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ABSTRACT

The logic ILé was introduced in [Shel2]; it is the maximal logic below Lg ¢
in which a well ordering is not definable. We investigate it for § a compact
cardinal. We prove that it satisfies several parallels of classical theorems
on first order logic, strengthening the thesis that it is a natural logic.
In particular, two models are ]Lé—equivalent iff for some w-sequence of 6-
complete ultrafilters, the iterated ultrapowers by it of those two models
are isomorphic.

Also for strong limit A > 6 of cofinality Rg, every complete ]Lé—theory
has a so-called special model of cardinality A, a parallel of saturated. For
first order theory T" and singular strong limit cardinal A, T has a so-called
special model of cardinality A\. Using “special” in our context is justified
by: it is unique (fixing 7" and M), all reducts of a special model are special
too, so we have another proof of interpolation in this case.

* The author would like to thank the Israel Science Foundation for partial support
of this research (Grant No. 1053/11). References like [Shel2, 2.11=Lal8] means
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be revised.

This paper was separated from [She] which was first typed May 10, 2012; so was
IJM 7367. This is the author’s paper no. 1101.
Received March 27, 2017 and in revised form October 18, 2020

21



22 S. SHELAH Isr. J. Math.

0. Introduction

0(A). BACKGROUND AND RESULTS. In the sixties, ultraproducts were very cen-
tral in model theory. Recall Keisler [Kei61], solving the outstanding problem in
model theory of the time, assuming an instance of GCH characterizes elemen-
tary equivalence in an algebraic way; that is by proving:

B for any two models My, My (of vocabulary 7 of cardinality < A and) of
cardinality’ < ), the following are equivalent provided that 2* = \*:
(a) My, My are elementarily equivalent;
(b) they have isomorphic ultrapowers, that is M{)/Dy = M3'/D; for
some ultrafilter Dy on a cardinal A;
(¢) M*/D = M*"/D for some ultrafilter D on some cardinal p;
(d) asin (c¢) for p = A.

Kochen [Koc61] uses iteration on taking ultrapowers (on a well ordered index
set) to characterize elementary equivalence. Gaifman [Gai74] uses ultrapowers
on Nj-complete ultrafilters iterated along a linear ordered index set. Keisler
[Kei63] uses general (Ng, Rg)-l.u.p.; see below, Definition 0.13(4) for k = No.
Shelah [She71] proves B in ZFC, but with a price: we have to omit clause (d),
and the ultrafilter is on p = 2*.

Hodges—Shelah [HS81] is closer to the present work (see there for earlier
works): it dealt with isomorphic ultrapowers (and isomorphic reduced powers)
for the #-complete ultrafilter (and filter) case, but note that having isomorphic
ultrapowers by #-complete ultrafilters is not an equivalence relation. In partic-
ular, assume 6 > g is a compact cardinal and little more (we can get it by
forcing over a universe with a supercompact cardinal and a class of measurable
cardinals). Then two models have isomorphic ultrapowers for some #-complete
ultrafilter iff in all relevant games the isomorphism player does not lose. Those
relevant games are of length ¢ < 6 and deal with the reducts to a sub-vocabulary
of cardinality < 6 and usually those games are not determined.

The characterization [HS81] of having isomorphic ultrapowers by 6-complete
ultra-filters, is necessarily not so “nice” because this relation is not an equiva-
lence relation. Hence having isomorphic ultrapowers is not equivalent to having
the same theory in some logic.

L In fact “M, is of cardinality < A*” suffices.
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Most relevant to the present paper is [Shel2] which we continue here. For
notational simplicity let # be an inaccessible cardinal. An old problem from the
seventies was:

[ is there a logic between Lg x, and Ly ¢ which satisfies interpolation?

Generally, interpolation had posed a hard problem in soft model theory. An-
other, not so precise problem was to find generalizations of the Lindstrom theo-
rem; see [V11]. Now [Shel2] solves the first problem and suggests a solution to
the second problem, by putting forward the logic L} introduced there. It was
proved that it satisfies [ and give a characterization: e.g., it is a maximal logic
in the interval mentioned in [ which satisfies non-definability of well order in
a suitable sense (see [Shel2, 3.4=La28]).

Another line of research was investigating infinitary logics for 6 a compact
cardinal; see [She] and history there. We continue those two lines, investigating
ILj for 6 a compact cardinal. We prove that it is an interesting logic: it shares
with first order logic several classical theorems.

We may wonder: do we have a characterization of models being LL}-equivalent?

In §1 we characterize Lé—equivalence of models by having isomorphic iterated
ultrapowers of length w. Then in §2 we prove some further generalizations of
classical model theoretic theorems, like the existence and uniqueness of special
models in A when A > @ + |T'| is strong limit of cofinality Rg. All this seems to
strengthen the thesis of [Shel2] that L} is a natural logic.

Of course, success drives us to consider further problems. For another ap-
proach see [Shel5].

Question 0.1: Assume 6 is a strong limit singular cardinal of cofinality R.

(1) Does the logic Ly+ ¢ restricted to models of cardinality § have interpo-
lation?
(2) Is there a logic .# with interpolation such that: Lg+ g < .2 < Loy g+.

Question 0.2: Let 8 be a compact cardinal and A > 6 be a strong limit of
cofinality Ng.

(1) Does the logic Ly g restricted to model of cardinality X has interpolation?
(2) Can we characterize when a theory T' C L} of cardinality < 6 is cate-
gorical in A?
(2A) Can we then conclude that it is categorical in other such A-s?
(3) Like parts (2), (2A) for T C Ly ?
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0(B). PRELIMINARIES.

Hypothesis 0.3: 6 is in §1, §2 a compact uncountable cardinal (of course, we use

only restricted versions of this).

Notation 0.4: (1) Let ¢(Z) mean: ¢ is a formula of Ly g, Z is a sequence

(4)

(5)
(6)

of variables with no repetitions including the variables occurring freely
in ¢ and £g(Z) < 0 if not said otherwise. We use ¢, 1,9 to denote
formulas and for a statement st let ¢ or it or Y mean ¢ if st is
true or 1 and — if st is false or 0.
For a set u, usually of ordinals, let

Ty = <x5 e € u>;

now u may be an ordinal but, e.g., if u = [, 8) we may write Z[, g);
similarly for g, 2}y); let £g(Tp,)) = u.

