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ABSTRACT

We prove that up to automorphisms of the target the affine line Al ad-
mits a unique embedding into the regular part of an affine simplicial toric
variety of dimension at least 4 which is smooth in codimension 2. This is
an analog of the well-known result on the existence of a linearization of
any polynomial embedding Al «— A™ for n > 4.

1. Introduction

Let ¢ : C — C’ be an isomorphism of two smooth polynomial curves contained
in the regular part Y..; of an affine algebraic variety Y over an algebraically
closed field k of characteristic zero. It may happen that ¢ extends to an auto-
morphism of Y and our first aim is to describe some affine algebraic varieties
for which this extension takes place.

This problem was studied in several papers [AMo], [Su], [Cr],[Je], [St], [FS],
[Ka20] and [AZ]. It turns out that the answer is positive for some classes of flex-
ible varieties of dimension n > 4 where Y is flexible if the subgroup SAut(Y") of
the automorphism group Aut(Y") of Y generated by all one-parameter unipotent
subgroups acts transitively on Yiee. Say, this is so if Y = A™ with n > 4 [Cr],
[Je]. For n = 3 the answer is unknown but for n = 2 the famous Abhyankar—
Moh-Suzuki theorem [AMo], [Su] states that an isomorphism of two smooth
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plane polynomial curves always extends to an automorphism of the plane AZ.
Perhaps, A? is the only example of a two-dimensional flexible variety with this
property. If Y is an affine simplicial toric variety A?/G where G is a finite sub-
group of SLa(k) acting naturally on A% then Arzhantsev and Zaidenberg [AZ]
showed that the answer is negative. They actually classified up to automor-
phisms of Y all smooth polynomial curves in Y;e, (there is only a finite number
of isomorphism classes of such curves).

In this paper we study the case when Y is an affine simplicial toric variety
of dimension n > 4 (i.e., Y = A"/G where G is a finite subgroup of SL, (k)
acting naturally on A™). We show that the answer to this extension problem is
positive under the assumption of smoothness in codimension 2.

Furthermore, recall that given a subvariety Z of Y with defining ideal I
in the algebra k[Y] of regular functions on Y, its kth infinitesimal neighbor-
hood is the scheme with the defining ideal I*. In particular, if W is another
subvariety of Y with defining ideal J, then an isomorphism Z — W of kth in-
finitesimal neighborhoods of Z and W is determined by an isomorphism of alge-
bras kl[?:] — ky,:]
to automorphisms of Y. Say, let Z = W be a strict complete intersection given

inY by u; = -=u,;=0. Then an automorphism v : kl[i./] — kl[i./] k[ly]

k[Y]
T

. There are natural obstacles for extending such isomorphisms
over is
given by polynomials f1,..., fim in uy,..., Uy Over of degree at most k—1.
If Y does not admit nonconstant invertible functions and 1 is extendable to
an automorphism of Y, then one can see that the Jacobian det[gz ; |7%=1 must
be equal to a nonzero constant modulo I*~! in which case we say that ¢ has
a nonzero constant Jacobian. There is also a notion of a nonzero constant
Jacobian of an isomorphism Z — W in the case when both Z and W are
smooth polynomial curves in a normal toric variety Y contained in Y.z (see
Definition 7.4). The question when such isomorphisms with nonzero constant
Jacobians are extendable to automorphisms of Y was considered in [KaUd] and
[Ud]. In combinations with the results of [KaUd] and [Ud] we get our first main

result (Corollary 7.5).

THEOREM 1.1: Let Y be an affine simplicial toric variety smooth in codimen-
sion 2 such that dimY > 4. Let ¢ : C; — C2 be an isomorphism of kth
infinitesimal neighborhoods of two smooth polynomial curves contained in Y;eg
such that the Jacobian of ¢ is a nonzero constant. Then ¢ extends to an
automorphism of Y.
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The second subject of this paper is related to the theorem of Holme [Hol,
Theorem 7.4] (later rediscovered in [Ka91] and [Sr]). It states that if Z is an
affine algebraic variety with

ED(Z) :=max(2dim Z + 1,dimTZ) < n,

then Z admits a closed embedding into A™ (the version of this theorem with
a smooth Z appeared originally in [Swan, Theorem 2.1]). Recently, Feller and
van Santen [FS21] proved that if X is an affine algebraic variety isomorphic to a
simple linear algebraic group and Z is smooth, then Z admits a closed embed-
ding into X, provided that dim X > ED(Z) = 2dim Z + 1. Since affine spaces,
simple linear algebraic groups and normal affine toric varieties are examples of
flexible varieties it is natural to look for analogues of Holme’s theorem in the
flexible case. In this paper we prove the following.

THEOREM 1.2 (Theorem 3.7): Let Z be an affine algebraic variety and X be
a smooth quasi-affine flexible variety of dimension at least ED(Z). Then Z

admits an injective immersion into X.

In the case when X is a normal affine toric variety we also find conditions
which guarantee that Z admits a closed embedding into X (Theorem 5.3). The
formulation of the latter theorem is subtler when X is simplicial and it is a
consequence of the following more general fact.

THEOREM 1.3 (Corollary 3.3): Let ¢ : A™ — Y be a finite morphism where Y
is normal. Suppose that Z is an affine algebraic variety such that ED(Z) < n
and dim Z < codimy Yiing. Then Z admits a closed embedding in Y with the

image contained in Yieg.

The paper is organized as follows. In Section 2 we survey the technique
developed in [Ka20] which was later clarified in [KaUd]. In particular, one
can find there formal definitions of locally nilpotent vector fields and flexible
varieties. Section 2 contains also a modified version of Theorem 4.2 from [Ka20]
which is a crucial tool in this paper. Using this result we prove Theorems 1.2
and 1.3 in Section 3. In Section 4 we introduce notations for toric varieties
which are used freely throughout the rest of the paper and prove some simple
facts about normal affine toric varieties. Section 4 contains an analogue of
Holme’s theorem for normal affine toric varieties. In Section 5 we study locally
nilpotent vector fields on normal affine toric varieties with no torus factors. The



88 S. KALIMAN Isr. J. Math.

properties of locally nilpotent vector fields are crucial for us since compositions
of elements of the flows of such vector fields produce automorphisms that extend
isomorphisms of smooth polynomial curves. In Section 6 we prove Theorem 1.1.

ACKNOWLEGEMENT. The author is grateful to the referee for very useful com-
ments and corrections.

2. Flexible varieties: preliminaries

In this section we present some technical tools developed in [Ka20] with later
clarifications in [KaUd] which we use in this paper. We shall also give a modified
version of [Ka20, Theorem 4.2].

Definition 2.1: (1) Given an irreducible algebraic variety A and a map
v : A= Aut(X) (where Aut(X) is the group of algebraic automorphisms of X)
we say that (A, ¢) is an algebraic family of automorphisms of X if the induced
map

Ax X = X,

(a,2) = p(a).x

is a morphism (see [Ra]).

(2) If we want to emphasize additionally that ¢(A) is contained in a sub-
group G of Aut(X), then we say that A is an algebraic G-family of automor-
phisms of X.

(3) In the case when A is a connected algebraic group and the induced map
A x X — X is not only a morphism but also an action of A on X, we call this
family a connected algebraic subgroup of Aut(X).

(4) Following [AFKKZ, Definition 1.1] we call a subgroup G of Aut(X) al-
gebraically generated if it is generated as an abstract group by a family G of
connected algebraic subgroups of Aut(X).

We have the following important fact [AFKKZ, Theorem 1.15] (which is the
analogue of the Kleiman transversality theorem [Kl] for algebraically generated

groups).

