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ABSTRACT

We define a canonical quadratic pair on the Clifford algebra of an algebra
with quadratic pair over a field. This allows us to extend to the charac-
teristic 2 case the notion of trialitarian triples, from which we derive a
characterization of totally decomposable quadratic pairs in degree 8. We
also describe trialitarian triples involving algebras of small Schur index.

1. Introduction

Triality is a phenomenon that arises due to the high level of symmetry in the
Dynkin diagram D,4. This symmetry is reflected in objects associated to groups
of type Dy, such as 8-dimensional quadratic forms, and degree 8 central simple
algebras with orthogonal involution. More precisely, consider a degree 8 central
simple algebra A over a field F' of characteristic different from 2. Assume A
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is endowed with an orthogonal involution o4 with trivial discriminant. The
Clifford algebra C(A,04), with its canonical involution o4, is a direct product
of two central simple algebras with involution, which also have degree 8 and are
of orthogonal type, so that we actually get a triple

((Aa O'A)v (Bv UB)? (Ca UC))v

called a trialitarian triple, and an isomorphism
(*) (C(A,UA),O’A)Z(B,O’B) X (C,O’c).

By [I7, §42], triality then permutes the algebras with involution in this expres-
sion. That is, (#) implies the existence of isomorphisms

(C(B,op),o5) ~(C,oc) X (A,04),
(C(C,O‘c),dc) Z(A,O’A) X (B,UB).

In particular, it follows that the Clifford algebra, viewed as an algebra with
involution, is a complete invariant for orthogonal involutions with trivial dis-
criminant on a degree 8 algebra.

This trialitarian relation has proven to be extremely fruitful; roughly speak-
ing, triality plays the same role in degree 8 as the so-called exceptional isomor-
phisms in smaller degree. For instance, it can be used to characterize totally
decomposable orthogonal involutions on algebras of degree 8 (see [I7, §42.B]
and connected problems in [4]). It is related to the classification of groups of
type Dy (see [T, §44] and [13]). It makes the degree 8 case a crucial test case
for some general questions on algebras with involution; see, for instance, [21]
Thm. 5.2] and [22] §4]. Finally, this better understanding of the degree 8 case
can in turn be used to answer questions in larger degree; for instance, it leads
to an example of a degree 16 non-totally decomposable algebra with involution
that is totally decomposable after generic splitting of the underlying algebra,
see [23, Thm. 1.3].

For fields of characteristic 2, triality is not as well studied due to complications
arising when studying quadratic forms and orthogonal groups over these fields.
In particular, the notions of symmetric bilinear forms and quadratic forms are
no longer equivalent. Over such a base, the automorphism group of a bilinear
form is not semisimple anymore, so the corresponding twisted objects, in partic-
ular orthogonal involutions, cannot be used to describe such algebraic groups.
Twisted groups of type D in characteristic 2 were initially studied by Tits, who
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used so-called generalized quadratic forms (see [26] or §5.2)), which appear to
be a good replacement for hermitian forms in this setting. Involution-like cor-
responding objects, namely quadratic pairs, were introduced later in [I7) §5].
They are related to generalized quadratic forms by an adjunction process, and
behave better than generalized quadratic forms, for instance under scalar ex-
tension. They provide an appropriate tool to describe groups of type D. This
theory is developed in The Book of Involutions [I7], where most of the mate-
rial, about involutions and quadratic pairs, their invariants, and relations to
algebraic groups, is developed over a field of arbitrary characteristic. However,
Chapter X, about Trialitarian Central Simple Algebras, is one of the rare ex-
ceptions in [I7]; the base field is assumed to be of characteristic not 2 in that
section.

That the group Sping has this exceptionally large group of outer automor-
phisms is true independent of the characteristic of the underlying field, and
hence some trialitarian relation should hold for quadratic pairs in characteris-
tic 2 also. One has a notion of a Clifford algebra of a quadratic pair, and we
again have that the Clifford algebra of a quadratic pair with trivial discriminant
is the direct product of two degree 8 central simple algebras with involution (see
[17, §7 and §8]). However, in order to fully recapture the trialitarian relation,
one also needs that the Clifford algebra be equipped with a canonical quadratic
pair, not just a canonical involution. A definition of this canonical quadratic
pair is briefly sketched out in [I7, p. 149], in the particular case where A is
split, of degree divisible by 8, and endowed with a hyperbolic quadratic pair.
From this, one can define a canonical quadratic pair in the more general case
via Galois descent. However, this definition is not easy to use, and the lack
of a ‘rational’ definition, that is a definition that avoids the use of Galois de-
scent, is one reason why the results in [I7, Chapt. X] are restricted to fields of
characteristic different from 2 (see [I7, Chapt. X, Notes] for more details).

The main purpose of this paper is to provide a rational definition for the
canonical quadratic pair of the Clifford algebra of an algebra with quadratic
pair, see Section [3.J] We use as a crucial tool the Lie algebra structures de-
scribed in [I7, §8.C]. We also provide an explicit description of this canonical
quadratic pair in the split case in Section With this in hand, we extend
to arbitrary fields the main results of [I7, (§42)]. In particular, we define a no-
tion of trialitarian triple, and describe the trialitarian action in Section ] and
we characterize totally decomposable algebras with quadratic pair in degree 8
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in Theorem[5.1l The last section describes all trialitarian triples of small enough
Schur index, see Section Partial results in this direction were previously
obtained by Knus and Villa [18] §7].

We first recall some notation and basic results (§2.1 to 2.3), and make some
preliminary observations on quadratic pairs and tensor products (§2.4)).

ACKNOWLEDGMENTS. We are grateful to Seidon Alsaody, Philippe Gille and
Jean-Pierre Tignol for insightful discussions.

2. Preliminaries

Throughout the paper, F' is a field. We refer the reader to [I9] as a general
reference on central simple algebras, [17] for involutions and quadratic pairs
and [I1] for hermitian, bilinear and quadratic forms. Most of our notations are
borrowed from those books.

2.1. ALGEBRAS WITH INVOLUTION. Let A be a central simple algebra of de-
gree n over F'. To all a € A, we associate its reduced characteristic polynomial

Prds (X)=X"— 51(a) X" s9(a) X2 — - 4 (=1)"5,(a),

which is the characteristic polynomial of a ® 1 € A®p Q ~ M, (2), where Q is
an algebraic closure of F, see [19] §16.1]. The coefficients of Prd 4 4 belong to F;
s1(a) and s,(a) are the reduced trace and the reduced norm of a, respectively
denoted by Trda(a) and Nrda(a), and sa(a) is denoted by Srd4(a).

All the involutions considered in this paper are F-linear. If the algebra A is
split, that is, A ~ Endp (V) where V is a finite dimensional F-vector space, an
F-linear involution on A is the adjoint of a nondegenerate symmetric or skew-
symmetric bilinear form b: V x V — F| uniquely defined up to a scalar factor.
We denote this algebra with involution by Ad,. The involution is symplectic
if b is alternating, and orthogonal if b is symmetric and non-alternating.

Let o be an F-linear involution on A. We use the same notation as in [17]
§2.A] for the subvector spaces Sym(A, o), Symd(A, o), Skew(A, o) and Alt(A4, o)
of symmetric, symmetrized, skew-symmetric and alternating elements, respec-
tively. Recall Sym(A, o) = Symd(A4, o) if the base field has characteristic dif-
ferent from 2, while in characteristic 2, Symd(4,0) = Alt(A4,0) is a strict

subspace of Sym(A, o) = Skew(A, o), and these spaces have dimension ”("271)

n(n+1)
2

and , respectively. Still assuming the base field has characteristic 2, one
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may prove that the involution o is symplectic if and only if 1 is a symmetrized
element, or equivalently all symmetric elements have reduced trace 0 [17, (2.6)].
In particular, in characteristic 2, a tensor product of involutions with at least
one symplectic factor always is symplectic. In characteristic different from 2,
a tensor product of involutions is symplectic if and only if there are an odd
number of symplectic involutions in the product (see [I7, (2.23)]).

Recall that in arbitrary characteristic, an F-quaternion algebra has a ba-
sis (1, u,v,w) such that

u(l —u) =a,v? =b and w=wuv=v(l —u)

for some a € F with 4a # —1 and b € F* (see [I, Chap. IX, Thm. 26]); any such
basis is called a quaternion basis throughout this paper. Conversely, for a € F
and b € F* the above relations uniquely determine an F-quaternion algebra,
which we denote by H = [a,b). If the characteristic of F is different from 2,
substituting ¢ = u — ; and j = v gives the more usual presentation of @, that
is a basis {1,4,4,ij}, with i2 = ¢, j2 = d for ¢,d € F* and ij = —ji. In this
case we denote @ by (¢, d).

Recall H = [a,b) has a unique symplectic involution, called the canonical
involution, which is determined by the conditions that © = 1 — u and v = —w.
Considering H as a 4-dimensional vector space over F, we may view Nrdy as
a 4-dimensional quadratic form over F', which we call the norm form of H.

2.2. QUADRATIC FORMS AND THEIR CLIFFORD ALGEBRAS. We refer to [11] as
a general reference on bilinear and quadratic forms. For b € F'*, we denote the
2-dimensional symmetric bilinear form

(w1, 22) X (Y1,¥2) > T1y1 — br2y2

by ((b)). Such a form is called a 1-fold bilinear Pfister form. For a nonnegative
integer m, by an m-fold bilinear Pfister form, we mean a nondegenerate sym-
metric bilinear form isometric to a tensor product of m 1-fold bilinear Pfister
forms; we use the notation ((by,...,bpy)) =~ {(b1)) @@ (b)), where ® denotes
the usual tensor product on bilinear forms.

Let V be a finite dimensional F-vector space and ¢ : V — F a quadratic
form. The polar form of ¢ is the symmetric bilinear form on V' defined by

be(w,y) = q(z +y) —q(z) — q(y),
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so that by (z, ) = 2¢(z) for all z € V. The quadratic form ¢ is called nonsingular
if its polar form is nondegenerate. In characterictic 2, the polar form b, is
alternating; hence if ¢ is nonsingular, then V' has even dimension and b, is
hyperbolic [I1, Prop. 1.8]. We denote the isometry of quadratic forms using ~
and orthogonal sum of quadratic forms using L. For all b1,bs € F, we let [by, bo]
be the quadratic form (x,y) — bix? + zy + boy?. This form is nonsingular if
and only if —1 # 4b1be. Note that the hyperbolic plane H = [0, 0] satisfies the
following isometries H ~ [a,0] ~ [0, a] for all a € F, so for every nonsingular
2-dimensional quadratic form we may choose a presentation [a,b] with a # 0.
Recall that any nonsingular quadratic form ¢ over F' decomposes uniquely as
the orthogonal sum of an anisotropic form called the anisotropic part of ¢ and
denoted by @, and a hyperbolic form. We thus have ¢ ~ ¢, L iy () x H,
and the integer iy (¢) is the so-called Witt index of ¢.

