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ABSTRACT

We prove that the Bochi-Mané theorem is false, in general, for linear
cocycles over non-invertible maps: there are C%-open subsets of linear co-
cycles that are not uniformly hyperbolic and yet have Lyapunov exponents

bounded from zero.

1. Introduction

Bochi [4, 5] proved that every continuous SL(2)-cocycle over an aperiodic in-
vertible system can be approximated in the C° topology by cocycles whose
Lyapunov exponents vanish, unless it is uniformly hyperbolic. The (harder)
version of the statement for derivative cocycles of area-preserving diffeomor-
phisms on surfaces had been claimed by Mané [23] almost two decades before.
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Bochi [4, 5] also completed the proof of this harder claim, based on an outline
by Mané. These results were then extended to arbitrary dimension by Bochi
and Viana [7] and Bochi [6].

In this paper, we prove that the Bochi-Mané theorem does not hold, in gen-
eral, for cocycles over non-invertible systems: surprisingly, in the non-invertible
setting there exist C°-open sets of SL(2)-cocycles which are not uniformly hy-
perbolic and whose exponents are bounded away from zero. Indeed, we provide
two different constructions of such open sets.

The first one (Theorem A) applies to Holder continuous cocycles satisfying a
bunching condition. The second one (Theorem B) has no bunching hypothesis
but requires the cocycle to be C1*¢ and to be hyperbolic at some periodic point.
In either case, we assume some form of irreducibility. A suitable extension
of the Invariance Principle (Bonatti, Gémez-Mont and Viana [9], Avila and
Viana [2]) that we prove here gives that these cocycles have non-zero Lyapunov
exponents. We also prove that they are continuity points for the Lyapunov
exponents, relative to the C° topology, and thus the claim follows.

The problem of continuity of Lyapunov exponents of linear cocycles was raised
explicitly by Knill [19], and has been the object of considerable recent inter-
est, especially with respective to finer topologies. See Viana [28, Chapter 10],
Duarte and Klein [13] and references therein. It was conjectured by Viana [28]
that Lyapunov exponents are always continuous among Holder continuous fiber-
bunched SL(2)-cocycles, and this has just been proved by Backes, Brown and
Butler [3]. In fact, they prove a stronger conjecture also from Viana [28]: Lya-
punov exponents vary continuously on any family of SL(2)-cocycles with con-
tinuous invariant holonomies. Improving on a construction of Bocker and Viana
in [28, Chapter 9], Butler [12] also shows that the fiber-bunching condition is
sharp for continuity in some cases.

These and many other related results require the cocycles to have some fair
amount of regularity, starting from Holder continuity. In view also of the Bochi—
Maié theorem, continuity in the C° topology (outside the uniformly hyperbolic
realm) as we exhibit here comes as a bit of a surprise. It seems that the ex-
planation should lie in the fact that existence of an invariant stable holonomy
comes for free in the non-invertible case, but this requires further investigation.

ACKNOWLEDGEMENT. The authors are grateful to the anonymous referee for a
careful reading of the manuscript and several useful suggestions.
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2. Statement of results

Let f : M — M be a continuous uniformly expanding map on a compact
metric space. By this we mean that there are p > 0 and o > 1 such that, for
any z € M,

(i) d(f(x), f(y)) = od(x,y) for every y € B(z, p), and
(ii) f(B(z,p)) contains the closure of B(f(x), p).

Take f to be topologically mixing and let pu be the equilibrium state of some
Holder continuous potential (see [29, Chapter 11]). Then pu is f-invariant and
ergodic, and the support is the whole of M.

Let M be the space of sequences 3 = (_pn)n such that f(z_,) = x_p4q for
every n > 1, and let 7 : M — M denote the canonical map (i) = 2. Consider
the distance d defined on M by

d(i'a ?j) = Z Tnd(x—m y—n)a
n=0

where 7 > 0 is a small constant. The natural extension of f is the map
f: M — M defined by

flozon, o, z_1,m0) = (s Top, .., X1, %0, f(Z0));

f is a hyperbolic homeomorphism ([27, Definition 1.3]) and satisfies nof = form.
For any & = (z_,), in M, define the local stable set and local unstable set by

W (&) = {§ e M :d(f™(&), f"(9)) < p for every n > 0},
Wt (2) = {g € M :d(f~™(z), f"(§)) < p for every n > 0}.

Assuming 7 is small enough, Wy (%) coincides with the fiber 7~!(x¢) and =
maps W% (&) homeomorphically to

Uz = m(Wige(2)),
with
B(z0,9p/10) C Uz C B(zo, p)-
Moreover, each V; = = 1(U;) may be identified to the product
(1) Us x 7~ (wo) = Wige(&) x Wi (%)

through a homeomorphism, so that m becomes the projection to the first coor-
dinate.
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Let 4 be the lift of u to M , that is, the unique f—invariant measure that
projects down to g under w. Then [ is ergodic and supported on the whole
of M. Moreover, it has local product structure (see [10, Section 2.1])): the
restriction of i to each Vi may be written as

(2) | Vi = (i x i),

where ¢ : V3 — (0,00) is a continuous function, g% = u | Uz and f° is a
probability measure on W;_(#). This means that ji | V; is equivalent to a
product i* x i, with ¢ as the Radon—Nikodym density.

The projective cocycle defined by a continuous map A : M — SL(2) over
the transformation f is the map Fu : M x PR? — M x PR2,

FA(,T,U) = (f(l‘)714(.7;‘)’l})

Denote A™(z) = A(f""1(x))--- A(z) for every n > 1. By [15, 18], there exists
A(A) > 0, called the Lyapunov exponent, such that

1 1
(3) lim ~ log ||A™(z)||=lim ~log ||A™(z)"*||=A(A) for y-almost every z€M.
n n n -n

We say that A is u-bunched if there exists 8 > 0 such that A is 6-Holder

continuous and
(4) |A@)|[|A(z) " |o=% <1 for every x € M.

