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ABSTRACT

Valuations constitute a class of functionals on convex bodies which in-
clude the Euler-characteristic, the surface area, the Lebesgue-measure,
and many more classical functionals. Curvature measures may be re-
garded as “localised” versions of valuations which yield local information
about the geometry of a body’s boundary.

A complete classification of continuous translation-invariant SO(n)-
invariant valuations and curvature measures with values in R was obtained
by Hadwiger and Schneider, respectively. More recently, characterisation
results have been achieved for curvature measures with values in Sym? R"
and Sym?2A9R™ for p,q > 1 with varying assumptions as for their invari-
ance properties.

In the present work, we classify all smooth translation-invariant SO(n)-
equivariant curvature measures with values in any SO(n)-representation in
terms of certain differential forms on the sphere bundle SR™ and describe
their behaviour under the globalisation map. The latter result also yields
a similar classification of all continuous SO(n)-equivariant valuations with
values in any SO(n)-representation. Furthermore, a decomposition of the
space of smooth translation-invariant R-valued curvature measures as an
SO(n)-representation is obtained. As a corollary, we construct an explicit
basis of continuous translation-invariant R-valued valuations.
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1. Introduction

1.1. BACKGROUND. Let IC(R"™) be the set of convex bodies, i.e., compact convex
subsets, in R” and A be an Abelian semigroup. A map ¢ : IL(R™) — A is called
a valuation if it satisfies the equation

(1.1) YK UL)+ (K NL)=¢(K)+¢(L)

whenever K U L € K(R™). We study the case where A is a finite-dimensional
Euclidean vector space R™. A valuation ¢ is then said to be continuous if it
is continuous with respect to the topology induced by the Hausdorff-metric on
K(R™). Valuations can be studied on broader classes of subsets in R™ or on
certain subsets of manifolds [6, 7, 11, 18, 29]. Other important target spaces
include the case A = KC(R™) (Minkowski valuations) [46] and the space of signed
measures on the sphere (area measures) [59, 60].

The first valuations to become objects of systematic study were continuous
R-valued valuations invariant under the action of the Euclidean group

SO(n) :=S0(n) x R™.

Hadwiger [33] showed them to form an (n+1)-dimensional vector space Val5©(")
spanned by the intrinsic volumes o, ..., tin, where po is the Euler-charac-
teristic and u,, is the Lebesgue-measure.

Almost 50 years later, Alesker initiated the program of describing contin-
uous valuations invariant—but also equi- and contravariant—under different
Lie-groups G. It resulted in a number of Hadwiger-type results [1, 4, 8, 15, 19,
21, 23, 47, 48, 54, 57, 58, 59, 60].

Dropping G-invariance, the space Val of continuous translation-invariant val-
uations was shown by McMullen in [50] to admit a decomposition by homo-
geneity degree and parity:

Val= @D Valf @ Valy
0<k<n

where
Valf := {¢ € Val | ¢(—K) = £¢(K), p(tK) = t*¢(K), K € K(R"™),t > 0}

are infinite-dimensional (Fréchet-)spaces unless k € {0,n}, in which case Valy
is one-dimensional and spanned by the Euler-characteristic and the Lebesgue-
measure, respectively.
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A more advanced structure result is the decomposition of Valy in SO(n)-
irreducible representations by Alesker, Bernig, and Schuster [12]. They showed
that Val, is multiplicity-free and contains the irreducible SO(n)-representa-
tions I'(y) with highest weights A such that:

o )\; =0 for j > min(k,n — k);
o [Nj|#Lfor 1 <j<|n/2];
o || < 2.

The parity of the valuation corresponds to the parity of A;, while the case
Ao = 0 corresponds to the so-called spherical valuations. We refer the reader to
Sections 1.2 and 2 for a detailed description of how I'[) is constructed.

Given any SO(n)-representation I" with the dual I'*, the I'*-typical compo-
nent in Valg can be identified with the space

(1.2) Vali 2™ = {¢ € Val, @I : ¢(K) = go(g ' K), K € K(R"), g € SO(n)}.

The explicit bases for Vali%(") have remained elusive for several years. In fact,

the structure of Vali%(") is only known for I' = Sym” R™, as several bases
and global kinematic formulae were gradually elaborated by different authors,
including Alesker, Bernig, Hug, McMullen, and Schuster [2, 22, 38, 34, 40, 39,
51].

The present paper closes this gap by establishing in rather explicit terms a
basis of Valzg(n) for any SO(n)-representation I". To achieve this, we extend
our study to curvature measures, an extremely useful concept through which
the study of continuous translation-invariant valuations can be linked to the
more familiar concepts of differential forms on the sphere bundle SR™. Let us
briefly outline this connection.

Curvature measures were introduced by Federer in an attempt to connect
several integral-geometric results that had been previously disparate [26]. He
observed that intrinsic volumes ug(K),k = 0,...,n — 1 for a convex body K
can be computed by integrating the symmetric functions of the principal cur-
vatures over its boundary 0K if it is sufficiently smooth. Replacing 0K un-
der the integral by 0K N U for any Borel-set U, one naturally obtains a “lo-
calised” version of uy called the k-th Lipschitz—Killing curvature measure
D K(R™) x B(R™) — R, where B(R™) is the Borel-o-Algebra on R™. Obvi-
ously, g can be recovered from ®; by the relation ux(K) = & (K, R™) for any
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K € K(R™). It is by no means trivial to extend this description of Lipschitz—
Killing curvature measures to non-smooth convex bodies.

The name “curvature measures” is more than justified for ®;. On the one
hand, for K sufficiently smooth and U any Borel-set, ®4(K,U) yields local
information about the curvature of K. On the other hand, ®4(K,-) is a non-
negative Borel-measure for a fixed convex body K that is weakly-continuous,
ie.,

(2)d®(K;,x) — f(z)dPy (K, x)
R® R®
for any continuous function f : R™ — R and any sequence of convex bodies K;
converging to a convex body K [53, pp. 288ff.]. The “localisation” procedure
also preserves the SO(n)-invariance of ®y, i.e.,

Or(gK,gU) = @ (K,U) forall g € SO(n), K € K(R"), U € B(R").

In fact, @, .., P, form the basis of SO(n)-invariant weakly continuous curva-

SO on convex bodies in R™ [52].

ture measures Curv
Later, Zahle [61] discovered that ®; and py for all & < n can be represented

as

(1.3) O (K,U) = /

wr  and Mk(K):/ Wr,
nc(K)N7—1(U)

nc(K)

where nc(K) is a Lipschitz-submanifold of the sphere bundle SR™ called the
normal cycle of K, w: SR™ — R" is the natural projection and wy is a certain
SO(n)-invariant differential form on SR™ of bi-degree (k,n — k — 1). Replacing
wy, with any translation-invariant form w € Q"~!(SR"), the functional

O,(K,U) := / w
ne(K)Nw—1(U)
induces a continuous translation-invariant valuation K — &, (K,R") and a
weakly continuous translation-invariant Borel-measure (K,U) — @, (K,U).
The former are called smooth valuations and the vector space spanned by
them is denoted by Val®™. The latter are referred to as smooth translation-
invariant curvature measures. We will denote the vector space formed by
them by Curv®™. The valuation

Pu(-) := glob(®y)(+) := @y (-, R")
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is called the globalisation of @, and the globalisation map glob: Curv®™—Val®™
is onto. However, contrary to the case of i and @y, the kernel of glob is not
trivial, i.e., the “localisation” procedure is not canonical.

There is another natural definition of Val®*™

given in representation-theoretic
terms and it is possible—but by no means trivial—to show that the two are
equivalent [6]. With this equivalence at hand, one can show that Val®™ pos-
sesses rich algebraic structures, such as product, convolution and a Fourier-type
transform [9, 13, 20] which are connected to kinematic formulas [27] and allow
to write out such formulas explicitly [15, 16, 21, 24]. Furthermore, Alesker’s
famous Irreducibility Theorem [3] implies that Val®™ lies densely in Val and,

in particular, that all valuations from the finite-dimensional space Vali%(") ar

e
smooth (Proposition 4.5).
It is this fact and the careful examination of the kernel of the globalisation

map (Theorem 1.5) that allow us to describe the basis of Valiﬁi(") in terms of

the basis of the space Curvi’}’so(") of smooth SO(n)-equivariant translation-
invariant curvature measures with values in I" (Proposition 1.6). Establish-
ing the latter is the main result of this work (Theorem 1.4) and requires,
among other mathematical tools, the harmonic decomposition of Curv®™ (The-
orem 1.1).

Our work (Remark 4.1) has revealed that—surprisingly and in contrast to
SO(n)-equivariant translation-invariant valuations—there are SO(n)-equivari-
ant curvature measures that are not O(n)-equivariant. This has entailed new
efforts to classify them for I' = Sym” R™ on convex polytopes and to study their
extensions to convex bodies [36, 37]. Furthermore, we show in Proposition 1.3
that the differential forms constructed in our work are intimately related to those
used to classify the so-called local Minkowski-tensors with certain properties [35]
and later to establish several integral-geometric formulae for them [41].

