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ABSTRACT

An Engel sink of an element g of a group G is a set &(g) such that for every
z € G all sufficiently long commutators [- - - [z, g], 9], .. ., g] belong to &(g).
(Thus, g is an Engel element precisely when we can choose &(g) = {1}.) It
is proved that if a profinite group G admits an elementary abelian group
of automorphisms A of coprime order ¢ for a prime ¢ such that for each
a € A\ {1} every element of the centralizer C(a) has a countable (or
finite) Engel sink, then G has a finite normal subgroup N such that G/N
is locally nilpotent.
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1. Introduction

It is well known that if a finite group G admits a non-cyclic abelian group
of automorphisms A of coprime order, then G = (Cg(a) | a € A¥), where
A% = A\{1} (see, for example, [10, Theorem 6.2.4]). Therefore many properties
of the group G can be derived from the properties of the centralizers Cg(a). For
example, we proved in [13] that the exponent of G is bounded in terms of the
exponents of the Cg(a) and |A|. In most cases it is natural to assume that A
is an elementary abelian group of order ¢ for a prime gq.

Results of this kind have also been recently extended to profinite groups
admitting a non-cyclic abelian finite group acting by coprime automorphisms
[2, 3, 4, 5, 6]. In particular, Acciarri, Shumyatsky, and Silveira [3] proved the
following.

THEOREM 1.1 ([3, Theorem B2]): If a profinite group G admits an elementary
abelian g-group A of order ¢* acting by coprime automorphisms on G in such
a way that all elements in Cg(a) are Engel in G for every a € A%, then G is
locally nilpotent.

This result can be viewed as an ‘automorphism’ extension of the Wilson—
Zelmanov theorem [28, Theorem 5] saying that a profinite Engel group is lo-
cally nilpotent. This Wilson—Zelmanov theorem was based on Zelmanov’s deep
results [29, 30, 31] on Lie algebras with Engel conditions, and the proof in the
aforementioned ‘automorphism’ extension also used these results.

Recall that a group G is called an Engel group if for every z, g € G the equa-
tion [z, ,g] = 1 holds for some n = n(z, g) depending on x and g. Henceforth,

we use the left-normed simple commutator notation

[a1;a2aa3a- --aa/r] = [ o [[CH,GQ],GB],-- 'aa/r]

and the abbreviation
[a, 1b] :=[a,b,), ..., b

where b is repeated k times. A group is said to be locally nilpotent if every
finite subset generates a nilpotent subgroup.

In recent papers [14, 15, 16, 17, 18, 19] we considered generalizations of Engel
conditions for finite, profinite, and compact groups using the concept of Engel
sinks.
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Definition: An Engel sink of an element g of a group G is a set &(g) such
that for every z € G all sufficiently long commutators [z,¢,9,...,g] belong
to &(g), that is, for every & € G there is a positive integer n(x,g) such that
[z, ng] € &(g) for all n > n(x,g).

(Thus, ¢ is an Engel element precisely when we can choose &(g) = {1},
and G is an Engel group when we can choose &(g) = {1} for all g € G.)

In [15, 18] we considered compact (Hausdorff) groups in which every element
has a finite or countable Engel sink and proved the following theorem.

THEOREM 1.2 ([18, Theorem 1.2]): If every element of a compact group G has
a countable Engel sink, then G has a finite normal subgroup N such that G/N
is locally nilpotent.

(By “countable” we mean “finite or denumerable”.)
The purpose of this paper is to obtain the following ‘automorphism’ extension
of this result for profinite groups.

THEOREM 1.3: Let ¢ be a prime, and A an elementary abelian g-group of
order ¢>. Suppose that A acts by coprime automorphisms on a profinite group G
in such a way that for each a € A% every element of Cg(a) has a countable
Engel sink in G. Then G has a finite normal subgroup N such that G/N is
locally nilpotent.

In the proof, first the case of pro-p groups is considered, where Lie ring
methods are applied including Zelmanov’s theorem on Lie algebras satisfying
a polynomial identity and generated by elements all of whose products are ad-
nilpotent [29, 30, 31], in conjunction with the Bahturin—Zaitsev theorem [7]
on polynomial identities of Lie algebras with automorphisms. This analysis
provides a reduction to uniformly powerful pro-p groups, for which a different
Lie algebra over p-adic integers is used canonically connected with the group via
the Baker—-Campbell-Hausdorff formula. There is no straightforward connection
between Engel commutators in the group and in the corresponding Lie algebra,
or between Engel sinks of their elements. Nevertheless the Lie algebra is used to
prove that in a uniformly powerful pro-p group, elements with countable Engel
sinks are in fact Engel elements. Then the desired result is derived for the case
of pronilpotent groups. In the general case, firstly an open locally nilpotent
subgroup is found, and the proof proceeds by induction on its index.
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2. Preliminaries

In this section we recall some notation and terminology and several known
properties of Engel sinks in profinite groups.

Our notation and terminology for profinite groups is standard; see, for exam-
ple, 9, 23, 27]. A subgroup (topologically) generated by a subset S is denoted
by (S). Recall that centralizers are closed subgroups, while commutator sub-
groups [B, A] = ([b,a] | b € B, a € A) are the closures of the corresponding
abstract commutator subgroups.

We denote by (k) the set of prime divisors of k, where k may be a positive
integer or a Steinitz number, and by 7(G) the set of prime divisors of the orders
of elements of a (profinite) group G. Let o be a set of primes. An element g
of a group is a o-element if 7(|g|) C o, and a group G is a o-group if all of its
elements are o-elements. We denote by o’ the complement of ¢ in the set of all
primes. When o = {p}, we write p-element, p’-element, etc.

Recall that a pro-p group is an inverse limit of finite p-groups, a pro-o group
is an inverse limit of finite o-groups, a pronilpotent group is an inverse limit of
finite nilpotent groups, a prosoluble group is an inverse limit of finite soluble
groups.

We denote by 7(G) = [, 7i(G) the intersection of the lower central series
of a group G. A profinite group G is pronilpotent if and only if 7. (G) = 1.

Profinite groups have Sylow p-subgroups and satisfy analogues of the Sy-
low theorems. Prosoluble groups satisfy analogues of the theorems on Hall
m-subgroups. Pronilpotent groups are Cartesian products of their Sylow p-
subgroups. We refer the reader to the corresponding chapters in [23, Ch. 2] and
[27, Ch. 2].

For a group A acting by automorphisms on a group B we use the usual
notation for commutators [b, a] = b~6* and commutator subgroups

[B,A] = ([b,a] | b€ B, a€ A),
as well as for centralizers
Cp(A)={be B|b*=0bforallac A}
and

Ca(B) ={a€ A|b*=bforall be B}.
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If ¢ is an automorphism of a finite group H of coprime order, that is, such
that (J¢|,|H|) = 1, then we say for brevity that ¢ is a coprime automorphism
of H. Among many well-known properties of coprime automorphisms of finite
groups, we recall the following.