To a quadratic form g : V' — F and a symmetric bilinear form b : WxW — F|
one associates the quadratic form, denoted by b ® ¢ and defined on W ® V' by

(b®q)(w@v) =blw,w)g(v) forallwe W andv eV

(see [1Il p. 51]). For any positive integer m, by an m-fold quadratic Pfister
form we mean a quadratic form that is isometric to the tensor product of an
(m — 1)-fold bilinear Pfister form and a nonsingular binary quadratic form
representing 1. We use the notation (b, ...,bm—1,¢]] = (b1,...,bm—1)) ®[1,].
In particular, the 1-fold quadratic Pfister form {(c]] is the quadratic form [1, c],
regardless of the characteristic of the base field; we thus slightly depart here
from the notations in [II, Example 9.4].

Recall that the Clifford algebra of a quadratic space (V,q) is a quotient
of the tensor algebra T'(V) by the ideal I(q) generated by elements of the
form v ® v — q(v) - 1 for v € V. It has a natural Z/2Z-grading, and the subalge-
bra Co(q) of degree 0 elements is called the even Clifford algebra. The identity
map on V extends to an involution on C(q) and Cy(q) called the canonical in-
volution and denoted o4. If ¢ is even-dimensional and nonsingular, the center
of Cy(q) is a quadratic étale extension of F. It is determined by a class which
belongs to the multiplicative group of square classes F'*/F*? in characteristic
different from 2 and the additive group F/p(F') in characteristic 2, where

o(F)={a®>+a|acF}
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is the image of the Artin—Schelter map. In both cases, we will refer to this
class as the discriminant of ¢ and denote it by disc(g). If F has characteristic 2
and ¢ ~ [ai,b1]L- - Llan,by] for some a;,b; in F, then disc(q) is the class
of a1by + -+ + anb, in F/p(F).

Example 2.1: For ease of reference in the sequel, we give an explicit description
of the even Clifford algebra of a nonsingular quadratic form over a field of
characteristic 2. Given such a form ¢, with polar form b, pick a decomposition

q = [alabl] J— e J— [amabm]a

and let ey, ..., em,€),...,el. be a basis of the underlying vector space V such

rm
that for all ¢ with 1 < ¢ < m, we have q(e;) = a;, q(e;) = b;, ble;,e}) =1 and
all other pairs of basis vectors are orthogonal. We may assume a; # 0 for all 7.
The elements u; = e;e} and v; = e;ep,, for i € {1,...,m — 1}, belong to the

even part Cy(q) of the Clifford algebra, and satisfy
wi(l 4 ug) = aghs, v = aiam, uv; = v;(1 4+ ;).

They generate pairwise commuting quaternion subalgebras. Further, we have
that
og(ui) =14wu; and o4(v;) =v;.
Moreover, the element
/
€i€;
1

&=

m
=

also belongs to Cop(gq), commutes with u; and v; for all i, 1 < ¢ < m — 1, and
satisfies €2 = € + a1by + - -+ + a,b,. Hence, F[£] is a quadratic étale extension
of F, central in Cy(q). We also have that

1+ ¢ if mis odd,

7(6) = 13 if m is even.
So we finally get
m—1
(Co(0):79) = R (Qi ) ® (FIE], ).
i=1

where Q; = [a;b;, a;a,,), stands for the canonical involution, F'[¢] is the center
of Cy(q), and + is the identity if m is even and the non-trivial F-automorphism
of F[£] if m is odd.
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We finish this subsection with a characteristic free version of [15, (Example
9.12)] which we require in the sequel. The proof is similar, but we provide full
details and relevant references in characteristic 2 for convenience.

PROPOSITION 2.2: Let g be an 8-dimensional nonsingular quadratic form over F'
with trivial discriminant and Clifford algebra C(q) of Schur index at most 2.
Then there exists a 4-dimensional symmetric bilinear form B and a 2-dimen-
sional nonsingular form ¢ over F' such that ¢ ~ B ® ¢.

Proof. Over its function field, ¢ is Witt equivalent to a 6-dimensional quadratic
form with trivial discriminant, that is an Albert form. By [I7, (16.5)], this
Albert form is isotropic. Therefore, the Witt index of ¢ over its function field
is at least 2. Choose a quadratic separable extension F'(u)/F where u —u? =a
for some a € F with —1 # 4a such that ¢ becomes isotropic after extending
scalars to F'(u). By [I1l (25.1)], the Witt index of g over F(u) also is at least 2.
Hence by [3, Chapter V, (4.2)], we have that ¢ ~ ¢((b, a]] L ¢’ for some b, c € F*
and a 4-dimensional nonsingular quadratic form ¢’ over F. Since ¢ has trivial
discriminant, it follows that ¢’ also has trivial discriminant and hence ¢’ is
similar to a Pfister form, which we denote by 7. The form ((b,a]] L —7 is
Witt equivalent to an Albert form, and has the same Clifford invariant as ¢, of
index < 2. Therefore, again its Witt index is at least 2, and by [11l (24.2)],
there exist symmetric bilinear forms B’ and B” and d € F such that

{b,a]] ~ B"®[1,d] and =7~ B"®/[1,d].

In particular, we have
g~ B®]Il,d

for some symmetric bilinear form B over F.

2.3. QUADRATIC PAIRS AND THEIR CLIFFORD ALGEBRAS. In arbitrary char-
acteristic, algebraic groups of type D can be described in terms of quadratic
pairs. For the reader’s convenience, we recall here some basic facts on quadratic
pairs which can be found in [I7, §5,7.B, 8.B], and which are used throughout
the paper.

Let A be a degree n central simple algebra over F. A quadratic pair on A

is a couple (o, f), where o is an F-linear involution on A, with Sym(A4, o)
n(n+1)

5 ,and f is a so-called semi-trace on (A,0). That is, f is

of dimension
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an F-linear map f : Sym(A, o) — F such that
flx+o(x)) =Trda(x) for all x € A.

In particular, all semi-traces coincide on the subspace Symd(A,o) of sym-
metrized elements. In characteristic different from 2, if follows from this defi-
nition that o is of orthogonal type and there is a unique semi-trace on (A, o)
given by f(z) = }Trda(z) for all z € Sym(A, o). Therefore quadratic pairs
and orthogonal involutions are equivalent notions when the characteristic is
not 2. Conversely, in characteristic 2, the existence of a semi-trace implies o is
symplectic. Indeed, since

Trda(c) = f(c+0o(c)) = f(2¢) =0

for all ¢ € Sym(A4, o), the reduced trace vanishes on Sym(A, o), and this char-
acterizes symplectic involutions by [I7, (2.6)(2)].

One may easily check that for all £ € A such that £ + o(¢) = 1, the F-linear
map defined by f¢(s) = Trd4(¢s) for all s € Sym(A, o) is a semi-trace on (A, 7).
Conversely, it is proved in [I7, (5.7)] that any semi-trace f : Sym(4,0) — F
coincides with f, for some ¢ € A satisfying ¢ + o(¢) = 1. We say that the
element ¢ gives or determines the semi-trace fy;. Two distinct such elements ¢
and ¢’ determine the same semi-trace if and only if they differ by an alternating
element, that is £ — ¢/ = & — o(x) for some z in A.

Let (V, g) be a nonsingular quadratic space over the field F'. The polar form b,
of ¢ induces an involution o, = ad, on A = Endg(V). As explained in [I7,
p. 55], there is an isomorphism of algebras with involution

op : (Endp(V),0,) — (V@ V,¢),
where the product in V ® V is defined on elementary tensors by
(z@y)(a @y) =aby(y,2") @y forallz,y,a’,y’ €V

and ¢ is the exchange involution, that is e(z ® y) = y ® . Moreover, by [I7,
(5.11)], there exists a unique semi-trace f defined on Sym(V ® V,¢) and satis-
fying f(x ® x) = g(z) for all x € V. Under the isomorphism above, f defines
a semi-trace f, on (Endp(V),04). The quadratic pair ad, = (04, fy) is called
the adjoint of ¢, and we use the notation Ad, for the algebra with quadratic
pair (Endp(V), 04, fy). As explained in loc. cit., any quadratic pair on a split
algebra Endp (V) is the adjoint of a nonsingular quadratic form ¢ on V.
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Let (A, o, f) be an F-algebra with quadratic pair. We assume in addition A
has even degree n = 2m. For further use, we briefly recall the definition of the
discriminant and the Clifford algebra of (A, o, f), as featured in [I7]. Pick an
element ¢ € A which determines the semi-trace f = f;,. Consider the sandwich
linear map Sand : A ® A — Endp(A), as defined in [I7, (3.4)]), where A
denotes A viewed as an F-vector-space. The Clifford algebra C(A, o, f) of the
algebra with quadratic pair (A, o, f) is the quotient of the tensor algebra T'(A):

T(4)

CAa D)= 1o F) + Do )

where

(1) Ji(o, f) is the ideal generated by all the elements of the form s — f(s)-1
for s € A such that o(s) = s;

(2) Jao(o, f) is the ideal generated by all elements of the form u—Sand(u)(¢)
for u € A ® A such that o2(u) = w and where o3 is defined by the

condition
Sand(oz(u))(z) = Sand(u)(o(x)) forue A® A, z € A.

The involution on T'(A) acting as ¢ on A induces an involution o of C(A, o, f)
called the canonical involution, and satisfying

ol ®...@a)=0(a,)®...®0c(ay) forallay,...,a € A.

This construction extends the even Clifford algebra for quadratic spaces, that
is if (4,0, f) ~ Ad, for some even dimensional nonsingular quadratic form g,
there is a canonical isomorphism between C(A4, o, f) and Cy(g), and the canonical
involution o corresponds to o, under this isomorphism. See [I7, §8] for more
details.

Similarly, one may extend the discriminant of even dimensional quadratic
forms to quadratic pairs. More precisely, the center of the Clifford algebra
C(A, o, f) is a quadratic étale extension of F. It is determined by a class which
belongs to the group of square classes F* /F*? in characteristic different from 2,
and to the quotient F/p(F) of F by the image of the Artin-Schreier map
in characteristic 2. In both cases, this class is called the discriminant of the
quadratic pair, denoted by disc(o, f). If (4,0, f) ~ Ad, for some nonsingular
quadratic form ¢, then disc(o, f) = disc(q) in the relevant quotient.
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The discriminant of a quadratic pair can also be explicitly computed as fol-
lows. If the characteristic of F' is different from 2,

disc(o, f) = (—=1)™ Nrda(a) € F*/F*?
for any element a € Alt(A, o) N A*, while in characteristic 2,

n m(m — 1)

disc(o, f) = Srd(¢) € F/p(F),

where ¢ determines the semi-trace f, and A has degree n = 2m. See [I7, §7.B]
for more details.

2.4. SEMI-TRACES AND TENSOR PRODUCTS. Let A and B be two F-algebras,
which are central simple over a finite field extension of F'. Assume o and p are
symplectic if F' has characteristic 2 and orthogonal otherwise, and consider an
embedding of F-algebras with involution

i:(A,0)—= (D,p).

