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ABSTRACT

‘We prove the equivalence of the determinacy of Eg (effectively Gso ) games
with the existence of a S-model satisfying the axiom of H% monotone in-
duction, answering a question of Montalban [8]. The proof is tripartite,
consisting of (i) a direct and natural proof of £9 determinacy using mono-
tone inductive operators, including an isolation of the minimal complexity
of winning strategies; (ii) an analysis of the convergence of such opera-
tors in levels of Gédel’s L, culminating in the result that the nonstandard
models isolated by Welch [18] satisfy IT3 monotone induction; and (iii)
a recasting of Welch’s [17] Friedman-style game to show that this deter-
minacy yields the existence of one of Welch’s nonstandard models. Our
analysis in (iii) furnishes a description of the degree of H%—Correctness of
the minimal S-model of H% monotone induction.

1. Introduction

In an infinite perfect information game, two players, Player I and Player
I, take turns choosing the digits x(¢) of a real € w* in sequence, as follows:

I z(0) x(2) ... z(2n)
I1 z(1) .. z(2n+1)
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A winning condition is simply a subset A C w*; then Player I wins the play
x if © € A, and Player II wins if z ¢ A. We call the game so defined G(A);
a game G(A) is determined if one of the players has a winning strategy in the
natural sense.

Axioms of determinacy assert that for all sets A of some fixed level of descrip-
tive complexity, the game G(A) is determined. These are well-studied in reverse
mathematics, in which the intrinsic strength of theorems are isolated by being
shown in a weak base theory to be equivalent to some “natural” mathematical
axiom (for a survey, see [19]). The results in this paper are a contribution to
this study: We show the statement that all games with ¥9 winning condition
are determined as equivalent to the existence of a standard model of the scheme
of TI3 monotone induction.

There is a great deal of precedent for calibrating determinacy strength in
low levels of the Borel hierarchy using axioms of inductive definition. In one
of the first studies in reverse mathematics, Steel [14] proved over RCAq that
ATR is equivalent to both A}-DET and X{-DET. The relevance of monotone
inductive definitions was discovered by Tanaka [15], who showed over ACA( that
AY-DET is equivalent to II}-TR, and [16] that over ATRy, X9-DET is equiva-
lent to X1-MI (see Definition 2.1 below). MedSalem and Tanaka [7] established
equivalences over ATR between k—I13-DET and [£1]%-ID, an axiom allowing
inductive definitions using combinations of k-many Y1 operators; furthermore,
they showed over II3-Tl that A -DET is equivalent to [X1]TR-ID, an axiom al-
lowing inductive definition by combinations of transfinitely many X1 operators.
Further results were given by Tanaka and Yoshii [20] characterizing the strength
of determinacy for pointclasses refining the difference hierarchy on I19, again in
terms of axioms of inductive definition.

Beyond these pointclasses we have X3, where an exact characterization of
strength has been elusive (the precise proof-theoretic strength of this determi-
nacy is Question 28 of Montalbén’s [8]). The sharpest published bounds on this
strength were given by Welch [17], who showed that although ¥J-DET (and
more) is provable in I13-CAg, AL-CAq (even augmented by AQI, an axiom allow-
ing definition by arithmetical quasi-induction) cannot prove ¥$-DET. On the
other hand, Montalbdn and Shore [9] showed that X9-DET (and indeed, any
true X} sentence) cannot prove AJ-CAq. This situation is further clarified by
the same authors in [10], where they show (among other things) that %$-DET
implies the existence of a 3-model of Al-CA,.
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Welch [18] went on to give a characterization of the ordinal stage at which
winning strategies in £ games are constructed in L. There, the least ordinal v
so that every X9 game is determined with a winning strategy definable over L.,
is shown to be the least v for which there exists an illfounded admissible model
M with an infinite descending sequence of nonstandard levels of L that fully 3a-
reflect to standard levels below +, and so that wfo(M) = « (see Definition 4.1).

The work of Welch and Montalbdn—Shore suggests that ¥J-DET should be
equivalent to the existence of a S-model of some natural theory in second order
arithmetic, with the minimal such 8-model being L., where v is as above. This
is what we show: L., is the minimal wellfounded model satisfying the axiom of
H% monotone induction, and indeed, X3 -DET is equivalent over H}—CAO to the
existence of such a model.

In Section 3, we show that winning strategies in £ games are definable over
any [-model of Hé—MI. In Section 4, we prove that Welch’s infinite depth ¥o-
nestings furnish us with such g-models. We complete this circle of implications
in Section 5 by reproducing Welch’s lower bound argument in the base theory
H%-CAO to show that 39 determinacy implies the existence of an infinite depth
Yo-nesting. We conclude with an analysis of the H% relations which are correctly
computed in L,: these are precisely the relations —@Zg in parameters from L.

ACKNOWLEDGMENTS. We thank Itay Neeman for encouragement during the
preparation of this work, and Donald A. Martin for referring us to his paper
[6], which inspired the proofs in Section 4. The results here appear as Chapter
2 of the author’s Ph.D. dissertation.

2. Preliminaries: Games and operators

In what follows, we denote subsets of w by capital Roman letters X,Y, Z, ele-
ments of w by lowercase Roman letters from ¢ up to n, ordinals by lowercase
Greek a, f3,7,... and reals (elements of Baire space w*) by w,z,y,z. Back-
ground on the pointclasses H}N 30 the difference between bold- and lightface,
relativizations X0 (z), etc., may be found in [11].

We restrict our attention to games with moves in w. A tree on w is a non-
empty set T C w<¥ that is closed under initial segment; [T'] denotes the set of
infinite branches of T', and for p € T', T,, denotes the subtree of T" with stem p,
that is, T, ={g €T | ¢ CpV p C gq}. For a set A C [T, the game on T' with
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payoff A, denoted G(A4;T), is defined as the infinite perfect information game
in which two players, I and II, alternate choosing successive nodes of a branch
x of T'; we call such an infinite branch a play. Player I wins the play if x € A;
otherwise, Player II wins. We write G(A4) for G(A;w<¥).