LEMMA 2.1 (see [10, Theorem 6.2.4]): If A is an elementary abelian group of

order ¢* for a prime q acting by coprime automorphisms on a finite group G,
then G = (Cg(a) | a € A%).

We say that ¢ is a coprime automorphism of a profinite group H meaning
that a procyclic group (p) faithfully acts on H by continuous automorphisms
and 7((p)) N7(H) = @. Since the semidirect product H(p) is also a profinite
group, ¢ is a coprime automorphism of H if and only if for every open normal
p-invariant subgroup N of H the automorphism (of finite order) induced by ¢
on H/N is a coprime automorphism. The following folklore lemma follows from
the Sylow theory for profinite groups and an analogue of the Schur—Zassenhaus
theorem.

LEMMA 2.2 (see [18, Lemma 4.1]): If A is a group of coprime automorphisms
of a profinite group G, then for every prime q € w(G) there is an A-invariant
Sylow g-subgroup of G. If G is in addition prosoluble, then for every subset
o C n(G) there is an A-invariant Hall o-subgroup of G.

The following lemma is a profinite analogue of the well-known property of
coprime automorphisms of finite groups.

LEMMA 2.3 ([23, Proposition 2.3.16]): If A is a group of coprime automorphisms
of a profinite group G and N is an A-invariant closed normal subgroup of G,
then every fixed point of A in G/N is an image of a fixed point of A in G, that
is, Cq/n(A) = C(A)N/N.

As a consequence, we also have the following.

LEMMA 2.4 ([18, Lemma 4.3]): If A is a group of coprime automorphisms of a
profinite group G, then [[G, A], 4] = [G, A].

The following well-known fact is a straightforward consequence of the Baire
Category Theorem (see [12, Theorem 34]).

THEOREM 2.5: If a compact Hausdorff group is a countable union of closed
subsets, then one of these subsets has non-empty interior.
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We now recall a few general properties of Engel sinks. Clearly, the intersection
of two Engel sinks of a given element g of a group G is again an Engel sink
of g, with the corresponding function n(x,g) being the maximum of the two
functions. Therefore, if g has a finite Engel sink, then g has a unique smallest
Engel sink. If &(g) is the smallest Engel sink of g, then the restriction of
the mapping = — [z, g] to &(g) must be surjective, which gives the following

characterization.

LEMMA 2.6 ([18, Lemma 2.1]): If an element g of a group G has a finite Engel
sink, then g has a smallest Engel sink &(g) and for every s € &(g) there is
k € N such that s = [s, rg].

For profinite groups we proved in [18] the following lemma as a consequence
of the Baire Category Theorem 2.5; we include it here with the proof for the
reader’s benefit.

LEMMA 2.7: Suppose that an element g of a profinite group G has a countable
Engel sink. Then there are positive integers i,k and a coset Nb of an open
normal subgroup N such that

[[nb, ig],g¥] =1 for alln € N.

Proof. Let {s1, $2,...} be an Engel sink of g. We define the sets
S ={z € G| [z, k9] = s}
Note that each Sy; is a closed subset of G. Then

G =|JSu
k,l

by the definition of the Engel sink. By Theorem 2.5 one of these sets S;; contains
an open subset, which contains a coset Nb of an open normal subgroup N. Thus,

[nb, ;9] =s; forallm e N.
Since G/N 1is a finite group, the coset Nb is invariant under conjugation by

some power ¢*. Then
k

k k

Sg = [ba lg]g = [bg ) Zg]
= [nb, ig] for some n € N
= Sj.

In other words, g¥ commutes with s, so that

[[nb, ig],gk] = [sj,gk] =1 forallnée N.
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Remark 2.8: When a finite group A acts by automorphisms on a group G,
if H is a subgroup of finite index, then ﬂae 4 H® is an A-invariant subgroup of
finite index. We freely use this property throughout the paper without special
references.

Recall that a section of a group G is a quotient S/T, where T is a normal
subgroup of a subgroup S. If ¢ is an automorphism (or an element) of G, then a
section S/T is said to be p-invariant if both S and T are g-invariant subgroups
(respectively, normalized by ).

Remark 2.9: If an element g of a group G has a finite (or countable) Engel sink
in G, then its image also has a finite (respectively, countable) Engel sink in
any g-invariant section of G. We freely use this property throughout the paper
without special references.

3. Uniformly powerful pro-p groups

In this section we consider a special class of pro-p groups, the finitely generated
uniformly powerful pro-p groups, for which we prove that any element with a
countable Engel sink must in fact be an Engel element.

Recall that a pro-p group G is powerful if [G,G] < GP for p # 2, or
[G,G] < G* for p = 2. Henceforth G™ denotes the (closed) subgroup gener-
ated by all n-th powers of elements of G. In a powerful pro-p group G, for
every k € N the subgroup GP" consists of pF-th powers of elements of G, and
the subgroups GP" form a central series of G.

A powerful pro-p group G is said to be uniformly powerful if the mapping

T xP

induces an isomorphism of Gpi/Gpi+1 onto GfoHl/Gpi+2 for every 7+ € N. This
definition implies that a uniformly powerful pro-p group is torsion-free.

If G is a finitely generated uniformly powerful pro-p group, then the struc-
ture of a Lie algebra L over the p-adic integers Z, on the same underlying set
G = L can be defined in a certain canonical way; see [9, Theorem 4.30]. The
additive group of L is isomorphic to a direct sum of copies of Z,. The group
multiplication in G is then reconstructed from the Lie Z,-algebra operations
in L by the Baker—Campbell-Hausdorff formula; see [9, Theorem 9.10].
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Let X, Y be free generators of a free associative algebra of formal power series,
which also becomes a Lie algebra with respect to the Lie product

[U, V], =UV -VU.
The Baker—Campbell-Hausdorff formula has the form
(X, Y)=log(exp(X) - exp(Y))

(3.1) 1 1 1
:X+Y+ [XaY]L+ [[XaY]LaY]Li [[X;Y]L;X]L+ )
2 12 12
where
log(1+ 2) = i(—l)iZi and exp(Z) = i z
i=1 ¢ i=0 !

are formal power series, and the right-hand side of (3.1) is a series in Lie algebra
commutators of increasing weights in X, Y with rational coefficients. The group
operation in the uniformly powerful pro-p group G is expressed in terms of Lie
Z,-algebra operations as