Any element ¢ € A such that £ + o(¢) = 1 maps to an element i(¢) € D such
that i(¢) + p(i(¢)) = 1. In addition, alternating elements in (A, o) map to
alternating elements in (D, p). Therefore, to any semi-trace f = fy on (4,0),
we may associate a well defined semi-trace g = f;y) on (D, p). Clearly, the
semi-trace g depends not only on f, but also on the embedding i. When 1
is canonical, we forget the embedding and use the same notation f; for both
semi-traces. This correspondence is not extending or restricting the semi-trace
viewed as a map, even though ¢ maps symmetric elements in (A, o) to symmetric
elements in (D, p). For instance, if D is F-central and A has center Z 4, then f
is Z a-linear with values in Z4, while g is F-linear with values in F', and Z4
may be strictly larger than F'. We will refer to ¢ as the semi-trace induced by f
on (D, p).

An important example of the situation above is when (D, p) is decomposable.
Namely, let (B, 7) be an algebra with involution. We assume 7 is orthogonal if F’
has characteristic different from 2, and either orthogonal or symplectic if F' has
characteristic 2. Let (A, o, f) be an algebra with quadratic pair. The involution
T®o is then orthogonal if the characteristic of F' is different from 2 and symplec-
tic otherwise. Therefore, the construction above applies to the canonical embed-
ding (A,0) = (B®A,7®0), so that f induces a semi-trace f, on (BRA,7®0).
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For all b € Sym(B,7) and a € Sym(A,0), b®a € Sym(B® A, 7 ® o) and we
have

fx(b®a) = Trdpga((1®£)(b®a)) = Trdp(b) Trda(fa) = Trdp(b) f(a),

where £ € A is an element defining the semi-trace f. In [I7, (5.18)], it is proved
that the condition

(1) fi(b®a) =Trdp(b)f(a)

actually characterizes the semi-trace f,. This construction defines a tensor
product

(B;7)®(A,0,f) = (BOA, TR0, f).

One may check that this tensor product corresponds to the usual one in the
split case, that is Ad, ® Ad, = Adyg, for all nondegenerate symmetric bilinear
forms b and nonsingular quadratic forms p; see [I7, (5.19)]. In addition, it is
associative, that is

(C7) @ (B,7)) @ (A,0,f) = (C,7) @ ((B,7) @ (4,0, f)),

for any algebra with involution (C, ), with v orthogonal in characteristic differ-
ent from 2; see [0, (5.3)]. In particular, we may write (C,7) ® (B,7) ® (A, 0, f)
without any ambiguity. We say that (A, o, f) is totally decomposable if there
exist F-quaternion algebras with involution (Q;,0;)1<i<n—1, With ®?71 0, Or-
thogonal in characteristic different from 2, and an F-quaternion algebra with
quadratic pair (Q,, on, g) such that

n—1

(Aa g, f) = (®(Qza Ui)) & (Qn; On, g)

i=1

Assume now that F has characteristic 2 and (A, o) and (B, 7) both are of

symplectic type. We have Trdg(b) = 0 for all b € Sym(B, 7) (see [T, (2.6)(2)])

and formula (II) above shows that, given an arbitrary semi-trace f on Sym(A, o),
the induced semi-trace f, on Sym(B ® A, T ® o) vanishes on

Sym(B,7) ® Sym(A,o) C Sym(B® A, 7 ® o).

Again, this condition characterizes f, see [17, (5.20)], and in particular, f, does
not depend on the choice of f. We now extend this result to a product with r
symplectic factors.
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PROPOSITION 2.3: Assume F' has characteristic 2 and let (A;,0;)1<i<r be 1
algebras with symplectic involution for some r > 2. There exists a unique

fe : Sym ((é)(&,oi)) —F

i=1

semi-trace

such that
feol®r_, sym(aAi,0) = 0.

Proof. For any algebra with involution (4, o), given two elements a € Symd (A4, o)
and s € Sym(A, o) such that s and a commute, the product as is in Symd(A4, o).
From this and [I7) (5.17)], an induction argument shows that

Sym (®(Ai,ai)> = Symd (@(Ai,ai)> + ®Sym(Ai,ai).

i=1 i=1 i=1

The uniqueness of the semi-trace fg follows as, by definition, all semi-traces
coincide on the subspace of symmetrized elements. It remains to prove the
existence of such a semi trace. Let

r—1

(B,T) = ®(A“ O’i).

i=1
Since F' has characteristic 2, the involution 7 is symplectic, and Trdg(b) = 0 for
all b € Sym(B, ) by [, (2.6)(2)]. Pick an arbitrary semi-trace f on (4,,0,)
and consider the tensor product

(B,7) @ (Ar,0p, f) = (B® Ar, 7 @ 0, fi).

Formula () above shows that f, vanishes on Sym(B,7) ® Sym(A,,0,) which
contains Q);_, Sym(A4;,0;), hence f, satisfies the required condition.

Remark 2.4: The proof actually shows that fg is the semi-trace induced by an
arbitrary semi-trace on one of the symplectic factors (4;, 0;), that is

(A1®---®Ar,01®---®graf®): ® (Akvak) ®(Aiaaiafi)a
1<k<r,k#i

for any choice of 7 and of a semi-trace f; on (A;,0;).

Remark 2.5: Note that the semi trace fg on a totally decomposable algebra
with involution @);_, (A;, ;) does depend on the choice of the F-algebras with
involution (4;,0;) in the decomposition. Indeed, consider two quaternion F-
algebras Q1 and Q2. Since we are in characteristic 2, a tensor product of
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two symplectic involutions is symplectic. Therefore, the algebras with involu-
tion (Q1, )®(Q1, )and (Q2, )®(Q2, ) areboth split and symplectic, hence
isomorphic by [I1l Prop. 1.8]. However, for i = 1,2 we have that

(Qi®Qi, ® ,fg)=AdNg,

by [I0, (2.9)], and Adnrdg, =~ Adnrdg, holds if and only if @1 =~ Q.

To get an example in higher degree, consider two r-fold Pfister forms m
and 7o over F. By [6l (6.2)], there exist two families of quaternion algebras Q; ;
fori=1,2 and 1 < j < r such that

Adr, ¥ (Qi1 ® - ®Qiy, @---® ,fg).

In particular, again the algebras are split and the involutions symplectic hence
hyperbolic, so that

T T

®(Q1,j, )2®(Q2,j, )-

j=1 j=1
However, Ad,, ~ Ad,, if and only if m; ~ my. Therefore the semi-trace fg does
depend on the choice of the quaternion algebras in the decomposition.

Notation 2.6: Let (A;, 0;) be r algebras with symplectic involutions. In charac-
teristic different from 2, we assume in addition that r is even, so that @._, o;
is orthogonal, and we denote by fg the unique semi-trace on Q;_,(4;,0;). In
characteristic 2, fg is as defined in Proposition 23l In both cases, we call fg
the canonical semi-trace on the tensor product of F-algebras with symplectic
involution @);_, (A, 05).

3. Canonical quadratic pair on a Clifford algebra

Throughout this section, (A, 0, f) is an algebra with quadratic pair. We as-
sume A has degree n = 2m, with m even, and m = 0 mod 4 if F' is of char-
acteristic different from 2. Under this assumption on the degree of A, the
canonical involution o of the Clifford algebra C = C(A, o, f) has symplectic
type in characteristic 2, and orthogonal type in characteristic different from 2;
see [I7, (8.12)]. If (o, f) has trivial discriminant, so that C has center F x F, this
means as in [I7] that the canonical involution o of C = C* x C~ is symplectic or
orthogonal on each component, and by a semi-trace on (C, o), we mean in this
case a pair (fT,f7), where f* (respectively f~) is a semi-trace on (CT,o™)
(respectively (C~,07)). The purpose of this section is to define a semi-trace f
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on (C,0), which we call the canonical semi-trace of the Clifford algebra, pro-
vided A satisfies the above conditions and has degree 2m > 8. We also give an
explicit description of f in the split case.

3.1. DEFINITION OF THE CANONICAL SEMI-TRACE. Consider the canonical F-
linear map ¢ : A — C induced by A — A — T'(A). By [17, (8.16)] we have

c(z) + o(c(x)) = Trda(z).
Hence we have

c(x) € Skew(C,o) if and only if Trda(x)
c(x)+o(e(x)) =1 if and only if Trda(z) =

0,
(2) forallxe A,
1

The main result in this section is the following:

PROPOSITION 3.1: Assume A has degree 2m > 8 with m even, and assume
further that m = 0 mod 4 if the characteristic is different from 2. Then o is
symplectic in characteristic 2 and orthogonal otherwise. For any A\ € A with
Trda(A) = 1, the element ¢(\) defines a semi-trace on (C, o), which does not
depend on the choice of \.

Proof. Let A € A be an element with reduced trace 1. By (), we have that
c(A) +o(c(N) = 1.

Hence the linear form which maps s € Sym(C, o) to Trd¢(c(N)s) is a semi-trace
on (C,0). If (o, f) has trivial discriminant, so that (C,s) = (CT,67)x (C™,07),
we have c¢(A\) = (¢f, cy) with

i +ot(c)=1 and ¢ +0 (c) =1

The semi-trace f consists in this case of the pair of semi-traces respectively
induced by cj\r and cy .

Given another element \' € A, also of reduced trace 1, the difference p = A=\’
has reduced trace 0. Hence, applying again ([2]), we get that

c(p) = c(X) — ¢(XN') € Skew(C, o).

On the other hand c¢()\') defines the same semi-trace as ¢(A) if and only if the
difference ¢(p) = ¢(\) — ¢(N) belongs to Alt(C,o) by [I7, (5.7)]. Hence the
following lemma finishes the proof:
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LEMMA 3.2: Assume A has degree at least 6. In the Clifford algebra C, we have
c¢(A) NSkew(C, o) = c¢(A) NAlt(C, o).

The statement is trivial if the characteristic of F' is different from 2, as in this
case Skew(C, o) = Alt(C, o). Assume now that the characteristic of F' is 2. The
inclusion of the left hand side in the right is clear. We now prove the converse.
It suffices to show the result in the case where A is split.

Assume that (A4, o, f)=Ad,, for some quadratic form ¢ : V— F, and C=Cy(q).
Let g=[a1,b1] L --+ L [am, bm] be a decomposition of g and ey, ..., em, €}, ... e,
a basis of V' as in Example 2l As explained in [I7], Proof of (8.14)], the vector
space ¢(A) has dimension

nin—1)
2

and has a basis consisting of

+1=2m?>—m+1,

{1} U{eiej,eie} |1 <i<j<m}U{ee)|1<i,j<m}.