7 denotes a vocabulary, i.e., a set of predicates and function sym-
bols each with a finite number of places, in other words the arity
arity(7) = No; see 0.5 on this.

T denotes a theory in Lg g or L} (see below), usually complete in the
vocabulary 7r and with a model of cardinality > 6 if not said otherwise.
Let Modr be the class of models of T'.

For a model M let its vocabulary be 7.

Remark 0.5: (1) What is the problem with predicates (and function

(2)

symbols) with infinite arity? If (M, : a < §),d a limit ordinal is
increasing, even if the universe of M; is the union of the universes of
M, < 4, this does not determine M.

We can still define U{M,, : o < §} by deciding

PMs — U{M,, : a < 8}

for any predicate P and treating function similarly (so the function
symbols are interpreted as partial functions) or better, deciding to use
predicates only.

Now with care we can use arity(7) < 6 and we sometimes remark on this.

Notation 0.6: Let ¢, (, & denote ordinals < 6.
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Definition 0.7: (1) Let ufg(I) be the set of f-complete ultrafilters on I, non-
principal if not said otherwise. Let filg(I) be the set of 8-complete filters
on I; mainly we use (6, 0)-regular ones (see below).

(2) D e filp(I) is called (A, #)-regular when there is a witness

w={w:t €l

which means: w; € [A]<¢ fort € T and a < A= {t: a € w;} € D.
(3) Let rufy g(I) be the set of (A, 8)-regular D € ufy(I); let rfily o(I) be the
set of (A, 0)-regular D € fily(I); when A = |I| we may omit A.

Definition 0.8: (1) Lgg(7) is the set of formulas of Ly ¢ in the vocabulary 7.
(2) For 7-models M,N let M <r,, N mean: if p(z) € Lgg(rps) and
a € “9@ M then

M & gla) & N = glal.
And, of course

Fact 0.9: For a complete T C Ly o(7): (Modr,<L,,) has amalgamation and
the joint embedding property (JEP), that is:

(a) amalgamation: if Mo <r,, M, for £ = 1,2, then there are M3, f1, fa,
My, M} such that
o My <w,, Ms,
e for £ =1,2, fy is a <y, ,-embedding of M, into M3 over My, that
is, for some 7r-models M, for £ = 1,2 we have M; <1, , M3 and f;
is an isomorphism from M, onto M, over My;
(b) JEP:if My, My are Lg p-equivalent 7-models then there is a 7-model M3
and <, ,-embedding fy of M, into M3 for £ =1, 2.

The well known generalization of the Los theorem is:

THEOREM 0.10: (1) If () € Loo(7), D € ufy(l) and M, is a T-model
fors eI and f. € [[,o.; M fore < ( then M = ¢l..., f/D,.. Jocc iff
the set

sel

{sel:M;=o[..,[f(5),. Je<c}

belongs to D.
(2) Similarly M <y, , M'/D.
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Definition 0.11: (0) We say X respects E when for some set I, E is an
equivalence relation? on I and X C [ and sEt = (s € X &t € X).
(1) Wesay x = (I,D, &) is a (k, 0)-l.u.f.t.(limit-ultra-filter-iteration triple)
when:
(a) D is a filter on the set I,
(b) & is a family of equivalence relations on I,
(c) (&,2) is o-directed, i.e., if a(*) < o and E; € & for i < a(x), then
there is E € & refining F; for every i < a(x)
(d) if E € &, then D/FE is a k-complete ultrafilter on I/E where
D/E:={X/E:X € D and X respects E}.
(1A) Let x be a (s, 6)-1.f.t.mean that above we weaken (d) to
(d) if E € & then D/E is a k-complete filter.
(2) Omitting “(k, 0)” means (6,X¢), recalling 6 is our fixed compact cardinal.
(3) Let (I1, D1,61) <}, (I2, D2, &) mean that:
(a) h is a function from Iy onto Iy,
(b) if E € & then h™1o E € & where

h™'o E={(s,t):s,t € I and h(s)Eh(t)},
(C) if B4 € & and Ey = h=lo F; then Dl/El = h”(DQ/EQ).
Remark 0.12: Note that in Definition 0.11(3), if h = idy, then I} = Is.

Definition 0.13: Assume x = (I, D, &) is a (k, 0)-l.u.f.t.
):

(1) For a function f let eq(f) = {(s1,52): f(s1) = f(s2)}. If f = (fi:i < i)
and i < i, = dom(f;) = I then eq(f) = N{eq(fi) : @ < ix}-

(2) For aset U let UL|& = {f € TU : eq(f) is refined by some E € &}.

(3) For a model M let

Lr.p. (M)=M}|E=(M!/D){f/D:f €'M and eq(f) is refined by some Fe &},

pedantically (as arity(7as) may be > RNo), ML|& = U{MLIE: E € &}
L.r.p. stands for limit reduced power.
(4) If x is Lu.f.t. we may in part (3) write L.u.p., (M).

We now give the generalization of Keisler [Kei63]; Hodges—Shelah [HS81,
Lemma 1, p. 80] in the case k = 0.

2 Here, in the interesting cases, the number of equivalence classes of E is infinite, and even
> 0, pedantically not bounded by any 6. < 6.
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THEOREM 0.14: (1) Ifo <k and (I, D, &) is (k,0)-l.utt.,

Y= ‘P(j[(]) € LF»,U(T)

so( < o,f- € MI|& for e < (, then ML|E = ¢l..., f-/D,...] iff
{sel:MEqy[...,[fs),..]Jecc} €D.

(2) Moreover M <y, M} /&, pedantically j = jax is a <L, ,-elementary
embedding of M into ML /& where j(a) = (a:s € I)/D.

(3) We define ([,o; M)5|& similarly when eq((Mj : s € I)) is refined by
some E € &; we may use this more at the end of the proof of Claim 1.2.

CONVENTION 0.15: Abusing a notation;

(1) in [],c; Ms/D we allow f/D for f € [[,cq Ms when S € D.

(2) For ¢ € ([[,c; Ms/D) we can find (¢; : s € I) such that ¢, € V(M)
and ¢ = (¢, : s € I)/D, which means: if i < {g(¢) then cs; € M, and
¢i={csi:s€l)/D.