THEOREM 2.2 (Transversality Theorem): Let a subgroup G C Aut(X) be al-
gebraically generated by a system G of connected algebraic subgroups closed
under conjugation in G. Suppose that G acts with an open orbit O C X.
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Then there exist subgroups Hy, ..., H,, € G such that for any locally closed
reduced subschemes Y and Z in O one can find a Zariski dense open subset
U=U({,Z) C H x---x H,, such that every element (hy,...,hy) € U
satisfies the following:

(a) The translate (h1 - - hpm).Zreg meets Yieq transversally.
(b) dim(Y N (h1 -+ hy).Z) <dimY +dim Z — dim X.! In particular

Yﬂ(hlhm)Z:(Z)
ifdimY + dim Z < dim X.

Definition 2.3: (1) A nonzero derivation ¢ on the ring A of regular functions on
an affine algebraic variety X is called locally nilpotent if for every 0 £ a € A
there exists a natural n for which 6"(a) = 0. This derivation can be viewed
as a vector field on X which we also call locally nilpotent. The set of all
locally nilpotent vector fields on X will be denoted by LND(X). The flow of
d € LND(X) is an algebraic G,-action on X, i.e., the action of the group (k, +)
which can be viewed as a one-parameter unipotent group U in the group Aut(X)
of all algebraic automorphisms of X. In fact, every G,-action is a flow of a
locally nilpotent vector field (e.g., see [Fr, Proposition 1.28]).

(2) If X is a quasi-affine variety, then an algebraic vector field § on X is
called locally nilpotent if § extends to a locally nilpotent vector field § on
some affine algebraic variety Y containing X such that 4 vanishes on Y \ X
where codimy (Y \ X) > 2. Note that under this assumption § generates a
Gq-action on X and we use again the notation LND(X) for the set of all locally
nilpotent vector fields on X.

Definition 2.4: (1) For every locally nilpotent vector field § and each function
f € Kerd from its kernel, the field f§ is called a replica of §. Recall that such
replica is automatically locally nilpotent.

(2) Let NV be a set of locally nilpotent vector fields on X and G C Aut(X)
denote the group generated by all flows of elements of /. We say that G is
generated by N.

(3) A collection of locally nilpotent vector fields A is called saturated if N
is closed under conjugation by elements in G and for every § € N each replica
of ¢ is also contained in A.

L we put the dimension of empty sets equal to —oo.
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Definition 2.5: Let X be a normal quasi-affine algebraic variety of dimension at
least 2, A be a saturated set of locally nilpotent vector fields on X and G = G s
be the group generated by A/. Then X is called G-flexible if for any point z in
the smooth part X,c;z of X the vector space T, X is generated by the values of
locally nilpotent vector fields from A at z (which is equivalent to the fact that G
acts transitively on X,ep [FKZ, Theorem 2.12]). In the case of G = SAut(X)
we call X flexible without referring to SAut(X) (recall that SAut(X) is the
subgroup of Aut X generated by all one-parameter unipotent subgroups).

The following is a modified version of [Ka20, Theorem 4.2].

THEOREM 2.6: Let X be a smooth algebraic variety, (Q be a normal algebraic
variety, o : X — @ be a dominant morphism and G C Aut(X) be an al-
gebraically generated group acting 2-transitively on X. Suppose that Qg is a
smooth open dense subset of Q, Xy = 0~ 1(Qq) and Z is a locally closed reduced
subvariety of X.

(i) Suppose that

(1) dim Xo x ¢, Xo = 2dim X — dim Q

and dim@Q > dim Z + m where m > 1. Then there exists an algebraic G-
family A of automorphisms of X such that for a general element a € A one can
find a constructible subset R of a(Z) N Xy of dimension dim R < dim Z — m for
which o(R) and o(a(Z) \ R) are disjoint and the restriction

olaz)nxo\r : (@(Z) N Xo) \ R = Qo
of p is injective. In particular, if dim @ > 2dim Z + 1 and Z!, = p o a(Z), then
for a general element o € A the morphism
Q|a(Z)ﬂX0 : a(Z) NnXg— Z;‘ N Qo

is a bijection, while in the case of a pure-dimensional Z and dim @Q > dim Z + 1
this morphism is birational.

(i) Let G be generated by a saturated set N of locally nilpotent vector fields
on X (in particular, X is G-flexible) and

Y = U Ker{o. : T Xo = Tp2)Qo}
z€Xo

Let

(2) dimY =dim7TX — dim Q.
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Suppose that dimTZ < dim Q). Then there exists an algebraic family A of
G-automorphisms of X such that for a general element o € A and every
z € a(Z) N Xo, the induced map o : T.a(Z) — Tp.)@Q of the tangent spaces is

injective.

Proof. For every variety X denote by Sy the variety Sy = (X x X) \ Ay
where Ay is the diagonal in X x X'. Then every automorphism in Aut(X) can
be lifted to an automorphism of Sx. In particular, we have a G-action on Sx
and by the assumption this action is transitive on Sx. Consider the subvariety

Y = (XO X Qo XO)\AX C Sx.

By Formula (1), dimY = 2dim X — dim @ (i.e., the codimension of ¥ in Sx
is dim Q). By Theorem 2.2 (b) we can choose algebraic subgroups Hy, ..., Hp,
of G such that for a general element (hy,...,h,,) € Hy X -+ X Hy, one has

dimW <dimY 4+ dim Sz — dim Sx = dim Sz — dim Q
<2dimZ — dim Q

where W =Y Na(Sz) for « = hy - - - hyy,. Hence, in case (i) the dimension of W
is at most dim Z — m. Let R be the image of W under one of the two natural
projections X xg X — X. In particular, R is a constructible set by Chevalley’s
theorem [Ha, Chap. II, Exercise 3.19], R C a(Z) N Xy and dim R < dim Z — m.
Note that for z € «(Z) N X, one has

971(0(2)) Na(Z)==z iff z¢ R.

Hence, the restriction of g to (a(Z) N Xy) \ R is injective. Therefore, letting
A=H; X x Hp, we get (i).

In (ii) for every variety X and a subvariety ) of the tangent bundle TX
let Y* =Y\ S where S is the zero section of the natural morphism TX — X.
Every automorphism a € Aut(X) generates an automorphism of 7TX. In
particular, G acts on (T'X)* and by [AFKKZ, Theorem 4.11 and Remark
4.16] this action is transitive. By Formula (2), dimY™* = dim7X — dim Q.
By Theorem 2.2 we can choose one-parameter unipotent algebraic subgroups
Hi, ..., Hy; of G such that for a general element (iLl, .. ,Bm) €Hy x---x Hp
and Z” = (hy - - - hy)(Z) one has

dimY* N (TZ")* < dimY* + dim(TZ)* — dimTX* < 0.
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Note that if Y*N(TZ")* contains a point, then dim Y*NT Z"” must be at least 1
(since this point is a vector in T'Z” and then Y* N (T(Z")* contains all nonzero
vectors proportional to that one). That is, Y*N(T(Z")* = (). This implies that
for every z € Z" N Xq the restriction of g, to T,Z" is injective. Consequently,
the restriction of g, to T.Z" is injective, i.e., we have (ii).

Let us describe some G-families A satisfying the conclusions of Theorem 2.6.

Definition 2.7: Let X be a smooth algebraic variety and G be a subgroup of X.
Consider (X x X)\ A (where A is the diagonal), the complement (T'X)* to the
zero section in the tangent bundle of X and the frame bundle Fr(X) of TX (i.e.,
the fiber of Fr(X) over x € X consists of all bases of T, X). Projectivization
of TX replaces Fr(X) with a bundle PFr(X) whose fiber over z consists of all
ordered n-tuples of points in the projectivization P" of T, X (where n = dim X)
that are not contained in the same hyperplane of P". Then we have natural
G-actions on all these objects. Let Y be either X, or (X xp X)\ A, or (TX)*,
or PFr(X). Suppose that the G-action is transitive on Y. Then we say that an
algebraic G-family A of automorphisms of X is a regular G-family for YV if

(i) A= H,, x --- x Hy where each H; belongs to G;
(ii) for a suitable open dense subset U C H,, X --- X Hy, the map

V:H,x---xH xY —Y XY,

(3)
(homs -y h1,y) = ((ha - ha)y, )

is smooth on U x Y.

