod the category whose objects are
unital (pointed) left S-sets, and whose morphisms are S-maps. We denote
by S-Gr the category whose objects are I'-graded unital (pointed) left S-sets,
and whose morphisms are graded S-maps, that is, S-maps ¢ : X — Y such
that ¢(X,) C Y, for all & € T'. We refer the reader to [6] for general category-
theoretic information.

Given a I'-graded left S-set X, for all a, 8 € T" let X (a)g := Xgo. Then

(2.2) X(a) = X(a)p

Ber
is a [-graded left S-set, called the a-shift of X. That is, X(a) = X as sets,
but the grading is “shifted” by «. For a I'-graded right S-set X, the a-shift
is defined by setting X («)g := Xqp for all g € I'. This construction leads to a
shift functor for each o € T', defined by

To: S-Gr — S-Gr

2:3) X — X(a),

which takes each morphism to itself. It is easy to see that for all o, 8 € T, the
functor 7, is an isomorphism, and that 7,73 = Tag. Shifting plays a crucial
role in our theory of graded semigroups, similarly to the analogous concept in
the graded ring theory.

The following lemma gives a characterisation of strongly graded semigroups .S
in terms of their actions on graded S-sets, which will be needed in §5.2.
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LEMMA 2.16: Let S be a I'-graded semigroup with local units. Then the fol-
lowing are equivalent:

(1) S is strongly graded;

(2) SoXp = Xup for all a, B € T' and unital I'-graded left S-sets X ;

(3) SX, = X for all « € T’ and unital T'-graded left S-sets X.

Proof. (1)=-(2) Let X be a unital I'-graded left S-set, a, 5 € T, and z € X,3.
Since X is unital, sy = x for some s € S and y € X. Let v = a~!deg(s).
By (1), we can then find r € S, and ¢ € S, such that s = rt. Then, comparing
degrees on the two sides of rty = z, gives ty € Xg, and so x € S, X3. It follows
that San = Xug.

(2)=(3) By (2), we have Sg,-1X, = Xp for all o, 5 € " and unital I'-graded
left S-sets X, from which (3) follows.

(3)=(1) Let o, 8 € T, and let s € S,3. Since S has local units, X = S is a
unital left S-set. Thus, by (3), we can find r € S and ¢ € Sg such that s = rt.
Then deg(r) = aBB~! = a, and so s € S, S95. It follows that S,S5 = Sag,
proving (1).

Next we recall tensor products for left S-sets, and extend them to the graded
setting. Let S be a semigroup, and let X, respectively Y, be a right, respec-
tively left, S-set. Then X ®g Y is defined as the cartesian product X x Y
modulo the equivalence relation generated by identifying (zs, y) with (z, sy) for
all z € X,y € Y,s € S. The equivalence class of (z,y) is denoted by z®y. (See
[20, §8] for more details.) If X is an S-biset, then X ®¢ Y can be made into
a left S-set, by defining s(z ® y) := sz ® y. (It follows from [20, Proposition
8.1.8] that this is well-defined.) Similarly, if ¥ is an S-biset, then X ®¢ Y can
be made into a right S-set, by defining (z ® y)s := x ® ys. Note that

T®0y =0x ®y =0x ®0y

for all x € X and y € Y, and that this acts as the zero element in each case,
making X ®g Y pointed. Next, if S, X, and Y are I'-graded, then X ®g Y can
be turned into a I'-graded (left or right) S-set by letting

(2.4) (X ®sY)a={z®y|deg(x)deg(y) = a} U{0x @0y}

for all @ € T'. (Again, it follows from [20, Proposition 8.1.8] that this is well-
defined.) We note that if T is a subsemigroup of S, X is a (I'-graded) S-
biset, and Y is a (I'-graded) left S-set, then a slight modification of the above



266 R. HAZRAT AND Z. MESYAN Isr. J. Math.

construction turns X ®r Y into a (I'-graded) left S-set, and analogously for
right S-sets.

Given a I'-graded semigroup 5, clearly S and S, are Sc-bisets for each o € T'.
This fact, together with the tensor construction, can be used to give yet another
characterisation of strongly graded semigroups.

PROPOSITION 2.17: Let S be a I'-graded semigroup with local units. Then the
following are equivalent:
(1) S is strongly graded;
(2) for every a € T, the function ¢, : Sy ®s. Sa-1 — Se, defined by
T ® Yy — xy, is a surjective S — Sc-map;
(3) for every a € T, the function ¢, : S®g_So — S, defined by x @y — xy,
is a graded surjective S — Sc-map.

Furthermore, if S has common local units then the above maps are bijective.

Proof. (1)=(2) From the definition of tensor product it is easy to check that ¢,
is well-defined and is an S — S.-map. If S is strongly graded, then Sy S,-1 = S
for every v € I, which implies that ¢, is surjective.

(2)=(3) Again it is easy to see that 1), is well-defined and an S — S.-map.
For all a, 8 € T, using (2.4), we have

Ya((S ®s, Soz)B) = Q/Ja(Sﬁa*l s, Soz) - Sﬁorlsa C Sg,

which shows that 1, is a graded map. To show that v, is surjective, let
s € S\ {0}, and let u € E(S) be a local unit such that s = su. By (2), u = rt,
where r € S, and t € S,-1. Therefore, 1, (sr ® t) = srt = su = s, as desired.

(3)=(1) Let s € S; and o € I'. Then, by (3), there are r € S and t € S,
such that 1, (r ® t) = rt = s. It follows that r € S -1, and thus S. = S,-15,.
Therefore, S is strongly graded, by Proposition 2.12.

Now suppose that S has common local units and that S is strongly graded. To
show that ¢,, is injective (for @ € T"), suppose further that ¢, (x®y) = ¢u (2’ RY")
for some zQy,x’' ®y’ € So®s. Sq-1. Then zy = z'y’. Let u € S. be a common
local unit for y and 4, so that yu = y and y’u = 3’. Since S is strongly graded,
u = rt for some r € S, and t € S,-1. Since yr,y'r € S., we then have

IRQy=2zQyu=cQyrt =syr@t=2'yYreot=2yrt=2yu=2 vy,

showing ¢,, is injective, and hence bijective. The argument for v, being injective

is similar.
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We conclude this section with an example, where we build new semigroups
from graded ones.

Example 2.18: Let S be a I'-graded semigroup, where I' is a totally-ordered
abelian group (e.g., Z). Then it is easy to see that

Sso:=|J Sa and S<o:= ] Sa
a>0 a<0

are semigroups, and that S>3 1= (J,> 5 Sa is an S>o-biset for each 8 € I'. When
S is strongly graded, tensor product calculus similar to that in Proposition 2.17
can be used here. Specifically, S>3 ®s., 5>y — S>3, defined by

rTRY = 2y,

is a surjective S>o — S>o-map, for all 3,y €T

3. Smash products and matrices

3.1. SMASH PRODUCT SEMIGROUPS. In this section we prove the first of our
main results, which is an analogue of a theorem [10, Theorem 2.2] about graded
modules over algebras. It says that for a I'-graded semigroup S with local units,
the category S-Gr of graded unital left S-sets is isomorphic to the category of
non-graded unital left sets over a certain other semigroup. This construction
requires the smash product, which we introduce next.

Definition 3.1: Let S be a I'-graded semigroup. We define the smash product
of S with I as

S#I :={sP, | s € S\ {0},a e T} U{0}.
Also, define a binary operation on S#I" by

Stpﬁ if st 7é 0 andt € Saﬁ—l
(3.1) (sPa)(tPs) =

0 otherwise

and
0=07%=(sP,)0 = 0(sP,),
for all s,t € S and a, €.
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We will next show that S#I' is a semigroup, which inherits various charac-
teristics of S. It is easy to see that S#I is I'-graded via

S#IM\{0} — T

(32) sP, — deg(s).

LEMMA 3.2: Let S be a I'-graded semigroup. Then the following hold:
(1) S#T is a semigroup.
(2) B(S#T) = {uPs | u € B(S)\{0},a € T} U{0}.

(3) S has local units if and only if S#I' has local units.

(4)

4) S is an inverse semigroup if and only if S#I' is an inverse semigroup.

Proof. (1) It suffices to check that multiplication of nonzero elements is asso-
ciative. Thus let r,s,t € S and «, 8,7 € I'. Then

tP, ifrst#£0,s € Spg-1, and t € Sy,
(rPa)(sPy))(tP,) = | 1 TE7st#0:5 € Sapor, and L€ 5,

0 otherwise

rstPy if rst #0,st € Sqy-1, and t € Sg,

0 otherwise

= (rPa)((sPs)(tPy)),

giving the desired conclusion.
(2) This follows immediately from the definition of the multiplication on S#T.
(3) Suppose that S has local units, and let s € S\ {0} and & € I'. Then there
are idempotents u,v € E(S) such that s = vs = su. Hence

5Py = vPgosP, = sPyub,,

where 8 = deg(s), and vPgq,uP, € E(S#I'), by (2). It follows that S#I" has
local units. A similar argument gives the converse.
(4) Suppose that S is an inverse semigroup, and let s€S\{0} and a« €T". Then

(8P.) (57 P3o)(8Ps) = 8Pa,
where 8 = deg(s), from which it follows that S#I" is a regular semigroup.
Since E(S) is commutative, by [20, Theorem 5.1.1], so is E(S#I), by (2).

Thus S#I is an inverse semigroup.
Conversely, suppose that S#T is an inverse semigroup, and let s € S\{0}. Then

(sP-)(tPy)(sP:) = sP-
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for some t € S and « € I', which implies that sts = s. Thus S is regular.
Since E(S#I') is commutative, by (2), it follows that E(S) is commutative,
and so S is an inverse semigroup.

In preparation for Theorem 3.5, we next relate S-sets to S#I'-sets.

LEMMA 3.3: Let S be a I'-graded semigroup and X a I'-graded left S-set.
Then X is a left S#I'-set via the action defined by Ox = 0, and

if v € Xg,
(3.3) (sPyz=4 7
0 otherwise

foralls € S, a €', and x € X. Moreover, if X is a unital left S-set, then it is
a unital left S#I'-set.

Proof. Let s,t € S\ {0}, o, 8 €T, and x € X. Then

stz ift € S,p-1 and x € Xg

((sPa)(tPg))z =
g 0 otherwise
) ste iftr € Xo and x € Xp
0 otherwise
= (sPa)((tPs)z).

Upon dealing with trivial cases involving zero, it follows that X is a (pointed)
left S#I'-set. The final claim is immediate.

LEMMA 3.4: Let S be a I'-graded semigroup with local units, and let X be a
unital left S#I'-set. For alls € S, a € I', and x € X let

(3.4) Xo ={y € X |JuP, € E(S#T") such that (uP,)y = y},

define

(sPo)xr ifz e X, and s #0,

0 otherwise,

(3.5) ST =

and define ¢ : X\{0} — T by © — a whenever © € X,. Then X is a I'-graded
unital left S-set via the above operations.

Proof. To show that the operations are well-defined, we need to prove that

(3.6) X = [ Xa,

acll
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and X, N Xz = {0} for all distinct o, 3 € T'. Let z € X \ {0}. Since X is a
unital left S#T-set, there exist sP, € S#I' and y € X such that x = (sP,)y.
Since S has local units, us = s for some u € F(S). Then

(UPBoz)x = (UPBa)(SPa)y = (SPa)y =2z,

where 8 = deg(s). Since uPsq € E(S#I'), by Lemma 3.2(2), we have © € Xz,,
from which (3.6) follows.
Next let «, 8 € I' be distinct, and let x € X, N Xg. Then we have

z = (uPy)z = (vPg)z
for some u,v € Se, and so
= (uPy)x = (uPy)(vPg)x = 0z = 0.
Thus X, N Xz = {0}, as desired.
For all s,t € S\ {0} and € X we have

(sP )((tPg)x) ifx € X and tz € X,

otherwise

s(tx) =

5 lfSCGXﬁ anthSaﬁfl

otherwise

{ )(tP)
{stPg ifo e Xgand st #0

otherwise

= (5
from which it follows that X is a (pointed) left S-set. Also, given a € T’
and z € X, \ {0}, there exist uP, € E(S#I') such that z = (uP,)x = ux, by
the definition of X, from which it follows that X is a unital left S-set.
Finally, to show that X is I'-graded as a left S-set, it suffices to check
that SoXg C Xap for all o, € I'. Thus let s € S, \ {0} and z € Xjp.
Since S has local units, there is an idempotent u € S such that us = s. Then

sz = (sPg)z = (uPap)((sPp)z) € Xag,
as desired.

We are now ready to show that the category of I'-graded left S-sets is iso-
morphic to the category of left S#I'-sets. In the process we will show that
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shifting (2.2) is preserved by our isomorphism. For this we first define func-
tors Ty : S#I'-Mod — S#I'-Mod which behave in a manner analogous to
the shifting functors (2.3) on S-Gr.

Given a I'-graded semigroup S, for each ao € I' define

To @ SHI — SH#T
sPg — sPgq.

Letting 7,(0) = 0, it is easy to see that 7, is a semigroup isomorphism. Each
such isomorphism 7, induces a new S#I[-set structure on any left S#I'-set X

(3.7) (sPg).x = 74(sP3)x = (sPga)x,

for all sPs € S#I'\ {0} and € X. We denote this induced left S#I'-set
by X («). It is easy to check that sending each left S#I'-set X to X («) and
each morphism to itself gives an isomorphism 7, : S#I'-Mod — S#I'-Mod
of categories. Moreover 7,73 = Tqop for all o, 5 € T'.

