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ABSTRACT

We propose a new approach for studying asymptotic behaviour of pth
means of the logarithmic potential and classes of analytic and subhar-
monic functions in the unit disc. In particular, we generalize a criterion
due to G. MacLane and L. Rubel of boundedness of the La-norm of log | B|,
where B is a Blaschke product, in several directions. We describe growth
and decrease of pth means, p € (1, 00), for nonpositive subharmonic func-
tions in the unit disc. As a consequence, we obtain a complete description
of the asymptotic behaviour of pth logarithmic means of bounded ana-
lytic functions in the unit disc in terms of its zeros and the boundary
measure. We also prove sharp upper estimates of pth means of analytic
and subharmonic functions of finite order in the unit disc.

1. Introduction and main results

In the present paper we investigate an interplay between the zero distribution

and the growth of analytic functions in the unit disc D = {z € C : |z] < 1}.

Especially we are interested in the asymptotic behaviour of logarithmic means

of such functions. We consider them as a special case of subharmonic functions.

Our approach is based on a Martin-type represetation (cf. [3]) and the concept
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of the complete measure of a subharmonic function (see [6], [15], [16], [20])
which takes into account both the Riesz measure (divisor) and the boundary
measure of the function.

The paper is organized as follows. Existing results and the main results of
the paper are discussed further in Section 1. Section 2 contains some notation
and auxiliary statements mostly connected to the case of a function of finite
order of the growth. Proofs of the theorems are contained in Sections 3, while
examples showing sharpness of our results are presented in Section 4.

1.1. SOME RESULTS ON GROWTH AND ANGULAR DISTRIBUTION OF ZEROS OF
BLASCHKE PRODUCTS. Given a sequence (a,) in D such that > (1—|a,|) < oo,
we consider the Blaschke product

z)
1.1
(1.1) H |an| 1fzan)
It was A. Zygmund (see [33]) who asked to describe those sequences (ay,) in D
such that

I(r) = 217r /_ﬂ (log | B(re®)|)? db

is bounded. In [33] G. Maclane and L. Rubel answered this question using a
Fourier series method.

THEOREM A ([33, Theorem 1]): A necessary and sufficient condition that I(r)
be bounded is that J(r) be bounded, where

—r k) Z ak 4 ¥ Z (ak —

lan|<r |an|>r

oo

r) = Z klz ("

k=1

Since it was difficult to check the boundedness of J(r) they gave also the
following sufficient condition.

Let n(r, B) be the number of zeros in the closed disc D(0,r); here and in
what follows D(z,r) ={¢C € C: | —z| <r}.

THEOREM B ([33]): If

[N

(1.2) n(r,B)=0((1 —r)"2), re(0,1),

then I(r) is bounded.
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They also noted that (1.2) is equivalent to the condition

Y (L=lan]) =01 =)

lan|>r

MacLane and Rubel also proved that (1.2) becomes necessary if all zeros lie on
finitely many rays emanating from the origin, but it is not the case in general.
After that C. N. Linden ([30, Corollary 1]) generalized this showing that it is
sufficient to require that the zero sequence is contained in a finite number of
Stolz angles with vertices on JD.

For a subharmonic function v in D and p > 1 we define

1
1 2w . p
myp (7, u) (271‘ /0 lu(re?)P d9> , 0<r<l,

log™ my,(r, u)
u] =limsu PRI
polt] 1 P —log(1 —7)

The growth of m,(r,log|f|) was studied in many papers, for instance [31],
[32], [34], [37], [17], [38], [5], [9].

The classes defined by the growth of my(r,log|f|), where f is an anlytic
function in D, are closely related to the generalized Nevanlinna classes A, o,
1<p< oo, 0< a< oo defined by the condition

7l = 5 [ 0B IFIP(L = [)* dAG:) < o0
D

where dA(z) is the planar Lebesgue measure. It is clear that the inequality
ppllog|fl] < 0‘;1 implies f € A, ,, but not vice versa. Factorization and
zeros of these classes have been studied by E. Beller [1, 2], A. Heilper [24],
J. Bruna and J. Ortega-Cerd4 [4], Ch. Horowitz [25] and others. In particular,
in [4], sequences (a,) which are the zero sequences for some analytic functions f
from A, o are described. We just mention here that in the case p = 1 the zeros
can be described in terms of the counting function n(r, f), or, in other words,
the angular distribution of zeros (the Riesz measure) is not important (see,
e.g., [9] and references therein). In the case p = oo the reader should consult
recent works of B. Khabibullin [26]-[28].

Nevertheless, to the best of our knowledge, only one paper, namely [34],
contains criteria of boundedness of pth means m,(r, u) when u = log|B|. Proofs
of the results announced in [34] have been published recently in [40, Chap. 3].
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Note that Ya. V. Mykytyuk and Ya. V. Vasyl’kiv used methods of functional
analysis, and we propose another, more elementary, approach.