An algebraic G-family A that is regular for all four varieties X, (X xp X)\ A,
(T'X)* and PFr(X) will be called a perfect G-family for Y.

PROPOSITION 2.8: Let X be a smooth algebraic variety and G C Aut(X) be a
group algebraically generated by a family G of algebraic connected subgroups
of Aut(X). Suppose that G acts transitively on X.

(1) Then there exists a regular G-family for X (which is of the form
A= H; x -+ x Hy, where each H; is an element of G).

(2) Every regular G-family for X satisfies the conclusions of Theorem 2.2.

(3) If A is a regular (resp. perfect) G-family for X and H is an element of G,
then H x A and A x H are also regular (resp. perfect) G-families for X .

(4) In particular, if X is G-flexible, then there exists a perfect G-family.
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(5) Let X be G-flexible. Every G-family regular for X (resp. for (TX)*)
satisfies the conclusion of Theorem 2.6 (i) (resp. (ii)). In particular,
every perfect G-family satisfies the conclusion of Theorem 2.6 (i)—(ii).

Proof. Statement (1) is proven in [AFKKZ, Proposition 1.15]. Statements (2)
and (3) are proven in [Ka20, Proposition 1.10]. The fourth statement follows
from the fact that in the flexible case for every m > 0 the group G acts m-
transitively on X and also transitively on (T'X)* and PFr(X) [AFKKZ, The-
orem 4.11 and Remark 4.16]. Modulo the definitions of regular and perfect
families and (2), statement (5) follows from the proof of Theorem 2.6.

PROPOSITION 2.9: Let X be a smooth algebraic variety, () be a normal alge-
braic variety and o : X — @ be a dominant morphism. Let )y be a smooth
dense open subset of Q and Xo = 0~ 1(Qq). Suppose that for every q € Qo the
fiber 0=1(q) is smooth and of dimension dim X — dim Q. Then Formulas (1)
and (2) hold. In particular, if X is G-flexible and Z satisfies the assumption of
Theorem 2.6(i)—(ii), then for every perfect G-family A of automorphisms of X
and a general o € A the morphism 9|4 (z)nx, : @(Z) N Xo — Qo Is an injective

immersion.

Proof. The validity of Formula (1) is straightforward. Consider any irreducible
subvariety P of Qg and an irreducible component W of o~!(P) whose image
is dense in P. Since every fiber of g is smooth so is the generic fiber of o|w
(e.g., see [KR, Lemma 2.1]). Hence, replacing P by its open dense subset we
can suppose that W is smooth. Furthermore, by [Ha, Chapter III, Corollary
10.7] we can suppose that gl : W — P is smooth. Therefore,

dim Ker g.|7, x < dim X — dim P
for every x € W. This implies that the dimension of

Yw = U Ker{o. : T X — TQ(w)Q}
xzeW

is at most dim X — dim P + dim W. Since g|x, is equidimensional, one has
dimW —dim P =dim X —dim@ and dimYy <dim7TX —dimQ.

Of course, we can suppose that the latter inequality is true for every irreducible
component W in ¢~!(P) which yields the desired conclusion.
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3. Embedding theorems for flexible varieties

Notation 3.1: Let Z be an affine algebraic variety and T'Z be its Zariski tangent
bundle. Then we let

ED(Z) = max(2dim Z + 1,dim T Z).

By [Hol, Theorem 7.4] for every affine algebraic variety Z there exists a closed
embedding of Z into AFP(%),

THEOREM 3.2: Let ¢ : W — Y be a finite morphism where W is a smooth
flexible variety and Y is normal. Let Z be a quasi-affine algebraic variety which
admits a closed embedding in W. Suppose also that dim Z < codimy Ying.
Then Z admits a closed embedding in Y with the image contained in Yieg.

Proof. One can treat Z as a closed subvariety of W. By Theorem 2.2 there exists
an algebraic family A of automorphisms of W such that for a general o € A the
variety a(Z) does not meet ¢! (Ysing). By Proposition 2.8(2)~(4), enlarging A,
we can suppose that it is a perfect family. Proposition 2.9 implies now that
Yla(z) : A(Z) = Yieg C Y is an injective immersion. Since 1 is finite 1[4(z) is
also proper. Hence, we are done.

COROLLARY 3.3: Let ¢ : A" — Y be a finite morphism where Y is nor-
mal. Suppose that Z is an affine algebraic variety such that ED(Z) < r and
dim Z < codimy Yging. Then Z admits a closed embedding in' Y with the image

contained in Yieg.

Remark 3.4: For every m > 0 there are examples of affine algebraic varieties of
dimension m that cannot be embedded in A?™ [BMS]. In particular, Holme’s
theorem is sharp and we cannot improve the assumption ED(Z) < r in Corollary
3.3. However, the author does not know if the assumption dim Z < codimy Ying
is optimal for every Y as in Corollary 3.3 (especially, in the light of Theorem
3.7 below).

ProposiTION 3.5: Let X be a G-flexible variety and H = H,, X --- x Hy be
a perfect G-family of automorphisms of X (where Hy,...,H,, are unipotent
subgroups of G). Suppose that an open dense supset U C H is such that the
morphism ¥ : H XY — Y x Y as in Formula (3) is smooth on U x Y for
every Y equal to one of the varieties X, (X xp X)\ A, (TX)* and PFr(X).
Then m, Hy,...,H,, and U can be chosen so that the codimension of H \ U
in H is arbitrarily large.
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Proof. Since one can increase m by Proposition 2.8(3) the desired conclusion
follows from [AFKKZ, page 778, footnote].

PROPOSITION 3.6: Let H be a smooth flexible variety, X be a normal algebraic
variety and ¢ : H — X be a dominant morphism such that ¢ is smooth on an
open dense subset U C H and ¢(U) C X,eq. Suppose that Z is a closed
subvariety of H and codimpy (H \ U) > dim Z. Then for a general element « in
a perfect family A of automorphisms of H the morphism

(pla(Z) : Oé(Z) — X
is an injective immersion with the image in Xcg.

Proof. By Theorem 2.2 for a general element « in an algebraic family A of
automorphisms of H the variety a(Z) does not meet H \ U. By Proposition
2.8(3)—(4) we can suppose that A is perfect. Theorem 2.6(i)—(ii) and Proposi-
tion 2.8(5) imply now that for a general v € A the morphism ¢[,(z) : @(Z) — X

is an injective immersion which concludes the proof.

THEOREM 3.7: Let Z be an affine algebraic variety and X be a smooth quasi-
affine flexible variety of dimension at least ED(Z). Then Z admits an injective

immersion into X.

Proof. Let U, H, H; and ¥ : H x X — X x X be as in Proposition 3.5, i.e.,
H~A!

since each H; is a unipotent group. Restricting ¥ to H X ¢ where z¢ is any
point in X we get a morphism ¢ : A ~ H — X which is smooth on U. By
Holme’s theorem we can treat Z as a closed subvariety of A?. By Proposition 3.5
we can suppose that

codimpH \ U > dim Z.

Since A! is a smooth flexible variety we get the desired conclusion by Proposi-
tion 3.6.