THEOREM 3.5: Let S be a I'-graded semigroup with local units. Then there is
an isomorphism of categories F4 : §-Gr — S#I'-Mod such that the following
diagram commutes for every o € I'.
Fa
S-Gr —— S#I'-Mod
(3.8) Ta i J{Ta
Fu
S-Gr —— S#I'-Mod.
Proof. We begin by defining mappings
Fyu:8-Gr — S#I'-Mod and Fg : S#I'-Mod — §-Gr.
For each object X in S-Gr let
]:# (X) = X#a

where X4 is defined to be X, viewed as a left S#I'-set, as in Lemma 3.3. For
each morphism ¢ in S-Gr let

F(9) = dg,
where ¢ = ¢. Next, for each object X in S#I'-Mod let
For(X) = Xer,
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where X, is defined to be X, viewed as a I'-graded left S-set, as in Lemma 3.4.
For each morphism ¢ in S#I'-Mod let

]:gr(@ = ¢gra

where ¢gr = ¢. We claim that Fu and Fg, are functors. To show this, it suffices
to prove that each ¢4 is a morphism in S#I'-Mod, and each ¢, is a morphism
in S-Gr.

Let ¢ : X — Y be a morphism in S-Gr, i.e., a function that commutes with
the S-action and respects the I'-grading, and let sP, € S#I'\ {0} and z € X 4.
Then, by (3.3) in Lemma 3.3, we have

o(sx) ifxe X,

0 otherwise

¢4 ((sPa))

so(x) fxe X,

0 otherwise
= (sPu)9# ().

It follows that ¢4 : X — Yy is a morphism in S#I'-Mod.

Next, let ¢ : X — Y be a morphism in S#I'-Mod, and let s € S\ {0}
and z € X. Also, let « € T" be such that x € X, as in Lemma 3.4. To see that
@er ¢ Xgr — Y is a morphism in S-Gr, first notice that

(uPa)g(z) = d((uPa)z)

for any u € E(S)\{0}, and so, by (3.4), z € X, implies that ¢g, (2) = ¢(x) € Y.
Thus, by (3.5), we have

Par(s2) = P((sPa)z) = (sPa)P(x) = 8¢g ().

We conclude that ¢gr : Xgr — Yr is @ morphism in §-Gr.

It remains to prove that Fu o Fy and Fg o Fyu are the identity functors.
Clearly, Fyy o Fu(¢) = ¢ for any morphism ¢ in S-Gr, and Fu o Fgr(¢p) = ¢
for any morphism ¢ in S#I'-Mod.

Let X be an object in S#I'-Mod. Note that for all s € S\{0}, =z € X,
and a, f €T, if z € Xg and § # a, then

(sPy)x = (sPy)(uPg)x = 0z =0,
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where u € S is such that (uPg)x = = (see (3.4)). It follows that (sP,)z =0
unless © € X, \ {0}. Thus, for all s € S\{0}, a € T, and z € X, applying (3.5)
and then (3.3), it is immediate that (sP,)z, viewed as an element of X, agrees
with (sPa)z, viewed as an element of (Xg)x. Therefore the S#I'-action on X
is the same as that on (Xg, ).

Next let X be an object in S-Gr, let s € S\{0}, and let z € X. Apply-
ing (3.3) and then (3.5), it is apparent that sz, viewed as an element of X,
agrees with sz, viewed as an element of (Xx)g,. Finally, using (3.3) and (3.4),
it is easy to see that (Xx)o = Xa, for any o € I'. Thus the S-action on X
agrees with that on (X )gr, as does the I'-grading. Hence Fy o Fyy and Fgr 0 Fye
are the identity functors, and so S-Mod is isomorphic to S -Gr.

Finally, to show that diagram (3.8) commutes for « € T', it suffices to check
that ToFu(X) = FuTa(X) for all objects X of S-Gr, ie., that (Xg)(a)
and X (a)y agree as objects of S#I'-Mod. Let sPg € S#I'\ {0} and z € X.
Viewing z as an element of (X4)(«), by (3.7) and (3.3), we have

st if x € Xga,
(sPg).x = (sPga)x = 7
0  otherwise.

On the other hand, viewing x as an element of X (a)x, by (2.2), we have

(5Py).x = st ifr e X(o)g = Xga,
0  otherwise.

Thus (3.8) commutes.

3.2. GRADED REES MATRIX SEMIGROUPS. Matrix semigroups were introduced
by Rees, who proved that all primitive 0-simple semigroups are of this form.
(See [20, §3.2] for details, and the Introduction of [13] for historical background
and further motivating examples.) Here we construct graded versions of Rees
matrix semigroups, thereby obtaining another class of examples of graded semi-
groups, which turn out to be related to smash product semigroups. Our con-
struction parallels that of graded matrix rings [19, §1.3]. In §7 we further use
these semigroups to build an interesting class of graded rings.

Let S be a I'-graded semigroup, and let I and J be nonempty (index) sets.
Forallie I and j € J, fix o, B; € I, and set

o= (O[i)ie] e’ and 8= (,Bj)jej er’.
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For each ¢ € T', denote by

Ms := My, ;(9)[a][B]s

the subset of I x S x J consisting of all matrices (s;;), such that s;; € S and
deg(si;) = aiéﬂj_l, forallielandje J. ForallkeI,le J,and a € S with
deg(a) = ai5ﬂj_1, we denote by ep;(a) the elementary matrix (s;;) € Ms,
where si; = a, and s;; = 0 for (¢,7) # (k,1). We denote by 0 the matrix all of
whose entires are zero. (So 0 = ey (0) for all k € I, 1 € J.) Let

(3.9) Ers(S)a][fls :={eij(a) [i€ L)€ Jae S, 551} C Ms,
and

(3.10) Er.s(8)[al[8] := | ) Er.s(5)[e][Bls.

sel

To define a multiplication operation on this set, first choose a sandwich matrix

p = (pji) € M1 (SH[B][a]e,

where, as usual, S! denotes the monoid obtained by adjoining an identity ele-
ment to S. Then for all e;;(a), e (b) € Er 5(S)[][B], define

(3.11) eij(a)er (b) := e (apjib).

It is easy to see that this operation is associative, and so Ey ;(S)[e][3], which
we denote by E} ;(S)[a][6] in this context, is a semigroup with respect to it.

Next, let us check that by letting T5 = Er ;(5)[e][8]s for all 6 € T, we
have T.,Ty C T, for all v, A € I'. Thus let ¢;;(a) € Ty and ex(b) € Th. Then
deg(a) = amﬁj_l, deg(b) = ak)\ﬁl_l, and deg(p;x) = Bjsalzl. Therefore

ap;b € S

w8158 cart Saprgt €S

iy A8t

It follows from (3.11) that e;;(a)eri(b) € Ty, and so T, Ty C Tyx. We conclude
that E7 ;(5)[a][B] is a I'-graded semigroup, to which we refer as a graded
Rees matrix semigroup. Note that if I' is the trivial group, then the above
construction reduces to the usual Rees matrix semigroup [20, §3.2].

If T and J are finite, say I = {1,...,m} and J = {1,...,n}, then taking
[a] = (a1,...,a4) and [B] = (B1,-..,Bn), each component set Ms, defined
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above, can be visualised as

S

Salaﬂfl SoqéB;l o1885"
Sondfyt Oanssyt T Sanspy?
Saméﬂfl Saméﬂgl o Samw;l

Example 3.6: Let G be a group and S = GU {0} the corresponding group with
zero. Also let I = J = {1,2} and let

(5 )

Then the corresponding Rees matrix semigroup R = I xS x J can be represented

w5 5)ue Suls Ul §)

where multiplication becomes the usual matrix multiplication. By the Rees

as follows:

theorem [20, Theorem 3.2.3], R is regular and completely O-simple (i.e., it has
no nonzero proper ideals, and possesses a minimal idempotent).

Now let S\{0} — Z/2Z be the trivial grading for S (so Sy = S and S; = {0}).
Also, keeping I, J, and p as before, let «; = 1 = 0 and ay = B3 = 1. Then the
graded Rees matrix semigroup 7" has the following graded components (see (3.9)
and (3.10)):

w0 U §) mem=(0 DUE D)

Thus T = R as semigroups, and therefore T is also 0-simple. On the other
hand, Ty has two nontrivial two-sided ideals (cf. Proposition 2.7).

Next, we consider a special case of the graded Rees matrix semigroup con-
struction, which will shed additional light on the smash product semigroups dis-
cussed above. Let S be a I'-graded semigroup, let I = J =T, let &« = 8 = (d)ser,
and let p = (p;i) € My (SY)[0]lale be the identity matrix. (That is, pj; = 1
if j =1, and p;;=0 otherwise.) In this case we denote the semigroup E7 ;(S)[a][f]
by Sr. So

SF = {eaﬁ(s) | OZ,BGI‘,SGS},
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with multiplication given by

eay(st) if =96

312 € S)es t =
( ) p()esr() 0 otherwise
(see (3.11)), and grading given by

Sr\{0} — T

(3.13) B
eas(s) — o~ deg(s)p.

We refer to St as a stable graded Rees matrix semigroup. The semi-
group 1" constructed in Example 3.6 is of this sort.

PROPOSITION 3.7: Let S be a I'-graded semigroup with local units and St the
corresponding stable graded Rees matrix semigroup. Then the following hold:

(1) E(Sr) = {eaa(u) | u € B(S),a € T}.

(2) Sr has local units.
(3) Sr is strongly graded.
(4) Defining

¢ : S#F — (SF)E

sPy — edeg(s)a,a(s)

for all sP, € S#I'\ {0}, and ¢(0) = 0, gives an isomorphism between
S#T" and (St)e.
(5) S is an inverse semigroup if and only if S is an inverse semigroup.

Proof. (1) This follows easily from the above description (3.12) of multiplication
in Sr.

(2) Let eqp(s) € Sp, and let u,v € E(S) be such that us = sv = s.
Then eqa(u), eps(v) € E(Sr), by (1), and

Can(t)eas(s) = eap(s) = eaﬁ(s)eﬁﬁ(v)’

by (3.12). Hence St has local units.

(3) By Proposition 2.12, it suffices to show that (Sr). € (Sr),(Sr),-1, for
all v € T'. Thus let eqp(s) € (Sr)c \ {0}, let v € T, and let v € E(S) be such
that sv = s. Then we have

eap(s) = ea,py(s)esy, (V).
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Also, by (3.13), deg(s) = af~", and
deg(ea,p(s)) = a~ ' deg(s)By = a~'aB7 By = .
Similarly deg(eg,5(v)) =~7!, and so eqs(s) € (Sr)(Sr),-1. Thus,
(Sr)e € (Sr)~(Sr)qy-1-
(4) For all Py, tPs € S#T'\ {0}, we have

¢(5Pa)¢(tpﬁ) = edeg(s)a,a(S)edeg(t)ﬂaﬁ(t)

edeg(st)p,p(st) if deg(t) = af~! and st # 0

0 otherwise

¢(stPg) ifte S,p-1 and st #0

0 otherwise

= ¢((sPa)(tFp)),

and so ¢ is a homomorphism, which is clearly surjective. Also, if

edcg(s)a,a(s) = edcg(t)ﬁ,ﬁ(t)

for some s,t € S\ {0} and «, 8 € T, then necessarily s = t and o« = 3, from
which it follows that ¢ is injective.

(5) By Lemma 3.2(4), S being an inverse semigroup is equivalent to S#I
being such, which is, in turn, equivalent to (Sr). being an inverse semigroup,
by (4). The desired conclusion now follows from Proposition 2.13(2).

Proposition 3.7(4) is analogous to a theorem about the smash product for
rings. Specifically, if I is a finite group, and A is a I'-graded ring, then A#I is
isomorphic to a graded matrix ring [30, 7.2.1(2) Theorem)].

4. Graded Morita theory

Morita theory for semigroups with local units was first explored in the 1990s
by Talwar [38]. Many papers on the subject have appeared since then, cul-
minating in the work of Lawson [27], on semigroups with local units, and
Funk/Lawson/Steinberg [15], on inverse semigroups.
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To obtain a Morita theory having a flavour similar to that in ring theory,
Talwar worked with closed sets. Specifically, given a semigroup S with local
units, a left S-set X is called closed (or fixed, or firm, or fermé) if the
S-map S ®g X — X, defined by

SQ T — sz,

is bijective (see §2.3). Note that a closed left S-set is necessarily unital. The
subcategory of S-Mod consisting of closed left S-sets (or S-acts) is denoted
by S-FAct (where “F” stands for “fixed”). Talwar [38] proved that for semi-
groups S and T with local units, S -FAct is equivalent to T -FAct if and only if
there is a 6-tuple Morita context between S and T. Other interesting statements
equivalent to this one can be found in [27, Theorem 1.1].

Graded Morita theory for rings was first studied by Gordon and Green [16]
in the setting of Z-graded rings. For I'-graded rings, with I' arbitrary, it was
studied in [19, §2]. There it is shown that for unital I'-graded rings A and B,
an equivalence of the categories of graded modules A-Gr and B-Gr, which
respects the shift functors, gives a 6-tuple Morita context between the rings,
and, consequently, gives an equivalence of the categories of modules A-Mod
and B -Mod. This lifting of equivalence from the subcategories of graded mod-
ules to the categories of modules plays a crucial role in classifications of Leavitt
path algebras [19].