Remark 0.16: (1) Why the “pedantically” in Definition 0.13(3)? Otherwise
if xis a (0,0) — Luf.t., (&, D) is not k*-directed, xk < arity(7), then defining
Lu.p.. (M), we have freedom: if R € 7, arity, (R) > &, i.e., on

RNMa:a e ™WPIN and no E € & refines eq(a)}

so we have no restrictions.
(2) So, e.g., for categoricity we better restrict ourselves to vocabularies 7 such
that arity(7) = No.

Definition 0.17: We say M is a #-complete model when for every ¢ < 0,
R, C°Mand F, : M — M there are R, F € 13y suchthat RM =R, A FM =F,.

OBSERVATION 0.18: (1) If M is a T-model of cardinality A then there is
a 0-complete expansion M+ of M so 7(M*) D 7(M) and 7(M™) has
cardinality |7p;| + 201MI7),

(2) For models M <r,, N and M* as above the following conditions are

equivalent:

(a) N =lu.p. (M) identifying a € M with jx(a) € N, for some (6, 0)-
Luft.x

(b) there is N such that M+ <p,, N* and N*t |7y is isomorphic
to N over M, in fact we can add N*|7p; = N.
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(3) [0 is a compact cardinal] For a model M, if (PM,<M) is a -directed
partial order and xy=cf(x)>6 and A= XMl  x then for some (6,6)-
lu.f.t.x, the model N:=1.u.p., (M) satisfies (P, <) has a cofinal in-
creasing sequence of length x and |PN| = \.

Proof. Easy, for example:
(3) Let M™ be as in part (1). Note that M ™ has Skolem functions and let
T’ be the following set of formulas:

Thy, ,(MT)U{P(z:) :e < X-x}
U {P(U(Z‘Eov sy Legy e )z<z(>~<)) - U(zsov sy Legy e )z<z(*) < Te:
oisaT(MT)-termso i(x) <@ and i <i(x) =& <e <\ x}
Clearly
(x) T" is (< 6)-satisfiable in M.
[Why? Because if T” C T” has cardinality < 6 then the set
u={e <\-x:x appears in 7"}
has cardinality < 6 and let i(x) = otp(u); clearly for each € € u the set
Lo =T N{P(0(zey,...)) = 0(Tegs ooy Teyy - )ici(n) < Teii(x) <O and g; < e
for ¢ < i(x)}
has cardinality < 6. Now we choose ¢, € M by induction on € € u such that
the assignment
Ze = C¢
for ( €eNu in M satisfies I'., possible because |T'.| <0, |uc| <6 and (PM, <M)
is f-directed. So the M ™ with the assignment z. — c. for € € u is a model of
T",s0o T' is (< 0)-satisfiable indeed.]

Recalling that [M| = {¢M" : ¢ € 7(M") an individual constant}, T’ is
realized in some <L, ,-elementary extension N T of M by the assignment

Te > ac(e < A-x).

Without loss of generality NV is the Skolem hull of {a. : ¢ < A - x}, so
N := N*|7(M) is as required by the choice of T'. Now x is as required and
exists by part (2) of the claim. 0.18
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OBSERVATION 0.19: (1) Ifx is a non-trivial (8, 0)-l.u.f.t.and x = cf(L.u.p.(d <))
then y = x<’.
(2) Also pu = <Y when p is the cardinality of l.u.p.(6, <).

Proof. (1) By the choice of x clearly x > 6. As x is regular > 6 by a theorem
of Solovay [Sol74] we have x<¢ = y.
(2) See the proof of [She, 2.20(3)=La27(3)]. 0.19

We now quote [Shel2, Def.2.1+La8§]

Definition 0.20: For a vocabulary 7, 7-models M;, Ms, a set I' of formulas in
the vocabulary 7 in any logic (each with finitely many free variables if not said
otherwise; see [She, 2.9=Lal0(4)]), cardinal § and ordinal «, we define a game
O = Or0,o| M1, Ms] as follows, and using (My,b1), (Ms,by) with their natural
meaning when Dom(b;) = Dom(bs):
(A) The moves are indexed by n < w (but every actual play is finite), just
before the n-th move we have a state s, = (AL, A2, hl, h2, gn, Bn,n),
(B) s = (A, A% ' h2 g,8,n) = (AL, A2 hl h2, gs, Bs,ms) is a state (or
n-state or (6, n)-state or (6, < w)-state) when:
(a) Af € [My]=? for £ = 1,2,
(b) 8 < a is an ordinal,
(c) h*is a function from A’ into w,
(d) g is a partial one-to-one function from M; to My and let

ga=9"'=9s=9g and gl=g"=(g)"
(e) Dom(g’) C A* for £ = 1,2,

(f) g preserves satisfaction of the formulas in I and their negations,
ie., for o(z) € I and a € ““®Dom(g) we have

M, = gla] < M, = ¢lg(a)],

(2) if a € Dom(g*) then hf(a) < n,

(C) we define the state s = sg = s by letting ng = 0, AL = 0 = A2, 35 = a,
hi =0 =h2, gs = 0; so really s depends only on « (but in general, this
may not be a state for our game as possibly for some sentence v € T’
we have My = & My = ),

(D) we say that a state t extends a state s when A% C AL hY C h{ for
£=1,2and gs C gt,Bs > Pt,ns < ng; we say t is a successor of s if, in
addition, ny = ng + 1,
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in the n-th move the anti-isomorphism player (AIS) chooses the triple
(Bnt1, tn, AL) such that:

e 1, €{1,2}, 81 < Bnand Al» C Al € [M,, |59,
the isomorphism player (ISO) chooses a state s, 11 such that:

® s,.1 is a successor of s,

tn o Al
* A5n+1 - An’

3—tn — A3—¢ 3—1¢
o Al ln= A " UDom(g /1),

o if a € AL \Ay then hyr, (a) > n+1,

e Dom(gg", ) ={a € Ay : hg(a) <n+1} so it includes Dom(ggr),

® Bs,i1 = Bnt1s,

e the play ends when one of the players has no legal moves (always
occurs as B, < fp—1) and then this player loses; this may occur
for n =0,

e for a = 0 we stipulate that ISO wins iff s is a state.

Definition 0.21: (1) Let 519:(;,0[ be the class {(My, Ms) : My, My are 7-

models and in the game Or g o[M7, M2] the ISO player has a winning
strategy} where I" is a set of formulas in the vocabulary 7, each with
finitely many free variables.

é’rl”g,a is the closure of 60197’07@ to an equivalence relation (on the class of
7-models).