In [34] Ya. V. Mykytyuk and Ya. V. Vasyl’kiv introduced two auxiliary func-
tions defined on 0D by (ay):

v = > (A=lanl® ¢ ¢ op, v e (0, 1),

a2’
r<|an|<1 € — an|
and ¢({), which satisfies the relation

0(¢) =< (¢) := #{an : |1 — anl] < 2(1 — |an|)},

i.e., the number of zeros in the Stolz angle with the vertex (. They established
that 19 and ® belong to the same classes LP(9D), p € [1,00), and g log |1)o|
and @ log |®| belong to L (D), simultaneously. Moreover, for a branch of log B

in D with radial cuts [a, IZIZI) the following statement holds.

THEOREM C ([34]): Let B be a Blaschke product, and p € (1,00). Then:
(1) mp(r,log B) is bounded on [0, 1) if and only if ¢y € LP(OD).
(2) my(r,log B) is bounded if and only if 19 log™’ 1o € L' (OD).
(3) mp(r,log|B|) is bounded on [0,1) if and only if

2m 2 1— r2 ., »
<r 0 o ¥r(€)d0) dp < oc.
0<T121/0 (/O |7’€10 _ eup|2w ( ) ) ®

(4) v € LP(OD) = supofK1 my(r,log |B|) < oo.
(5) n(r, f) =01 —7r)"») = supg., . mp(r,log|B|) < co.

Relations between conditions on the zeros of a Blaschke product B and the
belonging of arg B(e'?) to LP spaces 0 < p < oo were investigated by A. Rybkin

(35))-

The following tasks arise naturally:

(i) Describe the asymptotic behaviour of pth means of log |f| where f is a
bounded analytic function in D, 1 < p < oc.
(ii) Find ‘geometric’ conditions on the zero distribution providing a pre-
scribed growth of m,(r,log |f]).
(iii) Extend the description to functions of finite order of growth.

In this paper we accomplish these tasks.
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1.2. COMPLETE MEASURE AND MAIN RESULTS. Our method is based on a con-
cept of the so-called complete measure of a subharmonic function introduced
by A. Grishin in the case of the half-plane (see [20], [15]). For the unit disc
a similar approach was used by N. Govorov [18, §1, Theorem 1.8]. A similar
notion, called the related measure, was introduced by S. Gardiner (see [16]) for
the real half-space case. As mentioned there, this concept allows one to obtain
a very simple representation for a subharmonic function of finite order and de-
fines this function up to a harmonic summand in the closure of the domain.
These concepts are closely related to the notions of the Martin boundary and
Martin’s representations [3].

Let SH® be the class of subharmonic functions in D bounded from above. In
particular, log |f| € SH* if f € H>, the space of bounded analytic functions
in D. In this case (cf. [22, Ch. 3.7]), i.e., for u € SH>* (D),

|z =] 1 1— 1z
19 we)=fee TS0, [ T a0 e
where 1 is a positive Borel measure, p, is the Riesz measure of u ([22]), and
Jo(1 = [¢)dpu(¢) < co. The complete measure A, of u in the sense of

Grishin is defined [20, 15] by the boundary measure and the Riesz measure
of u(z). But, since ([11])

li 02/1 re? = dl (©)do =0 <0 <0<
im o} = Qfly, =U, —7m= =T,
M Jo, Jo P L= reo o

i.e., the boundary values of the first integral from (1.3) do not contribute to the
boundary measure, we can define A\, of a Borel set M C D by ([6])

(1.4) M(M) = /D (1=K dna(Q) + (M 0D).

The measure A = A\, has the following properties:

1) A is finite on Dy
2) A is non-negative;

4) dA[op(¢) = dip(Q);
5) dAlp(¢) = (1 —[¢]) dpu(C)-
If B is a Blaschke product of form (1.1), then
)‘log|B\(M) = Z (1 - |a71|)

an€M

(
(
(3) A is a zero measure outside Dj
(
(
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Let
Clp,0) ={CeD:|¢|>1—-4,|arg(—p| <7}

be the Carleson box based on the arc [e!(¥~™0) ¢i(¢Fmd)],

The following theorem describes the growth of integral means for u € SH.

THEOREM 1.1: Let u € SH*>®, v € (0,2), p € (1,00). Let A be the complete
measure of u. A necessary and sufficient condition for

(1.5) myp(r,u) = O((1 — r)h, 1,

to hold is that

(1.6) (/O% NP (C(p, ) dga) = 0(57), §10.

THEOREM 1.2: Let f € H*®, v € (0,2), p € (1,00). Let \ be the complete
measure of log |f|. A necessary and sufficient condition for

(1.7) mp(r,log|f]) = O((1 =7, 711,
to hold is (1.6).

Remark 1.3: Tt was proved in [5] that if supp A C 9D, i.e., u is harmonic,
~v € (0,1), then (1.6) is equivalent to (1.5).