Ll vlnaln + oo

[[‘ra y]La y]L - 192

1 1
(32) 2y =@(z,y) =2 +y+ 1

To avoid confusion, in this section we use [,]g for group commutators in G,
and [, ]z for Lie algebra commutators in L, and we write 0r = 1¢ to denote the
zero in L and the identity in G. Although the denominators of the coefficients
in (3.1) may be divisible by powers of p, all the terms in (3.2) are well defined in
the Z,-algebra L because [L, L];, < pL (or [L, L] < 4L when p = 2). Roughly
speaking, if a power p* appears in the denominator of a coefficient of a Lie
algebra commutator in this series, this commutator always belongs to p* L and
therefore has a unique p*-th root in the additive group of L, so that the product
is well-defined in L. Moreover, the p-adic estimates of the coefficients in (3.1)
show that the condition [L, L] < pL (or [L, L]y < 4L when p = 2) ensures
a ‘surplus’ divisibility by powers of p that makes the series convergent in the
p-adic topology on L; see [9, Theorem 6.28]. The group commutator is also
expressed as a series

[z, ¥]lg = [z, y]p + -

in Lie algebra commutators of increasing weights in z,y with rational coeffi-
cients, which is also well-defined and convergent.
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It is known that
(3.3) [,y]¢ =1 if and only if [x,y]r =0,
and for o € Z;,, we have
(3.4) Go2%=azxe€l,
where z¢ is the a-th power of an element x € G and ax is the a-th multiple
of x regarded as an element of L.

The passages from G to L and vice versa described above constitute a category
isomorphism between finitely generated uniformly powerful pro-p groups and

uniformly powerful Lie Z,-algebras; see [9, Theorem 9.10].
The main result of this section is the following.

ProPOSITION 3.1: Let G be a finitely generated uniformly powerful pro-p
group. If an element g € G has a countable Engel sink, then g is an Engel
element of G.

Proof. Assume that G is in the ‘category correspondence’ with a Lie Zy-algebra L
with the same underlying sets G = L, as described above.

By Lemma 2.7, there is a coset bN of an open normal subgroup N and positive
integers [, s such that [[bn, 19]a, ¢°]¢ = 1 for all n € N. By (3.3) and (3.4) this
means that

0r = [[bn, 19lc, 9°]L = [[bn, 19]c, sgle = s([bn, 19]c. g]L.
Since G (or the additive group of L) is torsion-free, we get [[bn, 1], 9]z = 0,
that is, [bn, ;+19]¢ = 1. To simplify notation, we redenote I + 1 by I, so
[bn, 19l =1 for all n € N.
We can assume that N = G, Then

bN =b+ N
and therefore b+n € b+ N = DN for any n € N. Thus, we have
(3.5) b+n, 9]¢ =1 forany n e N.
We also have b*" € N, and the idea is to replace b in (3.5) with powers
pitr™ b1+p2m, ... belonging to b+ N and take linear combinations of the result-
ing equations to eliminate b, so for any given n € N we will obtain [n, ;9]¢ = 1.
For further references, we note that

(3.6) 1=[b+"" +n, 9l =[(1+p™b+n, glc = 0L

for any n € N and any ¢ € N.
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First we consider a free Q-algebra of formal power series in non-commuting
variables x,y,z. This is a Lie Q-algebra with respect to the product
[u,v]r = uv—vu. The Baker-Campbell-Hausdorff formula defines the structure
of a group on the same set, and elements z,y, z generate a free group; see [8,
Ch. II] for details. We denote by [u,v]q = [u,v]r + - -+ the group commutator
in this group.

We write the group commutator [z+y, ;z]¢ as an (infinite) linear combination
of Lie algebra commutators with rational coefficients resulting from repeated
application of the Baker—Campbell-Hausdorff formula:

(3.7) 4y, 1zl =z+y, izl +--.

Note that when we substitute elements of our uniformly powerful pro-p group G
instead of z,y, z, the same formula holds with the series on the right becoming
convergent in L. Expanding brackets and collecting terms we represent the
right-hand side as

[ZE + vy, lZ]G = wo(x,y,z) + ’LUl(LL',y,Z) + ’LUQ(LE,y,Z) +

where w;(z,y, z) is an infinite Q-linear combination of Lie algebra commutators
in x,y, z each having weight ¢ in z. Substituting xt = b, y =n € N, z = a we
see from (3.5) that

1G - [b+na lg]G = U}O(b,n,g) +w1(b7nag) —l—wg(b,n,g) +-= OL;

where every term w; (b, n, g) belongs to L as a sum of a convergent series. More-
over, if pf() is the least power of p such that w;(b,n, g) € p/ L, then
(3.8) lim f(i) = oco.
11— 00

This follows from the p-adic estimates of the Baker—Campbell-Hausdorff for-
mula and the powerfulness condition [L, L] < pL (or [L, L] < 4L for p = 2); see
[9, Theorem 6.28 and Corollary 6.38].

Note that

(3.9) wo(b,n, g) = wo(0,n,9) = [n, 19]c-

Our aim is to show that wg(b,n,g) = 0 for any n € N, which will imply that g
is an Engel element. We fix the elements b and n € N for what follows.

First we conduct a certain linearization process with the free variables x, vy, z.
We shall be using the relations w; (A, y, z) = Nw;(z,y, 2), A € Q, which hold
because w; (z, y, z) is an (infinite) linear combination of Lie algebra commutators
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in z,y,z each having weight ¢ in 2. We denote for brevity w; = w;(x,y, 2).
Replacing z in (3.7) with 2'*?"" = (1 4 p"™)x for i = 1,2,... we obtain an
infinite family of equations
[z+y, 12]c =wo+w1 +wa+wz+- -
[(14+p™)z+y, 12lg =wo+ (1+p™ )wi+ (1+p™)?wa+ (14+p™) w3+ - -
G100 (12 y, 12da =0+ (12" Y + (PP P (1P Pug + -

The coefficients of the w; on the right form an infinite matrix of Vandermond
type. For every k = 1,2,... we find a linear combination with rational coeffi-
cients cg, . .., cg—1 (which may be different for different k) of the top k of these
equations for ¢ = 0, ...,k — 1 such that its right-hand side would have the form

wo + Brwg + Brp1Wrr + -,

that is, the coefficients of wi,...,wx—1 would vanish. For that we consider
the k£ x k matrix V in the left upper corner of the coefficient matrix of the
right-hand sides in (3.10), which is a Vandermond matrix. Then we can take
for cg, ..., cp_1 the first row of the inverse matrix V1. As a result we obtain

N

-1
(3.11) all+p™x +y, 12le = wo + Brwk + Brp1Wit1 + -+ -

-
Il
=)

When we substitute z = b, y = n, z = g into [(1 + p"™)z + v, 12]¢ we obtain
by (3.6)

[(1+p")b+n, 9] = 1a = Or,
but the coeflicients ¢; have denominators divisible by p, so that we cannot use
them in L. Instead we multiply (3.11) by the determinant A = det V', so that
all the products ¢; A become integers:

k-1
(3.12) Z GA[(L+p"™)z +y, 12]lc = Awo + BrAwy, + Bey1 Awygy + -+ .
i=0

Then the substitution makes sense in L for the left-hand side of (3.12), in which
each term becomes ¢;A[(14+p™™)b+n, 1g]c = 1g = 0, foreveryi =0, ..., k—1.
However, before we can interpret this substitution in L for the right-hand side
of (3.12), we need to consider the coefficients /3;. For that we continue using
calculation with the free variables.



