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ABSTRACT

We prove the LP Hardy inequality and LP fractional Hardy inequality
for the Dunkl Laplacian on RY. Further, we prove the same kind of
inequalities for a half-space and cone.

1. Introduction

The Hardy inequality is of fundamental importance in many areas of mathe-
matical analysis and mathematical physics. A general Hardy inequality is of

— p
/ \VulPdz > (|N P|)p/ u()| dz,
RN P Ry |2

for u € C§P(RY) or u € C§° (RN \ {0}) respectively with respect to 1 <p < N
or p > N. It is known that the constant (‘N;p ! )P is sharp and never attained in
the corresponding spaces Wp1 (RY) or Wp1 (RN \ {0}) respectively. A lot of work
concerning the fractional Hardy inequality has been developed in the literature.

the form

A remarkable work on the same was done by R. L. Frank and R. Seiringer in [3].
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They have proven the sharp Hardy inequality with sharp constants as follows:
forp21,0<s<1andu€C3°(]RN)

p p
[ 0 vy > oy [
RN JRN |~’C*y| P Ry |zlP

where the constant Cn s is sharp. Also they proved the fractional Hardy
inequality with remainder term. That is, for p > 2 and u € C$°(RY)

p p
/ / Nf” dzdy—C’Nysﬁp/ @l
RN JRN |$— |N+ps RN |T[PS

>, v(y)f de dy
RV JRN Ifc*leﬂ” || (N=pe)/2 |y|(N=ps)/2”

where v := ||V =P9)/2y and ¢, is as in (3.18).
The same authors have proven the fractional Hardy inequality in half-spaces
RY with and without remainder terms in [4], where

Rf:{x:(xlﬂléa'“axl\f) GRN:ZCN >0}

They have proven that, for some sharp constant Dy p s,

u(y)|? / u()[P
dzdy > D p.s W da,
Jo f S dat = o [V

for all u € W; (RY) with ps # 1. Similar to the case of RV they obtained an
improved fractional Hardy inequality which states, for p > 2, that

u(y)? / lu(z)[P
dxdy — Dy p,s . dr
/RN /R o yvin P Jay ks

>C/ / ()P da dy
N JrN |:177 |N+PS S\lf—pS)/2 y](\}—pS)/T

where v := zg\}_ps)/p

u and ¢, is given in (3.18).

Our aim in this paper is to prove both the Hardy and fractional Hardy in-
equality in a Dunkl setting. We cite a few papers in which authors studied some
of the related inequalities in a Dunkl setting. Pitts inequalities for the frac-
tional Dunkl operator is studied by D. V. Gorbachev et al. in [5]. F. Soltani et
al. have proven certain inequalities, namely the Stein—Weiss inequality, Hardy—
Littlewood—Sobolev inequality, uncertainty principles and some Pitts inequal-
ities in the Dunkl setting in the papers [12, 13, 14]. In [1] Oscar Ciaurri et

al. studied the Hardy-type inequalities for the Dunkl Hermite operator. We
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mainly adapt the techniques used in [3] to prove the Hardy and fractional Hardy
inequalities.

The paper is organized as follows. In Section 3 we prove a generalized version
of the classical LP Hardy inequality in the Dunkl setting. We use the ‘ground
state substitution’ technique to achieve it. For p > 2 we obtain an improved
version of the Hardy inequality in (3.20). In Section 4 we obtain an optimal
fractional Hardy inequality for the Dunkl Laplacian. As in Section 3 we obtain
a fractional Hardy inequality with a remainder term for p > 2. Section 5 and
Section 6 deal with a similar type of fractional Hardy inequalities on a half-space
and cone respectively.

2. The general Dunkl setting

In this section we give some basics on Dunkl theory which we will be using in
the coming sections. We suggest readers consult [2, 10, 15, 16] for details of
Fourier analysis related to the Dunkl operator. Let (-,-) denote the standard
inner product on RY and |- | := y/(-,-). For a non-zero element o in RV the
reflection in the hyperplane (a)* is defined as

(o, )
oo(x) =2 —2 a2
A finite subset R of RY is said to be a reduced root system if, for a € R,
RNRa = {£a} and o,(R) = R. Each root system can be written as a disjoint
union of its subsets, say R4 and (—R ), which are separated by a hyperplane
passing through the origin. The subset R of R is called the positive roots of R.
The subgroup G of O(N) which is generated by the reflections {0, : @ € R} is
called the reflection group with root system R or the Coxeter group. For the con-
venience of the calculations we assume that R is normalized, that is («, o) = 2
for all @ € R. A G-invariant function k defined on R, i.e., k(ga) = k() for all
g € G, is called a multiplicity function. For j € {1,2,..., N} the differential-
difference operators T; (the Dunkl operators) is defined by

T;f(z) == 0;f(z) + E; f(x),

where F; is the difference part of T and is given by

Ej= ) k(oz)ozjf(z)<a J;ggaz)
acRy ’
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with a = (a1, a9,...,an). The Dunkl operators T are a generalization of
the partial differential operator in the classical analysis. As in the classical
case we can define the Dunkl gradient by Vi = (11,73, ...,Tn) and the Dunkl
Laplacian A by Ay = Zj\]:l T2

One of the important properties of the Dunkl operators is that they commute,
that is T;T; = T;T;. Also, for every f,g € C'(RY) and for every 1 < j < N,
one can see that T;(fg) = T;(f)g + fT;(g) when at least one of the functions
is G-invariant.

Fix a reflection group G and a multiplicity function k. We can define the G-
invariant homogeneous weight function h(z) of degree vy, := > ¢ r. k(a) by

IT I o).

aERy

Throughout the paper we assume that k(a) > 0 and denote the weighted
measure hi(z)dz by duy(z). Further, we use the notations dy := N + 2
and A\g := d’“ 2

Let S(RY ) be the space of Schwartz class functions. If g € S(RY) and if f is
a bounded function with f € C1(RY), then

[ Tf@a@dit) = [ )T g@dn o).

It is known that there exists a unique real analytic solution f = Fy(.,y) for
the system T;f = y;f, 1 < i < N satisfying f(0) = 1 with y € RY. The
kernel Ej(z,y) is called the Dunkl kernel and it is clearly a generalization of
the exponential functions e<%¥>,

The Dunkl Fourier transform is a generalization of the Fourier transform. For
u € LYRY, duy(z)), its Dunkl Fourier transform is defined by

Fule) =" [ ulw)Bu(-i€, s (),
R
where ¢ := (fun € 1#1°/2dpy, ()1, The Dunkl translation i f of f € S(R)
is defined by

Fi(mE£)(€) = Ex(iy, ) Frnf(€).