Remark 1.4: Though Theorems 1.1 and 1.2 look like Carleson-type results, we
cannot use standard tools (e.g., [14, Chap. 9]) here, because u and log |f| have
logarithmic singularities.

Remark 1.5: It follows from Example 4.1 that the assumption v < 2 in Theorem
1.1 cannot be relaxed. For v = 1, (1.6) is the boundedness condition of my,(r, u).
If v € (1,2), it defines the rate of decrease to 0.

Remark 1.6: One can prove ‘o’-analogs of Theorems 1.1 and 1.2 using the same
method (see [10]).

Lemma 3.1 plays the crucial role in the proof of the sufficiency. In order to
prove necessity of Theorems 1 and 2 we essentially use the fact that the kernels
in representation (1.3) preserve the sign. The method allows one to spread the
sufficient part of Theorems 1.1 and 1.2 to functions of finite order of growth
(see Theorems 1.10, 1.11 below).
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Under additional assumptions on the zero location of a Blaschke product (the
support of the Riesz measure of the Green potential) (1.6) could be simplified.

THEOREM 1.7: Let
18w = [ T O, [0 i@ <.

p  [1—2( D
a € [0,1), p € (1,0), a + 11) < 1. Suppose that supp i, is contained in a
finite number of Stolz angles with vertices on 0D. A necessary and sufficient
condition for

(1.9) myp(r,u) = O((L=r)"%), =11,
to hold is that
(1.10) n(r,u) = pu, (D(0,7r)) = O0((1 — r)_a_zl’), r1T 1.

Similar to the case o = 0, the growth condition (1.10) appears to be sufficient
for (1.9) when w is of finite order (see Theorem 1.15 below).

Remark 1.8: Taking v = log|B|, we obtain a generalization of MacLane and
Rubel’s, and Linden’s results mentioned in Subsection 1.1.

Remark 1.9: If o + Il) > 1, bounds (1.9) and (1.10) become trivial, see the
remark after Theorem 1.11.

1.3. GROWTH AND ZERO DISTRIBUTION OF FUNCTIONS OF FINITE ORDER. In
order to formulate results on the angular distribution of zeros for unbounded
analytic functions we need some growth characteristics. The standard charac-
teristics are the maximum modulus M(r, f) = max{|f(z)| : |z| = r}, and the
Nevanlinna characteristic ([21])

1 2m .
T(r, f)= o /0 log™ |f(re?)|dd, xt = max{z,0}.

Note that both of them are bounded for f = B. Note that the order defined by
T(r, f) coincides with p;[log|f]].

It follows from results of C. Linden [29] that M (r, f) does take into account
the angular distribution of the zeros when it grows sufficiently fast, namely,
when the order of growth

. log*t log™ M(r,
purlf] = limsup ° % (r.f)

> 1.
1 —log(l—7r) —
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To be more precise, consider the canonical product

P(z, (ag),s) = H E(A(z,a), s),
k=1

where
E(w,s) = (1 —w)exp{w +w?/2+ - +w*/s}, €Ly,
is the Weierstrass primary factor,

12
A(z,g)ll_E'E, zeD, eD.
Let

i 1+7r
Rerei®, o) ={¢ir<lcl< )" arg¢ ol < o),

Q(re'?) :zR(rei“’, 1 ; T).

Let v(re’?) be the number of zeros of P in Q(re'¥). We define
_ log" v(re’?, P)
1.11 =1 = .
(L.11) vi(ep) ST e =) v[P] Sup vi(p)
With the notation above we have ([29, Theorem V])

:V[P]’ pM[P] >1,

(1.12) pulP] WPl <1, pulP]<1.

IN

We now consider subharmonic counterparts of a canonical product. Given a
Borel measure p on D satisfying 0 ¢ supp p and

(1.13) La=1a () <. s eNU0)

define the canonical integral as

(1.14) Usipns) = [ 108 B(A(:.0).5)| dulc).
Let (¢ > —1)

509 =T+ 0)( (0 —1). Pul) =ReSy(2). 5,00 =Tla+1)

Note that Sy and Py are the Schwarz and Poisson kernels, respectively.
Let u be a subharmonic function in D of the form

(1.15) w(z) = Ulz; i s) — / Pu(20)di(Q) + C,

oD
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where ¢ is a finite (signed) Borel measure on 9D and p is the Riesz measure
of u satisfying (1.13). Note that every subharmonic function u of finite order
in D, i.e., satisfying

logmax{u(z) : |z| =7} = O(log 1 i r) (r11),

can be represented in the form (1.15) for an appropriate s € NU {0} ([22], [12,
Chap. 9], [13]).

Let M be Borel’s subset of D. Let v be a subharmonic function in D of the
form (1.15). We set

(1.16) M) = [ (A=) dpalc) + w01 19D),

where p,, is the Riesz measure of u. Note that in the case u = log|f| we have
tog £1(C) = >_,, 6(¢ — an), where (a,) is the zero sequence of f.
Let |A| denote the total variation of A.