Remark 3.8: The author does not know if instead of “injective immersion” one
can use “closed embedding” in Theorem 3.7. Establishing properness is the
bottleneck of the method known to the author. However, in the case of affine
toric varieties we managed to cope with this difficulty (see Theorem 5.3 below).



96 S. KALIMAN Isr. J. Math.

4. Affine toric varieties: preliminaries

We suppose that readers are familiar with toric varieties and all information
about toric varieties which is used below can be found in the book of Cox,
Little and Schrenck [CLS]). We fix the following notations for the rest of the
paper.

- N ~ Z"™—the standard lattice in R";

- M = Homgz(N, Z)—the lattice dual to N;

- (m,u)—pairing of m € M or Mg = M®zR withu € N or Ng = N®zR;

- o—a rational convex polyhedral cone in Ng;

- 0V—the dual cone of ¢ in Mg;

- yt—the set {m € Mg|(m,~) = 0} where « is any face of o;

- X,—the toric variety of o, i.e., X, is the spectrum of the group algebra
of the semigroup v N M;

- T = Hom(M, G,,,)—the torus acting on X,;

- {o01,...,0r}—the set of extremal rays of o (by abusing notations we
also denote by g; the ray generator, i.e., the primitive lattice vector on
the corresponding ray);

- o(k)—the set of k-dimensional faces of o (e.g., g; € 0(1));

- O;—the T-orbit in X, corresponding to g; by the orbit-cone correspon-
dence [CLS, Theorem 3.2.6];

- D;—the irreducible T-invariant Weil divisor in X, containing O; as
an open subset (i.e., D; is the spectrum of the semigroup algebra
of ;i = o Na¥ N M);

- H;—the G,,-subgroup of T corresponding to o;, i.e., H; is a unique
Gpn-subgroup of T that acts trivially on D; and for ¢ € H; one has
Fym = lmses) .

We would like to remind that since
oVNM and 7,=9;f No'NM

are saturated affine semigroups, the varieties X, and D; are always normal (e.g.,
see [CLS, Theorem 1.3.5]). Furthermore, we consider only the case when X, has
no torus factors (or, equivalently, every invertible function on X, is constant).

Let Xx be the toric variety of a fan ¥ and r be the cardinality of one-
dimensional cones in ¥ (in particular, if ¥ = o then r is the number of the ray
generators g; of o). If torus factors are absent, then by [CLS, Theorem 5.1.10]
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there exists a subgroup G of G’ which is a quasitorus (i.e., the direct product
of a finite subgroup and a subtorus of GJ,,) and a closed subvariety Z(X) of A"
such that Z(X) is invariant under the natural action of G on A" and Xy, is
isomorphic to (A" \ Z(X))/G (while G, /G is isomorphic to the torus T acting
on Xy). We are dealing with the situation when 3 = ¢ and in this case Z(o) is
empty by construction (see the definition of Z (o) on [CLS, page 206]). Thus,
we have the quotient morphism

(4) T: A" - A")G ~ X,

which is G}, -equivariant. In connection with this formula we fix the following

notations.

- r1,...,x,—a fixed coordinate system on A”;

ST = G, —the standard torus (with respect to the coordinate system)
acting on A";

- D;—the hyperplane in A” given by z; = 0;

- H;—the G,,-subgroup of T acting trivially on D;, i.e., this action is the
flow of the semisimple vector field z; 6‘;;

- U—the subset of X, consisting of all points u € X, for which 7= (u)
is a G-orbit (in particular, this orbit is closed in A”);

- Up—the subset of X, consisting of all points u € U for which the
orbit 77! (u) has a trivial stabilizer.

Let us list some properties of the morphism 7 : A — X, and the objects
introduced before.

LEMMA 4.1: (i) The morphism w is an almost geometric quotient, i.e., U is
an open dense subset of X, and, consequently, general orbits of G in A" are
closed and isomorphic to G.?> Furthermore, for every u in U the fiber 7~ (u)
is isomorphic as a homogeneous G-space to G/F where F is a finite subgroup
of G.

(ii) The group G N H; is trivial.

(iii) Let 6 € o(k) be regular, i.e., the set {0;,..., 0, } of the generators of
the extremal rays of 6 can be extended to a basis of N. Then G meets the
group F generated by ﬁil, ey f[lk at identity only.

2 Note that this implies that Uy is also open dense subset of X5 by [PV, Theorem 6.3].
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(iv) The homomorphism ©* : k[X,| — Kk[z1,...,z,] induced by 7 is deter-
mined by the formula

(5) (") = [ L™,
=1

(v) The image of H, inT= g coincides with H; and F(Di) =D;.

Proof. For the first statement of (i) see [CLS, Theorem 5.1.10]. This implies that
dimG =dim A" —dim X, =r —n.

For every u € U one has dim 71 (u) = r—n since it cannot be less by Chevalley’s
theorem [Ha, Chapter II, Exercise 3.22] and it cannot be larger since 71 (u) is
a G-orbit. Being a homogeneous space ! (u) is of the form G/F where F C G
is the stabilizer of the orbit 7= (u) and the condition on the dimension implies
that F is finite. This concludes (i).

By [CLS, Lemma 5.1.1] we have

r
(6) G = {t_ (t1,. .- t) € Gl JTH&™ =1 for all m € M}.

i=1
Suppose that G N H; contains a finite subgroup of d-roots of unity. Assume
that d > 1 and let € be a primitive d-root of unity. Then Formula (6) implies
that (™2 = 1 for every m € M, i.e., (m, o;) is divisible by d. Hence, % eN
contrary to the fact that g; is a primitive vector in the lattice N. This yields (ii).

In (iii) let G N F contain a subgroup isomorphic to the group of d-roots
of unity. Then a similar argument implies that for a collection {l,...,ls} of
integers with greatest common divisor 1 the sum Zle ls0i, is divisible by d.
However, if d > 1, then this is contrary to the fact that the set {o;,,..., 0, } 18
extendable to a basis of N. Thus, we have (iii).

For (iv) see [CLS, page 209]. Statement (v) follows from the explicit con-
struction of 7 in [CLS, Proposition 5.1.9] which implies, in particular, (iv).
Vice versa, (v) can be also illustrated by Formula (5). Indeed, this formula im-
plies that for every x™ m€7; =o' NoY N M the function 7*(x™) is independent
of z;, i.e., it is fixed under the H;-action. In particular, ™ is fixed under the
action of the image H! of H; in T= g (which is isomorphic to H; by (ii)). Hence,
the H}-action on D; is trivial. Since H; is a unique G,,-subgroup of T with this
property we see that H!=H,. In particular, the divisor 7=!(D;) must be fixed
under the Hj-action which implies that W_l(Di):Di and we are done.
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Consider an affine algebraic group H acting on an affine variety Z, an affine
variety Y with a trivial H-action and an H-equivariant morphism o : Z — Y.
Recall that under these assumptions Z together with the morphism po: Z — Y
is called an H-torsor (or a principal H-bundle) if for every y € Y there exists
an étale morphism ¢, : W, — Y such that y € Im¢, and W, xy Z becomes a
trivial principal H-bundle under the natural H-action. If each ¢, is injective,
then Z is called a locally trivial principal H-bundle.

PROPOSITION 4.2: (1) The morphism 7|.-1(y,) : 7Y (Uy) — Uy is a principal
G-bundle (in particular, = is smooth over Uy). Furthermore, if G is irreducible,
then this principal G-bundle is locally trivial.

(2) Let E be the subset of A" consisting of all & = (x1,...,2,) € A" such
that at most one coordinate x; is equal to zero. Then

W(E) C Up.
(3) Uy is the regular part of X,.