See [9, Definitions 1.11 and 2.2] and [1, Definition 2.2 and Remark 2.3].

Let A : M — SL(2) be defined by A = Ao It is clear that A is 6-
Holder continuous with respect to d if A is 6-Holder continuous with respect
to d, because d(&,9) > d(zo,yo) for any &,§ € M. Assuming that A is u-
bunched, the cocycle F4 defined by A over f admits invariant u-holonomies
(see [9, Section 1.4] and [1, Section 3]), namely,

hg g =lim A (f7"(§))A"(f"(2))" for any § € Wi ().
’ n
As A is constant on local stable sets, F also admits trivial invariant s-holo-
nomies:
hi 4 =id for any g € Wi (2).
A probability measure m on M x PR? is said to be u-invariant if it admits a

disintegration {rh; : & € M} along the fibers {2} x PR? such that

() (hig)s1ie =1y for any § € Wige(2).
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Similarly, we say that /i is s-invariant if it admits a disintegration {r; : € M}
along the fibers {2} x PR? such that

(6) Mg = T?Lg for any Zj € V‘/lf‘)(: (‘%)7

up to identifying {#} x PR? with {§} x PR? in the natural way. A u-invariant
(respectively s-invariant) probability measure m is called a u-state (respec-
tively, an s-state) if it is also invariant under Fx. We call /i an su-state (see
[2, Section 4]) if it is both a u-state and an s-state.

THEOREM A: If A is u-bunched and has no su-states, then A\(A) > 0 and A is
a continuity point for the function B — A(B) in the space of continuous maps
B : M — SL(2) equipped with the C° topology. In particular, the Lyapunov
exponent \(-) is bounded away from zero in a C°-neighborhood of A.

Example 2.1: Let M = R/Z and f : M — M, f(x) = kx mod Z, for some
integer k > 2. Note that the natural extension f : M — M is the usual (k-fold)
solenoid. Let p be the Lebesgue measure on M. Let A : M — SL(2) be given by
A(x) = AgR,, where Ay € SL(2) is a hyperbolic matrix and R, is the rotation
by angle 27z; A is 1-Holder continuous and, in view of the definition (4), it is
u-bunched provided k > || Aol||| A5 |-

We claim that A has no su-states if k is large enough. Indeed, suppose
that F4 has some su-state . Then, by [2, Proposition 4.8], m admits a
continuous disintegration {m; : & € M } which is simultaneously s-invariant,
u-invariant and F4-invariant. By s-invariance, we may write the disintegration
as {ry : x € M} instead. Continuity and invariance under the dynamics im-
ply that (Ag)«mo = mg. Since Ay is hyperbolic, this means that my is either
a Dirac mass or a convex combination of two Dirac masses. Thus, by holo-
nomy invariance, either every m, is a Dirac mass or every m, is supported on
exactly 2 points.

In the first case, £(z) = suppm, defines a map ¢ : M — PR? which is
continuous and invariant under the cocycle:

E(f(x)) = AgR.&(x) for every z € M.

It follows that the degree deg¢ satisfies k degé = deg& + 2 (the term 2 comes
from the fact that M — PR?, 2 — R,v has degree 2 for any v). This is impos-
sible when k > 4, and so this first case can be disposed of. This argument goes
back to Herman [16]. In the second case, {(x) = supp i, defines a continuous
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invariant section with values in the space PR??2 of pairs of distinct points in
PR2. This can be reduced to the previous case by considering the 2-to-1 cov-
ering map M — M, z — 2z mod Z (notice that f is its own lift under this
covering map). Thus, this second case can also be disposed of. This proves our
claim that A has no su-states.

By Theorem A, it follows that A(B) > 0 for every continuous B : M — SL(2)
in a C%mneighborhood of A. Incidentally, this shows that [8, Corollary 12.34]
is not correct: indeed, the “proof” assumes the Bochi-Mané theorem in the

non-invertible case.

Now let f : M — M be a C1*¢ (that is, C! with Hélder continuous derivative)
expanding map on a compact manifold M and A : M — SL(2) be a C'*¢
function. All the other objects, u, Fa, 7, M, f, L, m, A and F4 are as before.
An invariant section is a continuous map &: M —PR2 or &: M — PR22 such
that

A(2)E(z) = £(f(&)) for every & € M.

THEOREM B: If A admits no invariant section in PR? or PR?2, then it is a
continuity point for the function B — A\(B) in the space of continuous maps
B : M — SL(2) equipped with the C° topology. Moreover, A\(A) > 0 if and only
if there exists some periodic point p € M such that AP®*(®)(p) is a hyperbolic
matrix. In that case, \(-) is bounded from zero for all continuous cocycles in a
C°-neighborhood of A.

This applies, in particular, in the setting of Young [31] and thus Theorem B
contains a much stronger version of a main result in there: the Lyapunov ex-
ponent is C°-continuous at every C? cocycle in the isotopy class; moreover, it
is non-zero if and only if the cocycle is hyperbolic on some periodic orbit. It
is clear that the latter condition is open, and the arguments in [10, Section 9]
show that it is also dense.

All the cocycles we consider are of the form

Fp(#,v) = (f(&), Bom(#)v)

for some continuous B : M — SL(2) and so they all have (trivial) s-holonomy.
Thus the notion of s-invariant measure, as defined in (6), makes sense for such
cocycles. In Section 3 we study certain properties of such measures. We do
not assume the cocycle to be u-bunched, and so the conclusions apply for both
theorems. In Section 4 we deduce Theorem A.



Vol. 229, 2019 CONTINUITY OF LYAPUNOV EXPONENTS 467

The key point to keep in mind is that, even though A is taken to be u-
bunched—and so exhibits unstable holonomies—that need not be the case for
C%-nearby cocycles. Instead, we argue with s-states, taking advantage of the
fact that (trivial) stable holonomies are always defined. The assumption that A
has no su-states—which makes sense because A itself has unstable holonomies—
implies that its s-state is unique, and thus continuity follows.