Our next goal is to build a graded Morita theory for semigroups, in an anal-
ogous fashion. For a I'-graded semigroup S, denote by S-GrFAct the subcat-
egory of S-Gr consisting of closed I'-graded left S-sets. Then S-GrFAct, as
a subcategory of S-Gr, admits shift functors 7, as in (2.3).

Definition 4.1: Let S and T be I'-graded semigroups.

(1) A functor F : S-Gr — T -Gr (or between their subcategories) is called
a graded functor if FT, = T, F, for any a € I.

(2) A graded functor F : S-Gr — T-Gr (or between their subcate-
gories) is called a graded equivalence if there exists a graded functor
F': T-Gr — S-Gr such that

FF2lg.gr and FF Z1lr.gr.

(3) If there is a graded equivalence between S-GrFAct and T -GrFAct,
we say that S and T are graded Morita equivalent.
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It is also possible to define graded Morita contexts between graded semi-
groups, and use them to develop a theory for graded semigroups in a manner
analogous to that in [38] and [27], but we do not pursue that line of inquiry
here. Instead, in Theorem 4.4 we show that, analogously to the case of graded
rings, if two I'-graded semigroups S and 7" are graded Morita equivalent, then
the equivalence can be lifted to the categories of closed left sets, implying that .S
and T are Morita equivalent. (See diagram below, where U denotes the forgetful
functor.)

S-FAct > T-FAct

1 lu

S-GrFAct —> T-GrFAct

Note that this is not a priori obvious, since S -FAct is “bigger” than S -GrFAct.
Given a semigroup S, we denote by C(S) the Cauchy completion cate-

gory of S, whose objects are the idempotents of S, and whose morphisms are
triples (e, s, f) € E(S) x S x E(S) such that

esf =s.
Here morphisms are composed using the rule

(e,s, )(f,t,9) = (e, st, g).

Lawson [27, Theorem 3.4] showed that two semigroups with local units, S and T
are Morita equivalent if and only if the corresponding Cauchy completion cate-
gories, C(S) and C(T'), are equivalent. We will use this theorem to relate graded
categories to non-graded ones in Theorem 4.4.

It should be noted that in [27] semigroups S and left S-sets are not assumed to
have zero elements. Since zero elements can be adjoined to any such semigroups
and S-sets, the results and proofs in [27] readily transfer to our setting, with one
adjustment. While in the category of left S-sets with no zeros the coproduct
of a collection of objects is their disjoint union, in our categories the coproduct
is the O-disjoint union (since the disjoint union does not have a universal zero
element), which we recall next. This observation is used liberally by Talwar in
the original paper [38] on Morita theory for semigroups.
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Given a semigroup S and a collection {X; | ¢ € I} of left S-sets, we denote
by

L]

icl

the 0-disjoint union of the relevant sets. That is, | |, , X; is the disjoint union
of the sets X; \ {0}, together with a single zero element. It is immediate
that | |,.; X; is a left S-set whenever the X; are, upon identifying the zero
of each X; with the common zero. If S and the X; are ['-graded, then |_|Z.6[ X;
inherits the grading from the X;.

For a semigroup S, an object X of S-FAct, respectively S-GrFAct, is
said to be indecomposable if X is not isomorphic to Y U Z (the 0-disjoint
union of Y and Z), for any nonzero objects Y and Z of S-FAct, respectively
S -GrFAct. Recall also that an object X in a category is projective if for
every epimorphism ¢ : Y — Z and morphism 1 : X — Z in the category, there
is a morphism 6 : X — Y such that ¢0 = 1. To prove Theorem 4.4, we require

a description of the projective indecomposable objects in S -GrFAct.

LEMMA 4.2: Let S be a I'-graded semigroup with local units, and let X be a
closed I'-graded left S-set. Then the following hold:

(1) X is projective in S -GrFAct if and only if it is projective as an object
of S-FAct.

(2) X is indecomposable in S-GrFAct if and only if it is indecomposable
as an object of S-FAct.

Proof. (1) Suppose that X is projective, viewed as an object of S -FAct, by for-
getting the grading. Let Y and Z be objects in S-GrFAct, and let ¢ : X — Z
and ¢ : Y — Z be morphisms (i.e., graded S-maps) in S-GrFAct, such that ¢
is surjective. We wish to find a morphism 6 : X — Y such that the following
diagram commutes.
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Since X is projective in S-FAct, there is an S-map ¢’ : X — Y such
that ¢’ = 1. Define amap §: X — Y by

0'(p) if ¥(p) #0,

0 otherwise.

0(p) =

Then clearly ¢ = ). We claim that 6 is a graded map.

Let a € I, and let p € X, be such that (p) # 0. Since 9 is graded, we
have ¢ (p) € Z,\{0}. Since ¢ is graded, it could not be the case that deg(6(p)) = S
for some § € I'\ {a}, since otherwise we would have ¢0(p) = ¢0(p)’ € Zs \ {0},
contradicting ¥(p) € Z, \ {0}. Thus 6(p) € Y,, from which it follows that
is graded, and hence is a morphism in S-GrFAct. Thus X is projective in
S -GrFAct.

Conversely, suppose that X is projective in S-GrFAct. Since X is closed
and S has local units, for each o € " and each x € X, \ {0} we can choose an
idempotent e; € E(S) such that e,z = x. Define a function

o |_| Seyla™!) — X

z€X,\{0}
acl’

S€y —> ST.

(See (2.2) for the notation.) Then ¢ is clearly a surjective S-map. Moreover,
forall s € S, a €T', and z € X, such that sx # 0, we have

deg(se;) = deg(s)a = deg(sx),
and so ¢ is a graded map. Since X is projective in S -GrFAct, there is a graded
S-map

P X — |_| Seq(a™t)

r€Xa\{0}
acl

such that ¢y = 1x. Now, by [27, Lemma 3.1 (2)] and [27, Lemma 3.2 (1)], the
S-set [_|$,a Se,(a™1) is projective, viewed as an object of S-FAct. Hence, by
[27, Lemma 3.2 (3)], X is also projective in S-FAct, upon viewing ¢ and ¢ as
morphisms in S-FAct.

(2) Suppose that X is indecomposable as an object of S -FAct. Then it could
not be the case that X = Y UZ for some nonzero objects Y and Z in S -GrFAct,
since viewing Y and Z as objects of S -FAct, would give a decomposition of X
in S-FAct. Thus X is indecomposable in S-GrFAct.
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Conversely, suppose that X is indecomposable in S-GrFAct, and
that X =Y U Z for some nonzero objects Y and Z in S-FAct. As closed left
S-subsets of X, the sets Y and Z inherit a I'-grading from X, and hence can
be viewed as objects of S-GrFAct. This contradicts X being indecomposable
in S-GrFAct, and so it must also be indecomposable in S-FAct.

LEMMA 4.3: Let S be a I'-graded semigroup with local units. Then an object
of S-GrFAct is projective and indecomposable if and only if it is isomorphic
to Se(w) for some e € E(S) and a €T

Proof. First, note that each Se(a) in S-GrFAct reduces to Se, when viewed
as an object of S-FAct. Moreover, for any object of S-GrFAct having Se as
the underlying left S-set, the grading is completely determined by the degree
of e. Hence the objects of S-GrFAct that reduce to ones of the form Se, when
viewed as objects of S-FAct, are precisely those of the form Se(a).

Now, according to [27, Proposition 3.3], the projective indecomposable ob-
jects of S-FAct are exactly the objects that are isomorphic to Se for
some e € E(S). The desired conclusion now follows from Lemma 4.2.

THEOREM 4.4: Let S and T be I'-graded semigroups with local units. If S
and T are graded Morita equivalent, then they are Morita equivalent.

Proof. Let F : §S-GrFAct — T -GrFAct be a graded equivalence of categories.
Also, let EPY, respectively EP%, denote the full subcategory of S-GrFAct,
respectively T'-GrFAct, consisting of indecomposable projective objects and
morphisms between them. Since F preserves coproducts and projective ob-
jects, F induces a graded equivalence F : EPY — EPT. Finally, let EPg, re-
spectively EPr, denote the full subcategory of S-FAct, respectively T -FAct,
consisting of indecomposable projective objects and morphisms between them.
We will define a functor

H - 5775 — EPT,

and show it to be faithful, full, and dense, implying that EPg and EPr are
equivalent (see [6, Lemma 7.9.6]). In the (short) proof of [27, Theorem 3.4]
it is shown that £Pg is equivalent to the Cauchy completion C(S), for any
semigroup S. Hence EPg and EPr being equivalent implies that so are C(5)
and C(T'). According to [27, Theorem 1.1] this, in turn, implies that S and T
are Morita equivalent.
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To define H we first need some additional information about EPg, EPr, EPY,
and EP%. By [27, Proposition 3.3], the objects of EPg are of the form Se,
where e € F(S), and analogously for EPr. Likewise, by Lemma 4.3, the ob-
jects of EPY are of the form Se(a), where e € E(S) and « € T, and analo-
gously for EP%. Next, suppose that 7 : Se — Sf is a morphism in EPg, for
some e, f € E(S), and let @ = w(e). Then

m(se) = sm(e) = sa

forall s € S. So from now on we will denote morphisms in EPg as 7, : Se — S'f,
where a = m,(e). We also note that for any object Se of EPg and any a € T,
we can view Se(w) as an object of EPY’, where for each se € Se(a) \ {0} we
have deg(se) = deg(s)a™!. Since F : EPY — EPF is a graded equivalence, for
each a € ' we have T, F(Se(e)) = FTo(Se(e)) = F(Se(a)), and hence

(4.1) UF(Se(a)) = UTaF(Se(e)) =UF(Se(e)),
where U : EPY — EPg denotes the forgetful functor.
Now, for each object Se of EPg let H(Se) = UF(Se(e)). For each morphism
me : Se — Sfin EPg, let
deg(a) ifa#0

€ otherwise

o=

and let 7, : Se(e) — Sf(a) be the the same function, viewed as a morphism
in EPE. Note that for all se € Se(e) \ {0} and a # 0 we have

deg(se) = deg(s) = deg(s)aa™! = deg(sa) = deg(ma(se)),

from which it follows that 7, is indeed a graded S-map. In view of (4.1), we
can define H(m,) = UF(m,); see the diagram below.

EPs o EPy
MT Tu
Py — L~ ep%

To show that H is a functor it suffices to take two composable morphisms,
a:Se = Sfandm 1 Sf — Sg,in EPg, and prove that H(mpm,) = H(mp)H(7ma).
Viewing these as morphisms in EPY, we have m, : Se(c) — Sf(a) and
my : Sf(e) = Sg(B), where @ = deg(a) (or a = ¢ if a = 0), and analogously
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for 8. Writing mym, = m. for some ¢ € Sg (with ¢ € S,53), we also have
7. : Se(e) — Sg(v), where v = af if ab # 0, and v = ¢ otherwise. Now, let
'+ Sf(a) = Sg(v) be the morphism in EPY, which agrees with 7, : Sf — Sg
as a function. Then 7, = (m/)(m,), and by an argument similar to that for
(4.1), we have UF(my') = UF (mp). Hence

H(mpma) = H(me) = UF (me) = UF () (a))
=UF(m YUF (1y) = UF (mp)UF (7o) = H(mp)H(ma),

as desired.

To show that H is faithful, let Se and Sf be objects of EPg, and let
Ta, T : Se — Sf be distinct morphisms. Then 7, : Se(e) — Sf(«) and
m, : Se(e) — Sf(B) must be distinct as well (where o, 8 € T' are the ap-
propriate degrees). Moreover, since F is faithful, we have F(m,) # F(m).
Now F(mg) = mg : Te'(y) — Tf'(5) and F(m) = mp : Te'(vy) — Tf'(0)
in EPL, for some o/, b’ € T and v,d,6’ € I'. Since F(m,) # F(m), we necessar-
ily have o’ # b'. Thus U(my ) # U(my ), and so H(m,) # H(mp).

To show that H is full, let Se and Sf be objects of EPg, and
let ¢ : H(Se) — H(Sf) be a morphism. Write H(Se) = Tg and H(Sf) = Th
for some g,h € E(T). Then we can find 6 € T and 7, : Tg(e) — Th(d) such
that U(m,) = ¢. Since F is full, there exists a morphism v : Se(a) — Sf(fB)
in EPE such that F(¢) = m,, and hence UF (1) = ¢. Viewing ¢ as a function
¥ : Se — Sf, and hence a morphism in EPg, we have H(y)) = ¢.

Finally, to show that # is dense, let T'e be an object in £Pp. Then

Te=U(Te(e)),

where Te(e) is in EPF. Since F is dense, Te(¢) is isomorphic to F(Sf(«)) for
some object Sf(a) in EPY. Hence

H(Sf) =UF(Sf(e)) =UF(S[f())
is isomorphic to Te, as desired.

In most of this paper we work with the categories S -Mod and S -Gr, rather
than S-FAct and S-GrFAct. We conclude this section by observing that if
the semigroup S happens to have common local units, then these categories
coincide, respectively.
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PROPOSITION 4.5: Let S be a I'-graded semigroup with common local units.
Then S-Mod = S-FAct and S-Gr = S-GrFAct.