THEOREM 1.10: Let u be a subharmonic function in D of the form (1.15),

harmonic in some neighbourhood of the origin, v € (0,s+ 1), and p € (1, 0).
Let A be defined by (1.16). If

(1.17) ([ rewanae)” =own. sio
holds, then
(1.18) my(r,u) = O((1 —r)Y57h), r11.

THEOREM 1.11: Let f be of the form

119 =P en] [5,60a0}
oD

where 1) is a finite (signed) Borel measure on 0D, (ay) is the zero sequence
of f such that >, (1 — |ax|)?™* < +oo, v € Zy, Cg € C. Let v € (0,5 + 1),
p € (1,00). Let A be defined by (1.16) for v = log |f|. If

2m !
(120 ([ hrewana) =ow). oo

0
holds, then

(1.21) my(r,log |f]) = O((1 —r)Y 571, 711
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Remark 1.12: Theorem 1.11 follows from Theorem 1.10 applied for

u=log | f(2)| - vlog|z].

We also note that an arbitrary analytic function in D of finite order of the
growth can be represented in the form (1.19).

The next proposition characterizes smoothness of an arbitrary periodic mea-

sure.

ProposSITION 1.13: Suppose that p is a 2m-periodic measure on R finite on the
compact Borel sets, and p > 1. Then

</02w(u((:c — 8,2+ 6)))P d:z:> ; —0@7), §e(0,2m).

Remark 1.14: Tt follows from representation (1.15) that pj[u] < s. Then, by
Proposition 1.13, (1.18) implies

[u] <s+1 1
pplu] <'s —
i p

It is known that this is a sharp inequality ([31, 32]), in general. However,
Theorems 1.10 and 1.11 characterize classes where p,[u] takes a particular value.

Examples 4.2 and 4.3 in Section 4 show that the assertion of Theorem 1.11
is sharp.

The following theorem provides a sharp estimate for means of canonical in-
tegrals or products in terms of the growth of their Riesz measures.

THEOREM 1.15: Suppose that u is of the form (1.14), s € NU {0}, p € (1, 00),
and o > 0 are such that o + 117 < s+ 1. If (1.10) holds, then (1.9) is valid.

2. Kernels K;(z,() and representation of functions of finite order

We define (cf. [18, p.16])
1 1—2C
e e (A
where G(z, () is the Green function for D. We have the following properties of

K(2,¢) l, zeD, (eb, z#¢,
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PRrROPOSITION 2.1: The following hold:
(a) K(z,0)=—log|z|.
(b) 0< K(2¢) < |75
(¢) If D €D, then uniformly in z € D

1— |22

— _ —1i0
T et — 22 Folze™).

lim K (z, pe'?

lim K (2, pe™)
11—z

| > 27
12]z — (|

Proof of Proposition 2.1. (b) We have

(@ IK(0) for 1 - [¢l < (1~ |2

0 <K (re', pe'?)
1 1 —2rpcos(p — 0) +r?p?
0g
2(1-p) r2 — 2rpcos(p — 0) + p?
1—r?)(1—p?
_ 10g<1+ (1=r%)(1=p?) )
2(1—p) r2 — 2rpcos(p — 6) + p?
< 1 (1—-7r2)(1-p?) 1—7?
“2(1—=p)r2 —2rpcos(p — 0) + p% ~ |ret — pei?|?’
(c) The assertion easily follows from the equality
1 (1 =121 =¢P)
K(z,() = log (1 + );
#9501 1) 2P
see (b).
(d) It is proved in [9].

Due to (d), we set
K(z,€") := Py(ze™ )

preserving continuity of K on 0D with respect to the second variable.

Let s € N. We write
_log|E(A(z,(), s)|

Ks(zvg): (1_|C|)S+1 ) CGD,ZGD,Z#C,
ie.,
_ log 1|
KO(ng) *K(Z7C)+ 1— |C|7

we set K4(z,2) = +o00 and K;(z,0) = 400, z € D.

941

Let D*(z,0) = {C : | 7~%| < o} be the pseudohyperbolic disc with center z

1-2¢
and radius o € (0,1].
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PROPOSITION 2.2: Let s € N, rg € (0,1). The following hold:

(i)

e Kol T gD () uDo.m)
(i)
(2.2) |Ks(z,Q)| < (1- |C£|)s+1 log ‘ 1 :ZCC , CeD* (z, ;) \ D(0,79).