A strategy for I in a game on T is a partial function o : T'— w that assigns
to an even-length position s € T a legal move o(s) for I at s, that is, o(s) € w
so that s™(o(s)) € T. We require the domain of o to be closed under legal
moves by II as well as moves by o; note then that if T contains terminal nodes,
it may be the case that no strategy for I exists (though nothing will be lost if we
restrict our attention here to trees without terminal nodes). Strategies for IT are
defined analogously. If an infinite play x can be obtained by playing against a
strategy o, we say « is according to or compatible with 0. We say a strategy
o is winning for Player I (Player II) in G(A;T) if every play according to o
belongs to A ([T] \ A, respectively). A game G(A;T) is determined if one
of the players has a winning strategy. For a pointclass I', I-DET denotes the
statement that G(A4;w<%) is determined for all A C w* in T.

We furthermore define a quasistrategy for Player II in T to be a subtree
W C T, again with no terminal nodes, that does not restrict Player I’s moves,
in the sense that whenever p € W has even length, then every 1-step extension
p~(s) € T belongs to W. A quasistrategy may then be thought of as a multi-
valued strategy. (Similar definitions of course can be made for Player I, but at
no point will we need to refer to quasistrategies for Player I.)

Quasistrategies are typically obtained in the following fashion: if Player I does
not have a winning strategy in G(A;T), then setting W to be the collection of
p € T so that I doesn’t have a winning strategy in G(A4;T},), we have that W
is a quasistrategy for IT in 7. This W is called II’s nonlosing quasistrategy
in G(A; T).

We recall the definition of the game quantifier © (see [11] 6D): for a set
B C R xw¥, R a Polish space, define

OB = {z € R | Player I has a winning strategy in G(R,;w")},
where R, is the z-slice of R,
Ry ={y € w” | (z,y) € R}.
Then for pointclasses I'; OI" is the pointclass of sets OB with B € I'. In our

context, R will be either w or w x P(w<¥), and I" will typically be X or one of

its relativizations.
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The language Lo of second order arithmetic and the various comprehension
schemes I'-CA( and choice schemes I'-ACy are defined as usual; a comprehensive
resource is [13]. We recall that an Le-model is an w-model if its set of type 0
objects is isomorphic to (w, <). When M is a countable w-model of a sufficiently
strong theory, we typically conflate M with the transitive countable set whose
elements are coded by reals in M.

An w-model M is a S-model if it is Yi-correct; equivalently, if whenever
T C w<¥ is a tree (coded by a real) in M, and [T] is non-empty (in V'), then
there is a branch = € [T] (coded) in M. Notice that, given a strategy o, tree T,
and Borel set A, the statement that “o is winning for I in the game G(A4;T)”
is II} in A, T, o (it asserts the inexistence of a branch in [0] N A), and therefore
is absolute for S-models containing these parameters.

Definition 2.1: Let T" be a pointclass. We say an operator @ : P(w) — P(w) is
a I' operator if

{(n,X)[nedX)}el;
® is monotone if it is C-increasing, that is,

(VX,Y)X CY — &(X) C (V).

The axiom scheme of I' monotone induction, denoted I'-MI, asserts for
each T operator @ : P(w) — P(w) that if I' is monotone, then there exists an
ordinal o(®) and sequence (®*)¢<,(a) such that, setting

o<t = | @,
<€
we have
e for all £ < o(®), ®¢ = O(O<¢) U P<¢,
o (P = p<o(®) and
e 0(®) is the least ordinal with this property.
$°(®) i the least fixed point of ®, denoted ®.

This definition is clearly equivalent to one with an arbitrary countable discrete
space in place of w; in our application, this space will be w<%.

There is a prewellorder <¢ with field ®>° C w naturally associated with the
sequence <(I)£>£So(q>). Namely, set m <¢ n if and only if the least ¢ with m € ®¢
is less than the least ¢ with n € ®¢.
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We are interested in the case where I is either TI3 or II}(z) for some fixed
real z. The formalization of I13(z)-Ml in Ly is the schema asserting the existence
of (a real coding) the prewellorder <4, for each II3(2) monotone operator ®.
Note for such @, the relation “X ==<g4”, as a relation holding of X € P(w x w),
is arithmetical in ¥3(z), i.e. is obtained from 3i(z) conditions via Boolean

combinations and natural number quantification.

3. Proving determinacy
In this section we prove the following theorem.

THEOREM 3.1: Let M be a 3-model of TI3-MI. Then for any real z € M and
$9(z) set A, either

(1) Player I wins G(A) with a strategy o € M; or

(2) Player II wins G(A) with a strategy Al(z)-definable over M.

It will be shown in Section 5 that the degree of definability in the second
item is sharp: If for some real z € M, M is the minimal S-model of Hé—MI
containing z, then there will be 33 (2) games which Player IT wins but no winning
strategy for II belongs to M. Since any model of Hé—MI is trivially a model
of H%—CAO, no strategy as in (2) can be definable by Boolean combinations of
%1(2) conditions over M.

We sketch the idea of the proof, which traces back to Morton Davis’s original
proof of 39 determinacy [2]. Let A C w® be a X9 set, so that

A= B
kEw

for some recursively presented sequence (Bj)re, of 119 sets. The idea behind
the proof that the game G(A) is determined is a simple one: if Player I does not
have a winning strategy, then Player II refines to a quasistrategy Wy so that
no infinite plays in Wy belong to By, and so that Wy doesn’t forfeit the game
for Player IT (in the sense that I has no winning strategy in G(A; Wy)). Having
done this, Player II plays inside Wy and at all positions of length 1, refines
further to a Wy which avoids B; without forfeiting the game. Then refine to
W5 at positions of length 2, and so on. The ultimate refinement of the sequence
Wo, W1, Wa, ... of quasistrategies gives a winning quasistrategy for Player II in
G(A), since every infinite play must eventually stay in each W,,, and so avoid
each B,,.
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The key claim that makes this proof work is Lemma 3.2 below, which asserts
that whenever Player I does not have a winning strategy in G(A;T), then for
all k, there is such a quasistrategy Wy, for II.