The proof of Theorem B is similar but necessarily more delicate: since we
do not assume u-bunching at all, unstable holonomies may not exist for A, and
thus the notion of su-state may not make sense. Indeed, most of the proof
consists in bypassing this difficulty.

The first step is to explain what we mean by a wu-invariant measure and a
u-state. See Section 5. Next, we introduce a suitable version of the Invariance
Principle of [2, 9, 21], where a Pesin unstable lamination is used to define an
unstable holonomy on some full-measure subset. This is done in Section 6 and
uses ideas of Tahzibi and Yang [26]. In Section 7, we check that the assumptions
ensure that there are no su-states for A. This is rather subtle, since the Pesin
lamination is only measurable. In Section 8 we wrap up the proof.

3. s-invariant measures

As before, let f: M — M be a topologically mixing uniformly expanding map
on a compact metric space, and p be the equilibrium state of some Holder
continuous potential. Let f : M — M be the natural extension of f and i be
the lift of u to M. Let Fa : M x PR?2 — M x PR? be the projective cocycle
defined by a continuous map A : M — SL(2). Moreover, let A : M — SL(2) and
Ey - M xPR? — M x PR? be given by A = Aow and F4(#,v) = (f(&), A()v))
respectively. Here we do not assume A to be u-bunched.

Let M? be the space of probability measures on M xPR? that project down to
fv and are s-invariant. Let M be the space of probability measures on M x PR?
that project down to u. Both spaces are equipped with the weak® topology.
Consider the map ¥ : M — M? defined as follows: given any m € M and
a disintegration {m, : © € M} along the fibers {z} x PR?, let = ¥(m)
be the measure on M x PR? that projects down to i and whose conditional
probabilities m; along the fibers {2} x PR? are given by (up to the canonical
identification of the fibers)
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It is clear from the definition that mm € M?*. Moreover, if {m! : z € M} is
another disintegration of m then, by essential uniqueness of the disintegration,
m, = ml, for p-almost every x. Recalling that [ is the lift of u, this implies that
Mr(z) = m;(i) for fi-almost every z. Thus m does not depend on the choice of
the disintegration. This shows that ¥ is well-defined. We are going to prove:

PRrROPOSITION 3.1: ¥ : M — M? is an affine homeomorphism.

Proof. Tt is clear from (7) that U is affine. To prove that it is a homeomorphism,
we use the fact that £ has local product structure, as follows.

For each p € M, let p = 7(p) and consider the neighborhoods Uy = (W (p))
of pin M and V = 7= (Up) of p in M. Recall (1)-(2). By local product
structure,

| Vs = o(i" x i°),

where ¢ : V}g — (0,00) is a continuous function, 4% = p | Uy and i° is a
probability measure on Wi _(p) = 7~ 1(p).

LEMMA 3.2: For any m € M, the measure m = ¥(m) satisfies
m | Vs x PR? = ¢(m | Uy x PR?) x i* for any p € M,

where ¢ : Vﬁ — R is defined by ¢(z,&,v) = ¢(x,£).

Proof. Given any bounded measurable function g : f/ﬁ x PR? = R,

»/‘713 xPR2 gedm = /\7,; /IP]R2 9(&, v) dinz (v) dfu(%)
:/ . (A)/ . (p) /IP’]R2 g(z,&v) dm(myg)(v) oz, €) dp* (x) dp® (€).
loc \P loc (P

Since 1y (,,¢) = my for every x € M, by definition, it follows that

/V,axpmgdm :/ o (5 /W” ® /PRZQ(UC,&UW(I,E) dmy (v) di®(x) di® (€)
/s /Wu (x,&,v)¢(x, &) dm(z,v) dji* (€).
(p)le’lR?

lou

This proves the claim.
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Let us prove that ¥ is continuous, that is, that given any sequence (m, )y
converging to some m in M, we have

(8) / gd¥(ma) = [ gd¥(m)
M xPR2 M xPR2

for every continuous function g : M x PR? — R. It is no restriction to suppose
that the support of g is contained in Vﬁ for some p € M , for every continuous
function is a finite sum of such functions. Then, by Lemma 3.2,

/Mxmz gdb(mn) = /Wu /WS 9(z, &, v)¢(x,§) dii* (§) dmp (z,v).

Toc (P) X PR? 1oc (P)

Our hypotheses ensure that

Glaw) = [ gl 0)o(w.€)di*(©)

1oc (D)
defines a continuous function. Hence, the assumption that (m,) — m implies
that

/Mxngdq](mn) :/ G(x,v) dmy(z,v)

W () xPR2

— G(z,v)dm(x,v) = / gd¥(m),
W (p) xPR2 M xPR?

as claimed. Since M is compact, we are left to proving that ¥ is a bijection.
Surjectivity is clear: given m € M?, take m to be the probability measure on

M x PR? that projects down to  and whose conditional probabilities along the

vertical fibers {z} x PR? are given by m, = 1 for any & € 7~ (x). This is well

defined, by (6), and it is clear from the definition that ¥(m) = . Injectivity

is a consequence of Lemma 3.2. Indeed, if ¥(m,) = ¥(mz) then

/ / o(x,€) di* (€) dima (1, v) = / / o(x,€) dji* (€) dma(, v)
XxV Wl‘z)c(;ﬁ) XxV Wlsoc(ﬁ)

for any p € M and any X x V C Uy x PR2. This implies that

Hmy | Us = Hmy | Us, where H(x) :/ o(x, &) di® (€).
Wlsoc(ﬁ)

Noting that H is positive, it follows that the restrictions of m; and msy to Uj
coincide, for every p € M. Thus my = mo.

COROLLARY 3.3: M?* is non-empty, convex and compact. Moreover, it contains

some s-state.
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Proof. The first part follows directly from Proposition 3.1, since M is non-
empty, convex and compact.