Proof. For both claims it suffices to show that every unital left S-set X is closed.
To conclude this, it is enough to show that the function S ®¢ X — X, defined
by s ® x > sz, is injective for each X. So let s®z,t®y € S®g X, and suppose
that sz = ty. Since S has common local units, there exists u € E(S) such
that us = s and ut =t¢. Then

SREr=usRr=uR®sr=uRQty=ulRy=1tQy,

giving the desired conclusion.

5. Graded inverse semigroups

5.1. GRADED VAGNER—PRESTON THEOREM. By Cayley’s theorem, any group
can be embedded in a group of symmetries of a set. Similarly, by the Vagner—
Preston theorem (see [20, Theorem 5.1.7] or [26, Theorem 1.5.1]), any inverse
semigroup can be embedded in an inverse semigroup of partial symmetries of a
set. Next we recall the relevant terminology, examine gradings on inverse semi-
groups of this sort, and give a graded version of the Vagner—Preston theorem.

Let X be a nonempty set. For any A, B C X, a bijective function ¢ : A — B'is
called a partial symmetry of X. Here we let Dom(¢) := A and Im(¢) := B.
We also denote the set of all partial symmetries of X by Z(X). Then Z(X)
is an inverse semigroup with respect to composition of relations, known as
the symmetric inverse monoid. Specifically, for all ¢,v € Z(X), ¢ is
taken to be the composite of ¢ and 1 as functions, restricted to the domain
¥~ (Im(x)) N Dom(¢)). The empty function plays the role of the zero element
in Z(X).

We denote the cardinality of a set X by | X]|.

PROPOSITION 5.1: Let X be a set such that | X| > 3. Then any grading on Z(X)

is trivial.

Proof. Let T be a group, let x : Z(X) \ {0} — T be a grading, and let
¢ € Z(X) \ {0}. We will show that deg(¢) = x(¢) = €.
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First, suppose that ¢(z) = z for some z € Dom(¢), and let ¢ € Z(X) be the
unique element with Dom(¢)) = {2} = Im(¢). Then, ¢ is an idempotent and
so deg(¢) = . Since ¢ = 1, it follows that

e = deg(¢) = deg(y¢) = deg(y) deg(¢) = deg(¢).

Now, take ¢ € Z(X) \ {0} to be arbitrary, and let € Dom(¢). Then, by our
hypothesis on X, we can find some y € X \ {z, ¢(x)}. Let ¢ € Z(X) be defined
by

Dom(¢) = {¢(z),y}, Im(¢) ={z,y}, ¥(é(x)) == and ¢P(y)=y.
Then, by the previous paragraph, we have deg(y) = ¢ = deg(¢¢), and therefore
€ = deg(y¢) = deg(v) deg(¢) = deg(¢),

as desired.

If | X| =1, then Z(X) \ {0} consists of one idempotent element, and so any
grading on Z(X) is trivial. However, if |X| = 2, then Z(X) has a nontrivial
grading, as the next example shows.

Example 5.2: Let X = {z,y}, and write
I(X) = {07 17 T, ewwa ewya eyw; ny};

where 7 denotes the one nontrivial permutation of X, and 6;; is the only element
of Z(X) such that

Dom(6;;) = {j} and Im(6;;) = {i} (3,5 € X).
Define ¢ : Z(X) \ {0} = Z2 by
and

O(7) = ¢(0zy) = ¢(0ya) = 1.
Then it is easy to check that ¢ is a grading.
In view of Proposition 5.1, a graded version of the Vagner—Preston theo-
rem requires a graded analogue of Z(X), which we construct next. Let X be

a nonempty I-graded set. For each nonempty A C X and o € T', we set
A, = AN X,. For each o €T let

(5.1) I(X)a :={¢ € Z(X) | p(Dom(¢) ) C Xop for all g €T},
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and set
(5.2) 78 (X) == | Z(X)a-
aer
Next we show that Z8"(X) is a graded inverse semigroup. Among other
things, it is a useful platform for exploring the differences between gradings,
strong gradings (Definition 2.9), and locally strong gradings (Definition 2.14).

PROPOSITION 5.3: Let X be a nonempty I'-graded set. Then the following
hold:
(1) 78" (X) is a I'-graded inverse semigroup.
(2) 7#8'(X) is strongly I'-graded if and only if | X,| = |Xg| for all o, 8 € T.
(3) Z8"(X) is locally strongly T'-graded if and only if X, # 0 for all « € T.

Proof. (1) By (5.1) and (5.2), we have 78" (X) C Z(X), 0 € Z(X)o for
every a € I'; and

I(X)a NI(X)p = {0}
for all distinct «, 8 € T'. Thus, to conclude that Z8(X) is a I'-graded sub-
semigroup of Z(X) it suffices to show that for all o, 8 € ', ¢ € Z8"(X),, and
1 € I8 (X)g, such that ¢ # 0, we have ¢ € I8 (X)g,. Taking ¢ and ¢ as
above, let v € I and = € Dom(#¢)~. Then, by (5.1),

¢(z) € (Im(¢) N Dom(¢)))ay,

and, consequently, ¥(¢(z)) € Im(¢®)ga~, showing that ¢ € I8 (X)gq.
Next, let a,8 € T, ¢ € Z8(X),, and z € Dom(¢p~')s = Im(¢)s, and
write ¢(y) = x for some y € Dom(¢). Then

¢~ (z) =y € Dom(¢) -1 = Im(¢™")s-15,

and so ¢! € I8 (X),-1 C Z8(X). It follows that Z8(X) is an inverse sub-
semigroup of Z(X).

(2) Suppose that |Xs,| = |Xs,| for all 61,60 € T, and let a, 8 € T and
¢ € Z(X)ap. By hypothesis, for each v € I', we can find Y, C X3, such that
|Ys+| = | Dom(¢),|. Now let ¢ € Z(X) be such that

Dom(¢); = Dom(¢), and ¢ (Dom(¢),) =Y,
for each v € T', and let p € Z(X) be such that

Dom(p) = | J Yis = Im(¢))
éel
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and py = ¢. Then clearly, ¢ € Z(X ) and p € Z(X)o. Thus ¢ € Z(X) o Z(X)3,
which implies that Z8"(X) is strongly graded.

Conversely, suppose that |X,| < |Xg| for some o, 8 € I'. Let ¢ € Z(X) be
such that Dom(¢) = Xg = Im(¢). Then ¢ € Z(X).. Suppose that ¢ = pt) for
some p € Z(X)go-1 and ¢ € Z(X)yp-1. Then necessarily Xz C Dom(¢)) and
(X3) € Xa, which contradicts |Xo| < [Xg|. Hence ¢ ¢ Z(X)ga-1Z(X)ap-1,
and so 78 (X)) is not strongly graded.

(3) Suppose that X, # () for all v € ', and let o, § € I" and ¢ € Z(X )\ {0}.
Since ¢ # 0, we can find some x € Dom(¢), where, say, z € X, (y € T'). By
hypothesis, there exists y € X3.,. Now let p € Z(X) be the map determined by

Dom(p) = {2} and Im(p) = {y}.

Then clealy p € Z(X)5\ {0}, and 50 6(s~p) = (6p~")p € T(X)aT(X)5 \ {0}.
Since ¢p~1p < ¢, we conclude that Z8(X) is locally strongly I'-graded.

Conversely, suppose that X, =0 for some a€T'. Let €T be such that Xg#0,
and let ¢ € E(Z%"(X)) be such that Dom(¢) = Xz = Im(¢). Seeking a contra-
diction to Proposition 2.15, suppose that there exists p € E(Z8(X)),-15 \ {0},
such that p < ¢. Then p = ¢p~! for some ¢ € Z8(X),-15, and

Dom(p) C Dom(¢) = Xg.

Since ¢! € I8 (X),p-1, we have 1 (Xg) C X, = 0. It follows that p =0,
producing the desired contradiction. Hence, if X, = 0 for some a € T,
then Z#8"(X) cannot be locally strongly I'-graded.

We are now ready for our graded version of the Vagner—Preston theorem.
The construction is fundamentally the same as in the original theorem, but
with some key differences.

PROPOSITION 5.4 (Graded Vagner—Preston Theorem): Let S be a I'-graded in-
verse semigroup. Then there is a graded injective homomorphism v : S — 78" (X)
for some I'-graded set X .

Proof. Let X = S\{0}. Then X is a I'-graded set, with respect to the grading
induced by that on S. For each « € T and s € S,\{0} define a function

0, : 5 1sS\{0} — ss71S\{0}

T — ST.
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Note that if s~lsxz # 0 for some z € S, then 0s(s™1sz) = ss7lsz = sz # 0,
from which it follows that 6 is well-defined. Also, if 05(s™tsz) = 5(s71sy)

for some z,y € S, then sz = ss™lsx = ss lsy = sy, and so s 'sx = s~ lsy.
Thus 0 is injective. Since O5(s™1ss™1a) = O5(s71z) = ss7lw for all z € S, 0

is bijective. Moreover, for all 5 € I' and appropriate « € Sz we have
95(5715513) =5z € S,

from which it follows that 05 € Z(X ).
We can therefore define a map

S — I8 (X)
s +— O,

where 6 is understood to be the zero element of 78" (X ). The last computation
in the previous paragraph implies that ¥(S,) C Z(X), for all @« € T, and
so ¢ is a graded map. To show that € is injective, suppose that 8, = 6, for
some s,t € S. Then s71sS = ¢71¢S, and so according to [20, Lemma 5.1.6(1)],
s7ls =t7!t. Hence s = 05(s71s) = 0,(t~'t) = t, and so 9 is injective.

It remains to show that v is a homomorphism. Clearly, 68,69 = 6y = 6405 for
any s € S. Showing that 6;6; = 0 for s,t € S\ {0} can be accomplished using
exactly the same, somewhat lengthy, argument as in the textbook proof of the
Vagner—Preston theorem (see, e.g., [20, Theorem 5.1.7] or [26, Theorem 1.5.1]),
so we will not repeat it here.

5.2. STRONGLY GRADED INVERSE SEMIGROUPS. Our next goal is to provide
an analogue for inverse semigroups of Dade’s theorem [12, Theorem 2.8] (see
also [19, §1.5] and [31, Theorem 3.1.1]), which describes strongly graded rings
using equivalences of appropriate categories. We begin with several lemmas.

LEMMA 5.5: Let S be a I'-graded semigroup with local units. Then the follow-
ing hold:
(1) Let (—)c : S-Gr — S.-Mod be the mapping defined by
X— X,
¢ — ¢lx.

for all objects X and morphisms ¢ : X — Y in S-Gr, where ¢|x.
denotes the restriction of ¢ to X.. Then (—). is a functor, to which we
refer as the restriction functor.
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(2) Let S®s. —: Sc-Mod — S-Gr be the mapping defined by
X— S®s. X
pr—1ls®@o
for all objects X and morphisms ¢ : X — Y in S.-Mod, where

(1s @ 9)(s © ) = 5 © $(2)

for all s®@ © € S ®g. X. Here the I'-grading on S ®g. X is as in (2.4),
with X given the trivial grading (X = X.). Then S ®g_ — is a functor,
to which we refer as the induction functor.

Proof. (1) Since S is a subsemigroup of S, any left S-set is automatically a left
Se-set. Now let X be any object of §-Gr. Then, clearly S; X. C X.. Moreover,
since X is a unital left S-set, and since S has local units, for each x € X there
exists u € E(S) C S¢ such that ux = x. It follows that X, is a unital left S.-set,
and therefore an object in S.-Mod.

Next, let ¢ : X — Y be a morphism in S-Gr, i.e., a function that commutes
with the S-action and respects the I'-grading. Then ¢(X.) C Y., and so re-
stricting ¢ to X, gives a function ¢|x. : X. — Y.. Also, for all s € S, and
x € X, we have

8lx. (s2) = d(sz) = s6(x) = s6]x. (@),
and so ¢|x. : X — Y is a morphism in S.-Mod.

Finally, it is immediate that (—). preserves all identity morphisms, and that
(po¥)|x. = ¢|x. o P|x. for all composable morphisms ¢ and ¢ in S-Gr.
Therefore (—). is a functor.

(2) As discussed in §2.3, S ®g. X is a I'-graded left S-set for each object X
in S;-Mod. Since S has local units, it is easy to see that S ®g, X is a unital
left S-set, and therefore an object of S-Gr.

Next, let ¢ : X — Y be a morphism in S.-Mod. Then the usual considera-
tions about tensors (see §2.3), along with the fact that ¢ is an S.-map, imply
that 1s® ¢ : S®s. X - S ®s. Y is well-defined. Also, for all s®@z € S ®g. X
and t € S we have

(1s@)(t(s®1)) = (1s@¢)(ts@1) = ts@ () = L(sRP(x)) = t(ls D ¢)(sD ),
and

deg(s © x) = deg(s) deg() = deg(s) = deg(s © ¢(x)) = deg((Ls ® 6)(s @ 2)).
Thus 15 ® ¢ is a morphism in S-Gr.
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Finally, it is easy to see that S ®g. — preserves all identity morphisms, and
that 1s ® (¢ o) = (1s ® @) o (1s ®9) for all composable morphisms ¢ and ¢
in S;-Mod. Therefore S ®g. — is a functor.