It also makes sense for all f € L2(RY, dux(z)) as Ex(iy, ) is a bounded function
and the Dunkl Fourier transform is a unitary operator on L?(R", duy(z)). Dunkl
translation has the property T;f(:c) =7F_f(—y).
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3. Hardy inequality

In this section we prove the optimal LP? Hardy inequality for 1 < p < oo and
an improved Hardy inequality for p > 2 for a G-invariant real-valued smooth
function having compact support. Also, we will prove a generalized LP Hardy
inequality with optimal constant for the same function space. However, we can
relax the condition on the G-invariant function for certain cases. We define the
p-Dunkl Laplacian Ay, by

Appf = divi([VifIP7*Vif),

where divi(f1, f2,..., fn) = Zjvzl T;f;. We will compute Ay ,w for a radial
function w which is needed to prove the Hardy inequality. For a radial func-
tion w

divk(|ka|p‘2ka)

Hence for a radial function w we have
dp — 1
(81)  Awpw=(p— D/ @) 20" () + (P ()R ().
r

THEOREM 3.1: Let 1 < p < oo. Let u be a real-valued G-invariant function.
Ifu € CP(RY) if dy > p, and u € C° (RN \ {0}) if dy. < p, then the following

inequality holds:
pof |u(@)l
d .
L )

dn —
(3.2) | watoPdme) = |
RN
The constant |d’“‘;p |P given in the inequality is optimal.

p
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Proof. Let w be a positive radial function and let v be a G-invariant real-valued
function with u = vw. Use the inequality for real numbers a and b and for p > 1,
la + b|P > |al? + pla|P~2a.b, so we obtain
[Viul” =[Vi(ow)[?
(3.3) =|vViw + wVio|P
> 0[P |Viewl|? 4 plv|P 2| Viw [P~ 20wV . Viw.
Since w is radial we write w(x) = w(r) with r = |z| and denote the derivatives

as w'(r) = 4 and w”(r) = ‘f;fé’. First we will prove an inequality of the form

(3.4) | W@ > [ Vierdug)

for the given radial function w and a function V', where w is a weak solution of
the following equation:

(3.5) divy,(|ViwP 2 Viw) + VwP~! = 0.

After proving the inequality (3.4) for the functions which satisfy (3.5), we will
look for some explicit V' and w which provide us the Hardy inequality.

In order to estimate the integral [, |Vi(u)|Pdpx(x) we estimate the integral
of each term on the right-hand side of (3.3).

We start with

N
[ v = [ oot (X note )date)

j=1

N
(36) =3 [ oIVl T T o)
j=1

N
== /N wTy(Jo[?|ViwlP = Tyw)dpy ().
j=1"R

Let V¢ be the Eucledian gradient. Calculating T (|v|P|Vyw|P~2Tjw) separately,

we obtain
Ty (|v[P |V pw|P > Tjw)
=(0; + E;)(Jv|P [V ow|P~*8;w)
(3:7) = (plol"~10;0) [V ow[P~ 205w + [0]"0; (| Vow|P~20;w)

(2 ).
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|w’ (T)Ip w!(r)

Since is radial we can write

w (r) P72 (r w (r) P72’ (r
By WO

Using the definition of E; and reflection one can easily calculate

(3.9) ZEj(Ivlp% > k@)v@)P + [o(oa(@)].

aERy

i ([v[Pz;).

253

Substituting (3.7), (3.8) and (3.9) in (3.6) and denoting the Euclidean diver-

gence as divy,
[ P 19lrdu )
]RN
= _p/ wlvP Vow|P 2 Vv Vowdpug ()
RN

(3.10)
—/ wlv[P divo(|Vow|P 2 Vow)dpug ()
RN

_ Z k(o / v 7)«|p7 v (Jo()]? + [v(oaz)|P)dur ().

Since radial functions and the Dunkl measure are invariant under reflection, a

change of variable in the third integral on the right-hand side gives us
/ [v|P|Viw|Pdpk (z) = —p/ wlvP 20| Vow[P~2Vov. Vowduy, (z)
RN RN

(3.11) —/ wv|P dive(|Vow|P~2Vow)dpu ()
RN

. 2/}% /]RN |’w/(r)|P—2u}/(r)’w(T) |’U(1‘)|pduk($).

r

Since w is radial we can write from (3.1)

/ p—2,,/
dive (| ViwlP~2V ) = dive(|Vowl”2Vow) + 23~ )l ) w(r),

Now we can write the above equation (3.11) as

/ [PV w|Pdpg(x) = —p/ wlv|P 20V v Vow|Vow[P 2 dpuy ()
RN RN

- /]RN w(x)v(2)|P dive (| View|P 2V ew)dps (2).
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Consider the second term on the right-hand side of (3.3) and integrate:
p/ [o[P~2|Viw [P~ 20wV 0.V ywd g (o)

RN

=p / [o[P~2|Vw[P 20wV ov. Vowdus, (x)
RN

w'(r) (-
0 L AT O T )
RN T =

Using the definition of E; we find that

N
> Bz = D ka)(v(@) — v(0az)).

aERL

Since v is G-invariant we can write

p/ [0|P~ 2|V pw|P 20wV xv. V gwd g ()
RN

=p / [v|P~2|Vow|P~ 20wV ov. Vywdp ()
RN

(3.12) ' (r
s [ P29l 2o S () ote) - oloa))duntz)

aERy
=p / [o[P~2|Vrw [P~ 20wV ov. Vowdpg ().
RN

Substituting all the above calculated estimations and integrals into inequal-
ity (3.3),

/]RN Vi (vw)|Pdug(x) > —p/RN wlv[P 20V ow.Vov | Vow[P 2 dpy ()
_ /R wl@)o@)? divi (Ve ?Vw)dpn (x)
+p/RN [v[P~2 |V w P~ 20wV ov. Vowdp ().
That is, we end up with

(3.13) /R V()P dus () > - /]R wl@)lo(e) P divi (Ve Viw)dpg ).
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Now if w is a weak solution of the equation
divy, (|ViwP 2 Viw) + VP~ =0

for some function V, the above inequality (3.13) becomes

/ |Vku|pduk($)2/ V0ulPdug ().
RN RN

Now we choose a w and V' explicitly to obtain the desired Hardy inequality.
Let us choose

w(z) = |$|—(dk—p)/p,
that is w(r) = r—(dx=P)/P By a straightforward calculation we get
’U}I(T) — (dk - p) T—(dk—p)/p—l
p

and
W' (r) = ((dk *p)) ((dk —p) n 1)r7((dk7p))/p)72.
p p
Using the Dunkl p-Laplacian for radial functions given in (3.1) we find that for

r#0

Appw(r) = *‘dk “P (e D),
’ p
Choose
dip —p|P
V)= | el
p
then w is a weak solution of Ay ,w = —VwP~!. Substituting V and w in (3.4)

we obtain the desired Hardy inequality

dp —p

/ |ViulPdpg(z) > ’
RN p

[l
d .
/R ()