Proof. Ifu € Uy and w € 7 (up), then by the Luna étale slice theorem [Lu] (see
also [PV, Theorem 6.4]) there exists a smooth subvariety V of X, transversal
to 77 1(u) at w such that w|y : V — Up is étale. This implies that Up is
contained in the regular part of X, and that 7 is smooth over Uy. Furthermore,
the natural G-action makes V xp, A” a trivial G-bundle. Hence, 7= (Uy) — Up
is a principal G-bundle. Recall also that if G is connected, then G is a special
group in the sense of Serre (see [Gro58, Def. 2 and page 16]) and for any special
group K every K-principal bundle is locally trivial [Gro58, Theorem 3]. Thus,
we have (1).

For (2) and (3) we need to recall that by orbit-cone correspondence [CLS,
Theorem 3.2.6] every 6 € o(k) corresponds to a T-orbit O(f) C X, of dimen-
sion n—k where O(0) is the orbit of a so-called distinguished point. The descrip-
tion of this point [CLS, page 116] implies that O(8) consists of all points u € X,
such that x™(u) # 0 if and only if m € - N M. In particular, the ring k[R]
of regular functions on the closure R of O(f) in X, can be viewed as the semi-
group algebra of 6+ N M. Let g;,,...,0i, be the extremal rays generating
(ie., 6+ = gﬁ; n-- -ﬂgﬁ;) and F be the subgroup of T generated by H;,, ..., H;,.
Note that the natural inclusion k[R] < k[X,] makes k[R] the subring of F-
invariants and R is given in X, by the ideal generated by

{X"m € (o= \ 6+) N M}.
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Hence, R is the fixed point set of the F-action since for every v € X, \ R one
can find m € (o1 \ 6+) N M with x™(v) # 0. The difference between the points
of O(#) and R\O(0) is that for we R\O(0) there exists j€{1,...,7}\{i1,..., ik}
such that w is also fixed under the Hj-action (because w is contained in a T-
orbit of a smaller dimension corresponding to a cone in ¢ containing 6 and
some g;), whereas for any point in O(f) such j does not exist.

Let

Fei—n\|JDb.
=1

Since 7 is T-equivariant G.7 is a general orbit, i.e., 7(Z) € Uy by Lemma 4.1(i).
Since E N D;, is a T-orbit dense in D;, and 7(D;,) = D;, by Lemma 4.1 (v)
we see that 7(E N D;,) = O;,. For every Z € EN D;, its T-orbit Q is naturally
isomorphic to G by Lemma 4.1 (ii) and 7(z) = u € O;,. Note that if @ is
not closed, then its closure contains a point with some coordinates z; = 0
where j # i;. However, this implies that u is a fixed point under both H;, -
action and Hj-action contrary to the argument before. Hence, @ is closed.
Furthermore, @ is a unique closed G-orbit in 7= (u) by [CLS, Theorem 5.0.7].
If there exists another orbit Q" in m=!(u), then the closure of @’ contains Q
(e.g., see [PV, Theorem 4.7 and Corollary]). However, this is impossible since
dim Q' < dimQ = dim G. Hence, 7~ !(u) = Q and u € Uy which is (2).

Consider v in the smooth part of X,. Then u is contained in some O(f) as
before where 6 must be regular by [CLS, Theorem 1.3.12 and Example 1.2.20].
Let O() C A™ be the T-orbit consisting of all points Z whose zero coordinates
are exactly x;,,...,2;, . Let ' be a cone in ¢ properly contained in 6, i.e., O(6)
is contained in the closure of O(#’). Let us, say, that 6’ is generated by extremal
TAYS Qiy, - - -, 0if,- Lhen we can suppose by induction that such ¢’ is regular and
that m(O(#")) = O(#') C Up. In particular, 7~ (u) belongs to the closure
of O(f) and 7~ (u) N O(#") = (. This implies that every Z € 7~ !(u) cannot
have a nonzero coordinate x;,. Hence, Z must be contained in O(6) (indeed, if
Z has a zero coordinate x; with j ¢ {i1,...,ix}, then u is fixed under the H;-
action contrary to the argument before). This implies that the T-orbit Q of &
is closed since otherwise its closure contains a point with an undesirable zero
coordinate. By Lemma 4.1(iii), @ is naturally isomorphic to G and arguing as
before we see that m7=1(u) = Q. Hence, u € Uy which yields (3) and concludes
the proof.
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COROLLARY 4.3: LetY be an open subset of X, such that codimy_(X,\Y)>2.
Then 7=1(X, \'Y) has codimension at least 2 in A".

Proof. Note that 7=1(Y) Cc 7= (UNY)U (A" \ E). The definition of U implies
that 771 (U\Y) has codimension at least 2 in A™ and the same is true for A"\ E.
Hence, we have the desired conclusion.

COROLLARY 4.4: Let C be a closed curve in X, contained in Uy. Suppose that
either

(1) C is isomorphic to the affine line A', or
(2) G is connected and C' is a smooth rational curve.

Then there exists a closed curve C' C A" such that e C — Cis an

isomorphism.

Proof. By Proposition 4.2, 771(C) is a locally trivial principal G-bundle. State-
ment (1) now follows from [FS, Theorem A.1] which states that for each affine
algebraic group F' every principal F-bundle over the affine line admits a section.

In (2) by Proposition 4.2(1) we can find an open cover {V;} of C for
which 771(V;) is naturally isomorphic to V; x G. In particular, one has sec-
tions s; : Vi = 7 1(V;) and s;
a morphism. Since G ~ G, " we see that g;; can be presented as a col-
lection of r — n sections of OF over V; N V;. Hence, H'(C,G) is the direct
sum of r — n samples of H'(C,Of). Since C is a smooth rational curve we
have H'(C, Of) = PicC = 0 and, hence,

HY(C,G)=0.

vinv; = §ijSi where Gij - VinN ‘/j — G is

Thus, we can suppose that every pair of sections s; and s; agree on V; NVj.
Consequently, we have a global section of 7|,-1(¢y : 7= (C) — C which yields
the desired conclusion.

5. Embedding theorems for affine toric varieties

Notation 5.1: In this section X, is an affine toric variety without torus factors.
In particular, X, ~ A" /G where G ¢ T = G’ is a quasitorus acting naturally
on A”. We also denote by 7 : A” — X, the quotient morphism as in Formula (4)
with U (resp. Up) being the dense open subset of X, consisting of all points
u € X, for which 771 (u) is a G-orbit (resp. a G-orbit with a trivial stabilizer).
That is, Uy is the regular part of X, by Proposition 4.2.
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LEMMA 5.2: Let 0 be the origin in A”, 0 = 7(0) and A = k[A"]%. Then one can
choose a collection of monomials as generators of A and the set V' of common

zeros of this collection is contained in w~*(0). In particular, V C 7= 1(X, \ U)
unless X, = U.3

Proof. Since the natural T-action respects monomials the same is true for the G-
action. Thus, any G-invariant polynomial is the sum of G-invariant monomials
which yields the first claim. Since V' C A" is closed and G-invariant Z = 7(V)
is closed in X, and for every z € Z the only closed orbit in 7~1(z) is contained
also in V. Assume that Z contains two distinct points z; and z3 and L; is the
closed orbit of m=1(2;). Note that the restriction of every polynomial from A
to V is constant. Hence, elements of A do not separate L; and Ly contrary
to the fact that the regular functions on X, separate z; and zo. Thus, Z
is at most a singleton. Since 0 € V and 0 € Z we see that V C 7 1(0).
Let dim7~1(z) > r — n for some z € X, \ 0. Since 7 is T-equivarinat the same
is true for all points in the T-orbit P of z in X,. The closure of P contains a T-
orbit @ of a smaller dimension and for every w € @ one has dim 7~ !(w) > r—n
by Chevalley’s theorem. Reducing the dimension of such T-orbits further we
see that

dimn~ (o) >r —n,
i.e., o ¢ U. This concludes the proof.