314 E. I. KHUKHRO AND P. SHUMYATSKY Isr. J. Math.

Let us say for brevity that a rational number t/s, where ¢,s € Z, is a
p-integer if the denominator s is coprime to p, that is, t/s belongs to the
localization Z,) of Z at p. The p-integers Z(,) are naturally contained in the
ring of p-adic integers Z,, which is the completion of Z,) with respect to the
p-adic valuation.

LEMMA 3.2: All the coefficients 3; in (3.11) are p-integers.

Proof. Recall that the coefficients [3; appear after taking the linear combination
of the equations (3.10) with coefficients cy, ..., cx given by the first row of the
inverse matrix V!, where

1 1 1 1

LoT4p™  (I+p™)? oo (L4p™)F
V= 1 1 +p2m (1 +p2m)2 . (1 +p2m)k

[ L4pM (14ptm)? e (L4 PR

The inverse matrix V1 is known explicitly (see, for example, [20, §1.2.3, Ex-
ercise 40]). The first row (cg,c1,...,cx—1) is given by the formulae

(L+p™)(1+p*™)--- (14 p=bm)

Co =
(=p™)(=p?m) - - (=ph=tim)
and
. (L+p™) A +p>) - (L +pm) - (14 phDm)
psm(psm _ pm)(psm _ pZm) .. (psm _ psm) . (psm _ p(kfl)m)
for s =1,2,...,k — 1, where ~ means omitting this term.

We already have the k equations with p-integer values

k—1
501201':1
1=0
and
k—1
Bi=» ci(l+p™i=0 for t=1,....,k—1
1=0

given by V~!. We need to show that the similar sums with ¢ > k are also
p-integers. Expanding the powers (1 4 p'™)! into powers of p"™ and using the
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fact that Zf;ol ¢; = 1 we see by induction on ¢ that the sums

k-1
Br = Zci(l +p)!
i=0
are p-integers for ¢t = 1,2, ... if and only if the sums
k—1
i (pzm)u
i=1
are p-integers for u = 1,2,... (note that the last sum starts from i = 1). We
already have this property for v = 1,2,...,k — 1. It remains to consider the

values u > k. But for these big values of u in fact every product
is a p-integer for any u > k and every i = 1,2,...,k — 1. Indeed, the exponent

of the highest power of p dividing the denominator of ¢; is mi(2k —i — 1)/2,
which is less than mik < miu.

We return to the proof of Proposition 3.1. Since all the coefficients S, Si+1, - - -
in (3.12) are p-integers by Lemma 3.2, on substitution z = b, y = n, z = g we
obtain an equation in L:

k—1

0= Z AL+ p™)b+n, 19lc
=0

= Awg(b,n, g) + BrAw (b, n, 9) + Brr1Awki1(b,n,9) + -+,
so that
Awo(bvnag) = *ﬂkA’LUk(b, nvg) - Bk+1Awk+1(ba nvg) e

Since the additive group of L is torsion-free, it follows that

(313) wo(b, nvg) = *ﬂk’l}.}k(b, nvg) - ﬂk+1wk+1(ba nvg) -

Such an equation holds for every k = 1,2,... (with different sets of coeffi-
cients f; for different k). It follows that wg(b,n,g) = 0. Indeed, recall that
wi(b,n,g) € p/ L. Since the coefficients §; are p-integers, we obtain that the
right-hand side of (3.13) belongs to

pminj;k f(j)L'
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Since lim;_,+ f(7) = 0o as noted in (3.8), we also have

i ) — oo
kinéoﬂ-lﬁ?f(j) o0

Therefore the validity of (3.13) for all £ € N implies that
wo(b,n,g) € ('L =0,
=0

As a result, we obtain wg(b,n,g) = 0, which by (3.9) is equivalent to the
desired equation [n, ;9]¢ = 1. This holds for any n € N, and since G/N is a
finite p-group, it follows that g is an Engel element of G.

4. Pronilpotent groups

When G is a pronilpotent group, the conclusion of the main Theorem 1.3 is
equivalent to G being locally nilpotent, and this is what we prove in this section.

THEOREM 4.1: Suppose that G is a pronilpotent group admitting an elementary
abelian group of coprime automorphisms A of order ¢® for a prime q. If for each
a € A% every element of the centralizer Cg(a) has a countable Engel sink,
then G is locally nilpotent.

The proof of Theorem 4.1 is mostly about the case where G is a pro-p group.
While the special case of uniformly powerful pro-p groups is all but covered
in the previous section, for arbitrary pro-p groups we need different Lie ring
methods, which we now describe.

For a prime number p, the Zassenhaus p-filtration of a group G (also called
the p-dimension series) is defined by

G =(g" | g€ 7(G), jp* =4) forieN.

This is indeed a filtration (or an N-series, or a strongly central series) in
the sense that

(41) [G17 Gj] g GiJrj for all ’L,]
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Then the Lie ring D,(G) is defined with the additive group
Dy(G) = @ Gi/Gi,

where the factors Q; = G;/G;y1 are additively written. The Lie product is
defined on homogeneous elements zG,;+1 € Q;, yGj+1 € Q; via the group
commutators by
[2Git1, YGja] = [2,y]Gitjr1 € Qivy

and extended to arbitrary elements of D,(G) by linearity. Condition (4.1) en-
sures that this product is well-defined, and group commutator identities imply
that D,(G) with these operations is a Lie ring. Since all the factors G;/G;y1
have prime exponent p, we can view D,(G) as a Lie algebra over the field of p
elements F,. We denote by L,(G) the subalgebra generated by the first fac-
tor G/G2. (Sometimes, the notation L,(G) is used for D,(G).) If u € G;\ Git1,
then we define d(u) = ¢ to be the degree of u with respect to the Zassenhaus
filtration.