To prove the optimality, consider the functions w. below and take the limit
as e — 0O
@ 1, if 2] < 1,
Ue(T) = ldg —pl
‘ |~ ] > 1
Remark 3.1: (1) We assumed that the function u in Theorem 3.1 is G-invariant.
Assume that u € C$°(RV\ {0}) and u = vw with some v and a radial function w
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with w’(r) > 0. Now by using the Holder inequality we obtain

w(r)w'(r) VowlP~2dju ()

[ o 2u@pions)
]RN
w (r)|w (r)|P~2
= [ e O O o @)

RN r

- /R ( ! (r) |Hrwf(r>w(r>)p;;(x)|v|m ( |w/(7")|P*2rw’(T)w(T) )%) (o2)dial®)
S(/RN |w’(rr)|p—1 |v(z)|pduk(z)> "

w (r) P Lw(r >
~ (/ | ( )| ( )|U(0a$)|pdﬂk($)>
RN T
Therefore we conclude that

[ 2 et@ntona) O O 190w

(3.14) I
S/]RN et v(2)|Pdpg ().

r

Using this we can rewrite equation (3.12) as
p/ [v|P~2|V pw[P 20wV oV pwdpg, (z)
]RN
Zp/N [o|P~ 2|V w|P 2 owV . Vowdus ()
R
_ w' (r _
(3.15) +p7k/N [o[P~20? (x)w () : )|ka|p 2dyg ()
R
w'(r
= [l o) Dl 2 o)
RN T
:p/ |o[P~2 |V w[P 20wV ov.Vowdus (z).
RN

Now by repeating exactly same steps of the proof for Theorem 3.1 we get the
generalized Hardy inequality

/ |Vku|pduk($)2/ V0ulPdug ()
RN RN

with some function V' and w satisfies (3.5).
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dq. —
(2) Let w(z) = |z~ > " with d < p. Then w'(r) > 0 and, by using Remark
3.1(1) we get the Hardy inequality

dr, —p|P
Y e i T )
RN p RN

The above inequality is optimal and it is true for all u € C5°(RM \ {0}).
(3) If w'(r) < 0 equation (3.15) will be of the form

D / [o[P~2 |V w[P 20wV oV wdpy ()
RN

Zp/ [o[P~2 |V w P~ 20wV ov. Vowdus, (2)r
RN
p—2, 2 w'(r) p—2
+ DYk N|’U| v (x)w(z) . [ViwP~*dpg(x)
(3.16) "

w'(r
o [ o Tl )

=p / [v|P~ 2|V pw|P 20wV ov. Vowdp ()
RN

w'(r)

r

T 2 / ol @yw(@)” " Vw2 ).
RN

Now using (3.11) and (3.16) we obtain
[ View )
RN
> —/ wlv[P divo(|Vow|P 2 Vow)dpug ()
RN

sonp-1) [ P @) V)| P 2du (o)

RN r
W) ()

r

= —/ w|v|p(divo(|V0w|p_2V0w) —2v:(p—1) )duk(x).
RN

If w is a weak solution of the equation Lyw + VwP~! = 0 where

/ p—2,,/
Lyw := divo(|Vow|[P 2Vow) — 2vk(p — 1) (e . v

/ p—2,,/
= divk(|V0w|p72V0w) — 27kp|w ol . v (r)’

we have the Hardy inequality

/ V() Py () > / VlulPdux ().
RN RN
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dj, — dy —
(4) In C°(RN), let w := |z|~ %" with dy > p and v = |z| " u. Now using
the calculation carried out in (3.1) we can write

(N-1)

divo(|Vow|"~*Vow) = (p — 1w’ (r)P~w" (r) + [ (r)[P~2w' (r)

_ 7(dk —p)p—l (dk -p Q,Yk)r—(((d’“;p))(p—l)-i-p)'
p p
Using this and the expression for L, we have
_ (e —p\Pl de—p —((“EP) (p—1)+p)
L,(w) = ( ) ) ( ) 29k (p 1))r .

Now for

Vi) == (" PP 2= 1) el

we have the Hardy inequality
[ Vet Pd(a)
]RN
dp —p\P~ L dy — wl|?
Z( g p) ( ; p—QVk(P—l))/ ul dpe ().
p R

p N |x[P

(3.17)

(5) We don’t know about the sharpness of the constant appearing in (3.17).

However, for p = 2 it has been shown in [17] that the optimal constant for

2
the Hardy inequality is (d’“f) without the restriction that the function is G-

invariant.
Recall the algebraic inequality given in [3, Equation 2.13]: for p > 2
la+ b7 > |a]” + plalP"*a.b + ¢, [b]7,
where a and b are real numbers, and constant ¢, is given by

3.18 = min ((1—7)" — 77 4 prP~!
(3.18) Cp Ogg}m(( ) =71’ +pt?)

and is sharp for this inequality. Using this, inequality (3.3) can be written as
[Viul? =V (ow)]”
> P |Viw|P + plv|P 2| View P~ 20wV v . View + cp|w|? | Vv,

(3.19)

For radial function w and reflection invariant function v such that

u=vw € CRY),
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if we use inequality (3.19) instead of (3.3), then inequality (3.13) turns out to be
[ VrewPdnz)

RN

= _/ w(z)[v(@)[P div(|ViwlP =2V gw)dp () + Cp/ [w[P[Vio|Pdpy ().
RN RN
This improves the following Hardy inequality with a remainder term for p > 2.

COROLLARY 3.2: Let 2 < p < co. Let u be a real-valued G-invariant function.
Ifu e C(RYN) if dp > p, and u € C° (RN \ {0}) if dy, < p, then the following

inequality holds:
dip —p p/ |u|p / |Vk’l)|p

3.20 ViulPd f’ d > d ,

) [ vardu ) - P e e, [ do)

where ¢, is given by (3.18). When p = 2 the equality holds with cy = 1.