Above, we may replace I' by qf(7), which means I' = the set at(r) of
atomic formulas or bs(7) of basic formulas in the vocabulary .

Above, if we omit 7 we mean 7 = 7 and if we omit I' we mean bs(7).

Abusing notation we may say My, My are é"lg_’g_a—equivalent.

The following Definition 0.22 is closely related to the beginning of §1; it quotes
[Shel2, Def. 2.5=Lal3] .

Definition 0.22: (1) For a vocabulary 7, the T-models My, My are LL,-

equivalent iff for every p < 6 and a < p™ and 73 C 7 of cardinality
< u, letting T’ = the quantifier free formulas in (1), the models M7, M»
are é"Fl;la

The logic Ly ,; is defined like first order logic but we allow conjunctions
on sets of < A formulas and we allow quantification of the form VZz for

sequences T of length < k; however each formula has to have < k free
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variables, and disjunctions and existential quantifications are defined
naturally.

(2A) We define Loy <, as U{LLy, x, : A1 < A\, k1 < Kk} ; we may replace < A
by A and < k* by k.

(3) The logic LL, is defined as follows: a sentence 1 € L<y(7) iff the
sentence is defined using (or by) a triple (qf(1), 0, «) which means:
is a sub-vocabulary of 7 of cardinality < 6 and o < 67, and for some
sequence (Mg : B < B(x)) of mi-models of length (%) < Ju4+1(0) we
have: M = iff M is é" 1),0,o-€duivalent to M, for some § < B(*).

(4) Let LY = U{LL,: 0 < n} soLy, =LL,

ACKNOWLEDGMENT. The author thanks Alice Leonhardt for the beautiful typ-
ing. We thank the referee for many helpful comments.

1. Characterizing equivalence by w-limit ultrapowers

In [Shel2], alogic LL, =,
inaccessible for transparency), and is proved to be stronger than L, x, but

LL ., 1s introduced (here we consider & is strongly

weaker than L, ., has interpolation and a characterization, well ordering not
definable in it and has an addition theorem. Also it is the maximal logic with
some such properties.

For k = 0, we give a characterization of when two models are Lie-equivalent
giving additional evidence for the logic’s naturality.

CONVENTION 1.1: In this section every vocabulary T has arity(7) = No.
Recall [Shel2, 2.11=Lal8] which says (we expand it):

Cramm 1.2: (1) We have My, = M,, for n < w when clauses (b), (c) below
hold and moreover My, |= ¢[a] < M, |= v¢[a] when clauses (a)—(e) below hold,
where:

(a) ¥(2) € Lgy(7) a formula,

(b) M, <L<a o+ Myny1 where O = Jg+, recalling Definition 0.22(2A),

(€) My :=U, <, Mn,

(d) @€ &) (M),

(e) T(M,) for n < w.

(2) Assume |7| < p, M,, is a 7-model and M, <L+ .+ M4 for n < w and

M, =U{M, :n <w}. Then My, M, are ngu—equivajent.

S Sl
Eﬁ
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We need two definitions before stating and proving the theorem below. The
first definition generalizes common concepts.

Definition 1.3: We say that a pair of models (M7, Mz) has isomorphic #-complete
w-iterated ultrapowers iff one can find D,, € ufy(I,,) for every n € w such that
ML =~ M2, when
ML= (M kewy, M§=M,
and
Mf; <]Le,e (Mf;)ln/Dn = M£+1
for /=1,2 and n < w.

For the second definition, let x be a l.u.f.t. and in Definition 1.4 below we
define “niceness witness”. How do we arrive at this definition? If we try to
analyze how to prove that two Lj-equivalent models have isomorphic f-complete
w-iterated ultrapowers by a sequence of length w of approximations, it is natural
to carry the induction step. The reader may return to this after reading the
proof of (a)—(e) of Theorem 1.5.

To understand this (and the proof of Theorem 1.5) the reader may consider
the case § = Ny, which naturally is simpler and tells us that for each coordinate
s € I we play a game of an Ehrenfuecht—Fraissé game. Note also that Claim
1.2 clarifies why having arity(7) = Ro helps.

Definition 1.4: If x = (I, D, E) is an Lu.f.t. and E = (E,, : n € w) then w is a
niceness witness for (I, D, E') when:

(a) W= (Wsn,Vsn:S€EILN<w),

(b) ws.n C Ay and |ws n| < 6 and |ws n| > |ws pnt1l,

(€) Yon <O and (Vo,n > Ysnt1) V (Ysnt1 = 0),

(d) Ys,n = 0= ws,, =0 but wso # 0 and for simplicity ws ¢ is infinite for

every s € I,
(e) if n < w,u € [A\,]<0 then {s € [ :u Cws,} € D,
(f) ws,n = wepn and Vs = Y., when sE,t.

THEOREM 1.5: Let 0 be a compact cardinal and My, M be two T-models (and
arity(7) = Rp).
The following conditions are equivalent:
(a) My, My are Lj-equivalent,
(b) there are (6,0)-luft.x, = (I,D,&,) and &, C &,4+1 for n < w and we
let & = J{&, : n < w} such that (My)},|& is isomorphic to (Ma)5|&,
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(¢) (My, M2) have isomorphic -complete w-iterated ultrapowers (see Def-
inition 1.3),

(d) if D, €rufs, o(I1,) 50| 1| > Ap and Ayq > 2000 Ny > || My ||+ || M ||+ 7|
for every n then the sequence ((I,,D,) : n < w) is as required in
clause (c),

(e) if x = (I,D,&) is a lL.uft.(see Definition 0.11(1)), & = {E, : n < w},
for n < w we have E,,, refines E,,2/!/Fxl <\, .1 D/E, is a (\,,0)-
regular 6-complete ultrafilter, Ao > ||M1| + | Mz]|| + |7|, @ is a niceness
witness (see Definition 1.4), then l.u.p., (M;) = lu.p.,(Ma2) (see Defi-
nition 0.13(3)).

Proof. Clause (b)=-Clause (a):

So let I, D, &,(n < w) be as in clause (b) and & = |J{&), : n < w}. By the
transitivity of being L1<0—equivalent, clearly clause (a) follows from:

B, for every model N the models N, N5 |& are L}-equivalent.