LEMMA 3.2: Let 2 be a real and work in T13(z)-MI+T13-CAq. Suppose T C w<¥
is a tree, recursive in z, with no terminal nodes, and fix B C A C [T] with
B € 1I3(z) and A € Ak(2). If p € T is such that I does not have a winning
strategy in G(A;T),), then there is a quasistrategy W for II in T,, so that

e [W]NB =0, and

e I does not have a winning strategy in G(A; W).

In keeping with terminology first established in [2], we say a position p for
which such a quasistrategy W exists is good and that W is a goodness-
witnessing quasistrategy for p (relative to T, B, A).

To motivate the proof of Lemma 3.2, we describe a general template for prov-
ing the determinacy of a game G(A;T) using iteration of a monotone operator

& : P(T) — P(T).

Speaking vaguely, one defines ®(X) for X C w<¥ to consist of positions from
which it is “easy” for I to either enter the set X, or to win the game G(A)
outright. Iterating application of ® to the empty set of positions, we obtain an

increasing sequence
DC @) ca(@®)--,

with least fixed point ®*°. If the initial position ) = () belongs to ®>°, then one
argues by induction that I has a winning strategy (I plays to “decrease rank”
by aiming to enter positions in ®¢ for smaller «); if on the other hand @ ¢ &>,
one uses the fact that ®>° is a fixed point to argue that it is so “difficult”
for I to enter ®*° (and hence to win G(A)) that Player IT must have a winning
strategy. An accessible example in this family of arguments is Wolfe’s proof of
%9 determinacy (see Theorem 6A.3 in [11]).

In the present case, we modify Davis’s original proof of Lemma 3.2 so that
W}, is obtained by iteration of a certain monotone operator. The complexity of
this operator is =OX3 in the parameter T', and so in particular II3(T).

We remark that TI3-CA implies A3-CAg, which is equivalent to 33-ACq (see
VII.6.9 in [13]); this choice principle will be used several times in the course of
the proof.
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Proof of Lemma 3.2. Letting B be as in the statement of the lemma, fix a set
U C w x T recursive in z so that, setting

U,={peT|(np) €U} and D, ={xe[T]|3k)xlk e U,},

we have B =
is closed under end-extension in T (i.e., if p C ¢ € T and p € U, then ¢q € U,,),

new Pn- For convenience, we may further assume that each U,
and that |p| > n whenever p € U,.
We define an operator ® : P(T') — P(T) by setting, for X C T

p € ®(X) <= (In)(VYo) if o is a strategy for I in T, then
(3z)x is compatible with o,z ¢ A, and(Vk)z[k ¢ U, \ X.

The operator @ is clearly monotone on P(T'), and the relation p € ®(X) is I13(2)
because (by X3-ACo) this pointclass is closed under existential quantification
over w (see [13], Theorem VIL.6.9.1). We can write this more compactly by
introducing an auxiliary game where Player I tries either to force the play to
belong to A, or to at some finite stage enter the set U, \ X: Define for X C T
and n € w,
EX =Au{ze[T]| (Gk)xlk €U, \ X}.
Then
p € ®(X) <= (In) I doesn’t have a winning strategy in G(E;;T},).

Now by II3(z)-Ml let (2*),< () be the iteration of the operator ® with least
fixed point ®*°. (Note this is our sole use of the main strength assumption of the
lemma, I13(2)-ML.) Let <4 be the associated prewellorder of ®> C w; formally,
we regard definitions and proofs in terms of (®%),<,() as being carried out in
the theory Hé—CAO of second order arithmetic, using the real <¢ as a parameter.

CLAmM 3.3: If p € T\ ®°, then I has a winning strategy in G(A;T}).

Proof. For each ¢ € T\ &> and n € w, we let g4, be a winning strategy for
Iin G(E? w;Tq), as is guaranteed to exist by the above remarks and the fact
that ¢ ¢ ®(®>*) = . By X3-ACy, we may fix a real & coding a sequence of
such, so that (7)q,n)

Supposing now that p € T \ ®>°, we describe a strategy o for Player I in

= 04, for all such pairs ¢, n.

T, from the parameter ¢ as follows. Set po = p. Let ng be the least n so
that po ¢ Uy, (such exists by our simplifying assumption that |g| > n whenever
q € Uy,); note also that no initial segment of py can belong to U,.
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Suppose inductively that we have reached some position p; ¢ &> and have
fixed n; such that p; ¢ U,,. Play according to oy, », until, if ever, we reach
a position ¢ € U,, \ ®*°. Then set p,11 = ¢, and let n;11 be least such that
Pi+1 ¢ Um+1-

Note the strategy just described is arithmetical in the parameters z, &, and
so exists; call it 0. We claim ¢ is winning for I in G(4;T,).

Let = € [T,] be a play compatible with o. Then ng, po are defined. If n;41 is
undefined for some i, then fixing the least such ¢, we must have that x is com-
patible with the strategy o, »,; since this strategy is winning in G(ES’;O i Tp.),
we have = € E;f:o. Now since n;4+1 was undefined, we never reached a position
in Uy, \ ®*°, and so z € A, by definition of the set ES:O.

On the other hand, if n; is defined for all ¢, then by definition of the strategy o,
we have p; C z for all ¢, and for each i, p; € U, (by definition of n;, and
because the sets U, are closed under end-extension in 7). So

nn;

ze () Dn=BCA

new

We have shown o is winning for Player I in G(A;T),).
Cram 3.4: If p € ®°°, then p is good.

Proof. The construction of a quasistrategy WP witnessing goodness of p pro-
ceeds inductively on the <g-rank of p € ®°°, that is, on the least ordinal «
so that p € ®“. Given such p,«, fix the least n so that I does not have a
winning strategy in the game G(E? <Q;Tp). In WP, have II play according to
II’s non-losing quasistrategy in G(E;f@ ; Tp) until, if ever, a position ¢ in U, is
reached. Since this non-losing quasistrategy must avoid U,, \ ®<% by definition
of E® <a, we must have g € ®<¢; inductively, we have some goodness-witnessing
quasistrategy W1 for ¢, so have II switch to play according to this quasistrategy.