Remark 3.2: By observing Remark 3.1 we can make another remark on Corol-
lary 3.2. If w(z) = |:c|_dkz:p with di < p, we obtain the following improved
Hardy inequality for all u € C5° (RN \ {0}):
_ P
| ) =[P [ e >, [ |'Z;“Z’_'pduk<z>-
Also, if u € C§°(RY) and if w := |:1:|7dkpip with di, > p and v = |z dk;pu, then
again by Remark 3.1 we obtain the following improved Hardy inequality:

L watram @ - (%) (% ) [ dio)

p N |$|p
|Viol?
25 [, i W)
Now we prove a generalized Hardy inequality which generalizes Theorem 3.1.
Fix 1 <1 < N; we write z € RY as 2 = (y,2) with y € R! and z € RV 7L, Let
Ry be a root system on R, and k; be a multiplicity function on R;. The Dunkl
weight function associated with Ry and ky is given by

(@)= T[ Ke o).

a€Ry, 4

Since ky is G-invariant, we have ki(a) = kij(—a) and thus the choice of any
arbitrary positive subsystem R; i does not make any impact on the weight
function. Now similarly for a root system Ro and a multiplicity function ks
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on RN~!, we have the weight function A7 (2) = [I.cp, . K, a)|?k2(®) | Define

a root system on R as
R := (Ry x (0)n—1) U ((0); x Ra).

Also define the multiplicity function k on R as k(y,0) =k (y) and k(0, z) =ka(2),
where y and z belong to Ry and Ry respectively. It is straightforward to check
that R is a root system on RY and k is a multiplicity function from R to
positive reals. Corresponding to this R and k, one can see that the Dunkl
weighted measure on RY | denoted by dpug (), is nothing but the product of the
Dunkl weighted measures on R! and RV ~!. That is,

dpr () = dpg, (y)dpr, (2) = hi(z)dx = hi, (y)hi, (2)dydz.

With this preparation we state the following theorem.

THEOREM 3.3: Letl < p<ooandletl <[ <I[< N. Letu be a real-valued G-
invariant function. Assume that u € C§°(RY) if d, > p and u € C°(RN \ {0})
if di, < p. Then the following inequality holds:

sy [ WaePan = |0 [ )

The constant | ks p|p given in the inequality is optimal.

Proof. The root system R with which we started allows us to write

(3.22) /RN |u(x)|pdﬂk(z) _ /RN?L A, (2) [ |U(z)|pduk2 W,

ly[P ly[P

Let Vi, 4 and Vg, . be the Dunkl gradient on R! and RN respectively. It is
easy to see that

Vi ytu(y, 2)| < [Viu(z)]-

By applying Theorem 3.1 to (3.22) we obtain the inequality (3.21). Now by
using Lemma 3.1 and following the arguments from [11] we can prove that
|dk1[)7p|p is optimal.

Remark 3.3: Remark 3.1 can be extended to Theorem 3.3 similarly.
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4. Fractional Hardy inequality for LP(RY dux(z))

For the classical Laplacian A = Z
written as

i1 07 the L? Hardy inequality can be

suar> (%) [ e

For 0 < s < 1 the fractional power of a Laplacian is defined as
s 1 > —tA dt
aua) = p Lo [ e —uw)

tAy = u x q; with ¢, denoting the Euclidean heat kernel. A straight-

where e~

forward calculation using the definition of e~**u yields that

A’y(z) = C P.V. /]RN (rx(m) y}ﬁi‘gg)dy,

for some constant C. Using the symmetry of the kernel |z — y|~(V+2%) with a
constant C',

2
4.1 s/2 2 / / )|
wn sl = @wg =o [ [ 1O K0 g,

and thus the fractional L2 Hardy inequality takes the form

u(y)? / () ?
dxdy > C(N d
// |z—y|N+2 vdy 2 OWN8) | aps @

where the constant depends on IV and s. One of the references to see the explicit
calculation of this L? fractional Hardy inequality is [9, Appendix A]. However,
when p # 2 one cannot have the equivalence of

p
AS/2 p d / / )l dxd
oy ana [ [ O 0

which we stated for p = 2 in (4.1). There are many studies in the literature
regarding the fractional Hardy inequality of the form

p
a2l > oWsp) [ O
RN

jzfpe
for instance, Herbst in [8] calculated the sharp constant in the above inequality.
But in this paper we are interested in the fractional Hardy inequalities of the

form

u(y)[? / |u(z)[?
4.2 / / dxdy > C'(N,s,p / dx
(4.2) RN JRN |~”U— |NJr ( ) RN |T[PS

in the Dunkl setting.
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The basic study of fractional power of the Dunkl Laplacian can be conducted
in a similar fashion to the Euclidean case. The kernel |z — y|~(N*+7%) in (4.2)
is actually the translation of the function |z|~(V+P$). We are motivated to
consider the kernel which is the Dunkl translation of |z|~(%*P), Motivated by
[6, Lemma 2.3] we define the kernel ®(z,y) as

(4.3) B(x,y) = N, jps)m /Ooo Sdk;w717-5(6*5\.\2)(;1;)(18.

THEOREM 4.1: Letdy, > 1and0<s<1. Ifu€ W;(RN) when 2 < p < dy/s
oru € W; (RN\ {0}) when p > di/s, the following inequality holds:

|u(z)[?
(4.4) YIP®(x, y)dpr () dpk(y) = Cay,s,p dpk (),
RN ]RN RN |"E|pS
where ®(x,y) is given in (4.3) and
1
(4.5) Cay,s,p = 2/ rps_lll - T(dk_ps)/p|p‘1)N,s,p(T)dra
0
with
(% ™ : dk—29
Dy s p(r) = ( 2 )_1 / st apips 40, N >2,
(4.6) VAL(%5 ) Joo (1= 2rcos+12) "z
D16, p(r) = (r (| 54P) 4 75 ([ 54P%)) (1), N=1.

The constant Cg, s, Is sharp. If p = 1, equality holds iff u is proportional
to a symmetric decreasing function. If p > 1, the inequality is strict for any
function 0 £ u € W; (RY) or W; (RN \ {0}), respectively. Further, for p > 2
the following inequality holds:

/ / W)|P@(z, y)dpr (z)dpx(y)
]RN ]RN

|u()[P
(17) >Cay /}R e di(@)

dpi () dpk(y)
_ p
o [ e —owpeen, @10, G

where v := |z|(@~P9)/Py_ & is as in equation (4.3), Cq, s, is given by (4.5)
and ¢, is given in (3.18). If co = 1 the equality holds in p = 2 case.
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Remark 4.1: The case when we choose the multiplicity function & = 0, the
Dunkl case will reduce to the classical case. So in that case we get the main
results in [3] as a corollary of the above theorems. That is [3, Theorem 1.1] and
[3, Theorem 1.2] are obtained as corollaries to Theorem 4.1.

Here is an auxiliary lemma which is proven in [3].