Finally, we complete the search for smooth SO(n)-equivariant translation-in-
variant curvature measures with values in I' = Sym?AYR” which was started
by Bernig in [14] and discover more symmetries for them (Proposition 1.2 and
Proposition 4.4).

The bases of Valig(") also induce a Schauder-basis of Val (Proposition 1.6).
This might prove useful for a range of applications. For example, a famous result
by Klain [42] states that Val, can be seen as a subspace of the space of functions
on the Grassmannian of k-planes in V. This allows to relate the basic operators



468 M. SAIENKO Isr. J. Math.

on Val®"—such as the Lefschetz operator, i.e., multiplication by the first in-
trinsic volume, and the derivation operator, i.e., convolution with the (n — 1)-st
intrinsic volume—to some known integral transforms on Grassmannians, such
as the Radon transform and the cosine transform. This approach has lead to
some deep results [10, 4, 5, 22, 23, 24, 25, 44, 45] in the even case.

These results cannot be easily extended to the odd case, as there is no em-
bedding for odd valuations which would be comparable to Klain’s map. Bernig
and Hug studied in [22] spherical valuations and proved kinematic formulas for
tensor valuations using tools from harmonic analysis. Although spherical valua-
tions may be of odd parity, they do not form a dense subspace in Val. Our hope
is that the basis of Val we discovered—being compatible with the harmonic
decomposition of Val and thus allowing for very precise control of the parity of
its elements—might serve the same function for the odd case as Klain’s map
did for even valuations.

The plan of the paper is as follows. In Subsection 1.2, we formulate the
main results of this work. In Section 2, we recall all necessary basics of the
finite-dimensional representation theory of SL(n) and SO(n), including Young-
symmetrisers, trace-free spaces as well as restricted and induced representations.
We refer to [30, 31, 32] for more detailed expositions of this topic. In Section
3 we discuss some facts from the valuation theory which we need to prove the
main results. The prominent references here are [17, 28, 42, 53] along with the
papers mentioned above. The new results are proven in Section 4.

1.2. MAIN REsuLTts. The space Curv;™ naturally admits the structure of an
SO(n)-module by (g®)(K,U) := ®(g 'K, g tU) forall K € K(R"), U € B(R").
By the Theorem of Peter—-Weyl, Curv;™ may be written as a direct sum of irre-
ducible finite-dimensional SO(n)-modules. All such SO(n)-representations may
be uniquely characterised up to isomorphism by tuples A = (A1 > --- > X5, /2))
such that |, /o) > 0 if n is odd and X, /31 > |\ 2| > 0 if n is even.

THEOREM 1.1: Let n > 2,0 < k < n— 1. Then Curv;™ consists precisely of
SO(n)-representations I'(y) with tuples A such that:

o )\, =0 for j >min(k+1,n—k);
e |\j| =1 for at most one 1 < j < [n/2];
L] |>\2|§2
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Let m be the highest j such that \; # 0. The multiplicity of I'jyj in Curv®™
is 2 except if m = min(k + 1,n — k) or |A\p| < 2 (in which case it is 1) and if
n=2k+1,m=k,|\n| > 2 in which case it is 3.

sm,SO(n)

We now turn to constructing the basis of Curv) . . Lete,i=1,...,n

be the standard orthonormal basis of R?, dz?, dy® be the canonical frame on the
cotangent bundle 7*R™ and write

€Riy,...,iqy = €iy QR €i, X Y.
Define for 0 < k <n—1,p > 0and 0 < ¢ < min(k,n — k — 1) the following
families of differential forms pointwise for (z,y) € SR™:

0 . ’LlZ Tg+1.--Tk
®kpq = Cn ngnw Yr,, dx'ttaTa

T,

AN dy™+1 Tl @ ey iy, @ e@my.mg @ YF,

’5‘77/ _ 117, T, 1...Tk
E®k,pq = C, Z Sgn T Y, dx aTq+
(1.4) i

A\ dyﬂ'k+lmﬂ—n71 ® e®i1...iqy ® e®7‘rl...7‘rq ® yp,

T, _ 010l Mgt T
Uk par1 = Cn E SEN T Y, da' a7t

0
A\ dyﬂkarlmﬂ—nil ® e®i1...iqy ® e®ﬂ'1...7‘rqy ® yp,
where C,, = (—1)""! and we sum over all n-permutations = € S, and
indexes i1,...7; = 1,...,n. The above forms assume values in (R")®2477

(R™)®2a+P+L - and (R™)®247P+2 | yegpectively. Additionally, define for k > 1,
n =2k +1, and p > 0 a family of (R")®2**+P_valued forms:

Qkp T E AN T ® e®iy...i), @ €Rji...jk ® y”,
4,J
where the sum is over the indexes i1, ...k, j1,...,Jk = 1,...,n. We will often

omit the superscript n and use 1" as a generic letter that may stand for ¢, =, U,
or O©.

Special cases of such forms have been used before in different contexts.
Write Tk p.q for the curvature measure induced by Tigp p -

PROPOSITION 1.2: Let Wy 4 be the SymzAdR"—VaIued curvature measures de-
fined in [14]. Then
1

o Sn—k—1(k—d)!d (n—k—1)! ®k,0,d
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ProrosiTIiON 1.3: Let P C R™ be an arbitrary convex polytope and denote
by Fi(P) the set of all its k-dimensional faces.

Let W C R"™ be a k-dimensional vector subspace and write Qw for the
restriction to W of the metric tensor @) preserved by O(n). Taking vi,...,vg
to be an orthonormal basis of W so that Qw = Zle v; ® v; and writing

Viy...iq

= U5 /\-'-/\’Uiq,
define

k
/\Wq — Z iy, ®Ui1...iq C /\an ® /\an C (R”)®2q

the g-fold wedge product of Qw with itself. Then
ne1 (k=) (n—k—1)!
Borpa(P0) = (-1 TS vy @pte [
q: Fer, v(P,F)

where L(F) is the linear vector space parallel to the affine hull of F
and v(P, F) C S"~*~1 the set of all outer unit normal vectors to F' € Fj(P).

In particular, using the notations from Lemma 4.1 in [35] and identify-
ing (R™)* ~R"™,

(I)®k,p,l(K7 U) - On,k,p TK(]'(UXS"*l)@%p)v

where
Cogep = (D" k=DIn—k—1)!p sy_pip1
. 9 n;»l
with s, := vol S™ = r(niy”

To obtain differential forms with values in an arbitrary irreducible SO(n)-
representation I'y from Theorem 1.1, we need to define two maps.

First, recall that, for any such A\ with weight d := |[A| := Y. | \;, there
exists an SL(n)- (hence, also SO(n)-)equivariant projection called the Young-
symmetriser p : (R")®¢ — I'y, where Iy is the irreducible SL(n)-representa-
tion given by A. It is best visualised by using the Young-diagram associated
to A, i.e., a left-aligned collection of boxes with A; boxes in the i-th row. The
image of egj,. j, € (R™)®4 under p, is then represented by the Young-diagram
for A\ with its boxes filled with indexes ji,...,jq from top to bottom from left
to right. The thus filled diagram is called a Young-tableau.
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Second, given the canonical projection 7y, : (R™)®% — (R™)[ from the d-fold
tensor product of R™ to its trace-free subspace, 'y := m:(I'x) is an SO(n)-
representation. If n = 2m is even and A, # 0, then I'[y; decomposes into
the direct sum of two irreducible SO(n)-representation I'iyy and I'yj, where
A= (A1, Amo1, —Am).  Otherwise I'y) = T’y is an irreducible SO(n)-
representation.

Now, apply 7, oy on the tensor part of the above forms such that the images
of py are given by the following Young-tableaux:

il 1 1 ... p il 1 1 ... P
Plkp.q ~ T v Elepa ~ i T )
S q Tq
g Ty )
(1.5)
il 1 1 ... p
ik pat1] ~

lqg Tgq
Yy oy

with the integers j in the grey boxes representing the j-th copy y in y? = y®?,
and symmetrise the tensor part of é[km] as that in é[k,p,k] except that m; are
replaced by j;. We thus obtain the I_’[ a-valued differential forms

(1.6) T[kypyq] = TMr © /M(Tt@k,p,q)-
It is well-known that f[k} may be embedded into
/\XR” — /\MRn R ® /\Xn R™,

where \" = (\],..., ), ) is conjugate to A, i.e., where A} is the number of boxes
in the j-th column of the Young-diagram of A. If A, = n/2, the operator

*; /\)‘/IRn — /\XR”

given by applying the Hodge-*-operator on /\MR" restricts to an SO(n)-equi-
variant map on f[,\} which is not a multiple of the identity.
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THEOREM 1.4: Let A be from Theorem 1.1, m be the largest j with A\; # 0,
p:=M—2,and k' := min(k,n—k—1). Write T}, 5 for the curvature measure
induced by T[k,p,q].

o Ifm =0, CUFVZ?[i]O(n) has the basis ®x,0,0] -

o If1 <m < n/2, its basis is

Elk,p,m—1] if A = 1;
Vlk,p,m] ifAm>2andm =k +1;
Cpiepm)y Yikpm) (and O, p) ) if Ay > 2 (and n=2m-+1);

o If m =n/2, its basis is

E[k,p,m—l] =+ (\/71)711 *1 E[k,p,m—l] if >\m = :F]-7
\Ij[k,p,m] + (\/71)m *1 \Ij[k,p,m] if Ay = Fc,c > 2.