Here is a more formal definition of the quasistrategy WP just described. For
p € ®>°, define W? to be the set of positions g € T}, for which there exists some
sequence ((a,n;))|p|<i<|q SO that, whenever |p| <i <|q],

e if i = |p|, or i > |p| and ¢[i € Up,_,, then

— « is the least a so that qfi € ®<;

— nj is the least n so that I has no winning strategy in G(E®™""; T,,},);
e if i > |p| and qli ¢ U,,_,, then a; = a;—1,n; = n;—1; and
e if i < |g|, q[(i+ 1) is in II’s non-losing quasistrategy in G(E;f;ai i Tqpi)-
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Here quantification over ordinals o < o(®) is tantamount to quantification over
natural number codes for such as furnished by the prewellorder <¢. The most
complicated clauses in the above definition are those involving assertions of the
form “I has no winning strategy in the game G(E® = Tq1i)” (equivalently, “qli
belongs to II’s non-losing quasistrategy” in this game), and these are II3 in the
parameter <g. So the criterion for membership in W? is arithmetical in X3 (<)
conditions, and therefore by Hé-CAO the set WP is guaranteed to exist.

We need to verify W7 is a quasistrategy for Player II in 7},. An easy induction
shows that for each ¢ € WP, there is a unique witnessing sequence

(0, m0)) pi<i<igl

and this sequence depends continuously on ¢; that the «; are non-increasing;

and that I has no winning strategy in G(Eff;ai i Tq1:) whenever |p| <i <|ql.
For ¢ € WP, welet a4, n? denote the final pair (indexed by |g|) in the sequence

witnessing this membership. By the above remarks, I has no winning strategy

inG (E,‘f;aq ;Ty), and by the final condition for membership in W7, the one-step

extensions ¢ (I) in WP are exactly the one-step extensions of ¢ in IT’s non-losing

quasistrategy in this game. It follows that W? is a quasistrategy for 1I in 7.
We claim WP witnesses goodness of p. We first show

(WPIN B =0.

Given any play x € [WP], we have some least ¢ so that a; = a; for all j > 4
then for all j > ¢, we have z[j belongs to II’s non-losing quasistrategy in

<aj
G(EY ™" Tupi).

In particular, for no k do we have z[k € U,,. Then x ¢ D,,,, so z ¢ B as
needed.

We just need to show I has no winning strategy in G(A4; W?). We show
something stronger, namely that I has no winning strategy in G(A;W,f) for
each ¢ O p in WP. This argument is by induction on a?. So assume that there
is no winning strategy for I in G(A; WP) whenever o < a4.

Suppose towards a contradiction that o is a winning strategy for Player I
in G(A;WP). Let j be least so that a? = «;. Then ¢ is in II'’s non-losing
quasistrategy in G(E,%’:aj;Tq 17)- We claim no r O ¢ compatible with o is in
Up,. For otherwise, we have r € ®<  so that o” < a; = a9, and o is a winning
strategy for I in G(A; WP). This contradicts our inductive hypothesis.
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So o cannot reach any position in U,,. By our definition of W?, we have that
the strategy o stays inside II’s non-losing quasistrategy for G (E;f:aj ;Tq15)- But
since o is winning for I in G(A4;Ty;) and A C E;?;“J’ , this is a contradiction.

We conclude that I has no winning strategy in G(A; WP); inductively, the
claim follows for all ¢ € WP extending p, so that in particular, WP witnesses
goodness of p.

The last two claims show that every p € T is either a winning position for I
in G(A;T), or is good. This proves the lemma.

For future reference, let us refer to the WP defined in the proof as the canon-
ical goodness-witnessing quasistrategy for p (relative to T, B, A). We have the
following remark, which will be important in computing the complexity of win-
ning strategies for Player II:

Remark 3.5: Since “<g witnesses the instance of I3 (2)-MI at ®” is Al(z), the
statement “W is the canonical goodness-witnessing quasistrategy for p relative
to T, B, A” is likewise Al(z) as a relation on pairs (W, p).

Proof of Theorem 3.1. The proof proceeds from Lemma 3.2 as usual (see [2],
[5]); we give a detailed account here, in order to isolate the degree of definability
of IT’s winning strategy.
Fix a f-model M of II3-MI. Suppose A is £9(z) for some z € M; say
A= B
kEw
with the By uniformly II3(z). By the previous lemma, whenever T € M is a
tree in M, and p € T is a position so that in M, there is no winning strategy
for I'in G(A;T}), then p is good relative to T, By, A, for all k; that is, for each
k there is W}, a quasistrategy for II in 7}, so that
. [Wk] NB =0,
e I does not have a winning strategy in G(A; Wy).
The idea of the proof is to repeatedly apply the lemma inside M. At positions
p of length k, II refines her present working quasistrategy Wy_1 to one Wy
witnessing goodness of p relative to Wy_1, Bg, A, so “dodging” each of the
I19(2) sets By, one at a time.
More precisely: Suppose I does not win G(A), where A is X3(z) for some
z € M. Then since M is a S-model, the same must hold in M (see the remark
preceding Definition 2.1). So work in M.
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Let W? be the canonical goodness-witnessing quasistrategy for () relative to
w<¥, By, A as constructed in the proof of Lemma 3.2. Then let H? be II’s non-
losing quasistrategy in G(A; W?) (so that for no p € H? do we have that I wins
G(A4; Wz?))

Suppose inductively that for some k, we have subtrees H? of T', defined for a
subset of p € T with length < k, so that

(1) each H? is a quasistrategy for II in T}, and belongs to M;
(2) [HP] N By = 05

(3) for no ¢ € H? does I have a winning strategy in G(A; HE);
(4) if p C ¢, then H? C H? whenever both are defined;

(5)

5) if |p| < k and p™(l) € HP, then H? ) is defined.