[Why does B; hold? Let N,, = Ni|&, for n < w and N, = [J{N,, : n < w}.
So by Theorem 0.14 we have N =L, , No and moreover N,, <L, , Nn+1. Hence
by Claim 1.2, that is the “Crucial Claim” 1.2 quoting [Shel2, 2.11=al8], we
have N, =L, N, hence N =L, N,

Clause (c¢)=-Clause (b):

Let
I= H I,
n<w
E, ={(n,v):n,velandnn=uvn}
and

D= {X C I :for some n, (VPi,, € I,)(VP"i, 1 € I,_1)--- (VP0ig € Iy)(¥n)

[776[/\ /\n(ﬂ):ig—H]EX]}.
<n
Now let M/ = (Mo)L5{E, :n < w}.

Now it should be clear that (My)L|{E, : n < w} is isomorphic to M¢
for £ =1,2, so recalling M! = M2 by the present assumption, the models
(Mo)L|{E, : n < w} for £ = 1,2 are isomorphic, so letting &, = {Fy,..., E,}
we easily see that (I, D, &),)n<w are as required in clause (b).
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Clause (d)=-Clause (c):
Clause (d) is obviously stronger, but we must point out that there are
such I,,, D,,; anyhow we shall elaborate. We can choose

Ao = (M| + | Mz + |7| + 6)<°,
Ayl = 2M forn < w;

then letting I, = A, there is D,, € rufy, ¢(I,) recalling 6 is a compact cardi-
nal, noting A\, = A<?. Now (I,,, D, : n < w) is as required in the assumption
of clause (d), so as we are now assuming clause (d), also its conclusion holds.
Now ((I, Dy) : n < w) are as required in clause (c), in particular the isomor-
phism holds by the conclusion of clause (d) which, as mentioned in the previous
sentence, holds.

Clause (e)=-Clause (d):

Let (I, Dy, An) 1 n < w) be as in the assumption of clause (d).

We define I =[], I, B, = {(n,v) :p,v € I,n[(n+1) =v[(n+1)} and de-
fine D as in the proof of (c¢)=(b) above and we choose w = (wy,, : 1 € I,n < w)
as follows.

First, choose @, = (ul : s € I,) which witness D, is (A, 6)-regular,
ie, u? € [\,]<? and (Va < \,)[{s € I, :a € u?} € D,]. Forn € I and n < w
nn)
otp(wy,»). Now we can check that the assumptions of clause (e) hold (because

of the choice of D); we shall elaborate two points. First the ultrafilter D/E,, is
(A, 6)-regular because (uy,,)/En : 1 € I} witnesses it.

let wy, , be u,, . if (otp(uy(p)) : € < n) is decreasing and () otherwise. Let vy, ,, be

Second, the main point is to prove that W = ((wWy,n, Yyn 1 0 € I,n < w) is
indeed a niceness witness for (I, D, E) For this, most clauses of Definition 1.4
are easy, but we better elaborate on clause (e) there. For every n:

(%), for some X,, € D,, for every s, € X,,, for some X,,_1 € D,,_1,..., for

some Xy € Dy for every sg € X, if (s0,...,8,) <n € I, then
(@) |wnol > |wya1] > ... > |wyol
(b) |u§£| > |u£j+11| for ¢ < n.
Why does (%), hold? Clause (a) holds by clause (b) and the choice of wy, ,, as

{41

ss1, is of cardinality < 6 and

Uy ,y- Clause (b) holds because u

{sel : [ttt cul} e Dy

Sp4+1
Hence the conclusion of clause (e) holds and we are done as in the proof of
(c)=(b).
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Clause (a)=Clause (e):

So assume that clause (a) holds, that is My, M» are Lj-equivalent and assume
I1,D,&,(E, :n <w)and w are as in the assumption of clause (e); and we should
prove that its conclusion holds, that is,

Lup., (M;7) = Lup., (Ms2).

For every 7. C 7 of cardinality < 6 and u < 6, by Definition 0.22 we know
that My |7, Ms [T, are Jng y-equivalent, hence for every oo < pt there is a finite
sequence (N-_ ,a.k : k < k(7,1 «)) such that:

(¥)1 (a) Nr, a0 = M|,

(b) N, pak(repa) = Mo [Ty,

(c) in the game O, ;.o [Nr, y,a.ks Nro p,a,k+1) the ISO player has a win-
ning strategy for each k <Xk(7y, i, ), but we stipulate a play to have
w moves, by deciding they continue to choose the moves even when
one side already wins using the same state except changing ns.

[Why? By Definition 0.20 which quotes [Shel2, 2.1=Lag]]
(x)2 without loss of generality || N, ,.ax| < Xoforke{l,... k(r,p,a)—1}
(even < 0).
[Why? By (a degenerated case of) Claim 1.2.]
We can (without loss of generality) assume:
(x)s (a) above k(7, u, ) =k,
(b) 7 has only predicates.

[Why? Clause (a) by monotonicity in 7,4 and in « of Mlé"l(T )#QMQ.
Clause (b) is easy too.]

We denote:
(%)a (a) (P :a <|7|) list the predicates of 7, recall that |7| < Ao,
(b) forteIlet 7z = {Py:a € wroN|7|}.
(*)5 Let Ng g := Nr_ jw, oye0+1,k for s € [ and k < k.
For k <k, let frn = (fena @ o < 2*) list the members f of []
that E,, refines eq(f), so

sel N, 1 such

fk,n,oz = <fk,n,oz(77) ine I>
but
ne INveIN nEnV = fk,n,oz(n) = fk,n,oz(y)‘
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Now

(*)6 (a) forteland k < klet Oy x be the game O, u, of,ye.0+1 [Ntk Nekr1],
(b) let sty be a winning strategy for the ISO player in O i,
(c) if t1Epta then (Ny, i : k < k) are the same for ¢ = 1,2, moreover,
(D11, = Oty and) sty p = sty,  for k < k.
[Why clause (c)? Because by ()5, Nsk, Nr, jw, of,7..0+1,k are determined by
(ws,0, k) and 75 depends on ws o only, hence (by clause (e) of Theorem 1.5 and
clause (f) from Definition 1.4), Nsj depends just on (s/Ep, k).]
Now for each k by induction on n we choose (s¢ n : t € I) such that:
(¥)7 () Stkn is a state of the game Oy i,
(b) (St.k,m : m <n) is an initial segment of a play of Oy j in which the
ISO player uses the strategy st; x,
(c) if t1Epto then sy kn = Sty ko,
(d) Bs,x.. = Vt.n, see Definition 0.20,
(e) ifteI,n=1 mod 2 and ¢ € {0,1} then

At O {frtimea(t) :m<nand o € wym},

St,k,n

see Definition 0.20(E).
(¥)s We can carry the induction on n.