We shall use the following characterization of p-adic analytic pro-p groups in
terms of the Zassenhaus filtration. Namely, a finitely generated pro-p group G
is p-adic analytic if and only if the Lie algebra L,(G) is nilpotent. This result
goes back to Lazard [21]; see also [25, Proposition D]. In terms of the Lubotzky—
Mann theory of powerful pro-p groups [22], another result of Lazard [21, III,
3.1.3, 3.4.4] states that a finitely generated pro-p group G is p-adic analytic if
and only if it has an open powerful subgroup.

In order to obtain the nilpotency of the Lie algebra of the type of L,(G)
that appears in the proof of Theorem 4.1, we will be using the following deep
result of Zelmanov [29, 30, 31]. (The proofs of the Wilson—Zelmanov theorem
[28, Theorem 5] on local nilpotency of profinite Engel groups, as well as of
Theorems 1.1 and 1.2, were also based on this theorem of Zelmanov.)

THEOREM 4.2 (Zelmanov [29, 30, 31]): Let L be a Lie algebra over a field and
suppose that L satisfies a polynomial identity. If L can be generated by a finite
set X such that every commutator in elements of X is ad-nilpotent, then L is
nilpotent.

The following lemma is derived from the Baire Category Theorem 2.5, the
Bahturin—Zaitsev theorem [7] on Lie algebras with automorphisms whose fixed
points satisfy a polynomial identity, and the Wilson—Zelmanov theorem [28,
Theorem 1] on Lie algebras of groups satisfying a coset identity.
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LEMMA 4.3 ([2, Proposition 2.6]): Assume that a finite group F' acts coprimely
on a profinite group G in such a manner that C(F) is locally nilpotent. Then
for each prime p the Lie algebra L,(G) satisfies a multilinear polynomial identity.

We now consider the case of pro-p groups.

PROPOSITION 4.4: Suppose that P is a finitely generated pro-p group admitting
an elementary abelian group of coprime automorphisms A of order ¢* for a
prime q. If for each a € A¥ every element of the centralizer Cc(a) has a
countable Engel sink, then P is nilpotent.

The plan of the proof of this proposition is as follows. First we prove that
the Lie algebra L,(P) is nilpotent (which is actually proved for the Lie algebra
obtained by extension of the ground field). This will mean that the group P is
p-adic analytic and therefore has a characteristic open subgroup that is a uni-
formly powerful pro-p group. By Proposition 3.1, an element with a countable
Engel sink in a uniformly powerful pro-p group is actually an Engel element.
Then the application of Theorem 1.1 gives nilpotency of the uniformly powerful
subgroup and therefore the solubility of P. The proof is completed by induction
on the derived length.

We begin with ad-nilpotency of homogeneous elements of Cr, (p) (a) for acA¥.

LEMMA 4.5: For each a € A¥# every homogeneous element g of L,(P) that
belongs to Cp,(py(a) is ad-nilpotent.

Proof. By Lemma 2.3 the element g is the image of some element g € Cp(a) in
the corresponding factor Pj(gy/Ps(g)+1 of the Zassenhaus filtration, where d(g)
is the degree of g. We fix the notation g and g for the rest of the proof of this
lemma.

By Lemma 2.7 for any element g € Cp(a) there are positive integers ¢, s and
a coset Vb of an open normal subgroup N such that

[nb, ig],g°] =1 foralln e N.
Since P is a pro-p group, we can assume that s is a power of p, so that
(4.2) [[nb, ig],gpk] =1 forallne N.

For generators x, ¥, z,t of a free group, write

[[:Cyv iz]vt] - [[‘Ta iz]vt] : [[yv iz]vt] ~v(:17,y,z,t),
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where the word v(z,y, z,t) is a product of commutators of weight at least i + 3,
each of which involves z, y, t and involves z at least ¢ times. Substituting x = n,
y=b,z=g¢g,and t = gpk and using (4.2) we obtain that

[0, i9),9" ] = v(n,b,g,g" )™ forallneN.
If |P/N| = p™, then for any h € P we have [h, n,g] € N, so that we also have

(4.3) (12, i+mg)s 9”1 = 0((hy mgl by g, 9" ).

We claim that g is ad-nilpotent in L,(P) of index i + m + p*.
Recall that 6(u) denotes the degree of an element u € P with respect to the
Zassenhaus filtration. It is known that

(44) uP € Ppé(u)-

Furthermore, in L,(P) for the images of u and w” in Pj,)/Psq)+1 and
Pps(u)/ Pps(u)+1, respectively, we have

(4.5) [z, uP] = [z, p1]
(see, for example, [8, Ch. II, § 5, Exercise 10]). By (4.4) the degree of

*
v([h; mal, b,9,9"")

on the right of (4.3) is at least 6(b) + &6(h) + (i +m + p*)d(g), strictly greater
than d = 6(h) + (i +m + p*)d(g). This means that the image of the right-hand
side of (4.3) in P;/P;y1 is trivial. At the same time, by (4.5) the image of
the left-hand side of (4.3) in P;/Py11 is equal to the image of [h, ;4,1 pxg] in
P/ Pyy1, which is in turn equal to the element [A, ;1,4 pg] in Ly(P). Thus,
for the corresponding homogeneous elements of L,(P) we have

[h, i+m+pkg] == 0

Since here A can be any homogeneous element, we obtain that g is ad-nilpotent
of index 7 + m + p*, as claimed.

The Lie algebra L,(P) is generated by its first homogeneous component
L, = P/(PP?[P, P]), which is the additively written Frattini quotient of P. By
Lemmas 2.1 and 2.3 we have

L1 = Z CL1 (a)

acA#
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Thus we obtain a finite set of generators of L,(P) that are ad-nilpotent by
Lemma 4.5. But we also need all commutators in the generators to be ad-
nilpotent. We cannot, however, say that a commutator in elements of Cpr, (a)
for different a € A# is again an element of Cr,(p)(b) for some b € A#. Tnstead,
we extend the ground field by a primitive g-th of unity ¢ by forming

L= Ly (P) ®z Z[(]
and choose a generating set of L consisting of common eigenvectors for A. We
shall prove that L is nilpotent using Theorem 4.2. This will obviously imply
the nilpotency of L,(P).
The next two lemmas confirm that the hypotheses in Theorem 4.2 are satisfied
for L.

LEMMA 4.6: The Lie algebra L is generated by finitely many elements all com-
mutators in which are ad-nilpotent.

Proof. The Lie algebra L is generated by its first homogeneous component
Ly = Ly @ Z[¢], which is a finite p-group. Since the ground field of Lisa
splitting field for the linear transformations induced by A and A is abelian of
coprime order, every L; is a sum of common eigenspaces for A. In particular,
we can choose finitely many generators of L among common eigenvectors for A
in ;. Note that since A is non-cyclic, every common eigenspace for A is
contained in one of the centralizers C} (a) for a € A%.