LEMMA 5.6: Let S be a I'-graded inverse semigroup, T' a subsemigroup of S
such that S C T, Y a I'-graded left S-set, and X C Y.. Then the function
¢:S®r X — SX, defined by s ® x — sx, is a graded bijective S-map.

Proof. Tt is easy to see that ¢ is well-defined, surjective, graded (using (2.4)),
and an S-map. To show that it is injective, suppose that ¢(s ® z) = ¢(t ® y)
for some s ® x,t @ y € S @7 X. Then sz = ty, and so ty = ss~'ty. Next, note
that if sx =0, then s® 2 = s ® s 'sx = 0 ® 0, and likewise t ® y = 0 ® 0. So
we may assume that sz = ty is nonzero. Since X C Y, and deg(sz) = deg(ty),
we have deg(s) = deg(t). In particular, s~*t~1t € S. C T. Thus, using the
fact that idempotents commute in any inverse semigroup [20, Theorem 5.1.1],

we have

s®x:ssfls®:r:5®sfls:r:s®silty
=5Q® Sflttflty =ss Tt ® Y= ttlss it ® Y
=ttt lssTHy =ttty
=t Htey=toy.

Hence ¢ is injective.

LEMMA 5.7: Let S be a I'-graded inverse semigroup, and let (—). and S ®g, —
be as in Lemma 5.5. For each object Y in S.-Mod define a function

py (S ®s.Y)e — Y
(5.3)
S QY — sy,

and for each object X in S-Gr define a function

vx : S®g. Xe — X,
(5.4)
SQ T — sT.

Then p: (S ®s. —): — ls. Mod and v : S ®s. (—)e — ls.gr are natural
transformations, and each py is an isomorphism in S¢-Mod.
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Proof. Since, as stipulated in Lemma 5.5, each object Y of S.-Mod is given
the trivial grading in the construction S ®g_ Y, we see from (2.4) that

(S ®s. Y)E =5S. ®s. Y.

Moreover, since Y is a unital left S.-set, we have S.Y =Y. Thus, by Lemma 5.6
(taking X =Y and T = S.), py is a bijective S.-map for each Y, and therefore
is an isomorphism in S.-Mod. Likewise, for each object X in S-Gr, map-
ping s ® x — sz gives a graded bijective S-map S ®s. X = SX. C X, by
Lemma 5.6 (taking 7' = S.). Thus, each vx is a morphism in S-Gr.

Now let ¢ : X — Y be an arbitrary morphism in S-Gr. Then for all
s@x € S®s, Xe, we have

Pvx(s @ x) = ¢(s1) = s¢(x) = vy (s @ ¢(z)) = vy (s @ ¢[x.)(s ©® ),
from which it follows that the diagram

15®9¢|x.
S®SEX5L>S®SEY5

Vxl ¢ luy

X Y

commutes. Hence v : S ®g, (—)e — ls.gr is a natural transformation. A
nearly identical computation shows that u: (S®s. —). — 1s. -Mod is a natural
transformation.

We are ready for the main result of this section, which amounts to saying
that S is strongly graded if and only if each vx in (5.4) is an isomorphism.

THEOREM 5.8: Let S be a I'-graded inverse semigroup. Then S is strongly
graded if and only if the categories S-Gr and S.-Mod are equivalent via
the functors defined in Lemma 5.5 and natural transformations defined in
Lemma 5.7.

Proof. Suppose that S is strongly graded. By Lemma 5.7, to conclude that
S-Gr and S;-Mod are equivalent, it suffices to show that, for each object X
in S-Gr, the morphism vx in (5.4) is an isomorphism. But by Lemma 5.6, vx
is an isomorphism, when viewed as a function S ®gs. X, - SX,, and SX. = X,
by Lemma 2.16.

Conversely, suppose that S-Gr and S.-Mod are equivalent via the relevant
functors and natural transformations. Then for any object X in S-Gr and
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any « € I' we have an isomorphism

VX(a) * S ®s, X(Oé)g — X(Oé)

SR x — ST

(see (2.2)). This implies that SX, = X for all « € T, and therefore S is strongly
graded, by Lemma 2.16.

6. Graded groupoids and inverse semigroups

There has been recent interest [4, 8] in systematically studying graded groupoids,
as a result of their association with groupoid algebras. As mentioned in the In-
troduction (see (1.1)), there is a connection between groupoids of germs and
inverse semigroups, as building blocks for combinatorial algebras. In this section
we show that there is a tight relationship between the gradings on an inverse
semigroup and those on the corresponding groupoid of germs. We also explore
gradings on a class of inverse semigroups arising from ample groupoids. We
begin with a brief review of groupoids and the associated notation.

6.1. GROUPOIDS. A groupoid is a small category in which every morphism is
invertible. It can also be viewed as a generalisation of “group”, where multipli-
cation is partially defined.

Let ¢4 be a groupoid. We denote the set of objects of ¢, also known as the
unit space of 4, by 4(©) and we identify these objects with the corresponding
identity morphisms. For each morphism z in ¢, the object

d(z) =z 'z

is the domain of z, and

r(z) = xx!

is its range. Thus, two morphisms x and y are composable as xy if and only
if d(z) = r(y). Let

@) .— {(z,y) €9 x4 | d(z) =r(y)}

denote the set of composable pairs of morphisms of 4. For subsets X,Y C 4
of morphisms, we define

(6.1) XY ={ay|zeX,yeY, and d(z) = r(y)},
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and
(6.2) X t={z7'|ze X}

If 4 is a groupoid and I' is a group, then ¢ is a I'-graded groupoid if there
is a functor ¢ : 4 — I' (which can be viewed as a function from the set of
all morphisms of & to T, such that ¢(z)¢(y) = H(zy) for all (z,y) € ¥3).
Setting 4, := ¢~ !(a) for each a € I, we have

4 = %

acl

where 4,95 C 9,5 for all o, € T, and ¥, N¥3 = 0 for all distinct o, 3 € I
Note that 90 C @.. We say that ¢ is strongly graded if YG.Ys = Y, for
all a, 8 € . Analogously to Proposition 2.12, it is shown in [8, Lemma 3.1]
that for a I'-graded groupoid ¢ the following are equivalent:

(1) ¢ is strongly graded;

(2) %%a 1 =, for every a € T
(3) d(%.,) =% for every a € T}
(4) 7(%,) =9 for every a € T.

6.2. GROUPOIDS OF GERMS. Let X be a nonempty set, and let S be an in-
verse semigroup. We say that there is a partial action of S on X if there is a
semigroup homomorphism S — Z(X) that preserves zero, where Z(X) denotes
the symmetric inverse monoid, discussed in §5.1. (A more common name for
this notion in the literature is action, however, we append “partial” to avoid
confusion with the concept described in §2.3. See [17] for a discussion of other
uses of “partial action” in connection with semigroups.) We denote the image
of s under such a homomorphism by 6,, and set X := Dom(fs). In partic-
ular, 6y is the empty function. We say that the partial action of S on X is
non-degenerate if X = UeeE(S) X.. Using the fact that ss~'s = s, one can
show that X; = X -1, and Im(fy) = X -1, for all s € S.
Now let
9= J{s} x X)) CSx X,
seS

and define a binary relation ~ on ¢ by letting (s,z) ~ (¢,y) whenever z = y,
and there exists e € E(S) such that z € X, and se = te. It is easy to see
that ~ is an equivalence relation. We denote the equivalence class of (s,z) € 4
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by [s, ], and call it the germ of s at x. Also, let S x X := %/ ~, and let
(S x X) O = {[e,2] | e € E(S),z € X.}.

Assuming that the partial action of S on X is non-degenerate, we identify
the latter set with X, via the mapping [e,z| — =. For each [s,z] € S x X
let d([s,z]) = x and 7([s,z]) = Os(x). Finally, for all [s,x],[t,y] € S x X
let [s,2]7! = [s71, s2], and let [s,z][t,y] = [st,y], in case d([s,z]) = r([t,y]).
It is routine to show that these operations are well-defined, making S x X a
groupoid, called the groupoid of germs. (See [14, §4] or [32, p. 140] for more
details.) If S is I'-graded, then mapping

(6.3) [5, 2] > deg(s),
which is easily seen to be well-defined, induces a grading S x X — I
PropPOSITION 6.1: Let S be a I'-graded inverse semigroup equipped with a

non-degenerate partial action on a nonempty set X. If S is strongly graded,
then the groupoid of germs S x X is strongly graded in the induced I'-grading.

Proof. For each o € I, we have
(SXx X)o={[s,2] € SXx X |s€ Sy}
Since S is strongly graded, by Proposition 2.12, we have
E(S)={s"'s|s¢€S,},
and hence
d(SxX)a)= |J Xe-s= | Xe=X=(Sxx)O.
SESa e€E(S)

Thus S x X is strongly graded, by [8, Lemma 3.1] (see §6.1).

It is natural to ask whether the converse of Proposition 6.1 holds. In §8 we
investigate gradings on graph inverse semigroups S(E), and, in particular, we
show in Corollary 8.5 that S(E) cannot be strongly Z-graded if the graph E
has a source vertex. On the other hand, it is known that for any finite graph F
with no sinks, the graph groupoid 95 (see [8, §4.1.1]) is strongly Z-graded (see
Corollary 8.16). Since ¥ is the universal groupoid of S(F) (i.e., the groupoid
of germs of a certain partial action of S(E), see [36, Definition 5.14]), it follows
that the converse of Proposition 6.1 does not hold in general.
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6.3. TOPOLOGICAL GROUPOIDS. A topological groupoid is a groupoid (whose
set of morphisms is) equipped with a topology making inversion and composition
continuous. A topological groupoid ¢ is an étale groupoid if 49 is locally
compact and Hausdorff in the topology induced by that on ¢, and d : ¥ — ¥(©)
is a local homeomorphism. An open subset X of an étale groupoid ¥ is called
a slice or local bisection if the restrictions d|x and r|x are injective (and
hence are homeomorphisms onto their images). The collection of all slices forms
a base for the topology of an étale groupoid ¢ [14, Proposition 3.5], and ¥(® is
a slice [14, Proposition 3.2]. An étale groupoid is ample if the compact slices
form a base for its topology.
Let ¢4 be an ample groupoid, and set

@* ={X | X is a compact slice of ¥}.

Then ¢%, sometimes denoted S(¥) [14] or ¥°° [32], is an inverse semigroup
under the operations given in (6.1) and (6.2) [32, Proposition 2.2.4], with () as
the zero element. Supposing that ¢ is I'-graded, we can build a graded version
of ¥*. Specifically, we say that a slice X of ¢4 is homogeneous if X C ¥, for
some a € I', and set

@h = {X | X is a homogeneous compact slice of ¢}.

Since 4,1 = 4! for each a € T, we see that ¥” is an inverse subsemigroup
of 9. Moreover, it is easy to see that defining ¢ : ¥"\{0} — I by ¢(X) = «a,
whenever X C %, turns 4" into a graded inverse semigroup.

The following proposition relates the gradings on ¢ to those on the associ-
ated graded inverse semigroup ¥". More specifically, ¢ is strongly graded if
and only if 4" satisfies a condition similar to “locally strongly graded” (see
Proposition 2.15).

PROPOSITION 6.2: Let 4 be an ample I'-graded groupoid. Then ¥ is strongly
I-graded if and only if for all o, B € T', X € 92;\{0}, and u € d(X), there is a
compact open set U C 4 such that w € U and XU € gg}gg

Proof. We begin by defining a homomorphism 7:94" - Z(4(®). Given X ¢ 4",
since X is a slice, we see that

XX '={zz7'|ze X} and X 'X={z"'z|2zeX},
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and hence XX~ 1, X~1X C 90, Also, Xo 'z = {2} for all z € X, and so we
can define

mx XX — XXt

ur— r(Xu).
Then, clearly, 7x € Z(4®). Also, it is easy to check that
I YY T INXTIX) =Y IXT'XY and 7xmy =7xy,
for all X,Y € 4". Hence

9" — (%)

X —mx

is a homomorphism. Thus, there is a partial action of 4" on ¢, and so we
can construct the groupoid of germs ¥" x 4(9). Next, we note that according
to [14, Proposition 5.4] and its proof,

09"y —g
[X,u] — Xu

is a groupoid isomorphism. Moreover, ¢ respects the gradings on the above
groupoids. For, letting a € T and [X,u] € (9" x 4(),, we have X € 4",
by (6.3), and hence Xu € 9,,.

Now, suppose that ¢ is strongly graded, and let a, 8 € I', X € go’fﬁ\{@},
and u € d(X). Then [X,u] € (9" x 9(),5, and so z := Xu € ¥,5. Hence,
there exist y € ¥, and z € ¥3 such that x = yz. Since ¢ is ample, we can
choose compact slices Y € 4" and Z € %[? such that y € Y and z € Z. Since X
and Y Z are slices, we have Xu =Y Zu, and so ¢([X, u]) = ¢([Y Z,u]). Since ¢
is injective, it follows that [X,u] = [Y Z,u]. By the definition of the groupoid
of germs, this means that there is a compact open set U C 4©)(C 4.) such
that w € U and XU =Y ZU. It follows that XU =Y (ZU) € %gggg

For the converse, suppose that for all a, 3 €T, X € Eﬁlﬁ\{@}, and u € d(X),
there is a compact open set U C 4 such that v € U and XU € %g}%g} Now
let . € T and © € ¥,p5. Since ¥ is ample, there exists X € %Sﬁ\{@} such
that £ € X. Then, by hypothesis, we can find a compact open set U C ¢4(0)
such that d(z) € U and XU € go’}gg It follows that x = z(z~ ') € 4,95, and
S0 ¢ is strongly graded.
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7. Semigroup rings

As mentioned before, our theory of graded semigroups was inspired by results
about graded rings. Next we recall graded rings in more detail, as well as
semigroup rings. We utilise these throughout the rest of the paper to draw
closer connections between graded rings and graded semigroups.