[Why? Straightforward.]

(¥)g For each k < k,n < w,t € I we define hg ., a partial function
from N;j t0 Nggr1 by hspn(a1) = ag iff for some m < n,ws.,m # 0
and gs, , . (a1) = az, see Definition 0.20(E).

Now clearly:

B For each t € I,k < k and n < w, hy,n is a partial one-to-one func-
tion and even a partial isomorphism from N j to Ngxy1, non-empty
when n > 0 and increasing with n.

[Why? By the choice of st; ;, and (x)7(a).]
Hﬂg Let
Yin = {(fl,fg) fe € HDom(hsﬁkﬂn) for 0=1,2

sel

and s € [ = fa(s) = hs,k,n(fl(s))}-
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Bs fi. = {(f1/D, f2/D) : (f1, f2) € Yin} is a partial isomorphism from
M{[{f/D :fe 1_[]\757;c and f respects En}

to

MQI[{f/D :f € HNs,kH and f respects En}

BHa fin C finyr.
Bs (a) If f1 € [[, N5, and eq(f1) is refined by E,, then for some n; >n
and fa € [], N r+1 the pair (fi1/D, f2/D) belongs to fy p, .
(b) If fo € [, Ns,k+1 and eq(f2) is refined by E,, then for some n; > n
and f1 € [[, Ns the pair (f1/D, fa/D) belongs to iy, .

[Why? By symmetry it suffices to deal with clause (a). For some a, fi = fin.a;
hence for every t € Dom(f1), f1(t) € AL . We use the “delaying function”,

St k,n

hs, ... (fi(t)) < w, so for some m the set {t € I : hg,, ,(f1(t)) < m} which
respects F,, belongs to D. In particular {s : vsxn > m} € D; the rest should
be clear recalling the regularity of each D/E,,.]

Letting & = {E,, : n < w}, putting together

(*)10 fr=U,, fk,n is an isomorphism from ([, Ny ) p|& onto ([ [, Nk+1,s)p|&.
Hence

(*)11 fx—10---0fy is an isomorphism from (M;)5|& onto (M2)54|&.
So we are done. 1.5

Discussion 1.6: (1) So for our 6, we get another characterization of Lj.
(2) We may deal with universal homogeneous (6, o)-l.u.p.x, at least for o =Ry,
using Definition 0.11.

CLAM 1.7: In Theorem 1.5, if k = k<9 > | My]|| + || M| we can add:
(b)T like clause (b) of 1.5 but |I| < 2*.
Remark 1.8: Note that we do not restrict 7 = 7(My). See proof of (x)g below.

Proof. Clearly (b)™ =(b), so it is enough to prove (b)=(b)*; we shall assume
My, Ma, k,%p, D, &,,& are as in (b) and let g be an isomorphism from (M;)5 /&
onto (M3)h,/&.
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Let
(x)1 (a) &. ={E:E is an equivalence relation on I
with < k equivalence classes
such that some E’' € &, refines E},
(b) let & = J{&, : n € N}.
Clearly
()2 (Mo)5|& = (Mo)5|&" for £ =1,2.

Let x be large enough such that My, My, k, D, I,&,&" = (&, : n € N),g and
(My)p|& for £ =1,2 belong to #(x). We can choose B <1, . (#(x), €) of
cardinality 2 to which all the members of J#(x) mentioned above belong and
such that 27 +1 C B. So as 7 = 7(M;) € B and without loss of generality
|7| < 2IMHIMEI < 95 necessarily 7 € 9B (alternatively see the end of the

proof).

()3 Let
(a) I* =1N%DB,
(b) & ={E|I*: E € & NB},
(c) & =U{ér :ne N},
(d) let D* be any ultrafilter on I* which includes {INI* : I € DN*B}.
It is enough to check the following points:
(%)a x5 = (I*,D*,&F) is a (0, 0)-l.uft.for every n € w.
Why? For example, note that if F € &7, then for some E' € & N‘B we
have E'[I* = E, hence E has < &k equivalence classes. Now for any
such E’, as E’ has < k-equivalence classes and belongs to B, clearly every
E’-equivalence class is not disjoint to I* and every A C I* respecting E is
A" N I* for some A’ € B respecting E'. So D/E!,, D*/E are essentially equal,
etc., that is, let m, : &F — & be such that F € &* = m,(E)|[* = FE and
let mp g : {A: ACI* respects E} — {A C I: A respects m,(E)} be such that
Tn,(A) = B = BNI*= A; in fact, those functions are uniquely determined.
So clearly (x)4 follows by

(¥)s5 (a) m, is a one-to-one function from & onto &, N B,
(b) 7, preserves “E' refines E?” and its negation,
(c) & is (< 0)-directed,
(d) if n=m+1 then & C & and 7, C 7.
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Moreover

(%) (a) if E € &, then Dom(m, g) C B (because 2" C B is assumed),
(b) 7,k is an isomorphism from the Boolean Algebra Dom(m,, g) onto
{A CI: A respects m,(EF)} which is canonically isomorphic to the
Boolean Algebra & (I /7, (F)) and also to Z(I*/E),
(¢) D* N Dom(m,, g) is an ultrafilter which =, r maps onto
D N Rang(m, g) which is an ultrafilter; those ultrafilters are 6-
complete,
(x)7 I* has cardinality < 2.
[Why? Because B has cardinality < 27
(¥)s (My)5.|6* is isomorphic to ((Mg)5|&") B for £ = 1,2.
[Why? Let s be the following function:
(+)s1 (a) Dom(s) = (My)"|£7,
(b) if f1 € (My)!* and E € &* refines eq(f1), then fo := s(f1) is the
unique function with domain I such that (|J,, 7,)(E) € & refines
eq(f2) and fo[I* = f1.

Now easily s induces an isomorphism as promised in (x)g.]
(*)9 ((M1)5]&") %8 is isomorphic to (M2)5|&")19B.