THEOREM 5.3: Let X, be a normal affine toric variety without torus factors
and | = codimy-7~1(X,\Up). Suppose that Z is an affine algebraic variety such
that ED(Z) < dim X, and dim Z < I. Then there exists a closed embedding
t: Z < X, such that «(Z) is contained in the regular part Uy of X,. Further-
more, | > 2 and, in particular, for every affine curve C with ED(C) < dim X,
there exists a closed embedding of C' in X, with the image in Uy.

Proof. By Proposition 4.2(1) the morphism |-y, : @~ (Up) — Up is smooth
and [ > 2 by Corollary 4.3. By Holme’s theorem Z can be treated as a closed
subvariety of A". Proposition 3.6 implies now that for a general element « in a
perfect family A of automorphisms of A™ the morphism 7|y (z) : a(Z) — Uy is

an injective immersion.

3 Recall that if X, = U, then o is simplicial by [CLS, Theorem 5.1.10].
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Furthermore, consider the natural embedding A™ < P", D =P\ A" ~ P"~!
and H = GL,(k). Then we have the natural H-action on P” such that D is
invariant under it. By Proposition 2.8(3) we can replace A by the family H x A.
That is, for a general h in H and a general o in A the morphism

7T|hoa(Z) :ho a(Z) — Uy

is still an injective immersion.

By Lemma 5.2 we can find generators gy, .. ., gs of k[X,] such that the poly-
nomials f; = g; o ™ are monomials and the codimension (in A”) of the variety
given by f; = --- = fg = 0 is at least [. Note also that fi1,...,fs can be
viewed as coordinate functions of 7 : A” — X, C A® and they can be extended
to rational functions on P". Since each f; is homogeneous with respect to the
standard degree function the intersection R of the indeterminacy sets of these
extensions is given by the common zeros of f,..., fs in D. In particular, R has
codimension at least [ in D. Let P be the intersection of D with the closure
of hoa(Z) in P, ie.,dimP <dimZ — 1 <! — 1. Since the restriction of the
H-action to D is transitive P does not meet R for general h € H and o € A
by Theorem 2.2. Hence, 7|hon(z) : h o a(Z) — X, is a proper morphism by
[Ka20, Corollary 5.4]. Consequently, it is a closed embedding which concludes
the proof.

In particular, we have the following fact which is also a trivial consequence
of Corollary 3.3.

COROLLARY 5.4: Let X, be an affine simplicial toric variety. Let Z be an
affine algebraic variety such that ED(Z) < dim X, and dim Z is less than the
codimension of the singularities of X, in X,. Then there is a closed embedding
of Z into X, with the image in Uy.

6. Locally nilpotent vector fields on affine toric varieties

We use a combinatorial description of locally nilpotent vector fields on X,
given by Liendo in his paper [Li] in which he rediscovered Demazure roots [De,
Section 3.1] (see also [AKuZ19, Definition 4.2]). Recall that a Demazure root
associated with some g; is any element e of M such that (e, ;) = —1 and (e, p;)
is nonnegative for every j # i. The vector field on X, defined by

(7) agi,e(Xm) = (m, Qi>Xm+€
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is locally nilpotent and up to a constant factor every homogeneous locally nilpo-
tent vector field is of this form. For a Demazure root e € M associated with o;
one has € := 7*(x°) = (€1, ..., ér) where by Formula (5) the i-th coordinate é;
is equal to —1. Let & = (é,...,€.) where the i-th coordinate €, is equal to

zero, whereas €, = é; for | # i. Formulas (5) and (7) imply now the following
fact which was first discovered in [AKuZ19)]).

LEMMA 6.1: The polynomial 7*(8,, .(x"™)) coincides with d,, .(7*(x™)) where
the locally nilpotent vector field 5&,6 on A" is given by ¢ .° with

ox;
K
_& é
= le ,
1=1
i.e., the flow of Oy, . is given by
~r

(8) T = (.1‘1, e X)) (ml, ey X1, T H TS T, )
where t is the time parameter.

The algebra k[D;] of regular functions on D; can be viewed as the semigroup
algebra of 7; = - MoV N M. Note that k[D;] is the kernel of 9,, . viewed as a
derivation on k[X,]. The natural embedding k[D;] < k[X,] yields a dominant
T-equivariant morphism x; : X, — D; that is the categorical quotient of the
Gq-action associated with J,, .. Note that it is also the categorical quotient of
the natural H;-action on X, since k[D;] is the subring of H;-invariants of k[X,].
Furthermore, as we mentioned before in the proof of Proposition 4.2, D; is the
fixed point set of the H;-action on X, .

Notation 6.2: Similarly, consider a cone 6§ € o¢(2) containing two extremal
rays g; and o; and the subgroup H;; of T generated by H; and H;. The dual
cone of § meets M along 7; N7;. The semigroup algebra of 7, N7; can be viewed
as the algebra of regular functions on

D;; = D;N Dj.

As before, one can see that D;; = X,/ H;; and D;; is the fixed point set of
the H;j;-action on X,. Since k[D;;] has no zero divisors and its transcendence
degree is n — 2, one can see that D;; is an irreducible T-invariant Weil divisor
in D;. In particular, D;; contains a dense T-orbit O(f) (which is associated
with @ via the orbit-cone correspondence).
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LEMMA 6.3: Let Notation 6.2 hold and 6 be regular. Then k; is smooth
over O(0) and r; ' (u) is isomorphic to A for every u € O(6).

Proof. Since 6 is regular O(0) is contained in the regular part Uy of X, by
[CLS, Theorem 1.3.12 and Example 1.2.20]. Let u € O(#). Then T, X, is
equipped with the induced linear H;j-action. By the Luna slice étale theorem
for smooth points (e.g., see [PV, Theorem 6.4]) there exists an H;;-equivariant
étale morphism ¢ : ¥ — T,X, from a dense open H,j;-invariant subset Y
of X, containing u. Hence, since the map T, X, — Ty, X,/ H; is smooth so
is kily : Y — Y JH;. For every point w € k; '(u) the closure of its H;-orbit
contains the fixed point u (e.g., [PV, Theorem 4.7 and Corollary]), i.e., this orbit
is contained in Y. Hence, ;' (u) C Y (and, consequently, ;' (u) is isomorphic
via ¢ to an affine line through the origin in 73, X,). This yields the desired

conclusion.

LEMMA 6.4: Suppose that for some g; every 0 € ¢(2) containing o; is regular.
Then there exists an open subset V; of D; Uy such that codimp, D;\V; > 2 and
for every v € V; one can find a locally nilpotent vector field ¢ of the form g0,, .
where g € k(D;) C k(X,) which does not vanish on k; ' (v).