Therefore, since a commutator in common eigenvectors for A is again a com-
mon eigenvector for A, every commutator of weight ¢ in these generators belongs
to C; (a) for some a € A# . Tt remains to prove that any element u € Cg (a)is
ad-nilpotent, for each a € A# and for any i.

Clearly,

C,(a) = CL,(a) ®z2 Z[(].

i

Hence,
u =g+ (v + Cva+ -+ (" P o

for some v; € Cr,(a). Each of the summands (*v; is ad-nilpotent by Lemma 4.5.
A sum of ad-nilpotent elements need not be ad-nilpotent in general. But in our
case, we shall see that these summands generate a nilpotent subalgebra, and we
shall be able to apply the following lemma.
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LEMMA 4.7 ([13, Lemma 5]): Suppose that M is a Lie algebra, H is a subalgebra
of M generated by s elements hq,...,hs such that all commutators in the h;
are ad-nilpotent of index t. If H is nilpotent of class ¢, then for some (s,t,c)-
bounded number e, we have
[M,H,...,H] =0.
N~ \8’ d

Recall that we are proving that u = v + Cv1 + (%va + -+ + (97 2v,_2 is ad-
nilpotent, where v; € Cp,(a). Let H be the Lie subalgebra generated by the
elements v, Cv1,(%va,...,(9 2v, 2. It is contained in

Cp(a) = Cp,(p(a) @z Z[(] = @) CL.(a) @z Z[(].

By Lemma 2.3 each Cf,(a) is the image of a subgroup of Cp(a) in the corre-
sponding factor of the Zassenhaus p-filtration. All elements of the pro-p group
Cp(a) have countable Engel sinks by hypothesis, and therefore Cp(a) is locally
nilpotent by Theorem 1.2. It follows that Cp (py(a) and Cj(a) are also lo-
cally nilpotent. In particular, the Lie subalgebra H = (vg, vy, ..., Cq_qu_g)
is nilpotent of certain class ¢. There are only finitely many commutators of
weight at most ¢ in the generators vg, Cv1, ..., (7 2v,_a, each of which has the
form ¢*w, where w is a homogeneous element of L,(P) contained in Cr,(p)(a).
By Lemma 4.5 all such commutators are ad-nilpotent, so taking ¢ to be the
maximum of their ad-nilpotency indices we can apply Lemma 4.7 to obtain
that u = vo + Cv1 + vy + - - - + (972, _o is also ad-nilpotent.

LEMMA 4.8: The Lie algebra L satisfies a polynomial identity.

Proof. Choose any a € A*. The centralizer Cp(a) is locally nilpotent by Theo-
rem 1.1. Then L,(P) satisfies a multilinear polynomial identity by Lemma 4.3.
Since the Lie algebra L,(G) satisfies a multilinear polynomial identity, the same
identity holds on L.

Proof of Proposition 4.4. Recall that P is a finitely generated pro-p group ad-
mitting an elementary abelian group of coprime automorphisms A of order g?
for a prime ¢ such that for each a € A# every element of the centralizer C(a)
has a countable Engel sink; we need to show that P is nilpotent. By Lem-
mas 4.8 and 4.6 the Lie algebra L = L,(P) ®z Z[(] satisfies the hypotheses of
Theorem 4.2, by which L is nilpotent, and therefore the Lie algebra L,(P) is
also nilpotent. As mentioned at the beginning of the section, by a theorem of



322 E. I. KHUKHRO AND P. SHUMYATSKY Isr. J. Math.

Lazard [21] (see also [25, Proposition D]) the nilpotency of L, (P) for the finitely
generated pro-p group P is equivalent to P being a p-adic analytic group. Fur-
thermore, in terms of the Lubotzky—Mann theory of powerful pro-p groups [22],
another result of Lazard [21, III, 3.1.3, 3.4.4] states that a finitely generated
pro-p group P is p-adic analytic if and only if it has an open powerful sub-
group. Therefore P has a characteristic open subgroup U, which is a uniformly
powerful pro-p group of finite rank (see [9, Corollaries 4.3 and 8.34]).

By Proposition 3.1, elements with countable Engel sinks in a uniformly pow-
erful pro-p group are actually Engel elements. Therefore A acts on U in such
a way that for each a € A% every element of the centralizer Cy(a) is an Engel
element. By Theorem 1.1 the group U is nilpotent. As a result, the group P is
soluble.

We now complete the proof by induction on the derived length of P. By
induction hypothesis, P has an abelian characteristic subgroup V such that P/V
is nilpotent. By Theorem 1.1 it is sufficient to show that for each a € A# every
element of the centralizer Cp(a) is an Engel element. Since P/V is nilpotent,
it is sufficient to show that every element g € Cp(a) is an Engel element in
the product V{g). Since all elements of V{g) have countable Engel sinks, the
group V' (g) is nilpotent by Theorem 1.2, whence the result.

Proof of Theorem 4.1. By Theorem 1.1, it is sufficient to prove that for each
a € A% every element h € Cg(a) is an Engel element in G. For each prime p,
let G, denote the Sylow p-subgroup of G, so that G is a Cartesian product of
the Gp, since G is pronilpotent. Given any two elements g € G and h € Cg(a),

we write
g:ng and h:th,
P P

where g,, hy, € Gp. Clearly, [gq4, hp] =1 for g # p.
By Lemma 2.7, for the element h € C¢(a) there are positive integers 4, k and
a coset Vb of an open normal subgroup N such that

(4.6) ([nb, ;h],h*] =1 for all n € N.

Let [ be the (finite) index of N in G. Then N contains all Sylow ¢g-subgroups of G
for ¢ € w(l). Hence we can choose b to be a 7(l)-element. Let 7 = 7(1) U 7(k);
note that 7 is a finite set of primes.
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We claim that
[9g: i+1hg) =1 for g & m.
Indeed, since b commutes with elements of G, for ¢ ¢ 7 and G, < N, by (4.6)

we have
1= [[gqba ih]’hk] = [[gqa ih]a hk] : [[ba ih]’hk]
(4.7) = [lgq: ih], h*]
= [[gqa ihq]ahf;]'

Thus, h} centralizes [gq, ihg). Since k is coprime to g, we have (hF) = (hg).
Therefore (4.7) implies that [[gq, ihq], hq] = 1, as claimed.

For every prime p the group G, is locally nilpotent by Proposition 4.4, so
there is k, such that [gy, x,hy] = 1. Now for m = max{i + 1, maxpe~{ky}}
we have [gp, mhp] = 1 for all p, which means that [g, ,,h] = 1. Thus, for each
a € A% every element h € Cg(a) is an Engel element in G. Therefore G is
locally nilpotent by Theorem 1.1.