If 7i projects down to fi, then so does (F;l)*m, because Fgl is given by
ffl in the first coordinate, and ffl preserves fi. It is also clear that if m is
s-invariant, then so is F;;m: its conditional measures are given by

1 s Aran—1,5 A\ =14
(FA,*m)fc = A(2), U A(m(2)) Mz)
and, keeping in mind that (f(2)) = f(x(2)), the assumption ensures that
the right hand side depends only on m(&). This proves that M? is invariant
under Fgl.

Now let Mg be an arbitrary element of M?. By invariance and compactness,
the sequence n~! Z?;Ol F;J*ﬁlo has some accumulation point in M?*. It is
straightforward to see that every accumulation point is Fs4-invariant and, thus,
an s-state.

Let (By,)n be a sequence of maps converging uniformly to some B in the space
of continuous maps M — SL(2), and (7). be a sequence of probability mea-
sures on M converging in the weak™ topology to some probability measure m.

COROLLARY 3.4: Ifm, is an s-state of By, for every n, then m is an s-state of B.

Proof. Tt follows from Corollary 3.3 that 7 € M*. It is clear that m is Fp-
invariant, because m, is F B, -invariant for every n and E B, converges uniformly
to FB-

4. Proof of Theorem A

If A(A) = 0 then, by the Invariance Principle ([2, Theorem D], [9, Théoréme 1]),
every F4-invariant probability measure m that projects down to i is an su-state.
Thus, the hypothesis that A has no su-states implies that A(A4) > 0.

We are left to proving that A is a continuity point for the Lyapunov expo-
nent. Define (here v denotes both a direction and any non-zero vector in that
direction)

. B3
¢5: M xPR? 5 R, ¢5(2,0) = log I ”(x')””.
v
The next statement stems from a classical observation of Furstenberg [14]; see,
for instance, [28, Section 6.1].
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PROPOSITION 4.1: Every continuous B : M — SL(2) admits some s-state mp

such that
“\(B) = / o5 din.
M xPR?
Proof. First, suppose that A(B) = 0. For every (,v) € M x PR and n > 1,

1™ (@)

o] € [~ log || B"(2) ||, log | B™(&)]]]

n—1
> ép(Fh(#,v)) = log
§=0
We also have that, for f-almost every & € M,
. 1 PN (A . 1 A a\—1
lim n log || B"(£)]| = lim " log || B"™(2)™"|| = M(B).

Thus, for any Fg-invariant measure 1 that projects down to f,
n—1

1 .
li Fi(&,0)) =0 for m-almost & v).
I}lnnj;oﬁbB( 5(2,0)) or m-almost every (&, v)

By the ergodic theorem, this implies that

/A dpdin=0=\B).
M xPR2

By Corollary 3.3, we may choose m to be an s-state, in which case it satisfies
the conclusion of the lemma.

Now suppose that A(B) > 0. By the theorem of Oseledets [24], there exists
an Fp-invariant splitting R? = E¥ ¢ E% defined at ji-almost every point # and
such that

1 .
lim = log||B"(2)v| =A(B) for non-zero v € Ef and
n—+oo n
) n
nll}I:Itloo " log || B"(&)v]| = — A(B) for non-zero v € E3.

Let m be the probability measure on M x PR? that projects down to i and
whose conditional probabilities along the fibers {#} x PR? are given by the
Dirac masses at EZ. Then m is an s-state: it is clear that it is F 'p-invariant;
to check that it is s-invariant, just note that the subspace EZ depends only on
the forward iterates, and so it is constant on each 7—!(z). Moreover, by the



472 M. VIANA AND J. YANG Isr. J. Math.

ergodic theorem and (9),

n—1

1
/ dpdin = lim Z¢BOFJ din
M xPR2

MxPR2 " ”J 0

= [ e s e
PR? " ” [[o]l ‘

= / —A\(B)du(z) = —=X(B).
N
This completes the proof.
LEMMA 4.2: If A has no su-states, then it has exactly one s-state.

Proof. Existence is contained in Proposition 4.1. To prove uniqueness, we argue
as follows. Let m be any s-state. As observed before, the hypothesis implies
that A(A) > 0. Let R> = E¥ @ ES be the Oseledets invariant splitting, defined
at fi-almost every point . Let m" and m?® be the probability measures on
M x PR? that project down to ji and whose conditional probabilities along the
fibers {2} x PR? are the Dirac masses at E¥ and E3, respectively. Then 7"
is a u-state, m° is an s-state and every Fs-invariant probability measure is a
convex combination of ™ and m® (compare [2, Lemma 6.1]). Then, keeping in
mind that fi is ergodic, there is a € [0, 1] such that m = am® + (1 — a)m®. If
a > 0, we may write

1 1
= i (1= e
@ @
and, as m and m° are s-states, it follows that m* is an s-state. Since m" is also

a u-state, this contradicts the hypothesis. Thus o = 0, that is, m = m?®.

Theorem A is an easy consequence. Indeed, we already know that A(A4) > 0.
Consider any sequence Ay : M — SL(2), k € N converging to A in the C°
topology. By Proposition 4.1, for each k one can find some s-state my for Ay

such that
—A(4g) = / oA, diy.
M xPR2

Up to restricting to a subsequence, we may suppose that (7hy)r converges to
some probability measure m in the weak™ topology. By Corollary 3.4, m is an
s-state for A. Moreover, since ¢4, converges uniformly to ¢4,

(10) lim —A(Ag) = / @4 drin.
k N xPR2
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By Proposition 4.1 and Lemma 4.2, the right-hand side is equal to A(A4). This
proves continuity of the Lyapunov exponent in the C° topology.

Remark 4.3: The converse to Lemma 4.2 is true when A(A) > 0.