In particular, if m = n/2 is odd, I'jy-valued curvature measures cannot be

realised as real-valued curvature measures.

Although the forms appearing in the above Theorem may seem intimidating
at the first glance, they occur naturally when one writes down the isomorphisms
in the chain of identities in (4.1) and applies them to the elements of the last
space in the chain. The chain itself is the core of the proof of Theorem 1.1
and the elements of the last space are rather straight-forward to construct. The
occurrence of (y/—1)™ in the case m = n/2 is due to the spectral decomposition
of the operator *; on certain O(n)-representations.

Next, we analyse the behaviour of smooth curvature measures under the
globalisation map.

THEOREM 1.5: The kernel of glob : Curvy™ — Val;"™ is spanned by:

(].7) E[k,p,q]v(_')[k,p] for all p,q,

—1
(1.8) U poira] forallp if0<k< 5
(1.9) qln—k4+1) ¥y, p g+ (k—q+1)(qp+1) Py pq forallp and 1 < q < K.

This yields in combination with Proposition 4.5 the following result.
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PROPOSITION 1.6: Let A be from the harmonic decomposition of Valy such
that all A\; > 0. Writing Tig p.q = glob Tk p 4, the space Vali%([’;])
by 0,0 if m =0, Yy pm) if A > 2 and m < n/2, and Y pm)» 10k, p,m]

otherwise.

is spanned

In particular, the coefficients of ¢ 0.0, Vik,p.q> 1 < ¢ < min{k,n—k},p>0,
and those of ¥19, p 1) if n = 2k, form a Schauder-basis of Valy,.

2. Representation Theory

Let V=C" with n>3 and assume that all representations are finite-dimensional
throughout this section, unless otherwise stated.
Given a Young-diagram A, define two subgroups of the permutation group Sg:
P ={m€S,: 7 preserves each row of A},

Q = {m € Sq: 7 preserves each column of A}.

Defining the group algebra CG to be a vector space spanned by vectors eg
for each g € G, such that e, - e, = egpn, we set

(21) ax=)Y e €CSy, br=) sgnm-e,€CSy, and cr=ay-breCSa.
TeEP TEQR

It turns out that ¢y -cy = nacy for some positive integer ny and S\V := V®d.cy
is an irreducible Sg-representation. Furthermore, the right action of Sy on V&4
given by permuting factors

(V1 ®- - ®Va) -0 =Vs(1) ® - ® Vo(q)

commutes with the standard left action of SL(n,C). Hence, S,V is also an
irreducible SL(n, C)-module. The map

ux(v) :=wv- ey
is the Young-symmetriser mentioned in the introduction.

PROPOSITION 2.1: Any irreducible complex SL(n, C)-module is isomorphic to
the SL(n,C)-module S\V for some A = (A > --- > A\, > 0). The isomorphy
class of SL(n, C)-representations which contains S\V is denoted by T'y.
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See [31, Chapter 6.1, Proposition 15.15] for more details.

The SL(n,C)-modules I'y are also uniquely determined up to isomorphism
by certain Bianchi-type identities [30, §8], [49, §1.5, (5.12)]. Define a (Young)
tableau T on A as a numbering of the boxes by the integers 1,..., |\ =: d and
let T'(¢, 7) be the number in the i-th box of the j-th column. A semi-standard
tableau is a Young-tableau such that the entries are non-decreasing in each

row and strictly increasing in each column.

THEOREM 2.2 (Bianchi-type identities): Let e1,...,e, be an orthonormal base
of V' and write
A1
er = [[eray®- @erpy, € VN
j=1

for any Young-tableau T' of \. Then for any semi-standard tableau T, one has

15} <6T - Zes> =0,
S

where the sum is over all S obtained from T by exchanging the top k elements
of one column with any k elements of the preceding column, maintaining the
vertical orders of each set exchanged. There is one such relation for each num-
bering T', each choice of adjacent columns, and each k at most equal to the
length of the shorter column.

The elements py(er) for semi-standard Young-tableaux T generate S)V as a

vector space.

SAV may be used to construct irreducible SO(n,C)- and O(n,C)-modules.
As there exists a symmetric bilinear form @ on V preserved by O(n,C), the
contraction maps for p < ¢

trpq - yed _, yed-2

(2.2) . .
Ul®...®vd)_>Q(Up,qu)fvl®...®Up®...®vq®...®fud

are O(n)-equivariant. The intersection of all kernels of such contractions is
closed under the action of Sy, hence, the intersection V14 of these kernels is an
Sg-submodule of V®?. Set

SV =V ns,v.
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THEOREM 2.3: The O(n, C)-module S;\) V' is trivial if X|,,j2)41 > 0 or N +X5 >
n and irreducible otherwise. Furthermore:
eIfn=2k+1land A= (A > X > X >0)orn =2k and A =
(A1 > A2 > - A1 > A\ = 0), then Sp\)V is an irreducible SO(n, C)-
representation.
o Ifn=2kand A= (A1 > Ay > --- A\ > 0), then S|V is a direct sum of
two irreducible SO(n, C)-modules that are dual to each other.

We write f[k} for the isomorphy class of irreducible O(n,C)-representations
containing SV and I'y for the isomorphy class of irreducible SO(n, C)-rep-
resentations corresponding to the tuple A. One may show that

* J—
D] = P A1, —Ax]

and the theorem may be re-stated as

T Ly @Iy if n=2k is even and Ax # 0,
N =

A INSN otherwise.

Definition 2.4: Let V be a representation of a Lie-group G. The character x,,
of V is a complex-valued function on G defined by xv(g) = tr(g|v).

The most notable facts about characters is their ability to uniquely determine
G-modules up to isomorphism for any compact or linear reductive Lie-group G
as well as their explicit forms for a large number of representations. For example,
the character of the irreducible SL(n, C)-module A"V is given by the clementary
symmetric polynomial E}, of the eigenvalues z1,...,x, of g € SL(n,C):

X/\kv(g):Ek(xlaaxn): Z Liy =Ly

i< <ip=1

More generally, one has the following result.

PROPOSITION 2.5 (Giambelli-formula for SL(n,C)): Let A be a tuple
M>-->2X,>0) and p = (u1,...,pe) = N its conjugate partition. Then
By Eurr oo Eupe
By E,, o Bupgeo

Xp, = det(Ep,; ;i) = det

Eup-141 Byt - E,

72
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A similar formula may be found for characters of SO(n,C)-representations
except that the character of /\kV as an SO(n)-representation is given by

Ey = Ep(x1,..., &,z ..., x,0)  forn=2m

and
Ey = Ep(x1,...,&m,xy .. 20 1) forn=2m+ 1.

?'m,)

Then Eptr = Epm—k, resp. Bk = Enr1—k, due to the isomorphisms
ARV~ AR,

resp. A"V ~ A" MV for even resp. odd n.

PROPOSITION 2.6 (Giambelli-formula for SO(n, C)): Let A be a tuple of integers

M= >X >0) and p = (p1,...,e) = XN its conjugate partition. Then
the character x;  Is given by the determinant of the ¢ x {-matrix with i-th row
[A]

(Bui—it+1 Bpi—ive + Bp—i Ep—ivs + Epi—ic1 o Epmive + Epy—ii42)

Given a representation V' of a Lie-group G, any closed Lie-subgroup H C G
inherits from G the action on V' so that V may also be regarded as an H-module
which we denote by Resg V. Such restrictions may often be written in closed

terms.
THEOREM 2.7 (SO(n,C)-branching): Let A be a tuple of integers satisfying
conditions from Theorem 2.3. Then

O(n,C) SOn(C) @FSO” 1(C

ReSSO(n 1,0) [A]

where p runs over all partitions p = (pi1, . . - ,uk), k= |[(n—1)/2], such that

AL 2> > A > g > > g1 > Ajpy2) = |pr|  for odd n,
AL > > A > g > > g > A2 for even n.

There is also a canonical way to “extend” a representation W of H to a
representation of G. Consider the space C*°(G,W) of all smooth functions
from G to W. The G-invariant subspace

(2.3) IndG W :={f € C®(G,W)| f(gh) = h~'f(g), Yh € H,VYg € G}.

is called the induced representation of G from H.
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Note that Indg W is, in general, not finite-dimensional. Nevertheless, the
formulae for Res(Ind W) and Ind(Res W) are known and can be found in [56].
Although both constructions are generally not equal to W, the well-known
Frobenius’ Theorem shows that Ind and Res are, in some sense, adjoint to each
other.