Given a ring A and group I', we say that A is I'-graded if A = @ Aa,
where the A, are additive subgroups of A, and A, Ag C A for all o, € T’
(with A, Ap denoting the set of all sums of elements of the form ab, for a € A,
and b € Ag). In this situation, A is strongly graded if A,Ag = Aqp for all

a, €. Each a € A can be written uniquely as a = > _ _1 a,, where a, € A,

aerl
for each a € T'; and all but finitely many of the a, are zers. Here we refer to a,
as the homogeneous component of a of degree a.

Next, given a ring A and a semigroup S, we denote by AS the corresponding
semigroup ring, and by A[S] the resulting contracted semigroup ring, where
the zero of S is identified with the zero of AS. That is, A[S] = AS/I, where I
is the ideal of AS generated by the zero of S. We denote an arbitrary element
of A[S] by Y- cqal¥s (or 2 ses\ {0} a'®)s), where a(®) € A, and all but finitely
many of the a(*) are zero.

When the semigroup S is I'-graded, one can naturally equip the ring A[S)]
with a I'-grading, producing a pleasant relationship between these two graded
structures. Specifically, it is easy to check that defining

(7.1) AlS]a = A[S.] = {Za(s)s | s € So whenever al®) # 0},

ses
for each o € T', turns A[S] into a I'-graded ring. We refer to this as the grading
on A[S] induced by the grading of S.

Similarly, if A is a unital ring, A[S] is T-graded, and S = (J, (S N A[S]a),
then setting S, := S N A[S],, for each @ € T, induces a grading on S.
(Here we identify each t € S with 1t € A[S], i.e., the element ) __¢ al®)s,
where a(¥) = 1, and the other coefficients are 0.) We note that, generally speak-
ing, S # Uaer(S N A[S],) for a I'-grading on A[S], as the following example
shows.

Example 7.1: Let K be a field, and let S = {e;;(k) | 1 <i,5 < 2,k € K} be
the Rees matrix semigroup (with multiplication as in (3.12)). It is easy to show
that K[S] = My(K), the ring of 2 x 2 matrices with coefficients in K. Also, it
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is easy to see that defining

K[S]O:{<g b;a>|a’beK} and K[S]1:{<Z _Cd>|c,d€K}

gives a Zo-grading on K[S]. Then

SﬂK[S]0:{<8 8)} and SﬂK[S]1:{<8 (c)>|ceK},

which implies that the grading on K[S] does not induce a grading on S.

We will show that when the grading on A[S] does induce a grading on .S, the
two objects share certain properties. Before stating the next result, let us review
the smash product for rings, first introduced by Cohen and Montgomery [10].

Let A= @, cp Aa be a I'-graded ring, and let A#I" denote the set of formal
sums » o al® P, where each a(® € A, and all but finitely many of the a(®
are zero. We define addition on A#I via

(7.2) ST adP, + 3 bR, =3 (0 + 5P,
aecl acl’ ael’

and define multiplication by letting
(7.3) a9 P,b D Py = al® ), Py

for all a(®,b(®) € A and o, B € T (where b((fﬂ),l is the homogeneous component
of b of degree af~1), and extending linearly. With these operations A#I'
becomes a ring, called the smash product of A by I'. See [31, §7.1] for an
alternative description of these rings.

PROPOSITION 7.2: Let S be a I'-graded semigroup and A a unital ring. Also
view A[S] as a I'-graded ring via the grading induced by that on S. Then the
following hold:

(1) S is a strongly I'-graded semigroup if and only if A[S] is a strongly
I'-graded ring.
(2) There is a natural ring isomorphism

A[S#T] = A[S]#T.
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Proof. (1) Suppose that S is strongly I'-graded. Let o, 3 € ', and let ) __g al®)s
be an element of A[S],s. Then for each s with a®) # 0, we have s = p(*)¢(*),
for some p®) € S, and ¢*) € Sp. Hence

ZG(S)S — Z(a(s)p(s))(lq(s)) € A[S].A[S]s,
seS seS

which implies that A[S] is strongly I'-graded.
Conversely, suppose that A[S] is strongly I'-graded. Let a,8 € T', and let
t € Sqp. Then

1t = (Za(”r) (Zb(s)s) = Z a Mo rs,

res sES r,s€S

for some 3, ga"r € A[S], and 3, 4 b)s € A[S]5. Necessarily a("b(®) =1
for some r,s € S, and the remaining coefficients are 0, from which it follows
that t = rs € S,53. Thus S is strongly I'-graded.

(2) Define
¢ : A[SHT] — A[S]#T
Z a®fe) (sP,) — Z ( Z a(SPQ)S)Pa.
sP,eS#I'\{0} acl’ seS\{0}

Clearly, ¢ is a bijection that respects addition. Thus, to conclude that ¢ is a ring
isomorphism, it suffices to check that ¢ respects multiplication on summands.
Now, let a(*P)(sP,),b(*"s) (tPg) € A[S#T)]. Then using (3.1), (7.1), and (7.3),
we have

P(a=PIpP) stPg) i st #£ 0 and t € S,

(a5F) (sPL bR (tPg)) =
B
0 otherwise

(a(SPa)b(tPB)St)Pﬁ if st #0 and t € S,3-1
0 otherwise
= (a(sPa)S)(b(tPB)t)aﬁ,lpﬁ
_ (a(sPa)S)Pa(b(tpﬁ)t)PB
:(b(a(sPa)(SPQ))¢(b(tPB)(tPB)),

as desired.
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While influence has typically flowed from ring theory to semigroup theory,
the Rees, or Munn, matrix ring [2] is an example of a ring construction that was
directly influenced by semigroup theory. Here we give a graded version of this
idea, which produces a rich class of graded rings, and does not seem to have
appeared in the literature before. We will also relate these rings to the graded
Rees matrix semigroups discussed in §3.2.

Let A be a I'-graded unital ring, and let I and J be non-empty (index)
sets. For all i € I and j € J, fix a;,8; € T, and set o = (a;)ie; € T
and B = (B;)jes € 7. Let B := M, j(A) denote the abelian group of all I x .J
matrices over A, with only finitely many nonzero entries. For each § € T let

(7.4) Bs = {(aij)EB |i€I,j€J,aij EAaiziﬁ;l}'

Then B = @ycp Bs. Next, let p = (ai;) be a J x I matrix (possibly with
infinitely many nonzero entries), such that aj; € ABjofl forallieI,j € J, and
define multiplication by

(7.5) a.b := apb

for all a,b € B. It is easy to see that with this operation B becomes a ring,
which we denote by M} ;(A)[a][8]. Tt is also easy to check that if a € B;
and b € B, for some 4,7 € T, then apb € Bs,. So MJ ;(A)[a][f] is a T-graded
ring, which we call a graded Rees matrix ring.

Note that if I = J ={1,...,n}, a = 8 = (a1,...,a,), and p is the identity
matrix, then M7 ;(A)[a][A] is simply the graded matrix ring M, (4) (a1, . . ., ay),
which has received considerable attention in the literature; see [19, 31].

PROPOSITION 7.3: Let A be a unital ring, and let S be a I'-graded semigroup.
Then for all nonempty sets I and J, tuples a=(c;)icr €T and B=(83;);es €T,
and J x I matrices p = (s;;) with s;; € Sﬁja;l for allt € I,5 € J, there is a
natural graded ring isomorphism

A[ET ;(9)[][B]] = M7, (A[S])[a][5];

viewing the former as a I'-graded ring via the grading induced by that
on B} ,(S)[a][8).
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Proof. Define
¢ A[ET ;(9)[e][B]] — M7 ;(A[S])[a][5]

3 0€5 Dy (5) < S atew <s>>s> _

eij (s)EET ;(9)[a][B] s€S

Clearly, ¢ is a bijection that respects addition. Using (3.11) and (7.5), it is
routine to check that ¢ respects multiplication, and hence it is a ring homo-
morphism. Finally, it follows from (3.9), (7.1), and (7.4) that ¢ respects the
grading.

8. Graph inverse semigroups

In this section we explore gradings on a rich class of inverse semigroups, known
as graph inverse semigroups, first introduced in [5], along with gradings on
various related objects. (See [29] for more on the history of graph inverse
semigroups, and [24] for an alternative perspective on them.) Among other
results, we classify the strongly graded graph inverse semigroups, and the graded
graph inverse semigroups that produce strongly graded Leavitt path algebras
(see (1.2)), which are defined below.

8.1. DEFINITIONS AND BASICS. Recall that a directed graph E=(E°, E',r,s)
consists of two sets, EY and E! (containing vertices and edges, respectively),
together with functions s,r : E* — E°, called source and range, respectively.
A path z in F is a finite sequence of (not necessarily distinct) edges z = ey - - - e,
such that r(e;) = s(e;41) fori =1,...,n — 1. In this case, s(z) := s(e1) is the
source of z, r(z) := r(e,) is the range of z, and |x| := n is the length of z.
If x = e1---e, is a path in E such that s(x) = r(z) and s(e;) # s(e;) for
every i # j, then z is called a cycle. For a vertex v € EY, we say that v is
a sink if s7!(v) = 0, that v is a source if r~!(v) = (), and that v is regular
if 0 < |s71(v)] < Rg. We view the elements of E as paths of length 0 (extend-
ing s and r to E? via s(v) = v and r(v) = v for all v € EY), and denote by
Path(E) the set of all paths in E. An infinite sequence ejes - -+ of edges in E*
is called an infinite path if r(e;) = s(e;+1) for all 4§ > 1. Given a finite or
infinite path p in F and = € Path(F), we say that z is an initial subpath of p
if p = xq for some path ¢. Finally, E is said to be row-finite if [s~1(v)| < X for
every v € E°. From now on we will refer to directed graphs as simply “graphs”.



Vol. 253, 2023 GRADED SEMIGROUPS 303

Definition 8.1: Given a graph E = (E°, E',r,s), the graph inverse semi-
group S(E) of E is the semigroup (with zero) generated by the sets E° and E*,
together with {e~! | e € E'}, satisfying the following relations for all v, w € E°
and e, f € E' (where ¢ is the Kronecker delta):

(V) vw = 6y s

(E1) s(e)e*er( ) =e¢;

(E2) r(e)e ! =e ls(e) = e}
(CK1) el f =4, sr(e).

We define v~ 1=w for each v €E°, and for any pathy=e1--- e, (e1,...,e, EEY)
we let y=! = e 1. --efl. With this notation, it is easy to see that every
nonzero element of S(E) can be written as xy~! for some z,y € Path(E),
such that r(z) = r(y). It is well-known that representations in this form of
nonzero elements of S(E) are unique. (This follows, for example, from the
model for S(E) constructed in [33, §3].) It is also easy to verify that S(E) is
indeed an inverse semigroup, with (zy=1)~! = yx~! for all x,y € Path(E).

As semigroups defined by generators and relations, graph inverse semigroups
lend themselves naturally to being graded (see Example 2.3). Let E be a
graph, I' a group, and w : E! — T a “
tion w:Path(E)—T by lettingw(ey - - - e,)=w(e1) - - -w(ey) foralles, ..., e, € B!
and letting w(v) = € for all v € V. Then it is easy to see that S(E) is I'-graded,
via

weight” map. Now extend w to a func-

S(E)\{0} —T

(8:1) 2y s wl(o(y)

-1

Now letting I' = Z and taking w(e) = 1 for each e € E', we obtain a Z-grading
¢ : S(E)\ {0} = Z on S(E), where ¢(xy~') = |z| — |y| for all z,y € Path(E).
We refer to this as the natural Z-grading of S(E).

We conclude this subsection with a couple of easy observations that relate
properties of a graph E to the natural partial order on S(F), which will be
useful later on.

LEMMA 8.2: Let F be a graph. Then the following are equivalent:

(1) E has no sinks;
(2) there are no minimal, with respect to <, idempotents in S(E) \ {0}.
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Proof. (1)=-(2) Suppose that F has no sinks, and that v € E(S(E))\{0}. Then
it is easy to see that u = zz~! for some z € Path(E) [29, Lemma 15(1)]. By
hypothesis, there is some e € E! satisfying s(e) = r(x). Then u > zee 'z},
and so u is not a minimal idempotent.

(2)=(1) Suppose that (2) holds, and that v € EY. By hypothesis, there
must exist u € E(S(E)) \ {0} such that u < v. Writing u = xz~! for some

x € Path(F), necessarily || > 1, and s(z) = v. Thus v is not a sink.

LEMMA 8.3: Let E be a graph. Then the following are equivalent:
(1) E is row-finite;
(2) for every maximal, with respect to <, idempotent u in S(E), there are
only finitely many maximal idempotents in {v € E(S(E)) | v < u}.