In order to continue the construction, we need to define quasistrategies H?~ V),
whenever |p| = k, HP is defined, and p~(l) € HP. Given such p and [, we have
that I has no winning strategy in G(A4; Hgﬁ <l>) by (3). So applying Lemma 3.2
inside M, let WP () be the canonical goodness-witnessing strategy for p (1)
relative to HP?, By1,A. Then let H? () be II's non-losing quasistrategy in
G(A; WP~ () Tt is easy to see that this quasistrategy satisfies the properties
(1)—(4), so we have the desired system of quasistrategies H? satisfying (5), for
lg| = k+ 1.

Now set p € H if and only if for all i < |p|, HP!" is defined and p € HP!". It
follows from (1) and (5) that H is a quasistrategy for II in T, and by (4) we
have H,, C H? for each p € H. By (2) then, [H]N By, = 0 for all k£ € w, so that
[HINA=10.

Now, step outside M. Observe that for each p € H, we have that the sequence
(HP ”>Z—<|p| exists in M, since it is obtained by a finite number of applications
of TI3-MI and TT3-CAq. Since M is a S-model, it really is the case (in V) that
[H]N B =0 for all k € w (by item (2) of our construction, M satisfies this
condition, which is IT} in parameters in M). Though H need not belong to M,
we claim it is nonetheless a Al(z)-definable class over M. For p € H if and
only if there exists a sequence (W;, H;);<|,|, so that for all i < |p],

e W; is II’'s canonical goodness-witnessing strategy for pli, relative to
H; 1, B;, A (where we set H_; = w<%);

e H; is IT’s non-losing quasistrategy in G(A; W;) at p|i;

e foralli < |p|, p € H;.
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This is a $1(2) condition, by Remark 3.5. And note that p ¢ H if and only
if there is a sequence (H;, W;);<;, for some [ < |p|, satisfying the first two
conditions for i < [, but so that p ¢ H;. This is likewise X1(2), so that H is
Al(z)-definable in M.

Given a Al(z) definition of the quasistrategy H, it is easy to see that the
strategy 7 for II obtained by taking 7(p) to be the least [ so that p™(l) € H
is likewise Ai(2) and winning for II in G(A;T). This completes the proof of
Theorem 3.1.

4. Hé monotone induction from infinite depth Xs-nestings

In this section, the theories of KP and X;-Comprehension are defined in the
language of set theory as usual (see, e.g., [1]). We will furthermore make use of
the theories KPly, which asserts that every set is contained in some admissible
set (that is, some transitive model of KP), and KPI, which is the union of KP and
KPly. KPlg is relevant largely because it is a weak theory that is strong enough
to prove Shoenfield absoluteness; in particular, H% expressions are equivalent
over KPly to II; statements in the language of set theory.

We remark that all consequences of KPlj in second order arithmetic are prov-
able in TI}-CAg (cf. [13], VI1.3.36). Since we primarily work with models in the
language of set theory in this section, it is convenient to take KPly as our base
theory, but all of the results proved here can be appropriately reformulated as
statements about countably coded S-models in second order arithmetic (as in
Chapter VII of [13]).

The wellfounded part of a model M = (M, ¢) in the language of set theory
is the largest downward e-closed subset W of M so that [W is wellfounded.
For M an illfounded model of KP, we identify the wellfounded part of M with
its transitive collapse, denote this wip(M), and set

wio(M) = wip(M) N ON
(the wellfounded ordinal of M). Recall we say M is an w-model if
w < wio(M).

The following definition is due to Welch [18].
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Definition 4.1: For M an illfounded w-model of KP in the language of set theory,
an infinite depth Ys-nesting based on M is a sequence ((,, $n)new Of pairs
so that for all n € w,

(1) ¢n < Cug1 < wlo(M),
(2) s, € ONM\ wfo(M),
(3) M snt1 < sn,
(4) (L¢, <5, Ls,)™M.

We say that a level L, of L ¥ ,-projects to p < « if p is least so that there
is a subset of p that is definable over L, which does not belong to L,. If
this subset is 31 definable in some parameter, we say L, projects to p and
denote this ordinal py. If L, X,-projects to p, then there is a partial function
f:p— Lg, definable over L,, that surjects onto L, (see [4]).

LEMMA 4.2: Suppose 71 < v2 < d2 < 01 are ordinals so that
(1) L’Yl =<5 L517'
(2) L’Y2 =<5, L527'
(3) 01 is the least admissible ordinal above dz;

(4) for all o < s, L, X,-projects to w.
Then L., satisfies I1}(2)-MI, for all reals z € L.,.

Note that the hypothesis (2) implies L
all ¥, relations R we have

~, is @ model of Y2-Collection, i.e. for

Ly, = (Va)[(Vz € a)(By) Rz, y)] = (3b)(Va € a)(Jy € b)R(z,y).

The elementarity then implies each of 1, y2, d2 is a limit of ¥s-admissible ordi-
nals.

Item (4) serves as a simplifying assumption to ensure that every L, is count-
able, as witnessed by a surjection f :w — Lo with f € L,y1. Note the least
level of L that does not Y,-project to w is a model of ZF™; since this is far
beyond the strength of the theories considered here, we don’t lose anything by
assuming (4).

Proof. Let ® : P(w) — P(w) be a II3(z) monotone operator in L., , in the sense
that there is a I19(z) condition T so that

ne€®(X) < L, = V)3T X, zy,=2)
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whenever n € w and X € P(w)N L,,, and whenever X CY C w belong to L.,,
we have ®(X) C ®(Y). Notice that for such X

nePX) < (Voely,) (T (n X, z,vy,z2),

by Mostowski absoluteness (see 1.8 in [1]) and because 72 is a limit of admissible
ordinals as remarked above. We therefore regard the operator as defined in this
way, so that “n € ®(X)” makes sense even for sets X ¢ L., (though this
extended ® may fail to be monotone).

For each ordinal 7, we define the approximation ®, as the operator ® rela-
tivized to L,,

ned,(X) < (Vzel,)3yTn X, zy,z).

The point is that the operator ®,, is then ¥{ in any real parameter coding the
countable set RN L, (for example, Th(L,), the characteristic function of the
theory of L, under some standard coding), and so each ®, will be correctly
computed in, e.g., L, for o a limit of admissibles above 7.