All elements in this basis are (skew-)symmetric except for the elements e;e} for
all i € {1,...,m}. However, we have e;e] + o(e;e;) = 1, hence ezej + e;p1€),
is symmetric for all 1 < ¢ <m — 1. By [I7, (8.18)],

c(A)o = ¢(A) N Skew(C, o)
has codimension 1 in ¢(A). Therefore,
{1}U{eiej,eie | 1 < i< j<m}U{eie] | i#j}U{eie;+eirre; |1 <i<m—1}

is a basis of ¢(A) NSkew(C, o). To complete the proof, we show that these basis
elements lie in Alt(C, o).

Pick i,5 € {1,...,m} with i # j. As m > 3, there exists some

ke{l,....m}\{i,j}

As epe), +ejer = 1, and both ey, and €], commute with e; and e;, and e; and e;
commute, we have that
/ /
eiej = e;ej - 1 = ejej(epe, + eper)
/ ! / /
= ejejerey + eejee = e;ejepe; + €Lere e;

= e;ejeper, + o(eiejere)) € Alt(C, o).
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A similar argument shows that eje’; and e;e’; € Alt(C, o). Consider now
/ r_ / ’ o ’ /
eie; +eje; = eie(exe), + eper) + eje(exe + ejexr)
—e.clere + e e+ e " 4el i
= ejejexe), +epereie; +ejeleney + eperejel.
Using e;ef + eje; = 1 = eje) + €je;, we get that
/ ! / / !/ !/ ! / !/ !/
eie; + eje; = eiezee) + eper(l + eje;) + ejesexe) + epern(l+ ehe;)
= eie;eke; + e%eke;ei + eje;eke}C + eﬁceke;ej
/ / ! / / / ! /
= (eiejere), + ejeerer) + o(eieiexe) + ejelerer).
In particular, e;ej +e; 1€, € Alt(C,0) for all 1 <i < m — 1, and this finishes
the proof.

Since the reduced trace is a nonzero linear form, a central simple algebra A
always contains an element A such that Trd4(\) = 1. Hence, using the previous
proposition, we get

Definition 3.3: Let (A, o, f) be an algebra with quadratic pair, of degree 2m > 8
with m even, and assume further m = 0 mod 4 if the characteristic of F is
different from 2. Given A € A with Trda(A\) = 1, the semi-trace

f:Sym(C,o) — F
s —  Trde(e(N)s)
does not depend on A. It is called the canonical semi-trace on (C,o). We refer

to the pair (o, f) as the canonical quadratic pair on C = C(4, g, f).

Remark 3.4: Assume the characteristic of F' does not divide the degree of A,
and let (A, o) be an algebra with orthogonal involution. Then dcgl( a) € A has
reduced trace 1, and its image in C(A, o) is

1 1 1
C(deg(A)) N f(deg(A)) 2
by [17, (5.6)&(8.7)]. So f is half the reduced trace of C, as prescribed in this case.

The next proposition provides some evidence that the quadratic pair we have
just defined is part of the structure of the Clifford algebra. Let

0: (Ao, f)—= (B,7,9)

be an isomorphism of algebras with quadratic pairs. It follows from Defini-
tion [17, (8.7)] that @ induces an isomorphism C(0) : C(4,0, f) — C(B,1,9),
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satisfying

C(0)(ca(a)) = cp(0(a))
for all @ € A, where ca (respectively cp) denotes the canonical map
ca:A—=C(A o, f) (respectively cg : B — C(B,7,g)). Moreover, one may

easily check that C(#) preserves the canonical involutions. We claim it is an
isomorphism of algebras with quadratic pairs, that is

ProproSITION 3.5: Every isomorphism of algebras with quadratic pair
0:(Ayo,f)—= (B,7,9)
induces an isomorphism of algebras with quadratic pair
C(0): (C(A,0,f),0,f) — (C(B,T,9),7.9).

Proof. The proposition follows from Proposition Bl by functoriality of the Clif-
ford algebra construction. More precisely, for any A € A with Trds(\) = 1, we
have

Trdg(0(\) = Trda()\) = 1.

Hence f is induced by ca(A) and g is induced by
c(0(A)) = C(0)(ca(X)).

It follows that C(6) preserves the semi-traces as required.

3.2. EXPLICIT DESCRIPTION IN THE SPLIT CASE. Let (V,¢) be a nonsingular
quadratic space of dimension 2m, with polar form b,. We assume that m is even,
and further that m = 0 mod 4 if the characteristic of F' is different from 2, so
that the canonical involution o4 of Cy(V, ¢) is of orthogonal type in characteristic
different from 2, and of symplectic type otherwise. Since ¢ is nonsingular, we
may find a pair of vectors (e, e’) such that by(e,e’) = 1. Let u = ee’ be the
corresponding element in Co(V, ¢). We have

u+o,(u) =ee +ee=bylee)=1.

Therefore, this element v defines a semi-trace on (Co(V, q), 04), which we denote
by feer. If V' has dimension 2m > 8 we claim fe. coincides with the canonical
semi-trace of (C(Ad,),o,) under the canonical identification provided in [I7,
(8.8)]. More precisely, we have
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ProposITION 3.6: Let (V,q) be a nonsingular quadratic space of dimension
2m > 8, with m even, and assume further that m = 0 mod 4 if the characteris-
tic of F is different from 2. Given a pair of vectors (e, ') such that by(e,e’) = 1,
the standard identification ¢, : V @ V — Endp (V) induces an isomorphism of
algebras with quadratic pairs

(CO(‘/v Q)a Ogq; f66’) = (C(Adq)7 Ogq; fq)

Proof. In view of [I'7, (8.8)], it only remains to identify the semi-traces. Denote
by P the plane generated by e and e’ in V; since ¢ restricts to a nonsingular
form on P, by [I1} (7.22)], we have V = P L P*. Recall from [I7, (5.10)] that
¢q(e®e’) maps x € V to eby(e’, z). Hence it vanishes on ¢’ and P+, and maps e
to itself. Therefore, p,(e @ ¢’) € Endp(V) has trace 1. By Definition B3, the
canonical semi-trace of (C(Ad,), o) is determined by the element ¢(pq(e ®€’));
the corresponding element in Cy(q) is u=-ee’, and this proves the proposition.

Remark 3.7: Under the assumptions of Proposition B.6] the semi-trace fees
on (Co(V.q),04) does not depend on the choice of the pair (e,e’). This can be
directly checked as follows if F' has characteristic 2. Consider two pairs of vec-
tors (e, ¢’) and (g,¢") with by(e,e’) =1 =by(g,¢'), and let u = ee¢’ and v = gg’
be the corresponding elements in Cy(q). Let P and @Q be the planes in V respec-
tively generated by (e,e’) and (g,¢’). The polar form b, is nondegenerate on
both planes, and also on the orthogonal P+ of the plane P, which has dimension
2m — 2, see [I1} Prop 1.6]. Besides, PX N Q" is a subspace of P+ of dimension
at least 2m — 4. Since m > 4, P+ N Q* has dimension strictly larger than
half the dimension of P+. Therefore, by cannot be identically 0 on PLnQ*t.
Hence, there exists a third plane R over which b, is nondegenerate, and which
is orthogonal to P and Q. Let (h,h’) be two vectors of R with by(h,h') = 1,
and let w = hh' € Co(V,q). We have

og(u) =u+1, og(v)=v+1 and og(w)=w+1.
Moreover, w commutes with u and v. It follows that
u=v+ (u+v)w+ og((u+ v)w).

Hence w and v differ by an alternating element, so they define the same semi-
trace by [I7, (5.7)].
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Example 3.8: Assume F has characteristic 2 and (V,¢) is a nonsingular qua-
dratic space of dimension 2m > 8. Pick an explicit presentation of the quadratic
form

q=1la1,b1] L+ L [am,bm].

We use the same notations as in Example [Z] where the algebra with involu-
tion (Co(q), 04) is described. We claim

(C(AdQ)’UQ’fq) = (Q1®'”®Qm—1a ®® )f®) ®F K,
~(Qig®  QQm-1, Q- ® ,fg),

where Q; = [a;b;,a;a.,), stands for the canonical involution, K is the qua-

(3)

dratic étale extension of F' generated by disc(q) € F/p(F'), and fg is the canon-
ical semi-trace associated to a tensor product as in Proposition 23] Indeed,
Proposition B.6] shows that the canonical semi-trace f; corresponds to Jerer on
Co(V, q). Besides, as explained in Example21l u; = e1e} € Cy(V, q) corresponds
to

m—1
u1®1€Q1K®<®QiK>-

=2
Therefore, fe,er on (Co(V,q),04) is the semi-trace induced by f,, on (Qig, )
as in Section 2.4] which coincides with fg by Remark 2.4]

Remark 3.9: Tt follows from Example that (C(Ady), 04, f4) is a totally de-
composable algebra with quadratic pair, and even more, that it has a totally
decomposable descent to F'. This extends a well-known result in characteristic
different from 2. Indeed, consider a nondegenerate even dimensional quadratic
space (V,q) over a field F' of characteristic different from 2, with orthogonal

basis (e1,€2,...,€2,). A direct computation shows that the elements
i1 = e1es 12 = e1e2e3€y4 lm—1=€1...62m_362m_2

, e
J1 = e1€e3 J2 = €e1€2€3€5 Jm—1 = €1...€2m_362m—1

generate pairwise commuting F-quaternion algebras in Cy(¢q) that are stable
under the canonical involution. Hence, Cy(g) is isomorphic to the tensor product
of those quaternion algebras, extended from F to the center K = Fles ... eapn].

Example 3.10: Let m be a 3-fold Pfister form over F'. We claim that

(4) (C(Adr),0x, fx) =~ Ad,; X Ad,.
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A conceptual argument is given below, see Proposition 1] which extends [17]
(35.1)] to arbitrary characteristic. Over a base field of characteristic 2, this can
also be directly checked as follows. Let

7w = (a, b, ]].
Using the isometry x[1,y] ~ [z, 2~ 1y] for # € F* and y € F, we obtain that
7~ [a,a” e] L [b,b " ] L [ab, (ab)" e L [1,c].
Hence, by Example 3.8 we have
(C(Adz),0r, fr) = ([c,a) ® [¢,D) @ [e,ab), ®@ @ ,fg)Qp (F xF).

On the other hand,
Adw = Adyg) @A o))

Since (b, c]] is the norm form of the quaternion algebra [c,b), using [5l (5.5)]
and [10 (2.9)] we get

Adr = ([0,a),7) @ ([¢,0), )@ ([¢,0), f),

where for the quaternion basis (1, u,v,w) of [0,a) the orthogonal involution 7
is characterised by 7(u) = « and 7(v) = v and f is any semi-trace on ([¢, ), ).
Finally, for a particular choice of the the semi-trace f, the isomorphism from
[6, (5.5)] gives us

([0,a),7) @ ([e,0),  f) = ([e,a) @[c,ab), @, fe).
This shows (@) by Remark 241
We also prove the following extension of [I7, (8.5)].

ProrposiTiON 3.11: Let ¢ be a nonsingular quadratic form over F of even
dimension 2m > 8 with m even, and m = 0 mod 4 if F has characteristic
not 2. If q is isotropic then (C(Ady), o4, fq) is hyperbolic.