(iii) If z € D €D, then the following uniform limit exists:

) 2s+1 1 25Ps —1i0
K(z, pe'?) = Re = (ze™%)

s+1° (1 —ze#0)stl — (s41)! +C(s), pTL

Proof of Proposition 2.2. The lower estimate for K,(z, (),
2s+2 22s+3
A stl > _ _
(11 BT =g

follows from the known upper estimate of the primary factor (e.g., [39, Chap.
V.10]). Also

(2.3) Ky(2,¢) > — z€D, (eD,

ReX",., H(A( Q)
(2.4) L PV
provided that |A(z, ()| < }, so
2|A(Z,§)|S+1 2S+2 1
(s+ DL [C)H 7 s+ 11—zt
Hence, it remains to consider the case when [A(z,¢)| > ;.
Since for all z € D, ( € D, |A(z,¢)| < 2, we have for ¢ ¢ D*(z, 1)U D(0,7¢)

|Ks(2, Q)| <

KS(Z, g)(]. - |§|)s+1 :log ’ (i : Z)E’ — Rez A(jv g)

7 5.9
<lo + .
<log Z ;
j=1
=C(s,70) < C(s,m0)2°A(2, Q)"

Hence,

(2.5) Kz < C&m0)

w1
=1 — 2 (ED*(z, 7)UD(077°0),

and (i) follows.
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Similar arguments give (ii).
Let us prove (iii). If z € D € D, then it follows from the representation (2.4)
that
AR 1 _ 25P,(ze" ")

K(z, pe'® R , =
(pe®) = R iyt T (o))

+C(s), ptT1L

Due to properties of K4(z,() the representation (1.15) could be rewritten in
the form (cf. [20], [19, Part II])

(2.6) u(z) = — / Ko(z O)dAQ) + C,
D
where - .
(51 1)!dx(e”) =, _dv"(0),

and A = A, is defined by (1.16).
Similarly, for any u € SH™ we have the following representation (cf. (1.3)):

(2.7) u(z) = f/DK(z,Q dr.(¢) + C.

Remark 2.3: The idea of such representation goes back to results of Martin [3,
Chap. XIV].

3. Proofs

Proof of the sufficiency of Theorem 1.1. We write
w@ = [ KeODO, w@=-[ KON
D*(z,7) D\D*(z,7)

Let us estimate Iy = ["_|u1(re™?)[P dep.
By the Holder inequality
i 1—re¥(
e = [ o] an(¢)

ret? — (
D*(reie, %)

(] (oI ) (u(or (e )

D*(rei®, %)
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hence
B 1 —re(
I < ’ 1 ’ .
b= /71'< / o8 re'¥ — C
D*(rei®, % )

Since D*(z, Qih) C D(z, (1 —|z|)h) ([7]), with h = } we get

(2, ) € D(= (- 12h, ) <Oz, (1 12D),

: dp(¢) =1 (D* (Tew, ;))) de.

where
O(re'?,0) = {pe’ : [p—7| < 0,]0 — | < 7}

Therefore, using Fubini’s theorem, we deduce

RV AV G 1 L G CHEILERS
§/7;</Iil(z 1(14))(10g ’ 1rei:6i@§ )P) . pil(D“ (reiargg’ 5(14))) du(Q)dy

1 — rpet(¥9)
G

ret® — pei?
e 1;7‘§0§7T+1;7'
il
lp—r|< 13T
.
[0—p|<73

_ - 2 4 1 —reC\»
< p—1 iargc _ ’ ' ’ .
< [ e (@(ems Sa-n)) [ (o] 1T ) deduto)
[1¢l=r|<3 (=)
We know ([8]) that for any a,b € C and p > 1
holds. Using this inequality we obtain (r € (3,1))
~ . 2

(3.1) I <4C(p)(1—1) / [P 1(D (re aree (1 - r)))du(C).

[[¢]=r<5(1=r)

In order to proceed we need the following lemma. A multidimensional analog

) i (O(e. 5 0-0)) dutpe )i

0
0

a—e?p
1og}b7e }dOSC(p)|a—b|

of this lemma can be found in [10].

LEMMA 3.1: Let v be a 2w periodic positive Borel measure on R, p > 1,
d € (0,m). Then
op+1

5 VP((0 — 6,0 + 6))df.

[77‘—771-)

(3.2) /[ P50+ 9)av(0) <
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Proof of Lemma 3.1. First, we prove (3.2) for p = 1.1

‘We have
1 [0+
/ dv(9) :/ dxdv(0)
[—m,m) [—m,m) d 07‘2;
1
§/ d:v/ dv(9)
R I R L
) b
(3.3) :/ o= ety
[—F—g,ﬂ'-‘rg) o
<2/ V([$*§,$+g))dx
R 0
of essio,
i Y

We now consider p > 1. Applying (3.3) with dvy (0) = vP~1((6—4,0+6))dv(6),
we get

P70 — 6,0 + 6))dv(0)

- / din (0) < 2 / ”1([$_35’$+g))d:c

[_ﬂ'vﬂ—)

) [—m,m)
/ / P70 = 6,0 + 0))dv(0)da
[z—32+3)

x

[7
=2
[77‘—77")

— S § § §
S2/ P 1((x—32’x+3 ))y([$—2,$+2))dz
[m)

2
)
& S
o[ i)
[_71—777) 5

of PlmTovker)
[77‘—77")

dx

5 dx

36 36
32”/ e ’x))d:c+2”/ lme 20 g,
) 0 ) 0

P —
§2P+1/ v gx ) 4o
[77‘-17‘—)

The lemma is proved.