5. u-states without u-bunching

Next we prove Theorem B. Initially, suppose that 0 < A(A) < logo. Then the
cocycle is “nonuniformly u-bunched,” in a sense that was exploited before, in
[27, Sections 2.1 and 2.2]. Using those methods, one gets that (compare [27,
Proposition 2.5]) unstable holonomy maps
u . (A 2 ~ 2 w1 AN/ F—n(\\ AN/ f—n /s \\—1
Wy s (i} x PR? = {3} x PR, K, = lim A"(f~(3) A" (" (@)

exist for fi-almost every & and any § € W (). Then we define a probabil-
ity measure m on M x PR? to be u-invariant if it admits a disintegration
{1z : & € M} along the fibers {#} x PR? such that

(11) (h% 5)«z =my for fi-almost every & and any § € Wyo.(%).

As before, a u-state is an F4-invariant probability measure which is u-invariant.

When A(A) > logo we have to restrict ourselves to the subclass of Fi-
invariant probability measures whose center Lyapunov exponent is strictly less
than 0. More precisely, we consider only F4-invariant probability measures m
such that

1 . N
(12) lim log|DA™(2)v| < c <logo for m-almost every (#,v)€ M x PR?,
non

where DA(Z)v denotes the derivative of the projective map A(z) : PR? — PR2.

Remark 5.1: The following elementary bound will be useful:

IDA()w]|

[[]

IA@) | A@) 7 < < [JA@|IIA@)7" for every 2.

In the next result we use the fact that the natural extension of f admits a
C'*€ realization: there exist a C1*¢ embedding g : U — U defined on some open
subset U of an Euclidean space, and a topological embedding ¢ : M — U with
g(u(M)) = (M) and gor =10 f. A proof is given in Appendix A. Identifying
M with L(M ) we may view f as a restriction of g, and so we may apply Pesin
theory to it.
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PROPOSITION 5.2: If 1 satisfies (12), then for (%, v) in a full /n-measure subset
A of M x PR? there exists a C' function 1, : Wi (&) — PR? depending
measurably on (&,v) such that 1z, (%) = v and the graphs

Wige(&50) = {(9: ¥2,0(9)) : § € Wi (2)}
satisfy
(a) F7YOWE(2,v)) C W (F~1(&,v)) for every (,v) € A;

(b) d(F~"(&v), F~"(§,w)) =0 exponentially fast for any (§j,w) € W (3, v).
Proof. The assumption ensures that there exists m-almost everywhere an Os-
eledets strong-unstable subspace E_f;v C T;U x R? that is a graph over the un-
stable direction Fz C T;U of g. Then, by Pesin theory, there exists m-almost
everywhere a C' embedded disk W (&, v) tangent to E;‘ and such that

E7N (g, w) € Wi (F7"(2,v)) and d(F"(2,0), F7"(§,w)) < 07"
for every n > 0 and (g,w) € /szc(i:, v). This also implies that ﬁ//lzc(i:,v) isa
C! graph over a neighborhood of # inside W*(%). While the radius r(Z) of this
neighborhood need not be bounded from zero, in principle, Pesin theory also
gives that it decreases sub-exponentially along orbits:

liTIln 711 logr(f~"(2)) = 0.

On the other hand, the size of f~" (W} (%)) decreases exponentially fast (faster
than ¢~™). Thus, the projection of ngc(ﬁ_"(i,v)) contains f~" (W (&) for
any large n. Then F"(/Wzgc(ﬁ'_" (#,v))) is a C'! graph whose projection contains
W (&). Take W (&,v) to be the part of that graph that lies over W (Z). It
is clear from the construction that conditions (a) and (b) in the statement are
satisfied.

This means that unstable holonomy maps are still defined on suitable full
measure subsets of the fibers, namely h% ; : Az — {g} x PR* where

As = An ({2} x PR?).

Note that mz(Az) = 1 for ji-almost every &, because m(A) = 1. Then we
can extend the definition of w-invariance to this setting: we say that m is u-
invariant if it admits a disintegration {r; : & € M} along the fibers {#} x PR2
satisfying (11). We can also extend the notion of u-state: in the present setting
it means that m is F4-invariant, satisfies (12) and is u-invariant.
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6. A new u-invariance principle

Here we prove the following form of the Invariance Principle (Ledrappier [21],
Bonatti, Gémez-Mont and Viana [9], Avila and Viana [2]) where the main
novelty is that no u-bunching is assumed:

THEOREM 6.1: Every Fy-invariant probability measure m satistfying
1 A .
(13) lim ~ log ||[DA™(#)v|| <0 for m-almost every (&,v) € M x PR?,
non
is a u-state.

We are going to extend to our setting an approach introduced by Tahzibi and
Yang [26] for bunched cocycles. This is based on the notion of partial entropy,
which may be defined as follows (see [20, 30] for more information).

Let R be a Markov partition of f, in the sense of Bowen [11, Section 3.C],
with diameter small enough that the element R(Z) that contains & is a subset of
V; for every T € M. (Actually, elements of R may intersect along their bound-
aries but, since the boundaries are nowhere dense and have zero ji-measure, we
may ignore the trajectories through them.) Let £“(&) C M be the connected
component of R(z) N Wi (&) that contains Z. Take A as in Proposition 5.2.
For v € PR? such that (,v) € A, let Z¥(#,v) be the connected component of
(R(x) x PR*) N W (&,v) that contains (&, v).

It follows directly from the Markov property of R that the family £ is an
adapted partition for ( f, fi): its elements are pairwise disjoint and, for fi-
almost every z,

o fHE @) c€(f(@)) (thus € < f1¢"), and

e £¥(&) contains a neighborhood of & inside W*(&).
Analogously, =" is an adapted partition for (F ,m). The corresponding partial
entropies are defined by

(14) ha(f,W") = Hu(f 716" | €*) and  hy(Fa,W") = Hy (B 2" | ).