Proof. For the case where F' is of characteristic different from 2, see [I7, (8.5)].
We now assume that F' is of characteristic 2. As ¢ is isotropic we have

q=H 1 ¢ ~[1,0] L¢
for some nonsingular quadratic form ¢’ over F. Hence we may assume a; = 1
and b; = 0 in Example 3.8 and we get

(C(Adq)7aq7f¢1) = ([O,C), af) 02 (B7T) ®F K
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for some ¢ € F*, some arbitrary choice of a semi-trace f on ([0,¢), ), and
some F-algebra with symplectic involution (B, T) (see Remark 2.1]). Since [0, ¢)
is a split algebra, we may choose f so that ([0,¢), ,f) is the adjoint of a
hyperbolic plane, and it follows that the Clifford algebra (Co(Ady), oy, fq) is
hyperbolic.

4. Triality

The purpose of this section is to describe the action of the alternating group As
on PGOZ and the induced action on the corresponding Galois cohomology
set H'(F,PGOyg ), which can be described in terms of some triples of degree 8
algebras with quadratic pairs, called trialitarian triples. Similar computations
were recently made by Alsaody and Gille [2, §4], where they work over a more
general base (a unital commutative ring), and consider triples of isometries,
while we consider triples of similitudes. Our approach follows [I7, §35], with
the additional ingredient that the Clifford algebra is endowed with a canonical
quadratic pair rather than just an involution.

Recall that a similitude of the algebra with quadratic pair (4,0, f) is an
invertible element g € A* such that

a(g)g = nlg) € F*

and f(gsg~!) = f(s) for all symmetric elements s € Sym(A, o). If A = Endg(V)
and (o, f) is the adjoint of a nonsingular quadratic form ¢, similitudes of (A, o, f)
coincide with similitudes of the quadratic space (V, ¢) in the usual sense. Assume
in addition that A has even degree n=2m. The similitude g with multiplier u(g)
is called proper if it satisfies the following condition [I7, (12.24)(12.32)]:

If F has characteristic # 2, Nrda(g) = u(g)™,

(5)
If F has characteristic 2, flg=Hg —0) =0,

where ¢ € A is an element defining the semi-trace f. We let
PGO*(q) = GO*(q)/F* and PGO*(A,0,f) = GO* (4,0, f)/F*,

where GO (q) (respectively GO (A, 0, f)) is the group of proper similitudes
of ¢q (respectively of (A, o, f)).
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4.1. AN ACTION OF Az ON PGO™(n). Let O be a Cayley algebra, and denote
by « its para-Cayley product, defined by = xy = zy, see [I7, §34.A]. The
algebra (O, x,n) is a symmetric composition algebra, where n is the norm form
of O. In particular, the norm form is multiplicative, that is n(x*y) = n(z)n(y)
for all x,y € O. Moreover, we have

(6) xx(y*xx)=n(x)y=(rxy)*xx forall z,y € O;
see [I7, (34.1)]. The key result to define the trialitarian action is the following :

PROPOSITION 4.1: Let t be a proper similitude of (O,n) with multiplier p(t).
There exist proper similitudes (t7,t7) of (O,n) such that for all z,y € O,

(a) (@ xy) = p(tT) t(z) x t~(y);

(b) t(zxy) = p(t)t~(x) 7 (y);

(c) t7(wHy) = u(t) ¢ (z) x t(y)-
The pair (t*,t7) is uniquely defined up to a factor (\=1,\) for some \ € F*
and the multipliers satisfy p(t™)u(t)u(t=) = 1.

From this, we derive an action of the alternating group As ~ Z/3 on the
group of projective similitudes PGO™(n) = GO™(n)/F* as follows. Given a
proper similitude ¢ of (O, n) we denote by [t] its class in PGO™ (n). It is clear
from the relations above that [t71] = [t7] and [T+ 1] = [¢]. Moreover, since ¢+
and ¢~ are unique up to a factor (A7, \) for some A € F*, their classes [t']
and [t~] are uniquely defined. Hence, we get

COROLLARY 4.2: The map
6" : PGO™(n) — PGO™(n)
[t] = 7]

defines an action of A3 on PGO™ (n).

Remark 4.3: In [2], Alsaody and Gille give an explicit description of the spin
group Spin(n) with its trialitarian action (see [2 Lem. 3.3 and Thm. 3.9]).
Their description is in terms of so-called related triples, which correspond to
triples as in our Proposition 1] except that ¢, tT and ¢t~ are isometries rather
than similitudes. It is clear from their work that the action described in this
section is the induced trialitarian action on PGO™ (n). The explicit description
we provide could also be deduced from their results by fppf descent.
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The remainder of this section outlines the proof of Proposition 1l The
argument is mostly borrowed from [I7, §34], except for Lemma [£.5] which adds
the canonical quadratic pair to the picture.

For all z € O, we denote by r, and ¢, the endomorphisms of O defined
by r.(y) =y*x and £, (y) = x xy for all y € O. We first prove

LEMMA 4.4: Let t be a proper similitude of (O,n). The F-linear map
Yy : O = Ma(Endp(0)) ~ Endp(O @ O)

defined by

_ 0 Crto)
wt(x) (M(t)lrt(z) 0 )

induces isomorphisms of F-algebras
C(n) —Endr(O® O) and
Co(n) = Endr(O) x Endg(0),
which we denote by W,.

Proof. A direct computation shows that for all z,y € O, we have

(7) ul@)bely) = ()™ (ﬂt@ o b ) .
Ti(@) © buy)

In view of (@), it follows that v (z)? = u(t)"'n(t(z)) = n(x) for all z € O.
By the universal property of the Clifford algebra, we get a non-trivial alge-
bra morphism ¥, : C(n) — Endp(O @& O), which is an isomorphism since
both algebras are simple and of the same dimension. By (), this isomorphism
sends Co(n) to the direct product Endp(O) x Endp(O), which embeds diago-
nally in Endr(O ¢ O).

Assume now that ¢ = Id and consider the corresponding isomorphisms, de-
noted by W;. Since the identity map is an isometry, hence has multiplier 1, it
satisfies

0 Ty 04,y

(8) Uy (zy) = Y1(x)1(y) = <£I °Ty 0 ) .

The next lemma is a refined version of [17, (35.1)] (see also [2, Prop. 3.10]):
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LEMMA 4.5: The restriction of the isomorphism ¥ to the even Clifford algebra
induces an isomorphim of algebras with quadratic pairs

Uy (Co(n), on, frn) = Ad,, x Ad,,
where (o, fn) stands for the canonical quadratic pair on Co(n).

Remark 4.6: Since all 3-fold Pfister forms are norm forms of some Cayley alge-
bras, this lemma gives a new proof of Example B.10

Proof. By Lemma [£4] ¥, is an isomorphism of algebras, and one may check
it preserves the involution as in [2, Prop. 3.10]. It only remains to prove
that it is compatible with the semi-traces. Therefore, we may assume that
the characteristic of F' is 2. Pick a decomposition of the quadratic form n
and a basis (e;,€})1<ica of O as in Example 2711 By Proposition B.6] the ele-
ment ejef € Co(n) determines the canonical semi-trace f,, on Co(n). Under the
isomorphism W4, it corresponds to the semi-trace determined by the element

Uy (ere]) = Pr(en)vr(e)) = <£e1 o Tel ; )

0 Tey 0 Ler

by ([@). Hence, we have to prove that the elements /., ores and 7., ol € Endr(O)
determine the semi-trace f,, associated to the norm form n. By [I7, (5.11)], this
means we have to check that for all v € O,

TrdEndF(O)((Zm OTer © @n)(“ ® U)) = 7’L(’U),

and similarly for the endomorphisms (7, o e 0 ¢,,)(v ® v), where ¢, is the
standard identification O @ O ~ Endp(O) defined in [I7, (5.2)]. Since the
restriction of a semi-trace to the space of symmetrized elements is determined, it
is enough to prove this equality when v is one of the basis elements (e;, €;)1<i<4;
see the proof of [I7, (5.11)]. For all z € O, we have

(Le, 0Ter 00n)(ei @ e)(x) = (e1 x (€5 €))) bn(ei, ).

Since all basis elements different from e are orthogonal to e;, this endomor-
phism maps all elements of the basis to 0, except for e;. Hence its trace is the
coordinate of e; x (e; x€}) on €}, that is b, (e1 * (e; x€}), e;). By [I7, §34], we get

bn(er * (e; % €)),e;) =bn(ei,e1x (e;xe))) = bu(e; x e, e;x€))

=n(e;)bn(e1,€)) = n(e;),
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as required. A similar computation shows the equality also holds for e} ® e,
and for the endomorphism (r¢, 0 le; 0y)(v@w) instead of (Le, 0Ter 0y ) (VR WV),
so the lemma is proved.

With this in hand, we may now prove Proposition 1] as follows. Given a
proper similitude ¢ of (O, n), consider the isomorphisms ¥y and ¥,. Identifying
the algebras Endp(O® O) and M(Endp(0O)), by the Skolem-Noether theorem,
there exists an invertible element S € Ms(Endp(O)) such that the following
diagram commutes:

C(n)

\
51
Y

Mg(EndF(O)) I S>). Mg(EndF(O))

nt(

Restriction to the even part of all three algebras shows that Int(S) preserves
Endp(0) x Endp(O) C M3(Endgp(0)), so that

0

S = (SO ) for some sg, s2 € Endp(O).
0 59

Recall that ¢ also induces an isomorphism Cy(t) : Co(n) — Co(n) which pre-

serves the canonical quadratic pair by Proposition We claim that the

following diagram is commutative:

Co(t)
Co(n) - Coln)

\
‘111 ‘I’l
v \

EndF(O) X EndF(O) L t(S>). EndF(O) X EndF(O)

Indeed, the lower triangle is obtained from the previous commutative diagram
by restriction to the even part. Since Co(t)(zy) = u(t)~t(z)t(y) for all z,y € O

(see [I7), (13.1)]), we have by (7)) and (§)
Uy (Co(t)(zy)) = p(t)! (ft(fﬂ)

or 0
t(y) ) = Uy (ay).

0 Ti(w) © Lu(y)

Therefore, the upper triangle also commutes. In view of Lemma .3 and Propo-
sition B the automorphism Int(S) preserves the quadratic pair ad,, X ad,,, so
that so and s; are similitudes of (O, n).
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Finally, since ¥; = Int(S) o ¥y, we have for all x € O, ¥y (x) = S¢1(x)S~ 1.
Hence, we get p(t) " tryy) = 527":,3551 and £ (x) = solesy ', so that for all y € O,

p(t) Fso(y) xt(x) = sa(y* ) and  t(z) * sa(y) = so(x *y).