Proof. First, suppose that v € E°, and v € E(S(E)) \ {0} is such that v < u.
Then, by the defining relations of S(E), we have v ¢ EY. Moreover, by [29,
Lemma 15(4)], the maximal (nonzero) idempotents in E(S(E))\E° are precisely
the elements of the form ee™!, for some e € E'. It follows that if v is maximal
in {v € E(S(E)) | v < u}, then it must be the case that v = ee™! for some
e € E', where necessarily s(e) = u.

(1)=(2) Suppose that F is row-finite, and that v € E(S(F)) is maximal. We
may assume that u # 0, since otherwise S(EF) = {0}, and (2) holds vacuously.
Then, by [29, Lemma 15(3)], u € E°. By the above, either

{ve E(S(E)) [v<u}={0},

or the maximal idempotents in {v € E(S(E)) | v < u} are of the form ee™!

(e € EY), where s(e) = u. Since E is row-finite, there can be only finitely many
such elements.

(2)=(1) Suppose that u € E°. Then, by [29, Lemma 15(3)], u is a maximal
idempotent in S(E). Supposing that (2) holds, there are only finitely many
maximal idempotents in {v € E(S(E)) | v < u}. By the first paragraph,
these maximal idempotents are precisely the elements of S(E) of the form ee™!
(e € EY), where s(e) = u (unless {v € E(S(E)) | v < u} = {0}). It follows
that u can emit only finitely many edges, and so E' is row-finite.

8.2. STRONGLY GRADED GRAPH INVERSE SEMIGROUPS. In this subsection we
give a reasonably complete description of the graph inverse semigroups that are
strongly graded, paying particular attention to the natural Z-grading.
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LEMMA 8.4: Let S(E) be a strongly I'-graded graph inverse semigroup. Then
for all « € T and all + € Path(E), there exists y € Path(E) such that
zy~! € S(E), and r(y) = r(x). Moreover, if a # ¢, then y # x.

Proof. Let a € T and z € Path(E). Then zz~! € S(E)., since zz~! is an
idempotent. Since S(FE) is strongly graded, we can find p, ¢, s,t € Path(E) such
that pg~! € S(E)q4, st™! € S(E)y-1, and pg~tst~! = xx~!. In particular,
pq~tst™! # 0, and hence (by (E1), (E2), and (CK1)), there exists r € Path(E)
such that either ¢ = sr or s = gr.

If ¢ = sr, then, since r(s) = r(t), we have

1

P pq st™! :pr_ls_lst_1 = pr_lt_l :p(tr)_l.

By the aforementioned uniqueness of the representations of the nonzero elements
of S(E), we conclude that p = z. Hence 2¢~! = pg~! € S(E)q, and pg~! # 0
implies that r(q) = r(z), as desired.

Similarly, if s = gr, then

1

e pq st ! :pq_lqrt_1 = prt_l,

which implies that z = t. Hence sz™! = st™! € S(E),-1, and r(s) = r(z).
Therefore zs~! € S(E),, again giving the desired conclusion.

The final claim follows from the fact that if a # e, then zz7! ¢ S(E),,
since S(E),, contains no nonzero idempotents.

COROLLARY 8.5: Let E be a graph having a source vertex v € E°. Then any
strong grading on S(E) is trivial.

Proof. Suppose that S(E) is strongly I'-graded. Suppose further that the grad-
ing is not trivial, and let @ € I'\ {¢}. Taking = v, by Lemma 8.4, there exists
y € Path(E) such that r(y) = v and y # v (and y~! € S(E),), contrary to the
hypothesis that v is a source. Hence it must be the case that I' = {¢}, i.e., the
grading must be trivial.

COROLLARY 8.6: Let E be a graph. Then S(F) is strongly graded in the
natural Z-grading if and only if E is empty.

Proof. Suppose that E is the empty graph. Then S(F) = {0}, and S(E),, = {0}
for all n € Z. Thus S(E),S(E)m = S(E)ntm for all n,m € Z.

For the converse, suppose that S(E) is strongly graded in the natural Z-
grading, and that F is nonempty. Then we can find 2 € E°, and so, by
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Lemma 8.4, there exists y € Path(E) such that y=! € S(E)i, r(y) = z, and
y # x. Since r(y) = x and y # z, necessarily |y| > 1. But then y~! € S(E);
contradicts the definition of the natural Z-grading. Thus if S(E) is strongly
graded in the natural Z-grading, then E must be empty.

LEMMA 8.7: Let E be a nonempty graph with no source vertices, and n a
positive integer. Then S(F) is strongly Z/nZ-graded, via

¢ : S(E)\ {0} — Z/nZ
zy~t > (|z] = [y]) + nZ.

Proof. The map ¢ is a grading, since it is the composite of the natural grading
S(E)\ {0} — Z with the quotient group homomorphism Z — Z/nZ. To show
that ¢ is a strong grading, let 0 < a,b < n be integers, and let xy~! € S(E)aer,
for some z,y € Path(F) with r(z) = r(y) (where ¢ := ¢+ nZ for all ¢ € Z).
Since E has no sources, we can find z € Path(F) such that r(z) = r(x)
and |z| = |y| + b. Then

dlzz)=|z| - |y —b=a+b—-b=a,

and
Szy™") =yl +b—lyl =b.
Hence zy~'=(zz71)(2y 1) €S(E),S(E),, and so ¢ is a strong Z/nZ-grading.

THEOREM 8.8: A graph inverse semigroup S(E) has a nontrivial strong grading
if and only if the graph E is nonempty and has no source vertices.

Proof. This follows immediately from Corollary 8.5 and Lemma 8.7, upon not-
ing that if F is empty, then S(E) = {0}.

We note that the grading constructed in Lemma 8.7 is essentially the only
strong grading applicable to the entire class of graph inverse semigroups. More
specifically, if F is the graph with one vertex and one edge, then this grading
is effectively the only strong grading for S(E). To see this and make it more
precise, we recall that in this case S(E) \ {0} is the bicyclic monoid, having the
following presentation as a semigroup:

(x,x ! |27 e = 1),

where we identify « with the edge of E and 1 with the vertex of E. It follows that
any grading ¢ : S(E)\{0} — T is a semigroup homomorphism, and is completely
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determined by ¢(z). Thus ¢(S(E)\{0}) is necessarily a cyclic group, and hence
isomorphic to either Z or Z/nZ, for some integer n. Now, if ¢(S(E)\ {0}) = Z,
then ¢(z) is necessarily mapped to either —1 or 1 under this isomorphism.
Composing with the isomorphism Z — Z that sends —1 — 1, if necessary, we
can then identify ¢ with the natural Z-grading of S(E). Hence, by Corollary 8.6,
¢ is not a strong grading in this case. Thus, if ¢ : S(F) \ {0} — T is a strong
grading, then ¢(S(E) \ {0}) = Z/nZ for some integer n. Replacing Z/nZ with
an isomorphic copy, if necessary, in this situation ¢ can be identified with the
grading in Lemma 8.7.

We conclude this subsection with a description of the locally strongly Z-
graded graph inverse semigroups (see Definition 2.14).

PROPOSITION 8.9: Let E be a graph. Then the following are equivalent:
(1) S(FE) is locally strongly graded in the natural Z-grading;
(2) for all v € E° and all n € 7Z there exist x,y € Path(E) such that
S(2) = v, ¥(z) = 1(y), and |z| — |y| = n.

Proof. (1)=-(2) Suppose that (1) holds, and that v € EY and n € Z. By
Proposition 2.15, there exists z € S(E), \ {0} such that zz=! < v. Writing
x = yz~ ! for some y, z € Path(E) with r(y) = r(z), we have |y| — |z| = n, and
necessarily s(y) = v.

(2)=(1) Supposing that (2) holds, by Proposition 2.15, to prove (1) it suffices
to take arbitrary n € Z and u € E(S(E)) \ {0}, and show that v < u for
some v € E(S(E))y \ {0}.

It is easy to see that u = zz~! for some x € Path(E) [29, Lemma 15(1)]. By
(2), there exist y,z € Path(F) such that s(y) = r(z), r(y) = r(z),
and |y| — |z| = n — |z|. Letting ¢ = zy2~", we see that ¢ € S(E),,. Hence

vi=qq " € E(S(E)). \ {0},

and clearly uv = v. Thus v < u, as desired.

8.3. PATH ALGEBRAS. Given a field K and a graph E, the contracted semi-
group ring (see §7) K[S(E)] is called the Cohn path K-algebra Ck(F) of E.
Furthermore, the ring

Li(E) := K[S(E)]/<v - Z ee ! |ve E%is regular>

ees—1(v)

is called the Leavitt path K-algebra of E. (See [1].)
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Gradings on Leavitt path algebras have been studied in several papers. More
specifically, the natural Z-grading on S(E) induces one on Ck(E) (see §7),
which in turn induces a grading on L (E). We refer to these as the natural
Z-grading on Ck(FE), respectively Li (E). It is shown in [19, 8] that L (E)
is strongly graded with respect to the natural Z-grading if and only if £ has no
sinks, is row-finite, and satisfies the following condition.

(Y) For every natural number n and every infinite path p in E, there exists
an initial subpath x of p and a path y € Path(FE) such that r(y) = r(z)
and |y| — |z| = n.

Our next goal is to translate condition (Y) into one on S(E), which will allow
us to relate the semigroup more closely with the corresponding Leavitt path
algebra. This requires introducing a new type of grading.

Definition 8.10: Let S be a I'-graded inverse semigroup. We say that S is
saturated strongly I'-graded if for every @ € I' and every infinite strictly
descending chain of idempotents ug > u; > --- in S, where ug is maximal with
respect to <, there exist n > 0 and v € E(S), (= {ss7! | s € S,}) such that
Uy >V > Unp.

Note that, by Proposition 2.12, for every strongly I'-graded inverse semi-
group S we have E(S) = E(S), for all a € I, which implies that S is saturated
strongly I'-graded. As shown in Example 8.12, this condition is, however, inde-
pendent of “locally strongly graded”.

LEMMA 8.11: Let E be a graph. Then the following are equivalent:

(1) E satisfies condition (Y);
(2) S(FE) is saturated strongly graded in the natural Z-grading.

Proof. (1)=(2) Suppose that (1) holds, let n € Z, and let ug > ug > ---
be a chain of idempotents in S(FE), where ug is maximal with respect to <.
It is easy to show that ug € E° [29, Lemma 15(3)], that u; = xy27" for
some z; € Path(E) with s(z1) = ug [29, Lemma 15(1,2)], that us = zyz0z; 27"
for some x5 € Path(E) [29, Lemma 15(2)], and so on. Writing

—1 -1

U’Z:xlxle ...:L'l

for each ¢ > 1, we conclude that xyxs--- is an an infinite path in F.
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Now suppose that n < 0. Then, by (1), there exists an initial subpath y
of z1x2--- and a path z € Path(E) such that r(z) = r(y) and |z| — |y| = |n|.
We can write y = x1-- -zt for some £ > 0 and initial subpath ¢ of zpy.
Then yz~'€S(E),, and so

vi=yy '=yz 2y €E(S(E))n.

Moreover, ug > v, since s(y) = ug, and clearly

1

v =2x- ~-zktt71:17,; . ~-:c1_1 > Uk41,

as desired.
Next suppose that n > 0. Since x1x2 --- is an infinite path, we can find an
initial subpath y € Path(F) such that |y| = n. Then, certainly,

vi=yy ' € BE(S(E))n, wuo>wv, and v > uy for some k > 0,

again giving the desired conclusion.
(2)=(1) Suppose that (2) holds, let n be a natural number, and let p=ejes - - -
be an infinite path in E, for some e, ez, ... € E'. Then

s(e1) > elel_1 > 616262_161_1 > ..
is a chain of idempotents in S(E), where s(e1) is maximal with respect to <,
by [29, Lemma 15(3)]. Hence, by (2), there exist m > 1 and v € E(S(E))_,
such that

-1, -1

s(e1) >v>er---epme, e .

Then v = yz 'zy~' for some y,z € Path(E) such that r(z) = r(y) and
|z| — |y| = n. Finally, since s(e;) > yy~' > e1---eme;,' ---e; ', it must be the
case that y is an initial subpath of e; - - - e,,, and hence of p, by [29, Lemma
15(2)]. Thus FE satisfies condition (Y).

Example 8.12: Consider the following graphs:

E12 [ ]

EQS

Coes
Cos
Cos
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It is easy to see that E; satisfies condition (Y) but not condition (2) in Propo-
sition 8.9, whereas E5 satisfies the latter but not the former. Thus, by Propo-
sition 8.9 and Lemma 8.11, S(E4) is saturated strongly graded, but not locally
strongly graded, whereas S(FEs) is locally strongly graded, but not saturated
strongly graded, in the natural Z-grading. The two conditions on gradings are
therefore independent.

We are now ready for the main result of this section, which classifies the graph
inverse semigroups S(F) for which the corresponding Leavitt path algebras are
strongly graded.

THEOREM 8.13: Let E be a nonempty graph. Then the following are equiva-
lent:

(1) E has no sinks, is row-finite, and satisfies condition (Y);

(2) Lk (F) is strongly graded in the natural Z-grading, for any field K ;

(3) there are no minimal idempotents in S(E) \ {0}, for every maximal
idempotent u in S(F) there are only finitely many maximal idempotents
in{v € E(S(E)) | v <u}, and S(E) is saturated strongly graded in the
natural Z-grading;

(4) for every maximal idempotent u in S(E) there are only finitely many
maximal idempotents in {v € E(S) | v < u}, and S(E) is locally
strongly graded and saturated strongly graded in the natural Z-grading.