THEOREM 2.8 (Frobenius’ Reciprocity Theorem): Let G be a compact Lie-
group and H C G a closed Lie-subgroup. Given a representation U of G and a
representation W of H, there is a canonical vector space isomorphism
Homg(U,Ind W) ~ Homp (Res U, W).
We can now prove the following result which is a refinement of Corollary 3.4
in [12].
LEMMA 2.9: Let ¢,5 € N such that 0 < 4,5 <n and set

/ -/

i := max(min(é,n — ¢), min(j,n — j)), j := min(min(i,n — i), min(j,n — j)).

Then the following SL(n, C)-representations are isomorphic

’L'7 . ’L'/ 1’ 4/_1 -/ —
24) AV = Caprap—in) @ AN T TV = Bio Tapr—kazhsi—i)-

The above isomorphisms may be interpreted as isomorphisms of SO(n,C)-
representations by the following identity of SO(n)-representations

k
Res T o 1i) = €D Tieimau
m=0

for any integers k, .

Proof. Since A\'V ~ A"7'V and A'V @ A’V ~ NV @ A'V, we may as-
sume without loss of generality that ¢ = ¢/ < n/2 and j = j < n/2. If
A= (A1,...,\m) IS a non-negative tuple, as specified in the middle term of the
above identity, then the conjugate p := X = (4, ). By Proposition 2.5

E;,  Ei
= det :EZEfEl E;_ s
XFA <Ej—1 Ej ) 7 +1L5—-1

which shows the left isomorphism in (2.4). Applying it recursively until j/ = 0
yields the right isomorphism. Apply Proposition 2.6 on Iy for A = (2[m], 1[1])
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with conjugate p = (I +m,m):

Y = det Envi Enqig1+Eng—
Ty Em—l Em + Em—2 '

The last identity is now obtained by summing over all m:
k

- = Epnvi(Bpm+En_o)— E_1(En En_
W;JXF[”"““” mz::O( +1(Em + Em—2) = E-1(Enji41 + Epgi-1))

=FEpp by — By Br 1 = Xtk 1)

Remark 2.10: The complexification of so(n,R) is so(n,C) and that of sl(n,R)
is sl(n,C) which are both complex simple Lie-algebras. By [43, Chapter 5.1],
[31, Chapter 26.1], if G is a real Lie-group with a simple real Lie-algebra go such
that its complexification g := go® C is a simple complex Lie-algebra, then there
is one-to-one correspondence between the complex representations of G and its
complexified counterpart with the Lie-algebra g. Thus, one obtains a one-to-
one correspondence between the complex representations of SO(n) := SO(n,R)
resp. SL(n) := SL(n,R) and those of SO(n, C) resp. SL(n,C).

Remark 2.11: The SO(n)-module I'yj on a complex vector space is called of
real type (or just real) if it may be realised as a complexification I'jy gy ® C
of an irreducible SO(n)-module with the same tuple A on real vector space. By
[31, Proposition 26.27], the SO(n)-module I'(y is not of real type if and only if
n = 2k for odd k and )i, # 0. In contrast, irreducible O(n)-modules 'y, . |5,
are always of real type.

3. Valuation Theory and Contact Geometry

From now on, we assume that V = R" with the basis ey,...,e, and write
SL(n) = SL(n,R) and SO(n) = SO(n, R).
The normal cycle of a convex body K € K(V) is an (n — 1)-dimensional
Lipschitz manifold:
ne(K) :={(z,y) € SV | (x —2',y) >0, V' € K}.

Definition 3.1: A translation-invariant functional ¢ : (V) — T is called a
smooth valuation if, for all K € K(R"),

o(K) = integ(8, w / B+ / o
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where 3 € Q*(R™®" @ I' is a translation-invariant T-valued form on R™
and w € Q" 1(SR™R" @ T is a translation-invariant form on SR™. Likewise,
a translation-invariant functional ® : (V) x B(V) — T is called a smooth
curvature measure if, for all K € IL(R™) and all U € B(R"),

(K, U) = Integ(8,w) (K, U) == / B+ / o,
KnU nc(K)N7—1(U)

where 7 : SR™ — R" is the projection on the first factor. The operators integ
and Integ which assign to a given pair of translation-invariant forms a corre-
sponding smooth valuation, resp. curvature measure, are called the integration
operators.

Both integration operators have non-trivial kernels best described in contact-
geometric terms. Let (W, w) be a symplectic vector space of real dimension 2n.
Recall that the operator

L N (W) =)
THTAW

is called the Lefschetz operator. Fixing a Euclidean scalar product (-,-)
on W, the operator A of degree (—2) uniquely determined by

(A1, B) = (r,LB), VB, 7€ N'(V*)
is called the dual Lefschetz operator.

Definition 3.2: A k-linear form a € A\*(W*) is called primitive if Ao = 0. The
subspace of all primitive elements in A"(W*) is denoted by

Ap(W*) € AF(W).

The operator A and, hence, the notion of primitivity may be extended to sym-
plectic manifolds in a pointwise manner.

To define a contact manifold, recall that a contact element on a mani-
fold M is a point p € M, called the contact point, together with a tangent
hyperplane at p, @, C T,M, i.e., a co-dimension 1 subspace of T, M. A hyper-
plane Q, C T, M is completely determined by a linear form oy, € T;M \ {0}
that is unique up to some non-zero scalar. Indeed, if (p,Qp) is a contact el-
ement, then ), = kera,. On the other hand, kera, = ker a; if and only
if o, = )\a;. Now, let @ be a smooth field of contact hyperplanes on M defined
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by Q(p) := Qp. Then @ = ker « for an open subset U C M and some 1-form «
called a locally defining 1-form for ). This form is again unique up to a smooth
nowhere vanishing function f € C*°(U).

A contact structure on M is a smooth field of tangent hyperplanes Q@ C T'M
such that, for any locally defining 1-form «, da/ o 1s non-degenerate, i.e., sym-
plectic. The pair (M, Q) is called a contact manifold and « is called a local
contact form. The restriction day| Q, is symplectic on @), which implies im-
mediately that dim @), = 2n is even and dozg|Qp # 0 is a volume form on @Q,,.
Since T, M = ker o, @ ker dayp, one has dim T, M = 2n+1 is odd. In fact, Q is a
contact structure if and only if a A da™ # 0 for every locally defining 1-form a.
In particular, « is a global contact form if and only if a A da™ is a volume form
on M

If there is a globally defined form «, one can obtain a unique vector field T’
called the Reeb vector field on M such that the contraction tr(da) = 0
and vr(a) = 1. Indeed, ¢r(da) = 0 implies that T € kerda, which is one-
dimensional, and tra = 1 just normalises 7.

We may now refine the description of differential forms on SR™ which turns
out to be a contact manifold with the contact form « defined pointwise
at p= (x,y) € SR™ as follows:

a|(:p7y) (w) := (y, dn(w Z yi da’(

where 7 : SR™ — R" is the projection. The Reeb vector field T is given by

” 0
Tley) = Z Yigpi
i=1

Definition 3.3: A form w € Q*(SR") is called horizontal if tpw = 0. A form w
that can be written as 7 A « is called vertical. The algebras of horizontal or
vertical forms on SR™ are denoted by Q2 (SR™) and Q7 (SR"™), respectively.

A smooth translation-invariant form w on SR™ is said to be of bi-degree (i, j)
if w can be written as Y., 7, ® ¢, with 7, € Q*(R")*" and ¢, € Q7 (S"71).
Clearly, w € Q7 (SR™)R" and

QF(SRM® = P (Q'®RMF @ Q/(S"T).
i+j=k
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To simplify the notation, we write Q" for the space Q%7 (SR™)®" of translation-
invariant differential forms of bi-degree (i, 7) on SR™ and Q;;j for the space of
primitive translation-invariant forms. As a € QL0 and L is of bi-degree (1,1)
in this notation, we have

(3.1) Qb =l /Loy

whenever i 4+ j < n. Furthermore, the Hodge-*-operator on SR™ induces two
finer operators on OQ*: *; : Q% — QP7HI and % @ QW = QB! given
by applying the Hodge--operator on the Q¢(R")"- resp. Q/(S"~1)-part of a
differential form. Since, for any vertical translation-invariant form w, both *w
and *xjw are translation-invariant and horizontal, and vice versa, both operators
yield isomorphisms *; : QZJ — QZﬁl*i’j and g : Q;LJ — QZ’"*jfl.

To reduce a vertical form 7 A « to a horizontal form, we use a contraction
with the Reeb vector field ¢7. Indeed,

wr(tAa)= () Aa+7A(ra) =7

for any horizontal form 7. Hence, we may write for w € Q% (recall that
/\LJRn _ /\ZRn ® /\JRn)

Wy € N7 TS" N @ (NS @R (4y)-

In particular, if w € sz, then wl(,,) € /\i’jT;S”*. We will write in the
following w|, instead of w|(,,,y, whenever w € Q)7 and (z,y) € SR™. Observing
that the stabiliser of SO(n) at any fixed point y € S"~! is SO(n—1) and writing
W, :=T,S"1, one has the following result.