Recall (from Rokhlin [25]) that if £ and n are measurable partitions of a Lebesgue
space (Z, () satisfying £ < ), then

He(n) = / “log((n(x))d(x) and He(y|€) = / H, () dC(2)

where {(, : z € Z} is a disintegration of ¢ with respect to &.
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6.1. c-INVARIANT MEASURES. Let {/i¥ : & € M} and {r¥ , : (#,v) € M x PR?}
be disintegrations of, respectively, ji relative to &% and m relative to =*. Let
p: M x PR2 — M be the canonical projection. We call m c-invariant if

(15) (hGpa0)xMG , = MG, for m-almost every (#,v) and (%, w),
where hg , , : E*(2,v) = E%(&,w) is the bijection defined by

POhGyw =D
Equivalently, the measure m is c-invariant if
(16) p«(1f ) = fiy for m-almost every (Z,v).
PROPOSITION 6.2: The measure m is u-invariant if and only if it is c-invariant.

Proof. Let us start with a model: let v be a probability measure on a product
X x Y of two separable metric spaces, and let {V; cy€Y}and {v2:x€ X}
be disintegrations of v relative to the partition into horizontals X x {y} and
the partition into verticals {z} x Y, respectively. We call v v-invariant (re-
spectively, h-invariant) if the disintegrations may be chosen such that 1/; is
independent of y (respectively, v2 is independent of z).

LEMMA 6.3: v is v-invariant if and only if it is h-invariant.

Proof. Suppose that v is v-invariant and let ! be such that V; = v! for every y.
Let v2 be the quotient of v relative to the horizontal partition or, equivalently,
the projection of v to the second coordinate. Then, by the definition of disin-
tegration,

I/:l/1>(1/2.

This implies that v! is the projection of v to the first coordinate and 12 = vy
defines a disintegration of v relative to the vertical partition. In particular, v is
h-invariant. The proof that h-invariance implies v-invariance is identical.

To deduce the proposition we only have to reduce its setting to that of
Lemma 6.3. Consider the partitions Z¢ and 2 of M x PR? defined by

E°(&,v) =p (&) and E(3,0) =p T (§"(2)).

s L (A y 2 seu L (4 y 2 - :
Let {mg , : (#,v) € M xPR?} and {mg", : (Z,v) € M x PR?} be disintegrations
of m relative to Z¢ and =, respectively. Both =¢ and =% refine Z¢“. So, by
essential uniqueness of the disintegration,
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(i) {mg ., : (J,w) € E(&,v)} is a disintegration of Mmg"

", with respect to

the partition Z% | 2%(Z, v), and
(i) {mg.,, : (9,w) € E(&,v)} is a disintegration of Mmg", with respect to
the partition Z€¢ | Z%(%, v),
for rm-almost every (&, v). This will be used a few times in the following,.
Now consider the map

\Ili,U : _‘cu(x U) — é_u( ) X ]P)R2 (I)i(gaw) = (?ng)

where z is such that (&,z) is the point where Z%(j,w) intersects Z¢(&,v).
Since A has full /-measure, ¥, is defined m$"* -almost everywhere for -
almost every (&,v). Clearly, it is an invertible measurable map sending atoms
of Z% | Z¢(&,v) to horizontals £*(Z) x {z} and atoms of Z¢ | Z(&,v) to
verticals {} x PR2.

Identifying Z%(#,v) to £“(#) x PR? through ¥;,, (i) and (ii) above cor-
respond to disintegrations of m; , relative to the horizontal partition and the
vertical partition, respectively. Moreover, s-invariance and u-invariance trans-
late to v-invariance and h-invariance, respectively. Thus the claim follows from
Lemma 6.3.

6.2. A CRITERION FOR C-INVARIANCE. Note that h(f) < h(Fa), because
( 1, i) is a factor of (FA, m). For the partial entropies the inequality goes in the
opposite direction:

PROPOSITION 6.4: hyy, (Fa, W") < hu(f, W*) and the equality holds if and only
if m is c-invariant.
Proof. Keep in mind that &* < f_lfu and 2% < 13‘;15“. By definition,
ol £ W) = Ha(F € 1€ = [ Hp(F16") dils)  where
(17)
Hy(F16%) = [ = logat (7€) di (),
and similarly for A, (EF4, W*) and Z*.
LEMMA 6.5: For r-almost every (i,v) € M x PR2,

(2) Hpen (Fi'E" | E%) < Hyu(f71€"), and

(b) the equality holds if and only jfmg’v((ﬁ'glE“)(ﬁ, w)) = ﬂ;((f’lfu)(ﬁ))
for mg" -almost every (§,w) € E°(,v).
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Proof. Since Z¢(&,v) = p~1(£%(2)), (F;lEC“)(:%,U) = p 1 ((ftev)(#)) and
il = p.m, essential uniqueness of disintegrations gives that g% = p*(m;uv) for
m-almost every (&, v). Thus

Hy(f167) = / log AE((F €M) (@) di (5)
- / —log M, ((F ) (, w)) ding (7, w) = Hyen (F31Z°%)

A A . . Pr—1m— — S -
for 7h-almost every (&, v). Moreover, using the relation F'y "2 VE" = F, "B,

Hyper (Fy'E™) > Hypen (F3 12 | EY) = Hppen (F3 B | EY).

cu cu
z,v T,v

This proves claim (a). Moreover, the equality holds if and only if the partitions

FglEC“ and =% are independent relative to m$",, that is,

i (5 27, w) = e (B 'E°) (§,w)) - for mg,-almost every (§, w).

T
By the previous observations, this is equivalent to
g, (F3 ' E") (G, w) = a5 ((F71€)(9))  for g, -almost every (g, w),
as claimed in (b).

Similarly to (17), we have Hyen (F 2" [ E)=[ Hpe  (F3'E") ding", (9, w).
So, integrating the inequality in part (a) of the lemma,

Hp(FytE" E“):/Hm;m(ﬁ‘glE“) dm(@,v):/ﬂmcuv(ﬁglau =) din(E, v)

< / Hoe (716" dir(@) = Ha (7€ | €).