Applying the norm n to the second equality, we get p(t)p(s2) = u(so). Hence,
the similitudes tT = p(so) “'sp and t~ = s have p(t)u(t™)u(t~) = 1 and satisfy
equations (a) and (c) in Proposition Il Equation (b) follows from (a) and (c),
as explained in [I7), p. 484]. Since

Jr
(9) Uy 0C(t) oWyt =Int <t0 0) :

—

the pair (¢%,¢7) is unique up to a pair of scalars. The condition on the multi-
pliers guarantees it actually is unique up to (A~1, \), for some A € F*. It only
remains to prove that ¢* and ¢~ are proper; as explained in [I7), §35.B], if one
of them was improper, it would satisfy a relation similar to [I7, (35.4)(5)(6)]
instead of relations (b) and (c) above. This concludes the proof.

Remark 4.7: Tt follows from the proof that, given a proper similitude ¢ € PGOZ,
we have 07 ([t]) = [tT] and 6~ ([t]) = [¢t"], where [tT] and [t~] are characterized
by equation (@) above, and ¥y is as in Lemma [£5]

4.2. TRIALITARIAN TRIPLES. A trialitarian triple over F' is an ordered triple of
degree 8 central simple algebras with quadratic pairs over F,

((A,O'A,fA); (BvanfB); (Ca oc, fC))7

such that there exists an isomorphism

QA (C(AngafA)aUAafA) — (BaUB;fB) X (CaUC;fC)'

Two such triples, denoted by (A, B,C) and (A’, B’,C”) for short, are called
isomorphic if there exists isomorphisms of algebras with quadratic pairs

¢A : (A;UAafA) _>(A/30’A’afx4’)a

¢B : (BaUBafB) H(B/aO'Blva/)v
and  ¢c : (C,oc, fo) = (C',oc, fer),
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and a4 and a4 as above such that the following diagram commutes:

@A

(C(AaO'Ava)vo'AafA) >(BvaBafB)x(OvacafC)

C(pa) pBXPC
\ \

(C(A/)UA/afA/)7UA’afA/) aA)l (B/aUB’afB/) X (C/)Uc/afcl)'

Remark 4.8: If (A, B,C) is a trialitarian triple, it follows from the definition
that C(A, 04, fa) has center F x F, hence the quadratic pair (04, f4) has trivial
discriminant (see [17, (7.7) & (8.28)]).

Example 4.9: Assume F' is of characteristic 2. Let ¢ be an 8-dimensional qua-
dratic form with trivial Arf invariant, and let (4,04, fa) = Ad,. Pick a pre-
sentation

q = la1,b1] L [a2,b2] L [as,bs] L [a4,ba].
By Example B8 (4, B, B) is a trialitarian triple, where B stands for

(B,oB, fB) = ([a1b1, a1a4) ® [azbz, azas) ® [asbs, azas), @ & ,fg).

Hence if the algebra A is split in a trialitarian triple (4, B, C), then B and C'
are isomorphic. The converse also holds, as we now explain:

LEMMA 4.10: Let (A, B,C) be a trialitarian triple. The following assertions

are equivalent:

(1) The algebra A is split.

(2) The triples (A, B,C) and (A, C, B) are isomorphic.

(3) The algebras with quadratic pairs (B,op, fg) and (C,o¢, fc) are iso-
morphic.

(4) The algebras B and C' are Brauer equivalent.

Proof. Assume A is split, and consider an isometry of determinant —1 of the
underlying quadratic space. It induces an automorphism ¢4 of (A, o4, fa) such
that C(¢4) acts non trivially on F' x F. Therefore, if ¢ : B x C' — C x B denotes
the switch map, defined by e(z,y) = (y, ), then eoas 0 C(pa) o o@l is an iso-
morphism B x C' — C x B which acts trivially on F' x F. Hence, it is equal to
(¢B, dc) for some isomorphisms of algebras with quadratic pairs ¢p : B — C
and ¢ : C — B. This shows that (¢4, ¢p,dc,aa,c 0 aq) defines an iso-
morphism of triples between (A, B,C) and (A,C,B). Assertion (3) follows
from (2) by definition, and it clearly implies (4). Finally, since A has degree 8,
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and (o4, fa) has trivial discriminant, by the so-called fundamental relations
given in [I7 (9.13) and (9.14)], we have [A] = [B ® C] and B and C have
exponent 2, therefore (4) implies (1).

With these definitions in hand, the usual techniques of Galois descent yield
a canonical bijection

F-isomorphism classes

(10) +— HY(F,PGOY).

of trialitarian triples
This follows from [I7, §29] as follows. Let ng be the 8-dimensional hyperbolic
quadratic form, so that PGOy = PGOT"(Ad,,). According to [I7, §29.F],
there is a canonical bijection between H'(F,PGOgZ) and isomorphism classes
of quadruples (4,04, fa,e4), where (A, 04, fa) is a degree 8 algebra with qua-
dratic pair, and €4 : Z4 — F x F is a fixed isomorphism from the center of
the Clifford algebra of (A,04, fa) and F x F, which is the center of Co(no).
To such a quadruple, we may associate a trialitarian triple (A, B, C'), where B
and C' are defined by

B :C(AaUAafA) €,
C= C(Aa gA, fA)(l - 6),
and e = £, ((1,0)) € Z4 C C(A, 04, fa).

Since A has degree 8, the canonical involution o4 acts trivially on Z 4. Hence the
canonical pair (o4, f4) induces quadratic pairs (o, fg) and (o¢, fc) on each
component; see Section[3l Moreover, one may check that isomorphic quadruples
lead to isomorphic trialitarian triples.

Conversely, given a trialitarian triple (A, B, C') pick an isomorphism a4 be-
tween C(A) and B x C, and define the €4 to be the restriction of a4 to the
center Z 4 of the Clifford algebra of A. We claim that the isomorphism class of
the quadruple (A, 04, fa,£4) does not depend on the choice of a 4. If all such
isomorphisms have the same restriction to the centre, this is clear. Assume now
that there exists aill) and af) having different restrictions. Then the composi-
tion af) o (a(Al))’1 is an isomorphism of the algebra with quadratic pair B x C'
whose restriction to the center F'x F' is the non trivial automorphism. Hence, B
and C are isomorphic, and A is split by Lemma In this case, the algebra
with quadratic pair (A4, 04, fa) admits improper similitudes, and it follows that

the quadruples (A,UA,fA,ES)) and (A,04, fA,sf)) are isomorphic.
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4.3. ACTION OF A3 ON TRIALITARIAN TRIPLES. The main result of this section
is the following, which extends [I7, (42.3)] to characteristic 2:

THEOREM 4.11: The action of A3 on PGOZ induces an action on trialitarian
triples, which is given by permutations. In particular, if

(C(AaUAafA)’UA’fA) = (ngBafB) X (CaUCafC)a

then we also have

(C(B,os, fB):0B, fB) ~ (C,0c, fc) x (A,04, fa)
and

(C(C,oc, fo),00, fc) = (A 0a, fa) x (B,o5, fB).

Proof. Let (A, B,C) be a trialitarian triple, and fix an isomorphism

(0% (C(AvaAafA)aUAafA) — (BaUBafB) X (Ovacafc)'

As above, we let ng be the 8-dimensional hyperbolic form. Recall that ¥y
defined as in Lemma [£5]is an isomorphism

Uy (CO(nO)7 Ong ) fng> — Adno X Adno,

so that (Ad,,, Ad,,,Ad,,) also is a trialitarian triple. After scalar extension
to a separable closure F of the base field F', both triples are isomorphic. More
precisely, consider an arbitrary isomorphism

da: (Adpy)r, = (A, 04, fa)F,-

Composing ¢4 with an improper similitude of ng if necessary, we may assume
that the composition ay o Co(¢a) o \Ilfl acts trivially on F' x F, so that it is
given by (¢, ¢¢c) for some isomorphisms of algebras with quadratic pairs

¢p : (Adp,)r, — (B,oB, fB)r, and ¢c : (Ady,)r, — (C,0c, fo)F..

Hence we get an isomorphism of trialitarian triples, that is a commutative
diagram

Wy
(CO(RO)a Ong > an)Fs

C(da) ¢BXPC
\ \

(C(AngafA)’UAafA) aA) (BaUB;fB) X (Ca UC;fC)'

= (Adno)Fs X (Adno)Fs
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Identifying the automorphism group of (Ad,,)r, with PGOg (Fy), we get by
Galois descent that the map

a:Tp — PGOJ(Fy), v+ ¢, 0 ba

is a 1-cocycle whose cohomology class determines the triple (A, B, C). Finally,
from the commutative diagram above, we have
W1 0Co(¢3" 07¢a) o Wi =(ViC(¢5")as") o (aaC($a) W)
=(¢p5' © 705, 9c" 0 Voc).

In view of the description of the trialitarian action in Section [ see also
Remark[L7] we get that 67 (a) and 0~ (a) coincide with the cohomology classes of
the cocycles v+ ¢ 07 ¢p and v +— ¢5' 07 dc, respectively. Hence, 67 (A, B, C)
and 0~ (A, B,C) are trialitarian triples having respectively B and C' as a first
slot. Finally, we have (%)% = 6~ and =0 = Id. Applying these formulas to
the triple (A, B,C) we get that the second and the third slots in 6% (A4, B,C)
respectively are the first slots in 07 (A, B,C) and in (A, B, (), that is

07 (A,B,C) = (B, C, A).

The same kind of argument shows 6~ (A, B,C) = (C, A, B), and this finishes
the proof.

5. Applications of triality

Theorem 1Tl above shows that the Clifford algebra, viewed as an algebra with
quadratic pair, actually is a complete invariant for degree 8 algebras with qua-
dratic pair with trivial discriminant. As a first application of our main result,
we now characterize totally decomposable algebras with quadratic pair in de-
gree 8; see Theorem 5.1} The proof uses Lemma[£.10] which describes all triples
including a split algebra. Using direct sums of algebras with quadratic pairs,
we then provide examples of triples, in which all three slots decompose as a sum
of two degree 4 totally decomposable algebras with quadratic pair. Finally, we
prove that all trialitarian triples that include two algebras of index at most 2
are of this shape.

5.1. TOTALLY DECOMPOSABLE QUADRATIC PAIRS. Using the trialitarian action
described in the previous section, we may characterize totally decomposable
degree 8 algebras with quadratic pair as follows:
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THEOREM 5.1: Let (A, o, f) be an F-algebra of degree 8 with quadratic pair.
Then (A, o, f) is totally decomposable if and only if it has trivial discriminant
and its Clifford algebra has a split factor.

Proof. If the base field F' has characteristic different from 2, the result follows
immediately from [I7, (42.11)] by uniqueness of the semi-trace. Let us now
consider a base field F' of characteristic 2. Assume first that (4,0, f) has trivial
discriminant, and its Clifford algebra has a split factor. This means (A4, , f) is
part of a trialitarian triple (A, B, C) with B or C split. By Theorem FL.TT] it is
also part of a triple whose first slot is split, and in view of Lemma .10l we get
a quadratic form ¢ such that

(C(Ady), 04, fq) = (A, 0, f) x (A, 0, f).

By the explicit computation given in Example B8] it follows that (A, o, f) is
totally decomposable.