LEMMA 4.2 (R. Frank, R. Seiringer): Let p > 1. Then for all 0 < ¢t < 1 and
a € C one has

(4.8) la —t[P > (1 — )P (|a? —1).

For p > 1 this inequality is strict, unless a = 1 or t = 0. Moreover, if p > 2
then, for all 0 <t <1 and all a € C, one has

4.9 a—tP > 1=t |a? —t) + cpt?/?|a — 1],
P

with 0 < ¢, < 1 and ¢, given in (3.18). For p = 2, (4.9) is an equality with
¢ = 1. For p > 2, (4.9) is a strict equality unless a = 1 or t = 0.

For N,p > 1, let ®.(z,y) be symmetric positive real-valued functions defined
on RY x R¥ such that ®. — ® as € — 0 with ®. < ®. Let us define the energy
functional E[u] as

Bl o= [ Jula) = u(o) PR )i o) )

where ®(x,y) is the kernel given in (4.3). Let us define the functions V. and V'
as

(410) V() i= 2u(a) ! /]R (@) — wy)lo(@) ~ wlp) P22, y)dpn )
and
/R Vidp(r) = lim /R Ve fdue(a)

for every f € C§°(RY). Following a similar argument as in the proof of [3,
Proposition 2.2, Proposition 2.3] gives us the following two lemmas.

LEMMA 4.3: Let u € C§°(RY). If Eu] and [ V|u|P are finite we have

(4.11) Elu] > /R V@)l Pl ().
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LEMMA 4.4: Let p > 2 and u € C°(RN). If Eu], [ V|u[P are finite and

@[ o) = o) fu) e i i) < .
then we have

Bl = [ V@u@)Pdala)
>, [ | o) = o)) w) EBla p)da)dra (1)

where ¢, is as in (3.18). If p = 2, (4.11) becomes an equality with co = 1.

(4.13)

We will prove the following lemma which states that w(x) = |z|~ 27 solves
the Euler-Lagrange equation related to equation (4.4). For convenience in cal-
culations we write a := (dp — ps)/p. Let ®¢ := ®x||z|—|y||>c; then the & ’s are
positive symmetric real-valued functions which converge to @, with 0 < ¢, < ®.

dyp —ps
LEMMA 4.5: Let w(x) = |z|” *»"". The following limit converges uniformly
for any compact subsets of RV :

2lim (w(z) — w(y))|w(z) — wy) P> @(a, y)duk(y)

e—0

:Cdk’s’pw(:c)pfl.

|[Ps
Proof. Let |x| = r and |y| = p and write z = r2’ and y = py’. Using polar

coordinates we obtain

) e —w)P e i)
(4.15) llz]=lyl[>e
/ N /SN 1 T —pm P2 0(ra!, py' ) p* N T dpdo (y)),

where
dow(y') = hi(y')do(y')
with do(y’) the (Euclidean) surface measure on the sphere S¥=1. If p < r we

use the fact from [6, Lemma 2.3] that ®(ra’, py) = r=%=P5®(z/, ©y/) to get

/ I~ ][> (w(z) — w(y))|w(z) —wy)P>S(z, y)du(y)

16 )| —a 7o¢|p71
S Il P r 1%
/ | /S " rde+ps @(m’, Ty/)pm Yo (y')dp.
lp—r|>€
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Similarly, if » < p, from [6, Lemma 2.3] it follows that

/I —lyll> (w(@) = w(y))[w(w) —wy)">@(z, y)dux ()

sgn )|p_a_r_a|p_1 LA ’
O( 2',y")doy(y')dp.
/p r>e/SN 1 p1+ps P

It follows from [6, Lemma 2.3] that

r dp m . dk729
(4.18) / O (ra’, py')dok(y') = ('3 d) L / s aptps A0
SN -1 VaL(%) (r2—2rpcosf+p?) "2

Using (4.16), (4.17) and (4.18) we can write (4.15) as

(4.17)

/” il (w(z) —w(y))|w@) — wy)|P 2 (z, y)dur(y)

1 / segn(p® — r%)
= 4_ oi1a Pp,)dp,
rds=1 lp—r|>€ |p - T|2 p(1=s)

(4.19)

where ¢(p,r) is given by

—Q —Q

- T
—p

o1 [l )y (0), i p <,

P
(4.20)  p(p,r) = |
rde=1(1 — ;)1"’1)5(1)1\;,5717(;), if p>r,

with @, , given in (4.6).
We need to show the convergence of the integral

sen(p® — r°)
(4.21) / ¢(p,)dp.
lp—r|>€ |p - T|2—p(1—s)

It is enough to show that the function ¢(p,r) is Lipschitz continuous as a
function of p at p = r. Writing ¢t = p/r it is sufficient to show the function
(1—t)1P5®y , ,(¢) and its t-derivative are bounded at t — 1—. As N =1 it is
trivial; we do it for N > 2. The identity in [7, 3.665] states that

- 2p—1

sin rdx 1 1 1
4.22 :B( , )F( v , : 2),
(422) /RN(1+2acosx+a2)” oo JEY =t gl g0
where F' is a hypergeometric function with Re p > 0 and |a| < 1. Using (4.22)
we can write

(%)

\/ﬁr(d,gl) (dk—l 1)F(dk+ps p8+2_dk;t2).

4.9 Dy o(t) = : , ,
(4.23) Nosp(t) 2 2 2 2 72
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Using the property that both (1 — 2)*+t*=¢F(a,b,c; 2) and its derivative has a
limit at z — 1— if a4+ b — ¢ > 1, we conclude that (1 — ¢)'TP$®y ; ,(¢) and its
t-derivative are bounded at t — 1—.

Continuing the same argument from [3] we get (4.14) with

sgn(p® — 1)

Ca,,s,p = 2 lim ~ 1[2-p(1-9) o(p, 1)dp.

€20 JIp—1|>¢ |P

Now we will prove that this constant coincides with the constant given in (4.5).