Obviously ® = ®,,, so is monotone in L.,. But for n # 7> we may not even
have that the operators ®, are monotone on P(w) N L,. So we instead work

with the obvious “monotonizations”,
ne U, (X) = (3X'C X)n e ,(X)
— (3X'CX)(Vx e L,))(3y)T(n, X', x,y, 2).
This relation is again ¥1(Th(L,),z), and
W, (X) = B, (X) = B(X)

for X € L,,.

Let <\I/§7>5§0(‘1,n) be the sequence obtained via iterated application of the oper-
ator ¥, as in Definition 2.1. The most important properties of these sequences
are captured in the following two claims.

CrAM 4.3: Ifn <1/, then (VX)¥,(X) D ¥,/ (X).
Proof. Suppose n € ¥,,(X); then
(3X' C X)(Vz € Ly)(3y)T(n, X', z,y, ),

and any such X’ will likewise be a witness to n € ¥, (X), since the latter is
defined the same way but with the universal quantifier bounded by the smaller
set L.
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CLAIM 4.4: Suppose £ <& andn <1'. Then
(1) o5 € ‘Pé"
(2) ¥§5 20,

Proof. (1) is by induction and monotonicity of ¥,. (2) follows from induction
and the chain of inclusions, for X D Y,

oy (V) C Wy (X) C Up(X),
the first holding by monotonicity of ¥,., the second by the previous claim.

So the array <\I/§7> is increasing in £ and decreasing in 1. Applying this claim
with £ = wy, we have \Ilf7 = 0P, so that Up° O W59 whenever n < 7.

We now consider definability issues with respect to the operators ¥, and the
associated sequences, with the aim of showing the levels of L under consider-
ation are sufficiently closed to correctly compute these objects, and ultimately
ensuring that the sequences <\I/§7> ¢<o(w,) converge to the sequence of interest

(TS, )e<o(w,,) a8 1 = V2.

CLAIM 4.5: Suppose z € Lo and L |= KPI. Then the relation “n € ¥4 (as a
relation on (n,&,n) € w X a X «) is AlL“ in the parameter z. Consequently, for
all n < o and v < «, the sequence <‘I/§;>E<v belongs to L.

Proof. The relation n € ¥, (X) is, as remarked above, ¥1(z, Th(L,)) on n, X,
and so is II; over the least admissible set containing z,7n. Since every set is
contained in some admissible set Lg with 8 < «, we have that “n € ¥, (X)” is
Aq(z) over Ly. The last part of the claim then follows from ¥;-recursion inside
Ly, using the AT (2)-definability of the relation Y = ¥, (X).

CLAIM 4.6: Suppose z € L,, n < a and L, is a model of ¥1-Comprehension.
Then o(¥,) < «, and <\IJ§]>5SO(%) € Lo. Moreover, the relation n € ¥3° (on
w X a) is Al (z).

Proof. Note such L, satisfies KPI, so by the previous claim together with ;-
Comprehension in Lo, P, == {n € w | (I < a)n € \IJ%} = Ue<a \IJ% € L.
By admissibility, the map on P, sending n to the least £ such that n € \IJ% is
bounded in «, and the claim is immediate. The last assertion holds because
in L,

00 13 & _ pétl £
neve &= (F)neV¥; = (V) (¥ =¥," =necV¥,),

which proves the claim.
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CLAIM 4.7: Suppose z € Ly, and that o is a limit of ordinals 5 so that Lg is
a model of 31-Comprehension. Then the relation n € V3° is Ak (2).

Proof. Immediate from the previous claim and the fact that the sequences are
correctly computed in models of KPlj.

CLAM 4.8: If £ < 79, then for some ng < y2 we have \II%O = W%; furthermore,
<‘I’§2><<5 € L’Yz'

Proof. The set
ng{n€w|(3n<72)n§é\11§7}

is a member of L., by ¥;-Comprehension there. Now the map sending n € Q¢
to the least 1 such that n ¢ \I/% is A1, so by admissibility, is bounded by some
7o < a. Recall the sequence <\I/§]>7760N is decreasing in n; so

nev <« L,k (Wnne ¥ < Ls, = (vn)n € ¥

§ 13
:>n€\IJV2:>n€\I/n0.

Note we have used the fact that L., <x, Ls,. For the last part of the claim,
consider the map sending ¢ < £ to the least 79 such that (Vn > 170)\11% = \II%U.
This map is 1I;-definable, so by ¥9-Collection in L.,, we have a bound 7 < 72,
and for each ¢ < &, \If,% = \II,CYQ. By Claim 4.5 the sequence <‘I’$7>C<£ = <\Ij'€72><<£
isin L.,.

Note that by the proof of Claim 4.8, for this 7o, \II%U = \I/% whenever £ < vy

and 19 <1 < da.
CLAIM 4.9: For all £ < 72, \I/g2 = \If§2; consequently W32 = \115272.

Proof. By using induction on ¢ and since \I/,ff € Ly, for all £ < 2 by the
previous claim, it is sufficient to show ¥.,(X) = ¥s,(X) whenever X € L.,.
We already know D holds by Claim 4.3.

So suppose n € V., (X). Then for some X' C X, n € ®,,(X’) by definition

of ¥.,. Then n € ®,,(X) = ®(X), by monotonicity of & = ®,, in L,,. So

L’Yz ): (Vw)(ﬂy)T(n, X, z, Yy, Z)

so that by ¥j-elementarity (this is enough, since II3 relations are HlKP'“), Ls
models the same. Thus n € Us,(X) (with witness X' = X).

2
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We haven’t yet used the full strength of L., <x, Ls,, nor, for that matter, any
of the assumptions on 1, ;. We appeal to Ys-elementarity to show that in fact
0(Us,) < v2; the assumptions on 71, 41 will be used to show that Vs = W, and
it will follow that the operator ¥.,, (which is equal to ®) stabilizes inside L, .