LEMMA 3.4 ([12]): For all i,j € N, one has

i, SO(n 7 *
Q) ~ Indsogn)_l)(/\ W)

COROLLARY 3.5: Ifi+ j <n —1 and max(i,j) > (n — 1)/2, then there is an
isomorphism of SO(n)-representations

0.7 SO(n i—1,5—1yr7% SO(n 7 1A%
(3.2) Qi & Indgort) | (N TTW) = Indgo) | (A W),
id SO(n)  pidyye e T
hence, (47 = IndSO(n)fl) Ny’ Wy, where AW o= @ Loy, 1n—1-(i+5)-
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Proof. Let, without loss of generality, j > (n —1)/2. Then ¢ < (n —1)/2 and
Lemma 2.9 yields

AW = (N N05)

Y
~ *2(/\i;n—j—1W;) & *2(/\min{i,n—j—l}—l,max{i,n—j—l}-i-lW;)'

As Wy & Wy is a symplectic space with the symplectic form do and
in{i,n—j—1}—1, in—j—1}+ 1114 ij—2
>k2(/\11'1111{1 n—j—1}—1,max{i,n—j—1} Wy) - /\z J (Wy* ® W;),
the Lefschetz decomposition implies that

/\i,jW; _ *Q(Agnfjflw’;) & da A *2(/\min{i,nfjf1}71,max{i,n7jfl}+1w*)'

Y

The claim follows now immediately from (3.1) and the above Lemma. Note that
the condition max(z,j) > (n — 1)/2 is essential for the claim’s validity.

THEOREM 3.6: The SO(n)-representations Curvy™ and QF"~1=% are isomor-
phic and one has

n
Curv®™ = Curv;™.
k
k=0

Proof. We know from [18] that ker integ is generated by vertical and exact forms
and it is obvious that ker Integ C kerinteg. Vertical forms are precisely those
which vanish pointwise on normal cycles, hence, they lie in ker Integ. Let w = d7
be an exact horizontal (n — 1)-form. Then, for K € I(R™) and U € B(R"™)

(3.3) / dr = / T
ne(K)Nw—1(U) A(nc(K)Nm=1(U))

Since d(nc(K) N7~ 1(U)) C nc(K), the integral vanishes for any K and U if
and only if 7 vanishes on nc(K) pointwise, i.e., if w = d(aA¢) = danp—aAdp.
The second term is 0 due to horizontality of w, hence, w is a multiple of do and
the first claim follows. The decomposition of Curv®™ follows immediately from
the bi-grading on 2.

4. Proofs of the Main Results

4.1. DECOMPOSITION AND BaAsIS. A tuple A is said to be of type [¢;p;r] if its

conjugate is (¢ + r,¢,1,...,1) and ¢ + r or ¢ are ignored if they are 0. The
~ ~ 4

p times
SL(n)- and SO(n)-representations associated to such tuples are also called of

type [¢; p;7]. In particular, the representation of type [0; 0;0] is trivial and that
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of types [0;0;1] or [0;1;0] is the standard representation. Theorem 1.1 claims
that only SO(n)-representations I'(y) of type [g;p;r] and their duals occur in
Curvy™. These SO(n)-representations will be denoted by I'%P.

Proof of Theorem 1.1. We write n":=n—1 for brevity and assume, without loss of

generality, k <n//2. To distinguish between SO(n)- and SO(n’)-representations,
we denote the former by I'(y) and the latter by T[y. The operators Reszggz%,
and Indgggz,)) will be shortened to Res and Ind, respectively.

Let I'y) be an arbitrary irreducible SO(n)-representation. By Schur’s Lemma,

the total multiplicity of I'jyj in Curvy™ is the dimension of
Homgo (n) (Curvy™, I'fy) ).

As Homg(V,W) ~ (V* @ W)%, one has

n) Thm. 3.6 (

(Curvzm ®F[>\])SO( Q];’nlik ® F[)\])So(n)

Cor. 3.5 n — * n
= (Ind A];’ kWy ®F[)\])SO( )

k
(41) Thm. 2.8 @Homso(n/)(Tg’o,Res FP\])

q=0

k
= P P Homso ) (TF, i),
q=0

P
where the sum over p is as per Theorem 2.7. Note that we have dropped the
duality in the third equality, since ResI'[yj ~ Res(I'y))* ~ (ResI'[y)* and,
hence, the multiplicity of I'jy; and (I'jy)* in Curvy™ is the same. By Schur’s
Lemma, Homso(n/)(Tg’O, Y(,) is not trivial if and only if 4 = [g;0;0]. Hence,
the multiplicity of I'jy in Curv;™ is equal to the number of modules of type
[¢;0; 0] in Res ['(y. We now study the classes of I'[5 on a case-by-case basis:
e I'Y'? contains exactly one SO(n’)-module Tg’o if and only if 0 < ¢ < k.
e T'¢P contains modules T, Y&~ "0 if 1<q<k, TS’O if g=k+1, and Tp°
if ¢ = p = 0. Note that Tg’o is a sum of two irreducible modules if and
only if ¢ = k =n'/2, i.e.,, when n = 2k + 1, otherwise it is irreducible.
e The same applies for the above modules’ duals. The only non-self-dual
modules with non-zero multiplicities in Curvy, are (I's*?)* and (D%~ 1?)*
if n = 2k.
Irreducible SO(n)-modules not mentioned in the above list do not contain
SO(n—1)-modules of type [g; 0; 0], hence, their multiplicity in Curvy™ is zero.
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Proof of Theorem 1.4. Let us fix I'jy) = I'%? an arbitrary SO(n)-module from
the previous Theorem and assume k& < n//2. Taking over the notation and
slightly re-formulating the assertions from the previous proof

Homso(n,) (/\Z’an,, Res FP\]) = Homso(n/) (Tg,o (S¥) Tg_l’o, Res FP\] ),

where
1 < dim Homso(n/)(Tg’O, ResT'y) < 2
and
dimHomso(n/)(Tg_l’O,Res ) <1
Let us construct the basis of the space on the left-hand side.
Define
Vi = AYRY, Vii= AR @ AR @ Sym? R™.

4,J

Interpreting SO(n') as the stabiliser of SO(n) which fixes e,, € R™, the following
SO(n')-equivariant map:

Lg X\ ° ‘/vqllﬁql — V)\
VW VA (ex)T @w A (e0)Y @ (en)?

is injective if ¢ — ¢’ + 7 < 1 and trivial otherwise.

Now, the map fug 5 := pix © T © tgn =V, — ResT'y is SO(n')-equivariant
and its restriction to the SO(n')-module T¢® < V,, is not trivial.
Let v:=e1. 4 ®e1.. 4 € V44 Then v fulfills all Bianchi-identities for the SL(n’)-
module of type [g¢; 0; 0], as exchanging e; from the first column with e; from the
second column yields either v (i = j) or 0 (i # j). Hence, m,(v) € TL" and it
is straight-forward to verify that m,(v) # 0.

On the other hand, igx(v) =: wp is not a multiple of @ := > | €?, since
neither €2 nor v are multiples of @, v is not a multiple of Q" := @Q — €2, and
q < (n —1)/2. Taking 7, to be the projection on the traceless subspace with
respect to @), one thus obtains 7, (wo) # 0. By Proposition 4.4, px(wp) is a
sum of wy and several of its permutations obtained by exchanging e;, ¢ < n
from either the first or second column with e,, from the symmetric part el. As
the traceless part of a vector is obtained by subtracting from it certain multi-
ples of @, projecting all such permutations to trace-free spaces yields linearly
independent forms. All in all, we obtain that p \(v) # 0. Hence, if Tg’o is

irreducible, then p, y) spans Homso(n/)(Tg’O, ResT'y)).
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As qu,o is always irreducible, the—possibly trivial—space
Homso(n/)(Tgfl"O,ReS INND)

is spanned by Hig—1,n- In fact, taking v’ := ej. 4-1 ® €1..4—1 and assuming
that ¢4—1,x is not trivial, px(¢q—1,2(v")) is a multiple of ¢4—1,1(v") and from the
same argument as for u[, y) follows that it contains a non-trivial traceless part.
Obviously, p[q,n and pg—1,5 are linearly independent.
If g =n'/2, then
T30 = 13" & (X3°)°

and dim Homso(n/)(Tg’O, ResT'[y)) = 2. Now, the map *2 : V|, =V,

(v@w) = (v *xw),

where * is the Hodge-operator, restricts to a non-trivial SO(n’)-equivariant map
on Tg’o which is not a multiple of the identity (see [31, p. 290]). }{ence, g\
and uf‘%)\]:: H[g,xO*2 are linearly independent and span Homgo (/) (Tg’?Res Li)-

Having the basis fijg5], pgn—and g, ) in the case that ¢ = n'/2—of

Homso(n/)(/\g’an/, ResT'[y)), let us construct an isomorphism to
(/\’;’"/_kW; ® Res F[,\])SO("/)a

where y = e,,.
Let V., W be G-modules for a Lie-group G and vy,...vy be the basis of V.
Any G-equivariant map p € Homg(V, W) may be identified with the element

N
> v @pv) e (Vi ew)C.