This proves the inequality stated in Proposition 6.4. Moreover, the equality
holds if and only if ﬁzg’v((ﬁglE“)(i, v)) = A%((f~1€%)(2)) for r-almost every
(Z,v). In other words, the equality holds if and only if p«my ,, = fiz restricted
to the o-algebra generated by }3‘;15“.

Replacing Ey by any iterate 13'2, and noting that

B (F5 W) = nhys (Fa, W) and ha(f™, W¥) = nha(f, W),

we get that the equality holds if and only if p.mmf , = if restricted to the o-
algebra generated by FX”E“. Since (J,, F;"E“ generates the Borel g-algebra of
every =Z%(&,v), this is the same as saying that PG, = fig for m-almost every
(Z,v), that is, that /1 is c-invariant.



Vol. 229, 2019 CONTINUITY OF LYAPUNOV EXPONENTS 479

6.3. PROOF OF THEOREM 6.1. The hypothesis (13) ensures that the Lyapunov
exponents of 7 along the center fibers {#} x PR? are non-positive. Then

B (Fa) = hogy (Fa, W)

(see [22, Corollary 5.3]). Similarly, s (f) = ha(f, W™). Since hyg(Fa) > ha(f),
because (f, /i) is a factor of (F4,10), it follows that

In view of Proposition 6.4, this implies that
h(Ba, W*) = hp(f, W),

Then, by Propositions 6.2 and 6.4, the measure m is u-invariant, as claimed.

7. Invariant sections and su-states

We say that an F4-invariant probability measure m is an su-state if it is both
an s-state and a u-state. Here we prove:

THEOREM 7.1: Assume that A admits no invariant section in PR? or PR?:2,
and there exists some periodic point p of f such that AP**(P)(p) is hyperbolic.
Then A has no su-states.

Assume, by contradiction, that F4 does admit some su-state 1. Suppose
for a while that 7 admits a continuous disintegration {r; : & € M } along the
vertical fibers {#} x PR2. The fact that 7 is Fs-invariant means that

A(#)uihg = 1005 )

for m-almost every . Then, by continuity, this must hold for every .

Let p be the fixed point of f in 7~ (p) and k = per(p) be its period. Then
A" (p) = A®(p) is hyperbolic. The fact that A®(p).1hs = 10, implies that 77
is a convex combination of not more than two Dirac masses. Then, by su-
invariance, the same is true about 7 for every &. Thus £(#) = supp M defines
an invariant section for F' 'a, which is in contradiction with the hypotheses.

In general, disintegrations are only measurable. In what follows we explain
how to bypass that and turn the previous outline into an actual proof of Theo-
rem 7.1.
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7.1. DIRAC DISINTEGRATIONS. By the definition of su-state, there are disinte-
grations {7} : & € M} and {f2 : & € M} of 7 and there exists a full ji-measure
subset U of the neighborhood Vj & Wit (p) x W.(p) such that

(i) (h%;)wmng =y for every &, 7 € Up with § € Wi (2) (u-invariance of
mh);

(ii) ﬁzi m? for every §, 2 € Uy with 2 € Wi _(9) (s-invariance of m?);

(iii) 7} = m2 for every & € Uy (essential uniqueness of disintegrations).

Also, we may choose U so that 7} (Az) =1 (recall that Az = AN ({2} x PR?))
for every & € Us.

Since the Pesin unstable manifolds W*"(Z, u) vary measurably with the point,
we may find compact sets Ay C Ay C --- C A such that m(A;) — 1 and
W"(%,u) varies continuously on every A;. We may choose these compact sets
in such a way that FA(AJ-) C Ajyq1 for every 7 > 1. Up to reducing U; if
necessary, m'(A; ;) — 1 for every & € Uj.

Fix any & € Uy such that 4%(£%(2) \ Up) = 0. Then define 7; = 7} and

(a) 1y = (h ;)«1ns for every g € £*(2);
(b) 1z = my for every 2 € W _(9) N V with g € £%(2).

By (i)~(iii), we have that 7i; = 7 = 3 for every § € £"(&)NUp and 1z = 3

for every 2 € Wi (9) NV, with § € £%(& ) NU;. By the choice of & and the fact
that [ has local product structure, the latter corresponds to a full ji-measure

2

subset of points Z € Vﬁ. In particular, {rh; : & € VL} is a disintegration of m
on 1.

Let us collect some immediate consequences of the definition of the mea-
sures 1. For #,9,2 as in (a)-(b) above, denote h3", = hZ . o hf, with
hé s {4} x PR* — {Z} x PR? given by the identity. For j > 1, denote

a;j = mi(Aja);
keep in mind that o; — 1.

LEMMA 7.2: For each j > 1,
(a) Aj:= h5'.(Aj,z) is compact and varies continuously with 2 € Vp in the
Hausdorff topology;
b) the measure m, | A;; varies continuously with 2 € V, in the weak*
7, Y P

topology;
(c) mz(Ajz) = aj for every 2 € Vj.
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Since the matrix A* (p) is hyperbolic, its action on the projective space PR?
is a North pole-South pole map, that is, a Morse-Smale diffeomorphism with
one attractor a and one repeller . We are going to prove:

PROPOSITION 7.3: The support of iy is contained in {a,r}.
Proof. Since {rh; : 2 € f/ﬁ} is a disintegration and 1 is Fs-invariant,
(18) (F5)wing = M.z for fi-almost every 2 € VN fR (V).

The identity may not hold for £ = p, but we are going to show that 7 is at

b

least “almost F4-invariant,” in a suitable sense:

LEMMA 7.4: 1ig(F;"™(K)) > mp(K) for any compact set K C A; 5 and every
[>1andj>1.