1 The author thanks Prof. Sergii Favorov for the idea of the proof of this lemma.
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Let us continue the proof of the sufficiency. Define the nondecreasing function

. 2
N,(0) = )\({pem dr—p| < 3(1 —r),-r<a< 9}), 0 € [—m,m).
We extend it on the real axis preserving monotonicity by
Ny(x 4 27) — N.(z) = N.(27) — N.(0), x€R.

Let v, be the corresponding Stieltjes measure on R. Since [¢ — 7| < 3(1 —7)

implies 1 — |¢| < 1 — r, estimate (3.1) can be written in the form

by Spn [ G e n)a
[1¢]—r|<3(1=r)

= (:,)pl /_7; (o= 20 =m0+ L0-n)])dne)

g2p+12(13cr)p /: v ([o- 2(1 — .0+ §(1 )]s
0, [ Gt o)

_
—(1-=r)p

We have used Lemma 3.1 and the assumption of the theorem on the complete

(1 —r)P7.

measure.

Thus, we have

(3-4) </7r Jur (re')|” dsﬂ); <Cp)1-r)

Let us estimate
ur() =~ [ K(0dN0),
D
where
dA(C) = XD\ D= (2, 1) (O)dA(C)-
Since supp A N D*(z, ;) = g, for ¢ & D*(z, %) we have by Proposition 2.1
that
49(1 — |2?)
Let E,, = E,(re®) =C(¢,2"(1 — 1)), n € N, Ey = &. Since

2arcsin(2" (1 — 7)) < m2" 11 — 1),
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we have D(e??,2"71(1 —r)) C C(p,2"(1 — 7)) provided that 2"(1 —r) < 7
Then for ¢ = pe’ € D\ E,(z), n > 1, we obtain

(3.6) [1—pre®=D| > |1—pe»=D|—p(1—r) > 2"(1—r)—(1—7) > 2" "1 (1—7),

and |1 — pre®=Y| > 1 —7rp>1—r for ¢ € E1(2). Therefore

foga 1=, 49(1 — r2)
oy N
ua(ret?)| < o dA(C
) = 2 Lot L) i
[10g2 1 'r
°21—r) - 2
<4 d\ d\
3 /\E porr O+ [ % B
[log, 17,~] N
100 AEni1(2) -
0 (X G v
1 ! 1~
_ 400 [ngij” MEn(2))
“ler &= 22n
Fix any a € (v,2). By Holder’s inequality (; + pl, =1)
[log, 1ir]+1 N 00 P
400 AP (En(2)) 1 v’
P
|u2(7"e )| <(1—T) Z Qanp 22(2704)71;0/
(3.7) n=1 n=1
C(p,7) ~= M (En(2))
< )
<go) SR

It follows from the latter inequalities and the assumption of the theorem that

(relyn)
27 i 1p p7 27 Ap 7’6 ))
|ty ag < Z G e
< Clp) §5 =)

—(1_7«) 2o e

C'(p,v)
_ np(y—a) _ ’
1 —7) p(l v) Z 2 (1— T)p(lf’y)'

( /02” |u2(rew)|pd<p>;’ < (f”%’lp)v, e 1).

The sufficiency of Theorem 1.1 is proved.

Hence
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NECEssITY. Using property (d) of Proposition 2.1, we obtain

; 1 1—1r?
e = [ Ko Qa0 = ) | AN(Q).
o5 12 Je(p 15y Iret® = (2
Elementary geometric arguments show that
[ret? — pet?| < |re' — |
for 1 > p > r > 0. Since |[re’ — €2 = (1 —r)? + 4rsin® ¥, % it then follows
that
1—172 .
1o dN(pe®®
| ( )| =12 /C((p 1— T) |,,,eup 610|2 (pe )

1 1—r2 / 0
> dX(pe™)
12(77 +1) 1 =7)2 Jego, 15

AC(p, '57)
T2 (1)

By the assumption of the theorem we deduce that

c S JT (€, 157)) dio
> W\P dp > 70 T2 .
(1= p)a—ne = /0 |u(re?)|P dp > C (1—r)p

[ elee 7)) ae 0=

as r 1 1. This completes the proof of necessity.