. sgn(p® —1)
21 1)d
61—>H% ‘p_1|>6 |p . 1|2,p(175) (p(p) ) p
1—e 0
o sgn(p® — 1) sgn(p® — 1)
_2 lg}r(l) |:/0 |p _ 1|2—p(1—s) So(p7 1)dp + /1-"_6 |p _ 1|2—p(1—s) So(p7 1)dp

1 a 1 _ o) ,—p(1—s)
sgn(p® — 1) / sgn(l—p%)p~" 1
=2 1)d 1)d
{/0 (1_p)2_p(1_s)so(p, )dp + (1= p)zpas) @(p~, 1)dp
1 —p(i- -1
_ (PP p(p™", 1) = ¢(p, 1))
=2 sgn(a)/o (1 py2-p(i-s) dp.
A straightforward calculation gives
("0 o(p™ 1) = (p, 1)) = [1 = p P71 (L = p*) P, p(p) (1 — p)* P17

and it follows that
1
Caren =2 [ #7711 s p)dp
0

4.1. PrROOF OF THEOREM 4.1. Now the Hardy inequalities (4.4) and (4.7)
follow by repeating the arguments of [3]. In case of the strictness p > 2 due to
the positive remainder term in (4.7), it is immediate that the inequality in (4.4)
is strict. With similar arguments used to obtain [3, (2.18)], in our case we obtain

a2 E= [ [ oueneedu@da) + [ Viddu),
RN JRN RN
for all u € C°(RY \ {0}) with
() =l (@)o(e) ~ 0oy
— (W)@ — W@l P)w() - vl - u@)P .

It can be proven easily that ¢, > 0 (see [3]). This can be extended to
W;(RN \ {0}) when dj, < ps and to W;(RN) when dj > ps by approxima-
tion.
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Suppose Efu] = [pn V|ulPdui(z) for some u € Wg(RN \ {0}). Then it is
true for |ul. Observmg that @), > 0 and ®(x,y) is positive in (4.24) we can
see that @, = 0. From Lemma 4.2 we obtain that v is a constant function
and since v = w™!
u € W;(RN \ {0}) in case d < ps or u € W;(RN) in case dj > ps, inequality
(4.11) is strict.

Now for p = 1, we shall prove that the equality of (4.4) holds if and only if u

u we conclude that v = 0. This gives that for any non-zero

is proportional to a symmetric decreasing function. Let x; be the characteristic
function of a ball centered at the origin with radius R(¢). Define u = fooo Xtdt.
Then for p = 1, we can write the right—hand side of the inequality (4.4) as

RN |:Z?|S dkfs

where ||SV 1| is the surface measure of SN ~! with Dunkl weighted measure;
one can calculate [|[SY |, = ¢, 1/(2( 2 ~DT(dy/2)). Now the left-hand side of
the same inequality (4.4) can be written as

/RN /RN () [P@(z, y)dpr(x)dpk (y)
:2//{“1/} /(xt(:c) —xt(y))dt‘@(m,y)duk(w)duk(y)
///{|I|<R(t)<y} (@, y)dpx (@) dr (y)dt
- € X di—s )
_2//{w<1<|y|}¢( Wi )dﬂk(y)/o R(t)™*dt

It gives the equality of (4.4) for the function w and p = 1.

The sharpness of the constant Cy, s, can be proved by the same arguments
in [3]. But for the completion we give the proof here. To prove this, we will use
the trial functions u,, and show that, as n — oo,

Jan Jan Tun (@) — un () PR (2, y)dp (2)dp (y)
Jon [un(2)[P|z[~Podpk (x)
Let us first define the functions u,, for dy > ps. Let

S Cdk,s,p(l + 0(1))

I={zcRY:0<|z| <1},
M, = {z e RN : 1< |z| <n},

= {x € RY 1 |2| > n}.



268 V. P. ANOOP AND S. PARUI Isr. J. Math.

Define
1—n-o, ifrel,
(4.25) un(x) == q |2|~* —n~%, ifz € M,,
0, if x € Oy,

where o = (dk;ps). Multiply the integrand of (4.14) by wu,(z) and integrate
with respect to z. Using the symmetry of ®(x,y) we obtain, as € — 0,

[, )= ) ) ) )P0 ) o) 0
(4.26)

||
Write
L L @) = v wle) = ) late) = w20 (. g)din ) v)
=/ / |un (@) — un(y) P (2, y)dpk (2)dpx (y) + 2Ro,
RN RN
where

Ro ::/ / (1 —wy)(wz) —wy)P™t) — (1 —w(y)P™)
zel JyeM
x ®(x,y)dpr (x)dpr (y)
i /meM /yeon (w(z) = n=*)(w(z) = w(y)P " = (w(z) —n"*)P~")
®(z, y)dpr (x)dp (y)
e -ty - -
x ©(x,y)dpr (x)dpk (y)-

Since all the terms within all the three integrals are non-negative, we have
’R > 0. Divide the right-hand side of (4.26) by Cq, s, and add and subtract
Iz lps to the integrand: we obtain

(4.27) [t din(a) + Ry + R,
RN |~"3|’”S
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where
= — nio‘ wl(x p—1 _ _ n*& p—1 d/’LkZ (:C)
Rio= [ =n )y — @ —amept T,

dp ()

|zfps

Ry = /M (w(z) =n=*)(w(@)P™" = (w(z) —n=*)P")

Observe that the integrands on both of the integrals are non-negative and we
will show that Rq +R2 = O(1) as n — oot

Jan Jan un(2) = un(y)|PO (2, y)dpk (x)dpr (y)
Jew lun ()Pl =P dpy. ()

Ri1R2 2Ro
= Cd s, 1+ -
ot (1 L @l din() ™ o @l

< Cysp(1 4 0(1)).

(4.28)

Now we need to prove that R; +Ra = O(1) as n — co. Note that the integrand
of Ry is bounded by |z|*~9 and it allows us to write

Ri < / ||~ dpy, (x) < o0.
jol<1

Observe that 1 — (1 —¢)P~1 <tfor1<p<2and1— (1 —¢)P~1 < (p— 1)t for
p > 2, where 0 <t < 1. Using this we can write

(4.29) (w(z) —=n~ ") (w(@)P~" = (w(x) —n~ ")) < Cpn™"w(z)" ",

where C, =1 for 1 <p <2 and C, =p—1 for p > 2. Now it is not hard to see
that
Ra2 < C, |2~ dpuy, () < oo0.
<1
The case di < ps can be treated similarly using the sequence of trial functions
described in [3] taking a = (dj, — ps)/p.