Assume conversely that (A, o, f) is totally decomposable, and pick a decom-
position

(A,o0,f) = ([a1,b1) ® [az,b2) ® [a3,b3), ® @ ,fg).

Let ¢ = [by,a1b7 '] L [ba,asby '] L [b3,a3b3'] L [1,a; + az + as]. Then q has
trivial discriminant, and applying again Example 3.8 we get

(C(AdQ)50Qafq) = (A,O', f) X (Aa g, f)
Hence by Theorem [IT] we have
(C(A7O'7f)70’,f) =~ (A,O’,f) X Adq

This proves (A, o, f) has trivial discriminant and its Clifford algebra has a split

component.

5.2. EXAMPLES OF TRIALITARIAN TRIPLES. Given a trialitarian triple (A, B, C),
it follows from [I3, Thm. 1.5] that either all three involutions o4, op and o¢ are
isotropic, or all three are anisotropic. The triple is called isotropic or anisotropic
accordingly. In this section, we provide explicit examples of trialitarian triples,
and we prove all triples that include at least two algebras of Schur index at
most 2 are of this shape, as well as all isotropic triples. We use the following
definition, which was first introduced for algebras with involution by Dejaiffe [§],
and later extended to quadratic pairs in [I2, p. 379] (see also [7, Def. 1.4] and [14]
Prop. 7.4.2]).
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Definition 5.2: The algebra with quadratic pair (A, o, f) is called an orthogonal
sum of (A1,01, f1) and (As, 09, f2), and we write

(A,0,f) € (A1, 01, f1) B (A2, 02, f2),
if there are symmetric orthogonal idempotents e; and es in the algebra A such
that for i € {1, 2},
(eidei, Olc, ae,) ~ (A, 04),
so that we may identify A; with a subset of A, and
f(si) = fi(s;) for all s; € Sym(A;, o).

Note that the identification of A; with its image in A is compatible with the
reduced trace. More precisely, we have

TrdA(ai) = TI‘dAi (ai) for all a; € A; ~ e;Ae; C A;

see the matrix description of the orthogonal sum given in [8, §2]. Moreover, the
direct product (Ay, o1, f1) X (Aa, 09, f2) embeds in (A, o, f), meaning there is an
embedding of the direct product of algebras with involution, and the restriction
of f to the image of Sym(A;, ;) coincides with f; for i € {1,2}.

Example 5.3: Let (Vi,q1) and (Va,q2) be two nonsingular quadratic spaces
over F. For all u € F'*, we have

Adqu_w)qQ S Adq1 H Adq2 .

This follows directly from the description of Ad, given in [I7, §5.B], and the
definition above, taking e; and es in

A =Endp (Vl &) VQ)
to be the orthogonal projections on V; and V5 respectively.

As this example shows, an orthogonal sum (A4, o, f) is not uniquely deter-
mined by its summands (A1, o1, f1) and (As, 09, f2) and (A1, 01, f1)B(A2, 02, f2)
should be considered as a set.

With this in hand, we may produce examples of trialitarian triples as follows.
Let Q1,Q2,Q3 and @4 be quaternion algebras such that ®f:1 Q; is split. For
all i and j with ¢ # j, we denote by f;; the semi-trace fg on Sym(Q; ®Q,;, ® )
associated to the tensor product decomposition (Q;, ) ® (Q;, ) as in Nota-
tion We have the following



204 A. DOLPHIN AND A. QUEGUINER-MATHIEU Isr. J. Math.

PROPOSITION 5.4: Let (4,0, f) be an F-algebra with quadratic pair such that

(Aaovf)E(Q1®Q2; ® ale)Ba(Q3®Q4; ® ,f34).

Then (o, f) has trivial discriminant, and the Clifford algebra C(A, o, f), with
its canonical quadratic pair, is a direct product of

CH (A0, /) e(@i®Q3, ® ,fis)B(Q20Qs, ® |, fa),
and C (A,0,f) €(@Q1®Qs, ® ,fra)B(Q2®Q3, & |, fa3).

Proof. In characteristic different from 2, the algebra with involution version of
this result is stated and proved in [24, Prop. 6.6], and the proposition follows
immediately by uniqueness of the semi-trace in this case. So we may assume F'
has characteristic 2. The same argument as in characteristic different from 2
applies, and we get a description of (C(4, g, f), o) as an algebra with involution.
By Definition [5.2] it only remains to check that the canonical semi-trace f acts
as fi; on each subset

Sym(Qi © @5, @ ) C Sym(C(4,0, f),0).

For i € {1,2}, let u; in Q; be a quaternion such that @; + u; = 1. Identify-
ing @1 ® Q2 to a subset of A as above, we have

TI'dA(ul X UQ) = TI'dQ1®Q2 (Ul X UQ) = T‘I‘dQ1 (ul) TI‘dQ2 (’LLQ) =1.

Therefore, the canonical semi-trace f on C(A, o, f) is determined by the ele-
ment c(u; ® ugz) in C(A, o, f) by Definition

Recall from [I7, (15.12)] that the Clifford algebra of (Q; ® Q;, ® , fij),
with its canonical involution, is the direct product (Q;, ) x (Qj, ). The same
argument as in the proof of [8, Prop. 3.5] shows that the embedding of the direct
product (Q1 ® Q2, ® ,f12) X (Q3®@ Q4, @ ,f34) in (4,0, f) induces an
embedding of the tensor product of the corresponding Clifford algebras

((Qla ) X (Q2a )) ® ((Q3a ) X (Q4a )) — (C(A,U, f)7o')_

It follows that c(u ® ug) is c12(u1 @ uz) ® (1, 1), where ¢;2 is the canonical map
from (Q1 ® Q2, ® , fi2) to its Clifford algebra (Q1, ) x (Q2, ). This map
is described in [I7], (8.19)], and we get

c(ur @uz) = (ug,u2) @ (1,1) = (u1 @ LLus ® 1,u1 @ Lus ® 1),
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in (Ql X Qg) X (Qg 29 Q4) X (Ql X Q4) X (Qg X Qg) Therefore, the canonical
semi-trace acts on Sym(Q; ® Qr, ® ) forie {1,2} and k € {3,4} by

f(@) = Trdg,eq, ((wi @ 1)z).

In particular, it vanishes on Sym(Q;, ) ® Sym(Qk, ) and coincides with f
by [17, (5.20)]; see also Section 24l This finishes the proof.

Remark 5.5: (1) If one of the quaternion algebras, say Q4, is split, then the
algebras with quadratic pair (Q; ®Q4, ® , fi4) are hyperbolic for i € {1,2,3};
see [I7, (15.14)]. Hence, we get an isotropic trialitarian triple in which the
algebras with quadratic pairs are respectively Witt equivalent to

(Q1®Q2, ® ,fi12), (Q1®Q3, @ ,fi3)and (Q2®@Q3, ® , fa),
where Q1 Q2 and Q3 are quaternion algebras with @1 ® Q2 ® Q3 split. In

particular, all three algebras in the triple have index at most 2.

(2) The argument in the proof of [24] Prop. 6.12] extends to this setting and
it follows that all trialitarian triples which are isotropic are either as in (1) or
with a split component. In the second case, they coincide up to permutation
with

(Aqu-Ha MQ(D)v M, (D))a
where ¢ is an Albert form, D is the corresponding biquaternion algebra, which
may have index 1,2 or 4 depending on ¢, and My(D) is endowed with a hyper-
bolic quadratic pair; see Proposition B.11]

The purpose of the remaining part of this section is to prove the following
theorem, which provides a description of all trialitarian triples including at least
two algebras of Schur index at most 2.

THEOREM 5.6: Let (A, B,C) be a trialitarian triple over F such that at least
two of the algebras A, B and C have Schur index at most 2. Then there exist

F-quaternion algebras Q1,Q2, Q3 and Q4, with Q1 ® Q2 ® Q3 ® Q4 split, such
that

(A,0a,fa) €@i1®Q2, @ ,f12)B(Q3®@Qs, ® ,f31),
(BaUviB) E(Q1®Q3a & 7f13)E(Q2®Q45 ® 7f24)5
and (C,oc,fc) €(Q1®Qs, ® ,fia)B(Q2®@Q3, @ , fa3),

where f;; is the semi-trace fg on Sym(Q; ® Q;, ® ) associated to the tensor
product decomposition (Q;, )® (Qj, ) as in Notation[2.6
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In characteristic 2, the proof of the theorem uses the so-called generalized
quadratic forms, as defined by Tits in [26]. We first recall the definition
and a few well-known facts. Let D be a central simple F-algebra with in-
volution € of the first kind. A generalized quadratic form over (D,0) is a
pair (V, q) where V is a finitely generated right projective D-module and ¢ is a
map ¢ : V — D/Symd(D, ) subject to the following conditions:

(a) q(zd) = 0(d)q(x)d for all z € V and d € D.
(b) There exists a hermitian form h defined on V' and with values in (D, 6)
such that for all z,y € V we have

q(z +y) — q(x) — q(y) = h(z,y) + Symd(D, 0).

In this case the hermitian form (V,h) is uniquely determined (see [16, (5.2)])
and we call it the polar form of (V, ¢). Note that it follows from (b) that

h(z,z) € Symd(A4, ), forallzeV,

hence the polar form of any quadratic form over (D,#) is alternating. We
call (V,¢) nonsingular if its polar form is nondegenerate. We say that (V,q)
represents an element d € D if ¢(x) = d + Symd(D, 0) for some z € V' \ {0}.
We call (V, q) isotropic if it represents 0 and anisotropic otherwise. For a field
extension K/F we write

(D,0)k = (Dor K,021d), Vk=VepkK,
and by qx we mean the unique generalized quadratic form
q: Vi — DK/ Symd(DK,OK)

such that
gr(z @ k) = q(x)k2 + Symd(Dg, 0k)
forallz € Vand k € K.

Assume now that D is a division algebra over F. For aq,...,a, € D, we de-
note by (ai, ..., ay,) the quadratic form (D™, q) over (D, #) where ¢ is defined by

q(x1,...,xy) = Z 0(x;)a;x; + Symd(D, 0)
i=1
for all (z1,...,2,) € D™ We call such a form a diagonal form. We call a
quadratic form diagonalisable if it is isometric to a diagonal form.
The proof of Theorem uses the following;:
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LEMMA 5.7: Let (Q, ) be an F-quaternion division algebra endowed with its
canonical involution, and let (V,q) over (QQ, ) be a skew-hermitian space in
characteristic different from 2 and a generalized quadratic space in character-
istic 2. Let K be a separable quadratic extension of F contained in ) and
pick u € @), a pure quaternion in characteristic different from 2 and a quater-
nion with trace 1 in characteristic 2, such that K ~ Flu]. If the form gk is
isotropic, then q represents u\ for some \ € F*.