=1

As Vq' q has a canonical basis

er ey =€ ..e, @ €j1. 5,5

*

where [ = (1 <y < ---¢y <n'), we may identify (V] ,)* with V , via the map

ey + ey and write any SO(n’)-equivariant map p : V , — W as a multiple of
= er®es@uler ®ey) € (Vi , @ W)SOC),

where the sum is over all ¢g-tuples I, J.
Observe that the map x5 : V/, — V/

i i nr—j 1s an SO(n)-equivariant isomor-
phism and so is v : V/; — A"/W; which sends e; ® e; — da' @ dy’ for

any i-tuple I and j-tuple J. Now, R” @ R"™ is a symplectic space with the
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symplectic form @’ € V{; and the map L™ : V/, — V/ ..
m-fold application of the Lefschetz operator L : V/; — V/\; .1,

given by the

77,/
vRw— (VW) AQ = Zv/\ei@)w/\ei,
i=1
is injective for i + j < n’ — 2m. Hence, v o x5 o L¥~9 is SO(n/)-equivariant and
injective and so is the map

Pk Homso(n/)(Vq"q, ResT'jy) — (/\k’" _kWy* ® Resfm)so(n/)
p Y (vorgo LM ) (e @ey) @ puler @ ey).

As *3 o L¥~% maps primitive forms to primitive forms, the restriction of py x A
to /\g’anl yields the desired SO(n/)-equivariant isomorphism.
Note that

k— _
E L" (e @ey) = E €irir ® i giqrt i

where the sum is over 41...7,j1...75,. We may assume that all indexes in
the sum are distinct, otherwise L¥~%(e; ® e;) = 0. Hence, there is a per-
mutation = € S, for each J such that (j1...7¢q+1-..%%) = (m1...7). As
*€ry..m, = SENT €x,,...m,, One sees that pg x x(p) is a multiple of

Pa k() = ZSgnﬂ.dwil...iqwq+1...wkdymc+1...7rn ® M(eh...iq & 6771___7rq),

where the sum is over 7 € S,y and 41 ...i4 =1,...,7n.

All in all, the basis of (/\];" _kW; ®Res F[)\])SO("/) consists of those elements
from pg k2 (1g,7])s Pa—1,k2(K]g—1,7]), and pq7k7)\(,urq7)\]) which are not trivial. In
particular, as dx"|(g.,) = @, dy"|(0,e,) = 0 and y;(0, e,) = d;n, one has:

(1) I A =g, p, 0],

Pa kA (Big ) = Prpall©en)s  Pa-1kA(Big=1,0) = Yikpall©0.e0)
and, if ¢ = k =n'/2, pq,k,,\(ufqy)\]) is a multiple of é[k,p]|(0,en)-
(2) If A =[q,p, 1],
Paka(Hig ) = Eitpa)l©.e)-

The conditions for these forms’ non-triviality may now be elaborated from the
conditions for the non-triviality of ¢, 5 and Theorem 1.1. Since all T[kﬁp_’q] are
SO(n)-invariant (see Remark 4.1), the claim now follows for all self-dual irre-
ducible SO(n)-modules I'jy; = T'y.
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If I'[yy is not self-dual, then n = 2k and Ay # 0. Let Ay > 0. By Remark 2.11,
the O(n)-module f[,\} is real. Since *; is not a multiple of the identity on f[,\],
the basis of (Q’;’"Lk ® f‘[,\])so(") is constituted by é[km,k]’ *1é[k7p7k] if (M| =1
and by W, 1), %1V [k p,x) Otherwise.

In contrast, I'[y) and its dual are not always real and only complex-valued cur-
vature measures may assume values in them. Extending f[ x to f‘[ ALC ::I_’[ AN ®C
by complex-linearity, one sees that *; has two eigenvalues £i™ and the eigen-
spaces Eym = {vFi"x v |v € f[A,(C}} correspond precisely to the complex
SO(n)-modules I'fy; and I'(y). This yields the claim for m = n/2.

Remark 4.1: The forms T[k7p7q], T € {®,¥,Z}, are SO(n)-equivariant,
whereas O, ) is O(n)-equivariant, as

I TR Thd]ee Ty —
g E SGNT Yo, daT et T dy TR ' ®en..m,

™
=detg Z SEN T Yy, dx™ T TEdy ™ Tl @ e
™
and
n n
gdez Re; = Zd:z:l ®e; forall g € O(n).
i=1 i=1
The maps p, and 7y, being O(n)-invariant do not destroy the invariances of the
symmetrised differential forms. As nc(gK) = det(g) g nc(K), one has

O (9K, gU) = det g / O
g(ne(K)Nw—1(U))

:detg/ g*é[k,p] :detgG[k,p](K, U)
nc(K)N7—1(U)

In particular, Oy ;) is a Sym” R3-valued smooth translation-invariant SO(n)-
equivariant curvature measure which is not O(n)-equivariant.

On the contrary, g*T[k,p,q] = (det g) T[k7p7q] for T € {®,¥,Z} and we obtain
by the same computation as above Ty . (9K, gU) = Ti p.q (K, U).

Proof of Proposition 1.3. The proof requires several facts from the geometric
measure theory that were also used in Section 4 of [35].

Let us evaluate ®gy . at the point (z,y) := (0,e,) under the assumption
that the approximate tangential space T{q ) nc(K) for a body K has the basis

0 0 .
aj = (awj, ay]) =~ (fijbj,)\jbj), J = ].,...,TL*].,
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where £, \; € [0,00) and b; is the orthonormal basis of W := e C R" with
dual b%. Then daz’/ = k; b5 and dy’ = X\;b5. By the skew-symmetry of the
wedge-product, we see that i; € {m,...,mg} for all j =1,...,¢, which yields
at (0, ep)

(i)®kap-,q = (71)n—1q! ngnﬂ-Kﬂ'l»»»ﬂ'k>‘71'k+1---ﬂ'nflb;krl,..wn,l Y (b®7r1m7rq)®2 o2y yp,
where the sum is over m € 5,1 and we employ the shorthand notation
Rij ‘= Rj * Kj. NOW7

ngnﬂ'e@rlmﬂq = (¢! ngnﬂ'em___,,q
™ ™

and b% = sgnm volyy is just a multiple of the volume-form on W. Hence,

1o Tn—1
é(gkvp>q|(0;€n)
= (*1)7171(‘]!)71 Z Ky mp Aﬂ'k«#l---ﬂ'nfl volyy ®(b7r1m7rq)®2 ® yP.

We choose ; and A; so that b; form an orthonormal basis of T(g,). In

(4.2)

particular, if b; are the directions of the (generalised) principal curvatures k;,
then k; = (1 +kj2»)_1/2 and A\; = k;(1 +kj2»)_1/2 with the convention that £; =0
and \; = 1if k; = oo.

If K = P is a polytope and 0 € F' € F;, then there are exactly s different
principal curvatures k; with value 0 and exactly (n—s—1) of those with value co.
Hence, if k # s, then <i)(®k7p7q)|(0,en) = 0. Let us now assume without loss of
generality that ky =--- =k =0 and kg1 =+ = kp—1 = 0o. Then by,...,b;
form the basis of L(F) and voly = voly,(r) @ volg(p+), where S(F*) is the unit
sphere in the orthogonal complement of L(F') in R™:

(i)®k,p,q|(0,en) = (71)”71((]!)71 ZVOIL(F) ®V013(FJ_) ®(b7r1...7rq)®2 & yp,

where the sum is over such 7 € S, that m; € {1,...,k} for j =1,...,k and
m; €{k+1,...,n—k—1}for j=k+1,...,n—k—1. Since the term under the

sum is independent of mgy1,...m,—1 and Zwesk b,y = th...,iqzl biy...iy, We
A .
see that (b,,lqu)®2 = '(IF) and obtain
ne1 (k= @)l(n—k—1)!