5. Fractional Hardy inequality for the half-space

Let Ry be a root system on RY~! and k; be a multiplicity function on R;.
Extend R; to a root system R of RY as R = Ry x {0} = {(z,0) : z € Ry}.
Clearly it is a root system on RY and the multiplicity function k; can be ex-
tended to k which acts on R by k(x1,z2,...,2n-1,2N) = k1(z1,2Z2,...,ZN_1).
Let Ry 4+ be a positive subsystem of Ry with Ry = Ry + U (—R; 4+). Then we
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can write R = Ry U (—R4), where the positive subsystem R, of R is given by
Ry ={(z,0) : © € Ry +}; v remains the same as

w= Y, k@)= > k()=
veERL VERy +

The Dunkl measure corresponding to the root system R and the multiplicity
function k will be

due(e) =due(e) = [ N} P20 do
vERL
= H (2!, )PP da! day = dug, (2')dzy,
VER: +

where x = (2/,2x) € RV,

THEOREM 5.1: Let N > 1,1 <p < oo, and 0 < s < 1 with ps # 1. Then for
all u € WP(RY)

1) VP (z, y)dus () dps (y) > D u@l”,
(5. WIPP(x, y)dpk (x)dpk(y) = DNy p,s ps dun(z),
]RN ]RN Rﬁ (EN
where
(1 +ps)/2) / dr
52) D s = 2T 1 — ples=D/pp
( ) N,vk,p, Ck, ! dk + ps /2 | | ( T)1+ps

and the constant Dy, p.s is optimal. If p =1 and N = 1, equality holds iff u
is proportional to a non-increasing function. If p=1orifp=1and N > 2, the
inequality is strict for any non-zero function in sz (RY). Further, for p > 2 we

also have
/RN /RN )P (x,y)duk () dpn(y)
lu(x)[P
>D d
(5.3) N, Yi,pss /N e k()
dpr () dux(y)
)P
/RN /RN WP Y), | 1mpa/2 |y [(=ps) /2

where v := 9653 pe)/ u, ® is as in (4.3), DN ~,,p,s is given in (5.2) and ¢, is given

in (3.18); ¢ca = 1 and the equality holds in the p = 2 case.
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Proof. Let * = (2',xn) and y = (y',yn) be elements of RY. Choose
w(z) = |zy|7P)/P and V() = Dy pslzn| 7P Since for the fixed root

system R
(e 1) (@) = emsln o Bk el ) o),
the definition of ®(x,y) in (4.3) takes the form

T,y) = 1 Oosdk;ps*lTk e~ (2)ds
YD =14 1oy y(E e

1 o0 detps 1 |y — 2 L o2
= s 2 e Slen—uN " 2k (o=l 17y (1) ds.
(o2 A

We start with the Euler-Lagrange equation corresponding to (5.1) and let us

verify that w(z) = |xN|717PpS solves it:

/ yeRY (w(z) — w(y))|w(z) — wy)|P2®(z, y)dur (y)
len—yn|>e€

1

TT((dg +ps)/2) / yery (@) —w)|w(z) - w(y)[P~?

lzn—yn|>e

[ e s )
0

- ' w(r)—w w(x)—w p—2
(i +5)/2) /]R /|< (2) ~w(y))hw(z) ~w(y)|

o0
x [ e by () dsdyin, ()
0

(5.4)

The property of translation of a radial function [15, Theorem 3.8] gives that

(5.5) / e @ ) = / ey, ().

RN-1

From the definition of the Gamma function we get

1 /OO dk+:ﬂs_1 _ (I N—yN‘2+|y/|2)

s 3 e—s(lz ds
T((dr +ps)/2) Jo

(5.6) 1

(len =y~ +[y'?)

dj+ps *
2
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Applying (5.5) and (5.6) to (5.4) we find that

/ pery, (@) = w@)w@) = wy)P~2 (@, y)dum(y)
lzn—yn|>e
:/ (w(w) — w(y))|w(x) — w(y)P—2
yeRY,

d .
B 9 /12 dk;»ps /Lk(y)
(lzn —ynl? + |y'12)

ltn—yn|>e

Let us calculate the following integral separately for convenience and set
m = |zy — yn|?, and keep in mind that dy, = dj, — 1:

1 o 1
() =[SV / 2y
/]RN*1 (m? + |y’|2)dk;p " Jo (m? + 7’2)%?

1 o =2
_I]N—-2
15" e | oy

1+1¢2)
=||SN_2|| 1 F((dk_l)/2)r((l+p5)/2)
Somites  T((dg +ps)/2)

We now return to the equation and use [3, Theorem 1.1] for N = 1 to conclude.
Also substitute the value of ||SN 2|, = (0,2112_“1 )/T(dk, /2). We use the same
notation w for the function w(xy) = |zx|~(17P)/P;

/ (w(z) —w(y))w() - wly)?
yERY |z —yn|>e (lzn — yn|? + |y'|2)e/2

0232“1F<<1+ps>/2>/ (w(zn)—wlyn))wlen) —w(yy) P2
L((dk+ps)/2) )

dpr(y)

(5.7)

dyn
| )
TN —yn|>e |z N —yn|1TPs

From [3, Lemma 3.1], considering zx,yn € R, we can write

Ol,p,s

|$N|psw(xN)p71
_ — p—2
2 lim ] (w(zn) w(yzv)IIw(sz) S w(yn)| )dyN
0 . loN — yn [P
(5.8) llzn|=lyn[|>e

- /ooo(w(fwv) —w(yn))wlay) —wlyn)"~

1
X dyn.
(|!17N —yn "+ |z + yN|1+pS) N
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This gives the constant in [3, Theorem 1.1] as

1
1 1
5.9 Cips=2] [1- <1*PS>/”( )d
( ) 1,p, /0 | r | (1 _ T)lers + (]_ + T)lJr;Ds r

But in our case we are only interested in the case yn > 0, so (5.8) and (5.9)

imply that
im [ fw(an) — wlyy) P2
2 hm/ (w(zn) —wlyn))
€ 0, _ 14ps
(510) - |zN—yNn|>e |wN le
_ Cl,p,s ;L')p71
|z [Ps ’
where
111 = p(=ps)/p|p
~ |1 — r(1=ps)/p|
11 _ |
(5 ) Cl,p,s 2/0 (1 _ 7«)1+ps dr

Now by using (5.10) and (5.7) we can conclude that

(w(z) = w(y)lu(z) - iy~

2 lim dpr(y)
(5 12) 0 yGRﬁv\be*bee (|$N - yN|2 + |y/|2)a/2
26;1127)\)”*11—‘((1 +pS)/2) 0171)75 w(x)p_l
L ((di, + ps)/2) |z [P

We can see that the constant appearing in (5.2) and
27 M I (1 + ps) /2) -
P((de+ps)/2) 7
are same.
The Hardy inequalities (5.1) and (5.3), the strictness for p > 1 and the equal-
ity in the case of p = 1 follow from the proof of [4, Theorem 1.1]. Optimality
comes from the optimality of Theorem 4.1.