Proof. (1) < (2) This follows from [8, Theorem 4.2].

(1) & (3) This follows from Lemmas 8.2, 8.3, and 8.11.

(4)=(1) If (4) holds, then E must satisfy condition (2) in Proposition 8.9,
which can easily be seen to imply that E cannot have sinks. The desired con-
clusion now follows from Lemmas 8.3 and 8.11.

(1)=-(4) By Lemmas 8.3 and 8.11, it suffices to show that if £ has no sinks
and satisfies condition (Y), then it also satisfies condition (2) in Proposition 8.9.

Thus assume that E has no sinks and satisfies condition (Y), and let v € E°
and n € Z. Since E has no sinks, there is an infinite path p in F having source v.
If n <0, then condition (Y) implies that there exists an initial subpath z of p
and a path y € Path(E) such that r(y) = r(z) and |z| — |y| = n. If n > 0,
then letting 2 € Path(F) be an initial subpath of p such that |z| = n, and
letting y = r(z), we have s(x) = v and |z| — |y| = n. In either case, (2) in
Proposition 8.9 is satisfied.
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Restricting to row-finite graphs, we obtain a much cleaner statement, involv-
ing only conditions on the grading of S(E).

COROLLARY 8.14: Let E be a nonempty row-finite graph. Then the following

are equivalent:

(1) E has no sinks and satisfies condition (Y);

(2) Lk (F) is strongly graded in the natural Z-grading, for any field K;

(3) S(F) is locally strongly graded and saturated strongly graded in the
natural Z-grading.

Proof. This follows from Theorem &8.13 and Lemma 8.3.

The next corollary gives an analogue of Theorem 8.13 for Cohn path algebras.

COROLLARY 8.15: Let K be a field and E a nonempty graph. Then nei-
ther S(E) nor Ck(E) is strongly graded in the natural Z-grading. However,
if E has no source vertices, then S(E) and Ck (FE) are strongly Z/nZ-graded,
for any positive integer n.

Proof. This follows from Corollary 8.6, Lemma 8.7, and Proposition 7.2(1).

Let 4 be a I'-graded Hausdorff ample groupoid (see §6.3), and let K be a
field. Then the enveloping algebra of ¥", defined by

K(@") = K[9"]/(X+Y-XUY | XNY =0, and XUY € 4" for some a € T),

is a I-graded K-algebra, via the grading inherited from K[4"] (see (7.1)). One
can show that for any graph F, there is a naturally Z-graded boundary path
groupoid ¢ such that

K(9p) 24 Lg(E) 2 Ax(9E),
where Ax (¥g) is the Steinberg algebra of ¥z, and =, denotes graded iso-
morphism. We will not discuss K(4"), 9, or Ax(9g) in further detail here,
and instead refer the reader to [35] for a comprehensive treatment of these ob-
jects. (See also [39, §6.3] for enveloping algebras of Boolean inverse semigroups,
which we briefly visit in §9.2.) We note, however, that Theorem 8.13 has the
following consequence.
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COROLLARY 8.16: Let E be a nonempty graph. Then the following are equiv-
alent:
(1
2

) E has no sinks, is row-finite, and satisfies condition (Y);
(2) L
(3) 9 is strongly graded in the natural Z-grading;
(4)

k (F) is strongly graded in the natural Z-grading, for any field K;

4) for every maximal idempotent u in S(E ( ) there are only finitely many
maximal idempotents in {v € E(S(E)) | v < u}, and S(E) is locally
strongly graded and saturated strongly graded in the natural Z-grading.

Proof. (1) & (2) < (4) This follows from Theorem 8.13.
(2) < (3) This follows from [8, Theorem 3.11].

If the graph happens to be finite, then the previous corollary has the following
very pleasant form.

COROLLARY 8.17: Let E be a finite nonempty graph. Then the following are
equivalent:
(1) E has no sinks;
2) L
(3) 9y is strongly graded in the natural Z-grading;
(4)

k (F) is strongly graded in the natural Z-grading, for any field K;

S(E) is locally strongly graded in the natural Z-grading.

Proof. This follows from Corollary 8.16, upon noting that E being finite implies
that F satisfies condition (Y), and S(F) is saturated strongly graded in the
natural Z-grading.

8.4. COVERING GRAPHS. In this subsection we show that the smash product of
a graph inverse semigroup with any group is graded isomorphic to the inverse
semigroup of its covering graph, which we recall next (see [18, §2] and [25,
Definition 2.1]).

Let E be a graph, I' a group, and w : E' — I' a “weight” function. The
covering graph E of E with respect to w is defined by

EO:{va|v€E0andoz€F} and E1:{€a|€€E1 and o € T'},

with s(eq) = s(€)a and r(eq) = r(e)y(e)-1q for all e € E* and o € T. The
covering graph E inherits the weight function from E, as follows:

E'—T
(8.2)

eq — wle).
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Example 8.18: Let E be a graph and define w : E! — Z by w(e) = 1 for all
e € E'. Then E (sometimes denoted E x1 Z) is given by

Eoz{vn|v€E0 and n € Z} and Elz{en|e€E1 and n € Z},
where s(e,) = s(e), and r(e,) =r(e),—1 for all e € E' and n € Z.
To construct more concrete examples, consider the following graphs.
f
TN
FEy: Es:
1 e C u - v 2 e C u Q f
g

Then the corresponding covering graphs (with w as before) are as follows.
[=19) €1 €2
go g1 g2
CEEEE 1)71 ’l}o vl ’1)2 ...

Level -1 Level 0 Level 1 Level 2

€eo el €2
T~ T =
EQ: cee U ug Ul (A
fo f1 f2

E1:

Notice that for any graph E, the covering graph FE is acyclic (i.e., has no
cycles) and stationary (i.e., informally, the pattern of vertices and edges on
“level” n repeats on “level” n + 1).

THEOREM 8.19: Let E be a graph with a weight function w : E' — T, and let
E be its covering graph with respect to w. Then assigning
Vo — VP,
(8.3) ea — ePye)-14
et e 1P,
induces a graded isomorphism ¢ : S(E) — S(E)#TI.
Proof. To show that the assignments in (8.3) induce a homomorphism, it suffices

to prove that the function ¢ induced by those assignments preserves the defining
relations of S(E); see Definition 8.1.
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To check that ¢ preserves the relations (V), let v,w € E° and o, 8 € T. Then,
noting that as idempotents, v, w € S(F)., and using Definition 3.1, we have

¢(anﬁ) = ¢(5va ,wgva)

vP, ifa=pfandv=w

0 otherwise

= vPywPs = ¢p(va)p(wp).

For (E1), let e € E* and o € I'. Then, since s(e,) = s(e)q, we have

¢(S(€a)€a) = ¢(ea) = ePw(e)*loz = s(e)POéePw(e)*loz = ¢(S(ea))¢(ea)’

and, using the fact that r(eq) = r(e)ye)-1a, we have

¢(ear(ea)) = ¢(eo¢) = ePw(e)*la = ePw(e)*lar(e)Pw(e)*la = ¢(60¢)¢(r(ea))'

That ¢ preserves the relations (E2) can be verified analogously. Finally,
for (CK1), let e, f € E* and o, 3 € I'. Then

d)(e;lfﬁ) = ¢(5ea,f5r(ea)) = ¢(5ea,f5r(e)w(e)*1a)
I‘(e)Pw(e)fla if a = ﬂ and e = f

0 otherwise

= eilpafpw(f)flﬁ = ¢(eq)o(f5)-

Thus ¢ is a semigroup homomorphism.
Next, let v € V, e € E', and a € I'. Then, using (8.1) and (8.2), we have
Vo € S(E)e, eq € S(E)uy(e), and e € S(E)y(¢)-1. On the other hand, by (3.2),

¢(Ua) =vP, € (S(E)#F)Ea ¢(ea) = eF)(,u(e)*lw € (S(E)#F)w(e)a
and d)(e;l) = eilpa € (S(E)#F)w(e)*l

Thus ¢ preserves the degrees of the generators of S(E). Since it is a homomor-
phism, it follows that ¢ is a graded map.

Since every element of S(F)#1I is a product of elements of the forms v P, eP,,
and e 1 P,, forsomev € V, e € E', and o € T, and since ¢ is a homomorphism,
it follows immediately from (8.3) that it is surjective. So it remains to show
that ¢ is injective.

Let

(€1)ar *~ (en)a, (fm)g, -+~ (f1)5, € S(E)\ {0},



Vol. 253, 2023 GRADED SEMIGROUPS 315

where the (e;)a,, (fi)s;, € E’U El, and suppose that ¢ maps this element to

zero. Then

i

0= elpw(el)’lal o 'enpw(en)’lanf;zlpﬁm o 'fl_lpﬁlv

which implies that at least one of the following must be the case: r(e;) # s(ei+1)
for some i, r(fi) # s(fiy1) for some i, r(en) # r(fm), w(e) # ooy} for
some 4, w(f;) # Bifiy; for some i, w(en) tan # w(fm) Bm. But each of
these conditions implies that (e1)a, - (€n)ay, (fm)gi e (fl)gll = 0, producing
a contradiction. So ¢ maps nonzero elements to nonzero elements.

Next, let s,t € S(E) \ {0}, and suppose that ¢(s) = ¢(t). Writing

s=(e1)a, " (en)a, (fm)g,i T (fl)gll
and
t=(g1)s  (gp)s, (he)3 -+ (h1)3 )},

and using the fact that ¢(s) # 0 # ¢(t), we have

€1 renfit o [T P = 0(5) = 6(t) = g1 gphy BT Py,

along with appropriate compatibility conditions on the weights (as in the pre-
vious paragraph). It follows that s = ¢, completing the proof.

It is proved in [4] that
Lg(E)#7Z = Lk (E),

using skew products for groupoids and Steinberg algebras. The following is an
analogous result for Cohn algebras, which we can prove directly, employing the
smash product for semigroups.

COROLLARY 8.20: For any graph E and field K, we have

Ci (BY#Z = Cr(E),

Proof. Since C(E) = K[S(F)], by Proposition 7.2(2) and Theorem 8.19, we
have

Cr(E)#Z = K[S(E)|#Z = K[S(E)#Z] = K[S(E)] = Ck (E).
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9. Further directions

We conclude with some ideas for further research on graded semigroups, that
we have not explored in detail.

9.1. GRADED GREEN’S RELATIONS. Green’s relations are a fundamental tool for
studying semigroups, and so it is natural to consider graded versions thereof in
the context of graded semigroups. So given a I'-graded semigroup S and s,t€.9,
write s £8t if s £t and s,t € S,, for some o € I'. The other graded Green’s
relations &, 5", P, and 5" can be defined similarly. These relations
partition .S into finer equivalence classes than the usual Green’s relations, and
so have the potential to shed additional light on the structure of S. For ex-
ample, letting Ly denote the Z-class of s € S, we have Ly = Uger(Ls)a,
where (Ls)q = Sq N Ls. Recall that Green’s lemma [20, Lemma 2.2.1] provides
a bijection p : Ly — L;, whenever s Zt. It is easy to obtain a graded version
of this result. Specifically, for all s,¢ € S and o € T, if s Z ¢, then there is a
bijection p : Ly — Ly such that p((Ls)a) = (Ls)a~y, where

7 = deg(t) deg(s) .

It may be interesting to investigate graded Green’s relations more closely in the
future.

9.2. GRADED BOOLEAN INVERSE SEMIGROUPS. Let us mention another class
of inverse semigroups that seem well-suited to the graded setting. An inverse
semigroup S is called Boolean if E(S) is a generalised Boolean lattice and
every orthogonal pair u,v € E(S) (i.e., u"lv = 0 = vu~!, denoted u L v) has
a supremum, denoted u @ v. (See [39, §3.1] for more details.) Given a Boolean
inverse semigroup S, the type semigroup of S is the commutative monoid
Typ(S) generated by {typ(u) | v € E(S)}, subject to the following relations,
for all u,v € E(S):

(1) typ(0) =0

(2) typ(u) = typ(v) whenever u 2 v;

(3) typ(u ®v) = typ(u) + typ(v) whenever u L v.
(See [39, §4.1] for more details.) Now, if S is a I'-graded Boolean inverse semi-
group, then it is easy to see that S. is also a Boolean inverse semigroup. So it is
natural to seek descriptions of the relations among these semigroups, and those
among Typ(S) and Typ(S:). Additionally, given a I'-graded Boolean inverse
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semigroup S and a field (or, more generally, unital ring) K, one can define the
enveloping algebra

K(S):=K[S]/{lu+v—u@v|ulw)

of S (see [39, §6.3]), and investigate the relationships among the K-algebras
K (S) and K (S.).

Type semigroups are of particular interest to us because of their connection
to combinatorial algebras. More specifically, letting S = ¥% be the inverse
semigroup associated to the boundary path groupoid ¥z (see §6 and §8.3),
Typ(S) is related to the non-stable K-theory of the corresponding graph C*-
algebra and Leavitt path algebra. It is believed that Typ(S) could be used to
find a complete invariant for the algebras in question (see [11]).
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