5. Profinite groups

First we recall some lemmas in [18] about Engel sinks of coprime automor-
phisms.

LEMMA 5.1 ([18, Lemma 4.7]): Let ¢ be a coprime automorphism of a pronilpo-
tent group F' with a countable Engel sink & () in the semidirect product F{y).
Then the set K = {[g,¢] | g € F} is a finite smallest Engel sink of ¢ in the
semidirect product F{p).

The next lemma was basically proved in [18, Lemma 4.7], but we cannot make
a direct reference and therefore give a short proof.

LEMMA 5.2: Let ¢ be a coprime automorphism of a locally nilpotent profinite
group F. If ¢ has a countable Engel sink & () in the semidirect product F{y),
then yoo(F(i)) is finite and a0 (F{)) = [F, ).

Proof. By Lemma 5.1, the set K = {[g,¢] | ¢ € F} is finite. Then the com-
mutator subgroup [F,¢] = (K) is nilpotent, since F is locally nilpotent. By
Lemma 2.4,

(5.1) [[F, ], 0] = [F) ¢
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Let V be the quotient of [F, ] by its derived subgroup. For any w,v € V
we have [uv,p] = [u,¢][v, ], since V is abelian, and [V,¢] = V by (5.1).
Hence V' consists of the images of elements of K, and therefore is finite. Then
the nilpotent group [F, ¢] is also finite (see, for example, [24, 5.2.6]).

The quotient F(p)/[F, ] is the direct product of the images of F' and ()
and therefore is pronilpotent. Hence, v (F{p)) < [F,¢] and in view of (5.1)

we obtain
Yoo () = [F, ).

In particular, v (G(p)) is finite.

Proof of Theorem 1.3. We now embark on the proof of the main result. Recall
that G is a profinite group admitting a coprime elementary abelian group of
automorphisms A of order ¢ for a prime ¢ such that for each a € A% all
elements in Cg(a) have countable Engel sinks. We want to prove that G is
finite-by-(locally nilpotent).

By Theorem 4.1 any pronilpotent A-invariant section of G is locally nilpotent.
In particular, every Sylow p-subgroup of G is locally nilpotent, since there is an
A-invariant Sylow p-subgroup. The next lemma extends Lemma 5.2.

LEMMA 5.3: Suppose that a section S = FC' of the group G is a product of a
normal locally nilpotent subgroup F' and a subgroup C' such that every element
of C has a countable Engel sink in S. Then v (F{g)) is finite for every g € S.

Proof. Write g= fh for f€ F and heC. Since F(g)=F(h), we work with he C.
For a prime p, let P be a Sylow p-subgroup of F(G), and write h = hphy,
where h,, is a p-element and h, a p’-element both lying in C, and [hp, hy] = 1.
Then P({h,) is a normal Sylow p-subgroup of P(h), on which h, induces by
conjugation a coprime automorphism. By Lemma 5.2 the subgroup

[P, hp/] = [P<hp>vhp/] = Yoo (P(h))

is finite.

The quotient P(h)/v-c(P{h)) is the direct product of the images of (h,)
and P(h,). The latter is a pro-p group, which is locally nilpotent by Theorem 4.1
as noted above. Thus, the quotient P(h)/vsc(P(h)) is locally nilpotent, and
therefore we can choose a finite smallest Engel sink &,(h) C voo(P(h)) of h
in P(h).
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Note that
(5.2) if &,(h) ={1}, then ~(P(h)) =1

Indeed, if &,(h) = {1}, then, in particular, the image h of h in (h)/Cy ([P, hy])
is an Engel element of the finite group [P, h,/](h) and therefore h is contained
in its Fitting subgroup by Baer’s theorem [24, 12.3.7]. Then

Yoo (P(1)) = [P, hyy] = [[P, hyy ], hyy] = [[P, hp’]ahp’] =1
By Lemma 2.6, for every s € &,(h) we have s = [s, xh] for some k € N, and
then also

(5.3) s =s, ;h] for any [ € N.

We claim that &,(h) = {1} for all but finitely many primes p. Suppose
the opposite, and &,,(h) # {1} for each prime p; in an infinite set of primes 7.
Choose a nontrivial element s, € &y, (h) for every p; € m. For any subset o C ,
consider the (infinite) product

5o =TI ».

p;€E0

Note that the elements s, commute with one another belonging to different
normal Sylow subgroups of F. If &(h) is any Engel sink of h in H, then for
some k € N the commutator [s,, 1h] belongs to & (h). Because of the properties
(5.3), all the components of [s,, xh] in the Sylow p;-subgroups of F for p; € ¢
are non-trivial, while all the other components in Sylow g-subgroups for q & o
are trivial by construction. Therefore for different subsets o C 7 we thus obtain
different elements of &(h). The infinite set 7 has continuum of different subsets,
whence &(h) is uncountable, contrary to h having a countable Engel sink by
the hypothesis.

Thus, for all but finitely many primes p we have &,(h) = {1}, which is the
same as Yoo (P(h)) =1 by (5.2). Therefore the subgroup

Yoo (F(9)) = Yoo (F(h)) = [ [ 1o (P(R))

is finite.

Our next step in the proof of Theorem 1.3 is proving that G has an open locally
nilpotent subgroup. Recall that by Theorem 4.1 any pronilpotent A-invariant
section of G is locally nilpotent. In particular, the largest pronilpotent normal



326 E. I. KHUKHRO AND P. SHUMYATSKY Isr. J. Math.

subgroup of an A-invariant section H is also the largest locally nilpotent normal
subgroup of H, and we call it the Fitting subgroup F(H) of H. Then further
terms of the Fitting series are defined as usual by induction: Fy(H) = F(H)
and Fj;1(H) is the inverse image of F(H/F;(H)). A group H has finite Fitting
height k if Fj,(H) = H for k € N and k is the least number with this property.

PROPOSITION 5.4: The group G has an open A-invariant normal locally nilpo-
tent subgroup.

Proof. For each a € A% the centralizer Cg(a) is finite-by-(locally nilpotent)
by Theorem 1.2. Hence G has an A-invariant open subgroup H such that each
centralizer O (a) for a € A# is locally nilpotent. By Lemma 2.3 the same holds
for every finite quotient of H by an A-invariant open normal subgroup. By a
theorem of Ward [26] such finite quotients are soluble and have Fitting height
at most 2. Hence H is prosoluble and h(H) < 2.

LEMMA 5.5: For each a € A* the subgroup F(H)Cy(a) is finite-by-(locally
nilpotent).