Hence

Proof of Theorem 1.10. Due to (2.6) we write

/K
— [ Koo - | Ko(20) dAC) = w1 + up.
D*(z,3) D\D*(z,%)

According to (2.2)

s (2)] < C(s) / 1og] C}du

*(Z

Its estimate repeats that for the case s = 0.
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Let us estimate pth means of ua(z). Using Proposition 2.2 and (3.6) we
deduce (cf. proof of Theorem 1.1)

[log, 1 -l
C(s) < b
s (ret®)|P <(( )3 / o / ) 1 retojert |d)\(C)|>
[log, 17 X
C : R EEY
< (1 _ T)(s-i—l)p ( ; 2n(s+1) )

[log, lir

]+1 - 50 p
C AP (En(2)) LA
< ( T)(erl)p Zl 9(s+1—-7)np Z TL’q2p/

n= n=1 2
C AP (E
_( _ (s+1)p Z 2(s+1 ")np

where 7 = s + 1 —~. It follows from the latter inequalities and the assumption
of the theorem that

& cw 2 (B ()
/0 |u2(re I dp < < —r) (s+1):0 Z/ 2(s+1 Nnp dip
C(p) Z 271 —r))™

(p
e T) s+1)p 9(s+1=3)np
(

IN

= ¢lp,) re[;,l).

(1= rjplosion)

(/027r [ug (re’)|P d<p>‘17 < (1 f(;;;ﬂ—v’ re B’l)-

Proof of Theorem 1.7. Without loss of generality we assume that

Finally,

supp ity C{z€D: |1 -2 <2(1—|z))} =2 A

NECESsITY. Note that R(1 — §,m6) C C(p,26) for ¢ € [—d,6]. Applying
Theorem 1.1 we obtain

(/5 AP(R(1 =6, wé))dcpyl) — 0@, 0<b<1,

-4
or

[ (R(1—6,78)) =0 »), 0<4<1.
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Since

1 = -n —-n
(3.8) AcD(o,Q)unL_JIR(12 127"
we deduce

k
n(l—27%u) <Y 2mete) L 0= 0@ ), keN,

n=1

and the assertion follows.
SUFFICIENCY. It follows from the assumptions that

AMR((1 = 6)e'®,48)) = O(s' >~ »), §10.

Then
AC( A(GR( on i“’,;i))
n=0

ci (2‘1)1 T 0@ h),5 1 0.

n=0

Since supp p, C A, we have

T 27
/ N(Clp,6)) dip = / N (C(p,8)) dip

- —27d
=0(66715)) = O(671=)) 5 | 0.

It remains to apply Theorem 1.1. The sufficiency is proved.

In the case of a general Stolz angle of opening 8 < m, one should choose an
appropriate factor depending on S in the second argument of R in (3.8) instead
of 7 in the proof of the necessity, and make similar changes in the integral
bounds in the proof of the sufficiency.

Proof of Theorem 1.15. We confine ourselves to the case s = 0. We keep the
notation from the proof of Theorem 1.1. It follows from estimate (3.1) that

(3.9) /_: ur (re'?) [P dp <(1 —r)n?~! (r + g(l _ ,,),u)n<r " ;(1 B T),u)
=0((1 —r)~).
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Let us estimate the pth mean of us. We use estimate (3.5), the integral of
Minkowski’s inequality ([36, §A1]), and integration by parts to obtain

</ el Or dw) | SC</: </D 1 1reig|2 dA(c))p d<P> ;
<e [([ (i) ) i)

1—r
L dX(C
/(1—7“|C| ©

B ., (1 —t)dn(t,u)
=ca )/0 (1—rt)> >

sc(lr)< /0 T fi(;f L [ (1(1??;@,;))

1—7’1_ /n

—O((1—7)"), 1.
Here we have used the well-known estimate

/“ do < C(p)
x| =retelPr T (1 —r[¢])2Pt

(see, e.g., ([23]). Taking into account (3.9), we obtain the desired estimate.

Proof of Proposition 1.13. Assume that p([0,27)) = C. Then by Fubini’s the-

orem

2

27
|l = sz ayyae <oy [ u- ot o)
0 0

2m
=20t / / dp(y) dx
0 (x—38,z+9)

27+96
<(C)! / du(y) / dx
= (y—3,y+9)

S(Qc)p7125u((*5, 27 4 9))
<3(2C)Ps.
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4. Examples

We finish the paper with several examples. The subharmonic function con-
structed in Example 4.1 shows that the assumption v < 2 in Theorem 1.1
cannot be relaxed. In its turn, Examples 4.2 and 4.3 show sharpness of the es-
timates given by Theorem 1.11 for infinitely many values of parameters. While
in Example 4.2 a canonical product is constructed, in Example 4.3 we have
an analytic function without zeros, so the complete measure coincides with the
Stieltjes measure.