Proof. The result is clear if ¢ is isotropic, since (V,q) contains a hyperbolic
plane, which does represent u; in characteristic 2, this follows from the fact that
all 2-dimensional isotropic generalized quadratic forms are isometric, therefore ¢
contains a subform isometric to (u, —u); see [16, (5.6.1)]. We may therefore
assume that ¢ is anisotropic.

Let us write K = F[a] where a satisfies o = a = u? in characteristic different
from 2 and a® + o = a = u® + v in characteristic 2. Assume gk is isotropic;
there exist z,y € V such that

gx(z®@14+y®a)=0.
We claim that ¢(x + yu) = uX for some \ € F*.
In order to prove this, assume first that F' has characteristic 2, so that ¢ is
a generalized quadratic form with polar form h. Since Symd(Q, ) = F, the
forms ¢ and g respectively have values in Q/F and Q /K. We have
gr(z@1+y®a)=gr(z®1)+qx(y®a) + hx(z @1,y @ a)
=q(x) ® L+ q(y) ® &” + h(z,y) @ o
=(q(z) + q(y)a) © 1+ (h(z,y) + q(y))) © o
=0 mod K.

Therefore, since Qx /K ~ Q/F @ 1® Q/F ® «, we get that ¢(z) + q(y)a € F
and h(z,y) + q(y) € F. Hence, we have
q(z +yu) =q(x) + q(yu) + h(z, yu) = q(z) + (v + Dg(y)u + h(z, y)u
=(q(x) + ug(y)u) + (h(z,y) + q(y))u
=(a(W)a + ug(y)u) + (h(z,y) +a(y))u € Q/F.

Take any £ € @ such that ¢(y) = ¢ mod F. The quaternion a+ufu commutes
with u, hence belongs to F[u] C Q. Therefore, ¢(xz + yu) € Flu]/F, and since ¢
is anisotropic, it is equal to uA mod F' for some A € F'*.
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Assume now F' has characteristic different from 2, so that ¢ is a skew-
hermitian form over (@, ), which we denote by h in the computations below
to avoid confusion. A similar computation as above shows

hr(z@1+y @,z @1+ y® a)
= (h(z,z) + h(y,y)a) @ 1 + (h(x,y) + h(y,x)) @ a.

Hence, h(z,z) = —ah(y,y). Moreover, h(x,y) = —h(y,x), and since h is skew-
hermitian, it follows that h(y,xz) € F. From this, we get

h(z + yu, z + yu) =(h(z,z) — uh(y,y)u) + 2h(z, y)u
= — (ah(y,y) + uh(y,y)u) + 2h(z, y)u.

Again, since ah(y,y) + uh(y, y)u commutes with v and h(z,y) € F, this proves
that h(x + yu,x +yu)) € Flu]. The form h is anisotropic and skew-symmetric,
so we get h(x + yu,x + yu) = uA for some X\ € F* as required.

With this in hand, we may now prove Theorem

Proof. Let (A, o, f) be an F-algebra with quadratic pair. Assume A has de-
gree 8, (o, f) has trivial discriminant and two of A, C* (4,0, f) and C~ (A, o, f)
have index at most 2. By triality, we may assume that A and at least one compo-
nent of the Clifford algebra of (4, o, f) have index at most 2. By Proposition[5.4]
it is enough to prove there exist quaternion algebras @1, @2, Q3 and @4 such
that

(11) (Ao, f) e (Qi®Q2, ®@ ,fi2)B(Q3®Qs, ® , f34).

Let us first consider the split case, so that (4,0, f) ~ Ad, for some non-
singular quadratic form ¢ over F with trivial discriminant. By assumption,
we have in addition ind(Cy(q)) < 2. Therefore by Proposition there exist
a 4-dimensional symmetric bilinear form B and a 2-dimensional nonsingular
quadratic form ¢ over F such that ¢ ~ B ® ¢. In particular, we may write

q~B1®¢ L B®¢

for some 2-dimensional symmetric bilinear forms By and Bs. Since these sum-
mands are similar to 2-fold Pfister forms, taking the adjoint quadratic pair gives
the result, by Remark and Example

Assume now ind(A4) = 2. Let @ be an F-quaternion division algebra such
that A is Brauer equivalent to Q.
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If F has characteristic different from 2, there exists a skew-hermitian form ¢
over (@, ) such that o = ad,; since the semi-trace is unique in this case, the
quadratic pair (o, f) is determined by ¢, so we say it is adjoint to ¢ and we write

(o, f) ~ad,.

Let u be a pure quaternion represented by q. We have ¢ = (u) L ¢’ for some
rank 3 skew-hermitian form ¢’ over (@, ), so that

(A, g, f) S Ad<u> 2! Adq/ .

A similar decomposition may be obtained if F' has characteristic 2. Pick
a generalized quadratic space (V,q) over (@, ) such that (4,0, f) = Ad,,
see [12, Thm 1.5]. The form ¢ is nonsingular, hence by [9 (6.3) and (7.5)] it is
diagonalisable, with entries that are non-symmetric elements of (@), ). Hence,
g = (u1) L ¢ for some quaternion u; with nonzero trace and some nonsingular
generalized quadratic form ¢'. Let u = uj Trdg(u1)™'; u is a quaternion with
reduced trace 1, and it satisfies

Therefore, we get
(A, g, f) S Ad<u> 2! Adq/ .

Finally, let K = F[u]. In both cases, K is a quadratic separable field exten-
sion of F' that splits @, and the quadratic pair (Ad(,))x has trivial discrim-
inant. Therefore, the hypothesis on (A, o, f) guarantees that the remaining
part (Ady )k is adjoint to a quadratic form over K which is 6-dimensional, has
trivial discriminant, and has Clifford invariant of index 2. By [I7, (16.5)], it is
isotropic. Hence, Lemma 5.7 shows that ¢/ = (u)\) L ¢ for some nonsingular
q", which is a skew-hermitian form or a generalized quadratic form over (Q, ),
depending on the characteristic of F'. In both cases, we get

(A, o, f) € Adg, BAd,,,

where both ¢; and g2 have trivial discriminant. Hence both Ad,, and Ad,, are
decomposable by [I7, (15.12)], and this finishes the proof.
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6. Appendix: Canonical semi-trace on the full Clifford algebra of a
quadratic form

In this appendix, we will show how one can construct a canonical semi-trace
on the full Clifford algebra of a quadratic form. This semi-trace will be closely
related to the semi-trace constructed in SectionBl If the field is of characteristic
different from 2, then the full Clifford algebra has a unique semi-trace if and only
if the canonical involution is orthogonal. Therefore, throughout this section, we
assume that F' is a field of characteristic 2.

We first give a construction of the full Clifford algebra of a nonsingular qua-
dratic form. For this, we use the following presentation of quaternion algebras.
When the characteristic of F' is 2, a quaternion algebra may be defined as F-
algebra generated by two elements 7, s subject to 12,52 € F and rs +sr = 1 .
If 52 # 0, then (1, sr,s,sr?) is a quaternion basis of this algebra, in the sense
of §2.1, and otherwise the algebra is split (see [I7, p. 25]).

Example 6.1: Let ¢ be a nonsingular quadratic form over F' with polar form b.
Pick a decomposition

q = [alabl] J— e J— [amabm]a

and let (e;, €})1<i<m be a basis of the underlying vector space V such that for
all 7 with 1 <7 < m, we have

(J(ez) = Gy, Q(e;) = bia b(ehe;) =1

and all other pairs of basis vectors are orthogonal. We may assume a; # 0 for
all 7.

The full Clifford algebra of ¢ is generated by the elements {e;, €} }1<i<m,
subject to the following relations for all i € {1,...,m}:

2

2 i / !
e;j =ai, € =0b;, e +ee; =1

In addition, any pair of elements in the basis other than (e;, e;) commute. By
definition, the elements e, and e are fixed under the canonical involution o,
on C(q). Therefore, the pairs (e;, €})1<i<m each generate pairwise commuting
o4-stable F-quaternion subalgebras of C(q), respectively isomorphic to [a;b;, a;),
and o, restricts to the canonical involution on each of these quaternion subal-
gebras. In particular, the canonical involution on C(q) is always symplectic.
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PROPOSITION 6.2: Let (V,q) be a nonsingular quadratic space of even dimen-
sion 2m > 6. Given a pair (e,e’) € V? with by(e,€’) = 1, the map

f:Sym(C(q),0q) —F,
x = Trde(g) (e€'x),

is a semi-trace and does not depend on the choice of (e, e’).

We will refer to this semi-trace as the canonical semi-trace on the full Clifford
algebra, and use the same notation, f,, as for the canonical semi-trace on the
even Clifford algebra.

Remark 6.3: (1) If m is even, we may define f, as the semi-trace on the
full Clifford algebra C(g) induced by the canonical semi-trace on Cy(q),
in the sense of §2.41 Note though that restricting the canonical semi-
trace of C(q), viewed as a map, to the even part Sym(Co(q),o,) does
not produce a semi-trace, since the values are in F', while the center
of Co(q) is a quadratic étale extension of F.

(2) Since the involution o, on C(gq) always is symplectic, m need not be
even here, so this remark is not enough to prove the proposition.

Proof. Let (e,e’) € V2 be two vectors such that b,(e,e’) = 1. One computes
that the element u = ee’ € C(q) satisfies u + o4(u) = 1, hence it determines a
semi-trace feer on C(q).

If m > 4, the same computations as in Remark B7 show that f.. does not
depend on the choice of (e,e’). If m = 3 we may argue as follows. There
exists a base ¢ = (e, €/, e, €5, e3,€4) such that by(ea, eh) = by(es, es) = 1 and
all other pairs of basis vectors are orthogonal. The computation at the end of
Remark B.7] shows that feer = fe,e = fezey; this semi-trace, which is canoni-
cally associated to the basis ¢, is denoted by f. in the sequel. Consider now
another pair of vectors (g, ¢’) with by(g,g’) = 1 which is part of another base
E=1(9,9, 92,95 93, 95) with by(g2,95) = bg(gs,95) = 1 and all others pairs of
basis vectors are orthogonal. By Revoy’s Proposition [25] Prop. 3], there is
a chain of symplectic bases m = &,72,...,m = £ of (V,¢q) such that for all i,
1 <7 < r—1, the bases 7; and 1,41 have a common symplectic pair. Hence,
again by the computations of Remark[3.7] the semi-traces f,, and f,,,, coincide,
and this concludes the proof.
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Remark 6.4: Using Example 6.l and the same arguments as in the proof of Ex-
ample B8 we see that if ¢ = [a1,b1] L -+ L [am, by], with m > 3, then

(C(q)vgqafq) =~ ([alblﬂal) X [ambm;am)a - af®)‘

In particular, two decompositions of the algebra with involution (C(g), o4) aris-
ing from two different presentations of g give rise to the same canonical semi-
trace. Compare with Remark

COROLLARY 6.5: Let g be a nonsingular quadratic form over F'. If q is isotropic
then (C(q), 04, fq) is hyperbolic.

Proof. This follows from Remark [G.4] using a similar argument as that in Propo-

sition [B.111
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