Proof. By Theorem 1.2, it is sufficient to show that every element g €eF(H)C (a)
has a finite Engel sink. Since Cy(a) is locally nilpotent, an Engel sink of ¢
inF'(H)(g) is also an Engel sink of g in F(H)Cy/(a). By Lemma 5.3 the subgroup
Yoo (F'(H){g)) is finite. If the pronilpotent quotient F'(H)(g)/veo (F(H){g)) was
locally nilpotent, we would obtain a finite Engel sink of g in v (F(H){g)).
But we cannot immediately apply Theorem 4.1, since this quotient is not
A-invariant.

To work around this difficulty we need to consider A-invariant subgroups.
Write g = fh for f € F(H) and h € Cg(a). Let

M = F(H){g") = F(H){h"),

where, as usual,
(z4) = (z% | a € A).

Since F(M) > F(H), it is sufficient to show that ¢ has a finite Engel sink in M.
Since M < H, we have M = F(M)Cp(a), the centralizer Cps(a) is locally
nilpotent, and by Lemma 2.3 the same holds for any A-invariant section of M.

Since Cg(a) is locally nilpotent, the subgroup (h*) is nilpotent, and therefore
M/F(M) is a finitely generated nilpotent group. We now construct by induction
a finite series of nested finite normal subgroups K; of M such that the nilpotency
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class of (M/K;)/F(M/K;) diminishes at every step, up to class 0 corresponding
to the trivial group. As a result we will obtain a finite normal subgroup of M
with locally nilpotent quotient, thus proving that g has a finite Engel sink in M.

As a basis of the inductive construction we put Ko = 1. Suppose that we
have already constructed an A-invariant finite normal subgroup K; such that the
nilpotency class of M /F(M) is ¢ > 1, where bars denote images in M = M/K;.

Choose finitely many elements z1, ..., z,,, whose images generate the centre
of M/F(M). This is possible, since M /F (M) is a finitely generated nilpotent
group. Then each subgroup F(M)(z%) for a € A is normal in M. The sub-
groups Yoo (F(M){2%)) are also normal in M. By Lemma 5.3 the subgroups
Yoo (F(M)(28)) are finite. Therefore their product is a finite normal A-invariant
subgroup

K =T [T e (F()(=5)),

i=1lacA
and we define K;41 to be the full inverse image of K. Consider the product

L=]][] Fm)¢ze).

i=1acA

Its image L/K in the quotient M /K is a product of the images of the normal

pronilpotent subgroups F(M)(z%)/veo(F(M)(z#)) and is therefore pronilpo-
tent. By Theorem 4.1 the quotient L/K is locally nilpotent. Hence the nilpo-
tency class of M /F (M) is less than c.

The above construction terminates when M/ K, becomes locally nilpotent, at
some finite step k. Thus, M has a finite normal A-invariant subgroup N = K},
with locally nilpotent quotient, and therefore the element g has a finite Engel
sink in M contained in N. As a result, every element of F(H)Cpy(a) has a
finite Engel sink and therefore F(H)Cp(a) is finite-by-(locally nilpotent) by

Theorem 1.2.

We return to the proof of Proposition 5.4. Since every subgroup F(H)Cp(a) is
finite-by-(locally nilpotent) by Lemma 5.5, there is an open normal A-invariant
subgroup R such that R N~y (F(H)Cg(a)) =1 for each a € A#. Since

F(R) < F(H) and Cg(a) < Cg(a),

we have

Yoo (F(R)Cr(a)) < Yoo (F(H)Ch(a)) NR =1
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for each a € A#. By Theorem 4.1 we obtain that for each a € A# the subgroup
F(R)CRr(a) is locally nilpotent. Since R/F(R) is also locally nilpotent, it follows
that every element in Cg(a) is Engel in R, for each a € A#. Then R is locally
nilpotent by Theorem 1.1.

We now complete the proof of Theorem 1.3. Since any pronilpotent A-
invariant section of G is locally nilpotent by Theorem 4.1, we only need to
prove that 7. (G) is finite. By Proposition 5.4 the quotient G/F(G) by the
Fitting subgroup is finite. We proceed by induction on the index of F(G).
If G/F(G) has a proper normal A-invariant subgroup B/F(G), then by the
induction hypothesis 7., (B) is finite, and it remains to apply the induction
hypothesis to G/veo(B).

Thus, we can assume that G/F(G) has no proper normal A-invariant sub-
groups. First consider the case where G/F(QG) is abelian. Then G = F(G)Cg(a)
for some a € A#. For every g € G the subgroup e (F(G)(g)) is finite by
Lemma 5.3 and it is a normal subgroup of F(G). Since G/F(G) is finite,
Yoo (F'(G){g)) has finitely many conjugates in GA and their product E is a fi-
nite normal A-invariant subgroup. The A-invariant section F(G)(g”)/E is a
product of the images of the normal pronilpotent subgroups F{g%) /7o (F{g"))
and therefore is pronilpotent and locally nilpotent by Theorem 4.1. Hence g
has a finite Engel sink contained in E. Thus, every element of G has a finite
Engel sink, and therefore G is finite-by-(locally nilpotent) by Theorem 1.2.

We now consider the case where G/F(QG) is a direct product of non-abelian
finite simple groups. Let p be a prime divisor of |G/F(G)|, and let P be an
A-invariant Sylow p-subgroup of G. By the induction hypothesis, Voo (F(G)P)
is finite, and it is a normal A-invariant subgroup of F(G). Since G/F(QG) is
finite, 700 (F(G)P) has finitely many conjugates in GA and their product is a
finite normal A-invariant subgroup. Passing to the quotient by this subgroup
we can assume that o (F(G)P) = 1. This means that [P, F}y] = 1, where F}, is
the Hall p’-subgroup of F(G). Then also [PY, F,/] = 1, where P is the normal
closure of P. Since

G = PEF(Q),

it follows that Yoo (G) = Yoo (PY) and therefore [voo(G), Fy] = 1.

We repeat this argument with another prime divisor ¢ of |G/F(G)| and an A-
invariant Sylow ¢-subgroup @ of G, in addition assuming that v (F(G)Q) = 1.
We obtain that e (G) = 700 (QF) and [0 (G), Fy] = 1.
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Since F(G) = Fy Fy, it follows that [y (G), F(G)] = 1.
We also have

Voo (@) = [100(G), G] = [700(G), Yoo (G) F(G)] = [100(G), Yoo (G)]-

As a result, 7,(G) N F(G) is contained in the centre of 7.(G). Since
Yoo (G)F(G) = G, this means that 7.(G) N F(G) is isomorphic to a homo-
morphic image of the Schur multiplier of the finite group G/F(G). Since the
Schur multiplier of a finite group is finite [11, Hauptsatz V.23.5], we obtain that
Yoo (G) N F(G) is finite, and so is 7o (G), as required.
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