6. Fractional Hardy inequality for the cone

For 0 <1 < N, a cone Rf\i is defined as a subset of RY which is precisely the
set

{z=(x1,...,2n) €RYN 1y 141 >0,...,25 > 0}.
In the case of a half-space we extended a root system of RV ~! to a root system
of RY and found a corresponding multiplicity function and Dunkl weighted mea-
sure on Rf. In the case of a cone we write RV = RN~ x R! and
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extend a root system of RV~! to RY. For an element z € RN we write
r = (¢, 2N_131,TN_142,...,2Nn) where 2’ € RV~!. Let R; be a root sys-
tem on RV~ and ki1, dug, := h(z’) be the corresponding multiplicity function
and Dunkl weighted measure. Define R := {(x,0) € RY : z € R;}. It is easy
to verify that R is a root system on RY. Now as in the case of the upper
half-space, extend the multiplicity function to k of RY as k(z’,0) = k;(z) and
the corresponding Dunkl weighted measure duy(z) = dpg, (2’ )den_i41 - - dzy.
For the convenience of the calculations we write z € RY as = (2/,2") with
' € RNl and 2 € R.

THEOREM 6.1: Let N € N, 1 < p < co. Further, 0 < s < 1 with a condition
ps # 1. Then for all u € WSP(RfV) the following inequality holds:

/ / ()P, y)dpn () dpie )
]RN ]RN

u(z)[?
>D d
Z LNy ve,p,s /]Rl]\jr "E?V—l-i—l RS :C?V Mk(x)a

(6.1)

where
e 27T (1 + ps) /2)

(62) Diowrs = ™ 1y + ps)/2)

1
[l
0
with
~ 1 y
q)l+,s,p(r) B /Sl,l |~ ~ da(y)a
I+

T —ry|ttes

where & € SI”! and Si' = S""' N R! . The constant Dy, ., p.s is optimal.
+ + + kP

If p =1 and N = [, equality holds iff u is proportional to a non-increasing

function. Also, for p > 2 the following inequality holds:

/ / ()P, y)dpu () dpie ()
]RN RN

ju(@)[?
(6.3) >DN, i p.s / T dpur ()
dpr(x)  dpr(y)
P
+op /RN /RN v(y)["e(z, y)|$//|(17ps)/2 |y (1=ps) /2
where v := |2 |(=P8)/Py, & is as in (4.3), D, .p.s i given in (6.2) and c, is

given in (3.18). Moreover, co = 1 and the equality holds in the p = 2 case.



Vol. 236, 2020 HARDY INEQUALITIES FOR DUNKL LAPLACIAN 275

Proof. The proof is very similar to that of Hardy inequality of the half-space.
Similar steps will lead to the desired conclusion very easily. In order to find a
positive solution of the Euler-Lagrange equation corresponding to (6.1), we set
w(z) = |2"|~¢=P)/2 and V(x) = D, ps|2”|7P5. The ®(z,y) given in (4.3)
will take the form

xT,y) = 1 oosdk;psflTk e~*I*) (z)ds
YD) =yt e | v

1 /00 dk+ps_1 _ Z}_v ‘ L _|2 _ 2
= s 2 e S 2ij=N-14+11%i7Yil + (e sl x ds,
(e +95)/2) Jo vle )

since
‘2 2

Ty (e~ (")

T5(6_8|~|2)(x) — e—SZﬁﬂv:me |zj—y;

with our root system R on RV.
Repeating the same arguments as in the proof of Theorem 5.1 we obtain

yery , (w(@) —w)lw(z) —wy) P22 (@, y)du(y)
2" |~ly" || >e
(w() —w(y))w(z) —w(y)P?

d .
yGRz]\iv (|:C” _ y//|2 + |y/|2>dk;~ps ,Ltk(y)

Hz”|=1y"||>e
We evaluate [;y_, (m2+|y1,|2)a/2 du (y') as in the previous proof with m=|z"—y"|
and find that
1 ey T((I + ps)/2) 1
/ dp+ps dﬂk(y/) =72 T((d 1" 1|l+ps?
RV (|2 — |2 + |y [2) " ((di, + ps)/2) |z — y"|

where di, = N — [ + 27;,. Now the Euler-Lagrange equation corresponding
to (6.1) is of the form

2t [y (0) ~ w)lo() — wl)l ()
e—0 Yy Iy
" |=1y" [|>e
ey 27T (1 + ps) /2)
L((di + ps)/2)
"y _ " "y __ 1"\ |p—2
i ()~ D) —w(y”)]
e—0 yERL+, (|x//7y//|)l+ps
2" |=1y"||>e

(6.4) _

dy/l

with w(z”) = |z”|_(l_ps)/p.
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If Sé;l =S-1n RL, the polar decomposition of the right-hand-side integral
of (6.4) can be written as
. (w(e") — w(y"Dhw(a”) — wly") =2

e—0 y€R%+, (|$Il _ y/l|)l+ps
[z [=ly"||>e

P p—oz o p—a p—2 _
:/ / ( B )| B l+ps | dO’(y)dp,
|p—r|>€ S;;l |T:C - py|

where ' =1z, y"’ = pgy and a = (I — ps)/p. Using similar steps in the proof of

dy”

[3, Lemma 3.1] we can prove that

ny _ " AN "\ |p—2 ~
65) 25m [ WE)Ze@DwE) —wlDIE y Csemper

50 Rf+ |$// _yll|l+ps - |:L./I|ps
where for [ > 2
1
Ciisp= 2/ Tps*1|1 — r(lfps)/p|p@l+ﬁsyp(r)dr
0

with

~ 1

@l+,s7p(T) = /SLFI |§7 o Tﬂ|l+ps dO’(g),
and when [ = 1 then Cy, 5, = C1 s given in equation (5.11). The constant
Ci, sp is different from the constant Cj, given in [3, Theorem 1.1], since
instead of integrating over the whole sphere S'~! we are only integrating over
the points on the sphere which intersect with the cone, that is only on Sﬁ:l.

Define
€y 27 M D((L+ps)/2)
DN, yip,s = T((di + ps)/2) ly,s,p-

From (6.4) and (6.5), we get w as the positive solution of the Euler-Lagrange
equation corresponding to (6.1)

2 lim
e—0 yE]R{\;,

"=y || >e

(w(z) — w(y))|w(z) — wy)P~>®(, y)dur (y)

DNy vipos -1
= | :1;”|]1:7 . (z)P
Proof of the Hardy inequalities (6.1) and (6.3) and the proof of optimality of
the constant Dy, ~, p,s(it follows from the optimality of 01+,S7p) can be obtained
by the same techniques used in the proof of [3, Theorem 1.1, Theorem 1.2].
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Remark 6.1: Since we could not calculate the integral fSl—l ‘i_T;‘HpS do(y) ex-
L+

plicitly, the expression of the constant Dy, ~, p,s in Theorem 6.1 is not explicit
compared to the constants given in Theorem 4.1 and Theorem 5.1 .
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