[Why? By ()2 and the choices of g (in the beginning) and of B after (x)o, this
is obvious when 7 = 7(Mj) is included in 9B, which is equivalent to |7| < 2%. By

recalling that arity(7) < Ry, i.e., every predicate and function symbol of T has
finitely many places (see Theorem 1.5), without loss of generality this holds.
That is, let 7/ C 7 be such that for every predicate P € 7 there is one and only
one P’ € 7/ such that

(€ {1,2} = PM = (P)M

and similarly for every function symbol; clearly it suffices to deal with
My |7/, My |7’ and |7'| < 2IMill < 2% ]
Together we are done. 1.7

Note that the proof of Claim 1.7 really uses x = k<%, as otherwise & is not
(< 0)-directed. How much is the assumption x = x<% needed in Claim 1.7? We
can say something in Claim 1.9.
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CLAIM 1.9: Assume that k > 2% but k<% > k, hence for some regular o < 6 we
have k<% = rk < k7 and cf(k) = o and, by [Sol74], we have (Yu < k)(u? < K);
recall arity (1) = N.
(1) If (B; : i < o) is a C-increasing continuous sequence of T-models and x
is a (0,0)-l.uft.then Lup.,(Bs) = J{lup4(B;) : i <o} and

i <j=Llup,(B;) CLup..(B;).

(2) If J is a directed partial order of cardinality <o (<) and x;= (I, D, &%)
is a (0,0)-l.uft.for s € J such that s <;t = & C & and M is a 7-
model then lu.p.,(B) = J{l.up., (B):sec J} and

s <jt=luft. (B)ClLup.,,(B)

under the natural identification.
(3) In Claim 1.7, |I*| < {272 : 0 < K} is enough.

Proof. Straightforward. 1.9

2. Special models

Note that in Definition 2.1 below, M,, <, , M is not required. The reader may
in a first reading ignore the special® case.

Definition 2.1: (1) Assume A > 6 is strong limit of cofinality No.
We say a model M is A-special when there are A, M such that (we also may

say M is a A-special sequence):

(a) M is a model of cardinality A with |7(M)| < A,

() () A= {(\, :n€N),

(B) An < Antr,

0 < Ap < Ang1 < A=), A\ and stipulate A_; = 0,
M = (M, :n < w),

°
oS

)
)
(5) M, <Lg,o My,
(v) M =U, M,
(0) An > || Myl = An—1 recalling A\_; = 0,
(d) (o) D= (D, :n€N)and ||M,| < A,
(B) Dn € rufy, .\ ,0(Ant1),
(v) M} /Dy <L, , My41 under the canonical identification (so hence

2)\71' < /\n+1)-
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(2) We say that the model M is A-special® when clauses (a),(b),(c) above
hold but instead of clause (d) we have

(d)" if T is an Ly g-type on M, of cardinality < A, with < X, free variables,
then I is realized in M, 1.

CLAM 2.2: (1) If for every n < w we have D, is a (\,,0)-regular §-complete
ultra-filter on I,,, |I,| < Ant1, Mypy1 = (M,)" /D, identifying M,, with its im-
age under the canonical embedding into My, 11 s0 My, <L, My 11 and X\, > || M,||,
A=, A >0 (equivalently > 6) then (M, : n € N) is a A-special sequence,
so M =J,, M, is a A-special model and M is a model of Thy; (M) .

(2) Assume X > 0,cf(X) = Ng. In Definition 2.1, clause (d) indeed implies
clause (d)'; so every A-special model/sequence is a A\-special® model/sequence.

(3) In Definition 2.1, M is a model of Thys (M), in fact this follows by Defi-
nition 2.1(1)(d)(a), (B), (7).

(4) Assume X\ > 0 is a strong limit cardinal of cofinality Ro. If M is a model
of cardinality > 6 but < X\ then:

(A) (a) There is a A-special sequence M with My = M,
(b) there is a A-special model N which is a <y-extension of M,
(¢) Thysary has a A-special model.
(B) If M is a model of cardinality \ then for some N, M, N we have:
(a) M =(M, : n<w) satisfies clauses (a), (b), (c) of 2.1. with union M,
(b) N = (N, :n < w) is a A-special® sequence with union N,
( ) M, =Lg,s Np.
(C) If M is a A-special model and T C 7y then M|7 is also a A-special
model.

(5) Assume A > 6 > Xy = cf(N). If M is a A-special® model and T C Ty
then M |7 is also a A-special® model

(6) If X\ is strong limit > 6 of cofinality Ry, a model M is A-special iff it is
A-special®.

Proof. (1) If we assume clause (d) in Definition 2.1, then just by the definition.
If we assume clause (d)’ in Definition 2.1, then use part (2).

(2) Tt follows by the (A, 6)-regularity of D,,.

(3) Check the definition.
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(4) Clause (A):

We can choose an increasing sequence (A, : n < w) with limit A such that
Ao = |M]|? and 2*» < A, 41 = A2 ;. For each n we can choose a (X, f)-regular
f-complete ultrafilter D,, on A,, and define M,, as in part (1). Now use the
conclusion of part (1).

Clause (B):

Without loss of generality the universe of M is A\. Choose (), : n < w) as
above (except Ao > || M| of course), and by induction on n choose M, <1 M
of cardinality A, which includes U{M}, : k < n} U\,. We now choose

(M7, M, on < w)

by induction on k such that:

(a) for k=0 we let M = M and My, = My,
(b) for k= £+ 1let M = (M}): /Dy and My, = (MZH)X’C/DIC.
There is no problem to carry the induction and we let N = U{M};; : k < w}
and Ny = My ,; now check.
Clause (C):
Just read the definition.
(5) Again just read the definition.
(6) Easy too. 2.9

Remark 2.3: (1) In Claim 2.4 below we do not require that the A,-s are the
same and, of course, we do not require that the D,, are the same. Part (3)
clarifies this.

(2) In Definition 2.1 clause (c)(d), it is enough to demand A, > ||M,|| > 6.

Cram 2.4: (1) If (M! : n € N) is a A\-special sequence (or just a A\-special®
sequence) with union My for ¢ = 1,2 and Thy,,(Mg) = Thy,,(MF) then
My, M5 are isomorphic.