Example 4.1: Let

_dA()

R

where A is the planar Lebesgue measure, and u(z) = U(z;u,0) be the Green

dp(z)

potential. Then the complete measure A coincides with A, thus A\(C(¢p, §)) < 62,

(/O% M (C(p,0)) d(p) : = 52,

On the other hand, using the equality

and consequently,

1

2m )
/ log|e'® — aldp = log" |al,
27T 0

we deduce that

) 1 27 0 _ ip d
u(re®) :/ / log [re .6p67.| dp pep
o Jo [1—re?pe=| "1—p
1

d
:2#/ (logr +log™ p_ 1og+(7’p)) P
0 T

1—p
" d ! d
=27r/ 1ogrp P +27r/ 1ogpp P
0 ]‘7p T ]'7p

1
:27r10gr<1og l—p ™ T) +O0(1—r)
1
:—(27r—i—0(1))(1—r)log1 , rtl
—r
Therefore,
1
myp(r,u) = (1+ 0(1))27(1 — r) log Lo T 11
—r

Hence, the assertion of Theorem 1.1 does not hold for v = 2.
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Example 4.2: Following Linden [32, Lemma 1], given a > 1, § € [0,1], we
consider the sequence of complex numbers

(4.1) A = (1= 275)em27" 1 <m < [24),
where each of the numbers (4.1) is counted [2°*] times. Then for
P(z) = P(z, (ak,m), 5),

where s = min{q € N: ¢ > a + § — 1}, we have (see [32])
n(rP)V( ! )a+6 I/(TP)V( ! )a rtl
=) P E ) '
Therefore, by Theorem A [29], pas[P] = a. In [32] it is proved that
pollog P =a+ 71,
p
We are going to prove that

o : ]
(12) ([ vewmnas) zco, sio
0
It would imply that restriction (1.17) could not be weakened.
We first assume that 3 € (0,1). Given § € (0,80) we define ps = 6'~# — 76,
where &y is chosen such that s > 0. Note that s ~ 63, § | 0. According to
the definition of C(y,d), ar,m € C(yp,d) if and only if

(4.3) 1—lapm|=27%<8, -7 <m27% <+ 74

Let G(¢,d) denote the set of (k,m) such that (4.3) is valid. It is easy to check
that for ¢ € (0, s) the set G(¢p,d) is not empty. Let

k1(p) = min{k : 27F[2°%] < o + 76},

where ¢ € (0,¢5). Since ki(yp) tends to infinity uniformly with respect to
v € (0,5) as d | 0, one can choose d; so small that for all § € (0,d1), » € (0, ps)
2Bk

1—-28k) log 2
we deduce subsequently from the definition of k1 = k1 () that

and k > k1 (p) the inequality (1-5)( < 1 holds. Under this assumption

128 (o + 76) — 2°F1] < 1,

1—27Fk 14278k
ok1(1-5)
(4.4) ot - S o4
1

|k1*1_

lo < 1.
8 g2 |

@+ 7o
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It follows from the definition of p; and (4.4) that

1—9-FkB 1i5 2
(4.5) 2k > ( 5 ) > s 0<p<ws

Then, according to (4.3), (4.5) for § € (0, min{do, d1}) and ¢ € (595, ¢s), 0 1. 0,

AC(p,0) = Y [t
(k.m)€G(.0)

[2%1 ()]
Z Z [2o¢k:1]2—k:1(s+1)
m=[251 (p—m6)] 41

>[20k1 )R (st ) (9k1975 — 9) > [29k1]2 RS g

ZW52(a—s)k1 N Wé(l)‘fis-
2 2 \p

It follows from the last estimate that

(e ([ e

Ps

s/2

7T s—a 1
= 5 lfﬂ-‘rp

2(32%p+1)
~C(s,a,p)dt 57 o , 61)0.

In the case f = 1 the arguments could be simplified. By the choice of s,
s>a. For 0 < p < é, according to (4.3) we deduce

o0 (2" (o473)]
)‘(C((Pa (5)) — Z Z [2ak]27k(s+1)
k=[log, §]+1m=[2*(p—ms)]+1
Z Z [204]6]27]6(54’1)(2]627‘,5 _ 2)
k=log, 3141

> Z [20{k]2—k8ﬂ.6

k:[log2 §]+1

w6 =
(a—s)k _ §l4+s—a
>, D 2 = giteme,
k=[log, (15]+1
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Hence

(/02”(/\(0(% 5)))pd@); > C(s, a,p)d572, §10.

If 3 =0, then all zeros ax = 1 — 27% are located on [0,1), and s > o — 1. For
p € (—7md,md), we then have according to (4.3)

/\(O(Qoa(;)) _ Z [Qak]2—k(s+1) >C Z 2(a—s—l)k - 51+s—a'
k=[log, §]+1 k=[log, §]+1

Then

1

([ o) sco-=([ )

=C(s, a,p)&lﬂ*oﬁé, 010

as required.

q+1
Example 4.3: Let f(z) = exp{(liz) }, g>—1, f(0) = e. In this case
f(2) is of the form (1.19) with (ar) = @, ¥*(0) = H(8)mo, mo > 0, where H(0)
is the Heaviside function, i.e., A(¢) = mod({ — 1), where 4(-) denotes the Dirac

function. It is easy to check that

(/O%O(O(w, 5)))pd¢) : = mo(276)»,

and my(r,log | f|) < (1 — r)zlfq*l.
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