é@k,p,qko,en) =(-1) ' volr,(p) ®V015(FJ.) ®Q2?F) ® yP.

q!
The first identity for ®gy, p ; now follows from the definition of the Integ operator
and the properties of the normal cycle for polytopes. The second one is directly
implied by the first equation in the proof of [35, Lemma 4.1].
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4.2. SYMMETRIES. Let us start with the following easy-to-verify identity:

(4.3) Z Z SGUT €r, @ €myymy, = k Z SENT ex, ® €r, my, -

i€{i1,n.yin} TESH TESn

For a d-partition r = (rq,...,rq) of n, we write
K T
eﬂ',r = eﬂ'sl...ﬂ'tl ® e7r52...7rt2 Q- ® ewsd...wtd € /\ 1Rn - /\ an,

where t; = 37_ 7 and s; = t;_1 + 1 (in particular, s; = 1 and t4 = n). We

will refer to €, ..m, 88 the j-th column or the j-th wedge-vector in ey ;.
Next, define e r,ik, where 1 < ¢ < n and k C {1,...,d}, to be the vec-

tor obtained from e, , by replacing the wedge-vector gty with Emimay T,

if p € k. Last, define the operation o, for p € k, ¢ ¢ k on e, r;k given by

exchanging e,, and €y, N €mpm, my, and gy -

LEMMA 4.2: Set p € k, write k' := {1,...,d} \ k, and assume that k,k’ are
non-empty. Then

(4.4) (rp+1) Z SENT €rrik = Z Tq Z SENT Opg(€n,r,ik);

iy g€k’ i,
where the sum is over m € S, andi=1,...,n.
Proof. We may re-order the wedge-vectorsin e , , and assume k=(1,...,d—u),

k=(d—u+1,...,d) for 1 <u<d, and p= 1. The proof will now be carried
out inductively over |k’| = u. For the sake of brevity, we omit the subscript k
in ey r;k in the proof.

Let |k’'| =1 and, hence, k' = (d). As e;; = 0, we have

ta
4.3)
E ST €r r i = E E SgNTer r; = rqE SgNmTer s, = 1.
1,7 T

1=8q T

All wedge-vectors of e, » 5, begin with the vector €r,,s hence

T1d(Crr,50) = €mr,s4

and

4.3)
I=ry Z SN T O1d(€nr,s,) = - j_ 1 Z Z sgnmo1d(€rr,i)

1€S1,...,l1,84 T

We now add 0 = sgnmo14(er v ;) for so <i <t4, i # sq and conclude the proof
for |k'| = 1.
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Assuming the claim’s validity for all |k’'| = u — 1, the proof for |k’| = u works
as follows. We start by splitting the sum:

ta—1 tq
E SENT €r r i = g sgnw( E €rri+ E emr,i) =: A+ B.
i, =81 i=sq
— / —
Now, erri=err,i®en, ., where v’ =r\ {rq} = (r1,...,74-1). As

H1,...d—1}\ k| =t—1,
we may apply the Lemma on e, ; in A, observe that
Ulq(eﬂ',r/,i) ® eﬂ'sd...wtd = Ulq(eﬂ',r,i) for q S d— 17

and add 0 = Zfd s oig(€nri) — sz:Sd o1¢(€x ;) to obtain

A= Z - + 1 (ngnﬂ'alq (enri) ngnﬂ' Z o1g(€rri) )

qek’\{d} =54

The second summand may be re-written for any ¢ € k' \ {d}:

Z sgn Z oig(€nr,i) 53) Td ZSgHW o1q(€r,r,54)
1=8q
(43) :ZZSgnT{ZO’M €rori

T 1=8q

since

E sgnmer, ® (ex,,) y@d-u — E sgnmer, ewsq)‘gd*“.

K
As in the case |K'| = 1,

td u td
— . + 1 ngnﬂ'< Z Uld €rori Z Uld(eﬂ—,r’i)),
1

1=s4+1

which concludes the proof for all p,n,r, k.

To prove Theorem 1.5, we need a finer control over the symmetrisation of

forms. We write ng T®k,p ¢ - 7 for the forms obtained by permuting its

k.pyg "
tensor part by some permutation m € S )\‘ of the Young-diagram A = [g¢; p; 7] as

n (1.5). More generally, we write T® T®k7p q - d for any symmetrisation

k,p,q -
by an element d of the group algebra (CS" |- For the sake of brevity, we will

write 7 instead of e, for the basis elements of CS)y,.
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There are several distinguished permutations. We write (iq j») € S|\ for
the transposition which exchanges the a-th box in the i-th column with the
b-th box in the j-th column and oy := H§:1(1j 2;) for the permutation which
exchanges the first £ < ¢ boxes in the first column with the same number of
boxes in the second column. More generally, define oy := [];.,(1;2;) for any
subset r € {1,...,¢} and dy := id 40, € CS)y).

As all eligible Young-diagrams [g¢; p; ] have at most one box in any column
starting with the third, we write j instead of j; for any j > 3. Let R} be
the group of permutations generated by transpositions (ij), i, > 3, and
hy =3 c R and define the following symmetrised forms:

— Tﬂ-ak-bx

R ._ b YAl ._ rmhy-b Al .
(4.5) Tk,p,q = T® . T =T A0 T{k,p,q} : kopog

k,p,q’ (k,p,q) ®k,p,q

where ay, by are as in eq. (2.1). They assume values in

AR? = ATTIRY @ (RM)EP,  ATTIR™ @ SymP R”,  and T,
respectively. Note that 7 k,p,q Satisfy the following lower-rank relations:
(4.6) Ppa1o0="2k00 and Vgp1=Zppi1.0 = Phproo-

We use the same notation for the symmetrisations of the curvature

T
measures T®k7p7q.

Example 4.3: As y? - hy = p!yP, one has T(kypyq) = p!Thpy for T € {®,5, T},
Similarly:
it = o S

T,

Tl Tm— -1
A dy k1 "1 ® eyig...iq ® €7r1...7rq X eilyp )

0

Tl Tm— -1
A dy k1 "1 ® eﬂ'l...ﬂ'q ® eyig...iq X eilyp )

B = s S e

T,

Tht1e T — 92
/\dy k1 " 1®€yi2...iq®ey7r2...7rq®eile7r1yp )

where the sums are as in (1.4) and C), = (—1)"!pl.
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PROPOSITION 4.4: For any T € {<i>, =, \if} andr C {1,...,q}, one has
~ q/ _1 ~
(4.7) Tl‘j’;_’q = (6’) Tk pq mod {da},
where ¢/ = ¢ — 1 if T = U and q otherwise, and ¢’ < ¢ is the number of
transpositions in o, which exchange e;, with e,,. Furthermore, one has

Vikp,ar =29 (k,p,q)»

- _ - =23 q=1_1,2,3)
(4.8) H{k,p,q}*(Q+1)“(k7p7q)+qp(“(kTp7q)7 2 “(k,lp-,tlz) )’

2,1, 3)-d 2 3)-d 113)(21 4
(I){kﬁﬂﬂ} :(Q+1)q)(kaP>Q)+qp(q)gk,p,q) : A4»q)gk,p,2]) )\+(p71)q)gk,p,21() ))
Proof. As T&;’;“) = TS;;”) for all a,b < ¢, we may assume r = (1,...,/)

and or = o¢. By the SO(n)-covariance of the forms, it suffices to show the
claim at the point (0,e,). As the above permutations exchange the boxes con-
tained in :uhe first two columns and @g,‘;,i‘,’; = Ugpp.q, it suffices to prove (4.7)
for Z := ®gr,0,4l(0,e,) With £/ = £ and ¢’ = q. We do this by induction over .

The case £ = 0 is trivial. Now assume that the claim is valid for £ — 1. Set

Yl _ ngnﬂ‘dxumﬁl'”wk ® dyﬂ'k+1»»»7l'n—l ® Cry.mg1is ® [
and let Y5 be the element obtained by exchanging e;, and e,,. Then, by
Lemma 4.2, £Y; = (¢ — [ + 1)Y> mod da. Furthermore, Z¢-1"x and Z7¢b
are the images of Y7 and Y5 under the injective map which wedges g — £ copies

of Q' := 3" d2' ® e; with the first and the third columns and ¢ — 1 copies of @’
with the first and the fourth column. We conclude that

7000 = !
g—1+1

Let us analyse the structure of ¢y for A = [g; p;7]. It is clear that

q
ay = H aj,
J=1

where a; is the sum over the elements from S|y which preserve the j-th row.
Setting d; = id +(1,2;), we see that a; = d; if j > 2. On the contrary, the
subgroup of S|y which preserves the first row is isomorphic to Sp42, as there

—1
Zoe-1ba = <Z> 7% mod da.

are p+ 2 boxes in the first row. Writing S,12 ~ R” - R}, where R is the set of
representatives of all (p 4+ 1)(p + 2) right cosets in S,12/5, and setting

RH = {1d, (21 b)} X {lda (11 21)5 (11 b)}a



Vol. 250, 2022 VALUATIONS AND CURVATURE MEASURES 493

where 3 < b < p+ 2 in both subsets,

(4.9) ay = (id+Z(21 b)) : (dl +Y (1 b)) D,

where the sums are over b =3,...,p+ 2 and
ay = Z h.
heR/
As (21 5)(11b) = (11 b)(11 21), the first two terms can be re-written as
[id+z((11 b) + (21 b))] Cdi+ > (Lb)(20),
bAY

where b, b’ run from 3 to p + 2. As h) symmetrises all columns beginning with
the third, we have for all i,j € {1,2},i# jand 3<b<p+2,