Proof. Let gj,,...,05 be the collection of all extremal rays distinct from p;
such that for every s = 1,...,k there exists § € o(2) containing g;, and p;.
Formula (7) implies that d,, . does not vanish over

k
0; =D;\ | D;..
s=1
Thus, we have to consider the case when v is a general point of some D;. .
Choose a rational function fs on D; with poles on D; N D;_ only such that these
poles are simple at general points of D; N D;, . Let [; be the zero multiplicity
of 0y, at general points of D;_ . Then the vector field

5 = fésagi76

is regular, locally nilpotent, tangent to the fibers of x; and it does not vanish
at general points of D; . By Lemma 6.3, Iii_l(’l)) is isomorphic to the affine line
and since v € D; N D;, one has x; '(v) C D;,. Thus, §|H;1(v) does not vanish
since it is tangent to the line x; '(v) and nonzero at a general point of x; *(v).
This yields the desired conclusion.
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PROPOSITION 6.5: Let every 6 € o(2) containing g; be regular and let V; C D;
be as in Lemma 6.4. Let Z be a closed subvariety of D; C X, which is contained
inV;. Let s : Z — A" be a section of = : A" — X, over Z for which Z = s(Z)
is closed in A". Then one can find a locally nilpotent vector field ¢ equivalent
to 0y, e and such that & does not vanish on r; '(Z).4

Proof. Lemma 6.4 implies that for every u € Z one can find a locally nilpotent
vector field ¢, of the form g,0,, ., 9. € k(D;) C k(X,) which does not vanish
on k; '(u). Recall that g, as an element of k(X,) is invariant under the H;-
action. Hence, by Lemma 6.1, §, = 7r*(6~z) where ¢, is of the form fz 821- with fz
being a polynomial independent of #; since x; is not invariant under the Hj-
action. By assumption 4. and, therefore also fz, does not vanish at 7= (u)N Z.
Hence, by the Nullstellensatz one can find polynomials h. such that only a
finite number of them are nonzero and ), h. fz| 7 = 1. By the assumption
every regular function on Z is a lift of a regular function on Z which extends
to an element

k[D;] = Ker 0,, . C k[X,].

In particular, one can suppose that f, =7*f, and h, =n*h, where f,, h, € k[D;].
Hence, 6=3__h.0. (resp. 6= Zzﬁzgz) is a locally nilpotent non-vanishing vector
field on ; 1(Z) (resp. 7~ (k; }(Z))) which yields the desired conclusion.

K2

COROLLARY 6.6: Let the assumptions of Proposition 6.5 hold and Z (and,
therefore, Z) be isomorphic to the affine line A' equipped with a coordinate t.
Let & be the locally nilpotent vector field on A" as in the proof of Propo-
sition 6.5 (i.e., m.(8) = ). Then for every polynomial h(t) there exists a
function g € k[D;] C k[X,] such for the flow 3 of the locally nilpotent vector

field 7 (g)d at time 1° one has x; o Bi(t) = h(t), t € Z.

Proof. Since § is equivalent to J,, . and does not vanish on Z one can suppose
(by Lemma 6.1) that the restriction of 6 to Z coincides with a?u' Let

g(t) = h(t) — i(t).

Note that ¢(¢) (as a function on Z) admits an extension to a function
g € k[D;] = Kerd. This extension yields the desired function.

4 Two locally nilpotent derivations are equivalent if they have the same kernels.
5 That is, B}L : A” — A" is defined by (B;l)*()\) = exp(n*(g)8)(\) VA € Al
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7. Affine simplicial toric varieties

Recall that an affine toric variety X, is simplicial if every face of o is a simplex,
i.e., n = r and G is a finite group. This implies, in particular, that for every j # [
the extremal rays g; and p; are contained in some 6 € ¢(2) and D;; = D; N D;
is always a Weil divisor in Dj.

LEMMA 7.1: Let X, be a simplicial toric variety of dimension at least 4 which
is smooth in codimension 2 and C' be a smooth polynomial curve in the regular
part of X,. Let V; be as in Lemma 6.4,

V=m0, Wi=s )N 651(V;) and W] = k().
i=1 L
For every 6 € o(2) containing extremal rays g; and o; let g : X, — D;; be the
morphism induced by the homomorphism of the semigroup algebras associated
with the natural embedding 7, 7; < o. Then replacing C' with its image under
an automorphism of X, one can suppose that
(i) C is contained in V;

(i) C; = Ki(C) meets W] at a finite set for every | =1,...,r;

(i) wi|lc : C — Dy is a closed embedding for every l =1,...,r;

(iv) g : C—1)y(C) is a birational morphism for every 6 € O'( ) containing o;

and 0.

Proof. Since Dy; is a divisor in D; and D; \ V; has codimesion at least 2 in D,
we see that V; contains an open subset of D;; and Iil_l(‘/l) contains an open
part of D;. Hence, X, \ k; ' (V;) does not contain Weil divisors in X, i.e., it is
of codimension at least 2. Consequently,

codimyx, X, \'V > 2.

Recall that X, is flexible by [AKuZ] and, therefore, Uy and V are flexible by
[FKZ, Theorem 2.6]. By Theorem 2.2 for a general « in any perfect family A
of automorphisms of Uy (which are extendable to automorphisms of X, by the
Hartogs’ theorem) «(C) is contained in V and a(C) meets every ;' (W/) at a
finite set which yields (i) and (ii). Lemma 6.3 implies that every x; is smooth
over k;(V). Thus, by Theorem 2.6 and Proposition 2.8(5) for a general o € A
each morphism k; : a(C) — D is a closed embedding and each morphism
Yo : a(C) = ¥p(a(C)) is birational which yields (iii)—(iv) and the desired con-

clusion.
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LEMMA 7.2: Let the assumptions of Lemma 7.1 hold and C satisfy condi-
tions (i)-(iv). Suppose that i,8, h and g are as in Corollary 6.6 and 3}, is flow
of the locally nilpotent vector field g a time 1. Suppose further that h(t) = ct+d
where ¢ and d are general constants. Then the curve 3; (C) also satisfies condi-
tions (i)—(iv).

Proof. Let V.= 7~ (V). By Corollary 4.4 there exists a curve C' C V such
that 7|5 : C — C is an isomorphism. Note that 7 o 3} = B o 7 where j is as
in Corollary 6.6. Hence, besides conditions (i) and (ii) for 3 (C) it suffices to

prove that
(iii’) for &; = k; o ™ the morphism

Gi(Cy " B;z(é) — Dy

Ky
is a closed embedding for every [ =1,...,r;
(iv") for 19 = g o m the morphism
Uolgi ey BL(C) = o(Bi(C))

is birational for every 6 € o(2) containing ¢; and ;.

Let us start with (iv'). One can choose coordinate functions of ¥ in the
form 7* (x") where m € 7, N 7;. By Formula (5), 7*(x™) is of the form z¥my,,
where y,,, is a monomial independent of x;. Condition (iv) implies that there

exist m’,m” € 7 N 7; such that for t € A’ ~ C the functions xfm' ()Y (t)
Y (1)
Y ()
rational function. Hence, for general ¢ and d the functions (ct + d)*= y,,./(t)

and zf’"” (t)ym (t) are not proportional and, in particular, is a nonzero
and (ct + d)*=" (t)y,,~ (t) are not proportional and Corollary 6.6 implies that
the morphism 1/;9|féﬁ(é) : B}L(é) — 1y (52(0)) is birational which is (iv’).

Let S); be a finite subset of C' for which 1[39'32((3\31]‘) : BL(C\ Sy;) — Dyj is
an embedding. Then condition (iii) implies that for every to € Sj; there exists
m € 7 such that & zFn Ym|t=t, 18 nonzero. This implies that either y,,(tg) # 0

at i
or ymli=t, # 0. Consequently, {(ct+ d)*myu,|i—, is nonzero for general c

and d. Hence, we can suppose that Fifz: @) Bﬁ(é) — Dy is an immer-
h

sion. Furthermore, for every to # t; € Sj; there exists m € 7 such that
T (t0)ym (to) # ¥ (t1)ym (t1). Again for general ¢ and d this implies that

(cto + d)* " ym (to) # (ct1 + d) "™y (t1).

Hence, Rl',é;(é‘) : Bi(C) — Dy is a closed embedding which is (iii’).
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By (ii), for every [ the curve C; meets W/ at a finite set @} or, equivalently,
for a general point z € C one has k;(z) ¢ W/. The same remains true for a
general point (3} (z) of the curve g} (C). Indeed, it suffices to show that it is
true for some point of 3i(C). Let t € C ~ A! be the preimage of z in C.
Note that 3} (C) meets C at the points where z;(t) = ¢t + d. Since ¢ and d are
general the solutions of the latter equation yield general points of C' and, hence,
condition (ii) for the curve 3 (C).