Proof. Fix K, [l and j. For any ¢ close to p, define

— S u S
hg =1 pue (g © Mgz 0 M g

where ¢ and £ are the points where W} (&) intersects W} (p) and Wlf)c(fl"‘(tj)),
respectively. Keep in mind that the two s-holonomies are given by the iden-
tity. Also, K C A;, ensures that h; is continuous restricted to K. Define
K4 = hg(K). Then K is a compact subset of {f'(4)} x PR2 such that
i gy (Kq) = s (K).

The point ¢ may be chosen arbitrarily close to p because fi has full support.
Making ¢ — p, the point fl"”"((j) also goes to p, and then § converges to Z (which
is fixed). Thus Ky — K as § — p.

Using (18), we may choose § such that (Fi¥),img = Mgy and § is close
enough to p that f7#(q) € Vﬁ for 0 < n <. It follows that

Mg (Fx"(Kq)) = 1 pu g (Kq) = p(K).

Lemma 7.2(c) gives that 1ig(Ag ) = ay for every k > 1. Thus
(19) (g | Arg)(Fx " (Kq)) = tivg(Arg N EL ™ (Kg)) = 1 (K) + g, — 1.

By parts (a) and (b) of Lemma 7.2 the compact set Ay 4 and the measure
ms | /N\k,,j depend continuously on ¢§. We know that the same is true for the sets
F;"%(K;). Thus, making § — p in (19), we get that

(20) (g | Ap) (" (K)) > 1ip(K) + o — 1
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(use the general fact that if v; — v in the weak® topology and C; — C in the
Hausdorff topology, then v(C) > limsup, v;(C;)). Clearly, the left-hand side
of (20) is less than or equal to 1s(E; " (K)). So, making k — co we get the
claim.

We are ready to complete the proof of Proposition 7.3. Suppose that
is not supported inside {a,r}. Then, since the Ay s are a non-decreasing se-
quence whose union has full 7hs-measure, for every large & > 1 the measure
myp | Akﬁﬁ is not supported on {a,r}. Then we can find a compact set K C ]\k@
contained in a fundamental domain of A“(ﬁ) with positive mz-measure. By
Lemma 7.4, it follows that 7,3(Fy " (K)) > 1ms(K) > 0 for every I > 0. Since
these sets are pairwise disjoint, it follows that 7 is an infinite measure, which

is a contradiction.

7.2. PROOF OoF THEOREM 7.1. By Proposition 7.3, 1 is a convex combination
of not more than two Dirac masses. Then, in view of the definition of this
disintegration, the same is true about m; for every z € Vﬁ. Then é(é) = supp Mz
defines a continuous map on Vj with values on PR? or PR%? and such that
AB)E(3) = £(f(2)) for every 2 € V0 f1(Tp).

The same argument shows that for any point § € M there exists a continuous
disintegration {rg: : 2 € Vy} of the su-state restricted to Vy Since disinte-
grations are essentially unique and the neighborhoods Vy overlap on positive
fi-measure subsets, all these conditional measures my ; must be supported on
the same number, 1 or 2, of points. Thus, the map £ in the previous paragraph
extends to a continuous invariant section on the whole M , which contradicts
the assumptions of Theorem B.

8. Proof of Theorem B

If A(A) = 0 then, trivially, A is a continuity point. Now assume that A(A4) > 0.
Then (see Kalinin [17, Theorem 1.4]) there exists some periodic point p of f such
that AP'(P)(p) is hyperbolic. Thus we may use Theorem 7.1 to conclude that
there are no su-states. Now the proof of continuity of the Lyapunov exponents
is entirely analogous to Section 4.

The same arguments also prove the converse: if the cocycle is hyperbolic at
some periodic point then, again by Theorem 7.1, there are no su-states and
thus the exponent cannot vanish. The proof of Theorem B is complete.
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Appendix A. Smooth natural extensions

We show that the natural extension of any C* local diffeomorphism f : M — M
on a compact manifold admits a C* realization.

Since M is compact and f is locally injective, we may find families of open sets
{U;,V; :i=1,...,N} such that: {Uy,...,Un} covers M; every V; contains the
closure of U;; and every f | V; is injective. Take smooth functions h; : M — [0, 1]
such that h; | U; =1 and h; | V,* = 0. Define

h(z) = (hi(x),...,hAn(x))

for x € M. Then h : M — [0,1]" is such that h(z) # h(y) for any pair (z,vy)
with z # y and f(x) = f(y). Since f is locally injective, the set of such pairs is
a compact subset of M?2. Hence, there is § > 0 such that ||h(z) — h(y)|| > ¢ for
any (z,) with 2 £y and f(z) = /().

Let ¢ : M — R™ be a Whitney embedding of M into some Euclidean space,
and ¢ : M x D — R™ be a tubular neighborhood: D denotes the open unit
ball in R™~4mM and ¢) is a smooth embedding with v(z,0) = ¢(z). Identify
M x D with its image U = (M x D) through . Fix A < §/4N and define

g:MxD—-MxD, g(x,v)=(f(z),h(x)/2N + \v).

It is clear that g is well defined and a C* local diffeomorphism, and the image
g(M x D) is relatively compact in M x D.
Suppose that g(x,v) = g(y,w). Then f(z) = f(y) and

h(z) — h(y) = 2NX(w — v).

In particular, |h(z) — h(y)|] < 4NX < 4. By the definition of J, this implies
that £ = y. Then the previous identities imply that v = w. This proves that g
is injective and, consequently, an embedding.

For each & = (x_p)n € M and n > 1 the set g"({z_,} x D) is a disk D,, (&) of
radius A" inside {zo} x D. These disks are nested and each D,,1(%) is relatively
compact in Dy (&). Thus, the intersection consists of exactly one point, which
we denote as ¢(Z). By construction, the map ¢ : M — M x D defined in this way
satisfies g o1 = ¢ o f. Moreover, the image ¢(M) coincides with () ¢"(M x D)
and so it satisfies

g(t(M)) = v(M).
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