7(j1b)-ha _ A2(j1 3)-ha 531 b)(416")-ha _ An(ia b7) (41 b)-ha 7 (41 71 0)-hx _ (i1 g1 3)-ha
T®k7q7p *T®k7q7p ’ T®k,q,p *T®k7q7p ’ T®k,q,p *T®k,q,p

and
_ G p(p—1)
a; = (1d+p(11 3)+p(21 3)+ 9 (11 3)(21 4))d1 -h>\.
As hy and d; commute, we obtain
_ _(; p(p—1) /
(4.10) ey =ay-by= 1d+p(11 3)+p(21 3)+ 9 (11 3)(21 4) dy -hy-by,
where d) :=[[]_, d; = 3|, <, 0r- Applied on @gp p g, this yields

dy
(k,p,q

(113)-d} (21 3)-d}

p(P—1) - (113)(21 4)-d5
Y TPy TP Phpgy o K

Pk 2 (k:p,q)

— C\ —
0,q} — (I)®k:,p,q =0
ﬂ-d;

®k,p,q for four different permutations w. By

All we need to do is to compute &
eq. (4.7)

, q q -1
(I)El’i,p-,q) = Z Z q)((rl;p-,q) = Z Z (z) P (k,p.0)

€=0 |r|=¢ £=0 |r|=¢

q -1
q q
- Z (g) (g) P(kpg) = (¢+1) P (k,p,q)-
=0

Elt?pbjzz()% 4y _ 2q (I)E};p?jl(fl Y To compute the remaining

two summands, we re-write d) as follows. Set

d(a):= [ 4

j=Lj#a

Similarly, one obtains ®
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for a < g and r* :={1,...,¢q} \ r. Observing that o1 = 0,00y = 0y 0 0, We
have

/A:(lJFUq)JFZZUr

£=1 |r|=¢
q—
= Z Z Oy + 0pL
=1 |r|=¢,a¢r
q—1
= O'I--d)\:d(a)'d)\.
=0 |r|={,a¢r

Then one sees that

pli3)d) _ 4 +1 113 g @A) _ g3 4~ 1. (113)0,

(k.p.q) 9 (kpa) (k.p.q) (kpa) 9 (kpa)
As dy = id 404 on @Ellclp?’z]‘)d(l) + @Eilszl')d(l) nd <I)(11 3) CIDEf; 21 %) we obtain

the claim for (i){k,p,q}'
The computation is simpler for =, W. As there may be at most one y in each
column, one has

=(113)(214) _ =(113) (113) (213) (113)(214)
~(k,p,q) *“(kpq)*\p(kpq) \Il(kpq) \Il(kpq) =0.

The remaining terms are computed as above.

4.3. GLOBALISATION.

Proof of Theorem 1.5. To prove (1.9), consider the SO(n)-equivariant section

1 —~ 0
hin = : ; € D(TR" @ (R")®?
K, fk,ljgayj 2y®e; € T(TR" ® (R")®?)
and set By pgi1 = —Lhk’n(i)(kﬁp_’q), where a?ﬂ- is contracted with the differential

form and y ® e; is wedged with the first two columns of its tensor-part. Then:

Eypg+1 = (*1)k+10p E SGNT Yr,, dap'tteTert T
A dyﬂ'k+2mﬂ—n71 ® eil..,iqy ® e7T1...7T,;7Tk+1 ®yp,
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where the sum is over 41,...,i;, =1,...,n and 7 € S,, and C,, is as in Exam-
ple 4.3. Then

dEk,p,q—H

11...9¢T LT T 42 . Ty —
=— 'p[ E sgnwda: 1:-:2qTq+1 k/\dy nTk+2 n 1®ei1...iqy®€7r1...7rq7rk+1®yp

n
1. bgTgt1 Tk JThk42. - Tn—1 . . p—1_
+§ sgnT Yy, da™ - taTat AdyTER2 T Qe Gy @y g @YY€
J=1

n
—i—nglmry,rndgci1 AT TR T2 T ®€iy...igj BCny..mgmrr OY' |-
j=1
After having computed the exterior derivative, we may restrict the forms to
(z,y) = (0,e,). Lemma 4.2 and Example 4.3 yield

> _ : p(k—q) z@,3 k—q =
dEyp.q+1 = (g + 1)‘I’(k,p7q+1) + n—k_— 1(I)§k,p,21+1) + n—k— 1@(k,p,q+1)

or, after multiplying by (n — k — 1) and replacing ¢ with ¢ — 1,

(n—k—1)dEypq = qn—k+1)U 4 o+ (k—q+1) @4 pp o +p(k—q+1) i’ﬁifpgfl,qy
where the equality again holds modulo multiples of «, da and the forms whose
tensor-parts are multiples of Q.

Let us now apply integ ®m¢, o uy on both sides of the above equation,
where A\ = [¢;p; 0]. Recall that integ eliminates all exact forms and multiples

of a, dae. Thus, one has

0= q(n—k+ 1)¥gupq + (k= q+1) dpg +0(k—q+1) 6010 |,

where the equality now holds only up to the forms whose tensor-parts are mul-
tiples of Q.
Applying iy on the tensor-part, we have similarly to Example 4.3,
(i)(k,p,q) A= (i)®k7p,q “hxbx-ax-bx
= pl(q)? (i)®k,p,q “ax - by =plgP (i){kypvq}'
One shows similarly to the proof of equation (4.9) that by := b1 - b2 ¢ with b; ;,
i = 1,2, defined recursively by b; ; = b; j—1-b; ; ,, where
J

b;,j,a =id — Z (Ti Qi)

r=1,r#a
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for any a € {1,...,7}, and b; 1 = id. Using this identity, one obtains

~ 9 = 9 =
\Il(k,p,q) cC)\ — p!(q — 1)' \I/®k7p)q . b/l,q,q . b/27q7q s C)\ = p! q! \If{k,p,q},

(11 3) o (11 3) o 2 (11 3)
(kpq) " A= plgl(qg — 1)! q)@k’p,q . b’l%1 -cy =plq! (I){k7p7q}.

By Proposition 2.2, one sees that

s(113) =
1P p.qy = Pt

Applying 7, which eliminates all forms whose tensors are multiples of @, we
obtain by eq. (1.6) the identity in (1.9).

The cases(1.7) and (1.8) follow immediately from the Alesker—Bernig—Schuster
decomposition of Valy and 1.1, as the corresponding curvature measures =y, ;, 4]

\D>q}*

and W, x41) assume values in SO(n)-modules which occur in Curvy™ but
are missing in Valg. To prove glob®, = 0 observe that glob® . is a
non-trivial O(n)-equivariant valuation with values in the same module Fg’p

as glob©p,. As dimValSO(.",), =1, all I’g’p -valued valuations of degree k are

k,TE

O(n)-invariant in contrast to glob O, which is SO(n)- but not O(n)-equivariant
by Remark 4.1.

PROPOSITION 4.5: Continuous I'-valued SO(n)-equivariant translation-invari-
ant valuations are smooth for any finite-dimensional SO(n)-module T".

Proof. Let ¢ be a I'-valued valuation satisfying the conditions in the claim.
Since Val®™ lies dense in Val, we may find a sequence ¢; of smooth I'-valued
translation-invariant valuations which converges componentwise to ¢. Define

the map A for any translation-invariant I'-valued valuation 7:
(AT)(K) = / 9~ 7(9K)dyg.
SO(n)
If 7 is smooth, then so is A7(K). Furthermore, for any h € SO(n), one has
Arhi) = [ g te(gh)dg " [ (gh) o(gK) dg = hAT())
SO(n) SO(n)

i.e., At is also SO(n)-equivariant. Applying A to both the sequence ¢; and ¢,
one obtains a sequence A¢; of smooth SO(n)-equivariant translation-invariant
valuations converging to A¢ = ¢. We have seen in the previous Sections that the
space of smooth I'-valued SO(n)-equivariant translation-invariant valuations is

finite-dimensional and, thus, closed. Hence, ¢ = lim; A¢; is also smooth and
the result follows.
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sm,SO(n)
r

Proof of Proposition 1.6. We know that glob : Curvk7 " k,SO(n)

— Valrm is
surjective. Let us work out its kernel. The elements {f}cyp)q] and 9@] belong to
the kernel by (1.7) and the elements ¢ . either lie in the kernel by (1.8)

or globdp . = Cnkpqglobep 4 for some constant Ci, xp 4 and some P’
and ¢’ by (4.6) or (1.9). The only exception is Uik pet1) 0T ot <k<n-—1,

as none of the relations apply to them.

The coefficients of all linearly independent I'[yj-valued valuations 7 ;, , span
the isotypical component I'[y; in the space Vali of the so-called SO(n)-finite
vectors in Val,. We refer to [55, Section 3.2] for the details on G-finite vectors
in infinite-dimensional representations. As, by Alesker’s Irreducibility Theorem,
Val’ lies dense in Val®™, we obtain the claim.
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