Recall that 3} is the flow at time 1 of a locally nilpotent vector field gé as in
Corollary 6.6 which is equivalent to a vector field 9,, . and, therefore, tangent to
the fibers of k;. In particular, f;(C) is contained in &;'(C;)
where C; = #;(C). By construction #;'(C; \ Q}) C V. By Lemma 6.3 every
fiber L of “l|nf1(Q;) 1 k71(Q)) — Q! is isomorphic to the affine line and such L
meets V since C does at some point zp € C (where this 2y is unique since
ki : C — Dy is a closed embedding). Let ¢ be a coordinate on C ~C ~ Al
Recall that by construction in Corollary 6.6, g C k[D;] is an extension of the
function ¢t + d — xz;(t). Hence, g6 = 61 + dé where the locally nilpotent vector
field §; commutes with §. In particular, the flow of gé at time 1 is the compo-
sition of the flows of §; at time 1 and ¢ at time d. Since by Proposition 6.5,
& does not vanish on L and d is general, we see that S} (29) is a general point
of L and, therefore, it belongs to V. This yields condition (i) for 3; (C) and the
desired conclusion.

THEOREM 7.3: Let X, be an affine simplicial toric variety of dimension at
least 4 such that X, is smooth in codimension 2. Suppose that Ty is an algebraic
torus and Y = Ty X X,. Let ¢ : C — C’' be an isomorphism of two smooth
polynomial curves contained in the regular part of Y. Then ¢ extends to an
automorphism of Y.

Proof. Let v : Y — Ty be the natural projection. Since C' and C’ are polynomial
curves their images z = v(C) and z’ = v(C’) are singletons. Consider an
automorphism ag of Ty sending z’ to z and its natural lift to an automorphism «

I we can suppose that z = 2.

of Y. Replacing C’ by o(C’) and ¢ by poa™
Hence, C, C’' Cv~1(2)~ X, and it suffices to consider the case of Y =X, only.

Suppose that 7 : A" — X, is as in Formula (4). By Corollary 4.4 one can
find a curve C (resp. C') in A" such that 7|z : C — C (resp. 7|z : C' — C”)

is an isomorphism. Let ¢’ be a coordinate on ¢’ ~ C’ and t = ¢*(') be
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the coordinate on C' ~ C. Applying consequently automorphisms ﬁ}; as in
Lemma 7.2 with ¢ running over {1,...,r} one can suppose that C is a curve
such that x;(t) = ¢;t + d; for every i where (¢1,d1, ..., ¢, d,) is a general point
in A?". Similarly, one can suppose that C” is a curve such that z;(t') = it +d;
for every i where (c},d},...,c.,d.) is a general point in A?". Choosing these

two general points equal we get the desired conclusion.
We need to recall the following [KaUd, Definition 8.2].

Definition 7.4: Let C and C3 be smooth curves in a smooth quasi-affine vari-
ety Y with defining ideals I; and Iy in k[Y]. We suppose also that C; and Cs
are closed in an affine variety containing Y. Let Y possess a volume form w
(i.e., w is a nonvanishing section of the canonical bundle on Y') and let each
conormal bundle ZQ of C; in Y be trivial. By [KaUd, Lemma 6.3] there is a
neighborhood W; of C; in Y in which Cj is a strict complete intersection given
by u1; =+ = un—1,; = 0 where uy j,...,un—1,; € I; and n = dimY". That is,
for A; = kgl] we have the graded algebra

k—1 1
K[Y] I
=D
=17

J

which can be viewed as the algebra of polynomials in uy j, ..., un—1,; over A; of

k[Y] _, k[Y]
Ik Ik

for a natural k. Up to the induced isomorphism A; >~ As this isomorphism ¢ is

degree at most k—1. Consider an isomorphism ¢ : of these algebras
determined by its values ¢(u; 1), ¢ = 1,...,n — 1. These values can be viewed
as polynomials in uj 2,...,up—1,2 over Ay, i.e., one has the matrix

[390(1”,1)}"‘1
Ousa Jis=1

Since the normal bundle Ny Cj; is trivial, the existence of w implies the exis-
tence of a volume form on C;. Fix volume forms w; on C; such that ¢*w; = ws
where the isomorphism ¢ : Cy — Cj is induced by . Choose a section
pr; : TY|c; — TCj of the canonical inclusion TCj < T'Y|c; and consider the
section @; = wj o pr; of the dual bundle (TY|c;)" of TY|c,. Then one can re-

quire that w|cj coincides with @; Aduy j A---Aduy—1 ;. Under this requirement
64/’(“1,1)]7171

Ous,2 1l,s=
dent of the choice of coordinates uy j,...,un—1;). Hence, we say that ¢ has

Jacobian a € k\{0} if the determinant of [a‘giu”;) J72, is equal to a modulo 15~

the determinant of | | is well-defined modulo I5~* (i.e., it is indepen-
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Note that Definition 7.4 is applicable in the case when C7 and C5 are smooth
polynomial curves in a simplicial toric variety X, contained in its regular part.
Indeed, Uy as the regular part of X, is flexible [AKuZ]. Recall that A™ admits a
volume form invariant under the natural SL,.(k)-action. Hence, we can push this
volume form down to a volume form w on Uy since 7|1,y : 7~ (Ug) = Up
is an unramified covering by Proposition 4.2. Furthermore, since the normal
bundles of smooth polynomial curves are always trivial, we are under the as-
sumptions of Definition 7.4.

COROLLARY 7.5: Let ¢ : C — C' be an isomorphism of kth infinitesimal neigh-
borhoods of two smooth polynomial curve C' and C’ contained in the regular
part Uy of an affine simplicial toric variety X, of dimension at least 4 which
is smooth in codimension 2. Suppose that the Jacobian of ¢ is a nonzero con-
stant a. Then ¢ extends to an automorphism ® of X,.

Proof. Recall that by [KaUd, Lemma 6.2] every automorphism « of Uy has a

.
o (w) and, if o is a com-

constant Jacobian where the Jacobian is computed as
position of elements of flows of locally nilpotent vector fields, then its Jacobian
is 1. Let ¢ : C' — C be an isomorphism. By Theorem 7.3, 1) extends to an
automorphism ¥ of X, which in turn induces an automorphism C’ — C also
denoted by . By construction VU is a composition of elements of flows of locally
nilpotent vector fields. Hence, its Jacobian is 1. Taking a composition of ¢ with
the action of an appropriate element of T and replacing C” with its image under
this action we can suppose that the Jacobian of ¢ is also 1 modulo (I')*~! in
the sense of Definition 7.4 where I’ (resp. I) is the defining ideal of C’ (resp. C)
in k[X,]. Then the automorphism A := ¢ o ¢ : C — C has Jacobian 1 mod-
ulo I*~1. By [KaUd, Theorem 6.6] \ extends to an automorphism A of X,. It

remains to note that U~!o A is the desired extension of ¢ and we are done.

Remark 7.6: Let N be the smallest saturated set of locally nilpotent vector fields
on X, that contains all vector fields of the form 0,, . as in Formula (7). Consider
the subgroup G C SAut(X,) generated by . Assume that in Theorem 7.3
Y = X,. Then it follows from the proof that an automorphism extending ¢
can be chosen in G. Furthermore, one can check that V as in Lemma 7.1 is
G-flexible (recall that we can suppose that such V' contains C' and C”). Hence,
if the Jacobian of ¢ from Corollary 7.5 is 1, then [KaUd, Theorem 6.6] implies
that ® can be also chosen in G.
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