(2) Moreover, if n < w and f is a partial function from M} into M? which is
(M}, M2 1Ly p)-elementary, that is,

a € ”> (Dom(f)) = f(tpy,, (@ 0, My,)) = tpy, , (f(@), 0, M3),

then f can be extended to an isomorphism from My onto Ms.
(3) If we weaken clause (d)’ of Definition 2.1 by weakening the conclusion to:
for some k > n, I is realized in My, then we get an equivalent definition.
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Proof. (1) By the hence and forth argument; but we elaborate. Let .%,, be the
set of f such that:

(a) f is a one-to-one function,
(b) the domain of f is included in M},
(c) the range of f is included in M2,
(d) if(<fandae C(M%) and B_: f(C_L) S C(Mg) and (p(f[c] € Lgyg(T(Mg))
then M} | pla] iff M2 = ¢[b].
Easily
(%)1 the set %, is not empty.
[Why? Because the empty function belongs to .%#,.]
(x)2 If f € Z,, then some g € %, 41 extends f and M, C Dom(g).
[Why? By clause (d)’ of Definition 2.1(2)]
(x)3 If f € Z,, then some g € Z, 11 extends f and M} C Rang(g).
[Why? Similarly.]
Together clearly we are done.

(2) Same proof.
(3) Use suitable sub-sequences (using monotonicity). 2.4

Note that comparing Definition 2.1 with the first order parallel, in Claim
2.4(1), a priori it is not given that Thy, ,(M;) = Thy, ,(Ms) suffices. Also
Claim 2.4 does not say that Th]Lé (M) and X determines M up to isomorphism
because we demand that M}, Mg are Lé—equivalent. However:

CrLAM 2.5: Assume A > 6 is of cofinality Xg and T is a complete theory
in Lj(rr), |T| < A, equivalently |7r| < A.
(1) If X is strong limit then T has exactly one A-special model (up to
isomorphism).
(2) T has at most one A-special® model of cardinality A up to isomorphism.

Proof. (1) Assume Nj, Ny are special models of T of cardinality A. By Defini-
tion 2.1 for £ = 1,2 there is a triple (\¢, My, Dy) witnessing Ny is A-special as
there.

As M&O =Lg,0 Mg,n =Le.o Mg7n+1 _<]Lé Um M&m = Ny forn € N, by Theo-
rem 0.10 and Claim 1.2, we know that M =L Ny, so we can conclude that
M0 =11 M2 and both are models of T'.
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By Theorem 1.5 there is a sequence ((A,, D) : n € N) with X, ,Ap > A

22 < \,y1 and Dy, a (A, 0)-regular ultrafilter on \,, such that M{ = M) when:
(*) Mé,o = My, Mé,n+1 = (Mé,n)A" /D, and Mé = U'n, Mén

Let (un : n < w) be such that: 2/ < ppi1 < A= 2{pg : k < w} for n < w.

Next let Mé’ for / = 1,2 and n < w be such that Mé’n <L o MZ ,, and Mé’n
has cardinality 2/ and M/, <r ot My .., and f maps M1 ' onto My,

Now let M;" = U{M/, :n < w} for £ = 1,2.

Easily (M}, : n < w) witness that M/ is A-special® and f witness that
M{/ ~ M// '

Also, My, My, Mo are Lgg-equivalent, hence N1 = Mj" by 2.4(1) and
Ny = MY similarly. Together N1 & Nj is promised.

(2) The proof is similar to part of the proof of Theorem 1.5 clause (a) implies
clause (e), i.e., by the hence and forth argument. 2.5

Now we can generalize the Robinson lemma, hence (see, e.g., [Mak85]) giving
an alternative proof of the interpolation theorem (recall though that in [Shel2]
we do not assume the cardinal 6 is compact).

CLAIM 2.6: (1) Assume 11 N 79 = 79,1y is a complete theory in LLj(7) for
¢ =1,2 and Ty =Ty NT. Then T} UT; has a model.

(2) We can allow in (1) the vocabularies to have more than one sort.

(3) The logic L} satisfies the interpolation theorem.

(4) L} has disjoint amalgamation, i.e., if My <Ly My for £ = 1,2, that is,
(Mo, €)cemy, (My, €)cem, has the same Lj-theory and | My |N|Ma|=|Moy|,
then there is M3 such that M, =Ly M3 for £ = 0,1,2 (hence orbital
types are well defined).

(5) L} has the JEP.3

Proof. (1) Let A > |11]| 4 |72| + @ be a strong limit cardinal of cofinality Rg. For
¢ =1,2 there is a A-special model M, of T; by Claim 2.2(3). Now N, = M|
is a A-special model of T'.

By Claim 2.5(1), N1 & Ny so without loss of generality N7 = Na, and let M
be the expansion of N1 = Ny by the predicates and functions of M; and of Ms.
Clearly M is a model of 77 U T5.

(2) Similarly.

3 But the disjoint version may fail, e.g., if we have individual constants.
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(3) Follows, as Lj being C Ly ¢ satisfies 6-compactness and part (1).

(4) Follows by (1), that is, let x be as in Theorem 1.5(c) for My, My. So
for every C' C My of cardinality < 0, letting Mo, = (Mg, c)ecec we have
Nc1 = Ngo = Nco where Ngy = l.u.p.x(Mcyg). Hence N¢ o <L Nc ¢ for
¢=1,2 and we use “Lg ¢ has disjoint amalgamation”.

(5) Follows by Theorem 1.5. 26

Remark 2.7: This proof implies the generalization of preservation theorems;
see [CKT73].

Recall that the aim of Ehrenefucht-Mostowski [EM56] was: every first order
theory T' with infinite models has models with many automorphisms. This

fails for Ly ¢ and even Ly, x, as we can express “< is a well ordering”. What
about L}?

CLAIM 2.8: Assume (A, T are as above in Claim 2.5 and) M is a special model
of T of cardinality \. Then M has 2* automorphisms.

Proof. Let (M,, : n < w) witness M is special. The result follows by the proof
of 2.4(2) noting that

(x) if fy is an (M, M,,Lg¢(7ar))-elementary mapping then there are
a € Myy1.as € *(Mpy1) and fo,a2.4 € (My,41) for a < A, such that
(a) ag.q # azp for a < B < Ay,
(a) foisan (M} 4, M2, 1, Lgo(Tr))-elementary mapping,
(b) fo 2 f and maps a to a,.
Why is this possible? Choose a'€M,, 12\ Mp4+1 and choose an€Mp11\{ag: 8 <a}
by induction on a < A, realizing tpy, ,(r,)(a's Mn, My2).

LaStIYa let fa = f U {(a()ag(aa))}'
Why is this enough? It should be clear. 2.8
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