Notice that by Claims 4.4 and 4.8, \IJ§2 = ﬂn<72 \IJ% for all £ < y2. So

Ur= | ¥, = {new (3 <)(vn <e)n € Ti)
§<72
This set is ¥o-definable over L.,. By Claim 4.4, \II}Z C U2 for all n < &, and

we have
\I/gj C{newl|(Vn<d)n e \1'22} C{newl (I <d)(Vn<d)ne \Ilfl}

(The second inclusion holds simply because 72 < d3.) By the assumed Y-
elementarity L., <x, Ls,, this last set is precisely \Il,fz'”. Putting this together
with Claim 4.9,

LIS B SN
so that W32 = \115272 is the least fixed point of Ws,, and W52 = Wg°.
Cram 4.10: U5 = we.

Proof. As usual, Claim 4.4 and o < d2 gives us the inclusion C. We have
50 = W52 € Ls, by Claim 4.5. Suppose n ¢ ¥5°. Then

Ls, = (3n)3P)(Vm e w)(m e ¥, (P) > me P)An ¢ P,

with witnesses 7 = d2 and P = W§°. Recall “m € ¥, (P)”, being a ¥1 statement
about m, Th(L,), P, is II; over any admissible set containing 7, z, P. Since Ls,
is assumed to be admissible, the relation above is then ¥; in Ls, . It therefore re-
flects to L, (recall that z, the parameter from which everything is defined, is as-
sumed to belong to L, ). But then n¢ W for some 1<1; hence n¢ ¥s;.

So the least fixed points ®>° = W7

given shows the relation n ¢ ®*° is 3 over Ls,, hence over L., ; in any event,

and V5~ are equal. The argument just

the set ®> belongs to L., (using 3;-Comprehension in L., in the case that
1 =2)-

Finally, we claim o(®) < 72. The map defined in L., that takes a natural
n € > = W3 to the least £ such that (Ino)(Vn > no)n € W is Na-definable,
and so by s-Collection in L.,, is bounded in <. Since for each £ < y2 we have
¢ = \I/%2 = \IJ%O for some 79 < 72, this implies o(®) < 7.
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That (®¢)¢<o(a) belongs to L., follows from the last assertion of Claim 4.8.
We have that the desired instance of II}(z)-MI holds in L.,, which completes
the proof.

THEOREM 4.11: Suppose M is an illfounded w-model of KP with {(Cy, $n)new
an infinite depth Yo-nesting based on M, and that M is locally countable, in
the sense that every LM X, -projects to w in M. Then if 3 = SUpP,, ey, Cny We
have

Ls = TI}-MI.

Proof. If = (, for some n € w, then we obtain the result immediately by
applying the lemma in M to the tuple (Cn,Cnt1, Snt1,Sn). SO we can assume
(Ca)new is strictly increasing. Let @ : P(w) — P(w) be I13(z) and monotone
in Lg for some z € Lg, and let ¢, be sufficiently large that z € L¢,. Now
L¢,., <=, Lg and both models satisfy KPlg, so that whenever X C w is in
L, .., we have

Lgned(X) « L., EnedX).

In particular, L, ,, believes ® is II3(z) and monotone, so that by the lemma
applied to the tuple ((n, Gty Snt1, Sn), we have o(®) < (41, and the sequence
(®%)¢<o(a) (Which is computed identically in L, ,, and Lg) belongs to L, , ..

Combining Theorems 3.1 and 4.11, we obtain

COROLLARY 4.12: If M, 3 are as in the previous theorem, then for any %9(z)
set with z € Lg, either

(1) Player I wins G(A) with a strategy o € Lg; or
(2) Player II wins G(A) with a strategy Al(z)-definable over Lg.

5. Infinite depth Ys-nestings from determinacy

In this section we show in the base theory H%—CAO that ¥L3-DET implies the ex-
istence of models bearing infinite depth ¥ nestings. The arguments are mostly
cosmetic modifications of those given in Welch’s [17]. The most significant ad-
justment is to the Friedman-style game, Welch’s G, which is here tailored to
allow the proof of the implication to be carried out in H%—CAO.
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For o an ordinal, let T5* denote the lightface ¥g-theory of L,, i.e.,
Ts' = {0 | o is a 3z sentence without parameters, and L, |= o}.

We will also abuse this notation slightly by applying it to nonstandard ordinals
b, so that if b € ONM\ wfo(M), T? denotes the Xo-theory of (Ly)™. It will
always be clear from the context which illfounded model M this b comes from.

LEMMA 5.1: Suppose M is an illfounded w-model of KP such that (L,)™ = “all
sets are countable”, for every a € ONM. Set 8 = wfo(M). Suppose for all
nonstandard ordinals a of M, there exists some < -smaller nonstandard M-
ordinal b so that T2b - Tf . Then there is an infinite depth ¥, nesting based
on M.

Proof. This is essentially shown in Claim (5) in Section 3 of [17]. We outline
the shorter approach suggested there.

Suppose b is a nonstandard M-ordinal with 7% C T2B . By the assumption of
local countability in levels of L™, we have a uniformly Yp-definable X5 Skolem
function, which we denote h} (see [3]). The set

H = hjw=]

is transitive in M, since for any = € H, the <£’l—least surjection of w onto z is
in H, and since M is an w-model, the range of this surjection is a subset of H.
Since H =V = L, we have by condensation in M that H = L., <5, L for
some Yp <My,

We claim that ~y, is a standard ordinal, equivalently, v, < (. For suppose
not, so there is some nonstandard ordinal ¢ of L; in L,,. Let f be the </L\/l—
least surjection from w onto ¢. Then f = h4(k) for some k € w, and for
m,n € w, the sentences “ha(k) exists, is a function from w onto some ordinal,
and ha(k)(m) € ha(k)(n)” are Xa. But since T¢ C Tf, this would imply
hg(k:)(m) € hg(k)(n) whenever f(m) € f(n) in (Ly)™. This contradicts the
wellfoundedness of f.

The lemma now follows by choosing some descending sequence (b,)necw of
nonstandard ordinals of M with T2b nC Téﬁ for all n, and setting

Yn = Vb, = SUp hg" [w<¥] < B.

Since the ~,, are true ordinals, we can choose some non-decreasing subsequence
(Vnp Ykews and (Yn, , bn, Ykew 18 the desired infinite depth ¥s-nesting.
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Our winning condition will make use of one fine structural notion, already
referred to in this paper: that of a level of L projecting to w. We will say an
w-model M of V = L satisfies p,, = w if there is some subset of w that is 3,,-
definable over M but does not belong to M (note that for fixed n, this is first
order expressible in M). As remarked above, if M satisfies p,, = w for some n,
then there is f : w — M, an M-definable partial surjection. A straightforward
diagonalization gives the following fact.

Fact 5.2: Suppose M is an w-model of V. = L + p, = w for some n. Then
the first order theory of M, regarded as a real Th(M) via some natural coding,
cannot be a member of M: Th(M) ¢ M.

THEOREM 5.3: Work in II}-CAg. If ¥3-determinacy holds, then there is a
model M for which there exists an infinite depth Ys-nesting based on M.

COROLLARY 5.4: Work in II}-CAg. X9-determinacy implies the existence of a
B-model of T13-MI; in particular, L., = II3-MI for some countable ordinal ~.

Proof. Immediate, combining Theorem 5.3 with Theorem 4.11.

Proof of Theorem 5.3. We define a variant of Welch’s game G from [17]. Play-
ers I and IT play complete consistent theories in the language of set theory, f1, fir,
respectively, extending

(%) V=L + KP + p=w.

These theories uniquely determine term models My, My;. Player I loses if My
has nonstandard w; similarly, if M7 is an w-model and My; is not, then Player
IT loses. (Note that this is a Boolean combination of ¥9 conditions on fi, fir.)

The remainder of the winning condition assumes Mj, My are both w-models.
Player I wins if either of the following hold:

(1) fu € My, or fi = fi.
(2) (38 < ONM1)(3a € ONM1)(Vn € w)(3(ai, 04)i<n) so that, for all i < n,
e ap = a and a; € ONM1T
o (aiy1 < a)Mm,
e 0, is the first 3o formula (in some fixed recursive list of all formulas
in the language of set theory) so that LQAI i oy and LY = o5
e if a; is a successor ordinal in Mjy, then a;41 is the largest limit
ordinal of My below a;;
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e if a; is a limit ordinal in My, and o; is the formula JuVvi)(u,v)
(with ¢ Ag), then ;4 is €Mi-least in ONMIT so that

(Bu € La; ) (La, = Vo (u,v))

holds in M.

Note that if (2) holds, then My must be an illfounded model: If 3, a witness
the condition, then there is a uniquely determined infinite sequence (a;, 0;)ic.
that is the union of the witnessing sequences (a;, 0;)i<n. Then (a;);cw is an
infinite descending sequence of Mjir-ordinals.

Note also that this condition is X9 as a condition on fi, fi1. Strictly speaking,
the quantifiers over My, ONM1 | ete. should be regarded as natural number
quantifiers ranging over the indices of defining formulas (codes) for members
of the models My, My1. Clause (1) is then 9, and (2) is 9, since each bul-
leted item there is recursive in codes for the objects 8, a, (a;, 04)i<n and the

pair (f1, fu)-
Denote the set of runs which I wins by F; so F is X3.

CrAM 5.5: Player I has no winning strategy in G(F).

Proof. Suppose instead that I has some winning strategy in this game. By
Shoenfield absoluteness (a version of which is provable in TI;-CAy, see [13])
there is such a winning strategy ¢ in L. Let « be the least admissible ordinal
so that o € L, (such exists since H%—CAO implies the reals are closed under the
hyperjump; see [12] Ch. VII). Let fi1 be the theory of L,. Note that then L,
projects to w, since it is the least admissible containing some real; in particular,
it satisfies condition (x). Let fi = o x fir be the theory that o responds to fi
with.

Now ¢ is winning for I in G(F); so Mj is an w-model. Since My is well-
founded, (2) must fail, and again since o is winning for I, we have (1) holds;
that is, either fi1 € My or f1 = fir. If fi = fi1, then II was simply copying I's
play, so that o € L, = My, implying fi € Mj, a contradiction to Fact 5.2.

So fi1 € M. The strategy o is computable from fi1, so must also belong to
M. But then, since fi=o* f11, we again obtain the contradiction f; € Mj.

CLAIM 5.6: If Player II has a winning strategy in G(F'), then there is a model
with an infinite depth Yo-nesting.
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Proof. Towards a contradiction, let 7 be a winning strategy for II, and suppose
there is no model as in Definition 4.1. As in the proof of the previous claim, we
may assume 7 € L, and let o be the least admissible with 7 € L,. Put

fI = Th(Loz)§

then fi satisfies the condition (). Let fi1 = 7 % f1 be 7’s response.

We claim that if My is the model so obtained, then wfo(Mi1) < a (note
IT1;-CA, is enough to ensure the existence of (a real coding) the wellfounded
ordinal of Mip). Suppose otherwise; then wfo(Mi) > a, and then L, € M.
Since f1 = Th(L,) and 7 belongs to My, we have fir = 7 % fi does as well. As
before, this contradicts the assumption that II wins the play; specifically, by
Fact 5.2, fir fails to satisfy condition ().

So wio(Mi1) < a. We claim My is illfounded. Otherwise, either o(Myr) = a,
in which case we get My = L, = My, in which case (1) holds and I wins; or else
o(Mir) < «, sothat My = L., for some v < «, so that fi = Th(Ly) € Lo =My,
and again (1) holds, contradicting that 7 is winning for II.

So My is illfounded with wfo(My1) < a. Set f = wfo(Myir). If there is no
model bearing an infinite depth 3s-nesting, then by Lemma 5.1 there exists
some nonstandard Myij-ordinal a, so that, for every nonstandard Mii-ordinal b
with b <M1t g we have T¢ ¢ Tf. That is, for all such b, there is a X5 sentence o
so that Lg j= o, but Lé\/l” Eo.

It is now straightforward to show (,a witness the winning condition (2).
Set ap = a. Suppose inductively that a; is a nonstandard Mir-ordinal with
a; <M g, Then by choice of a, there is some Y9 formula o so that Lé\/l” Eo
and Lg £ 0; let 0; be the least such under our fixed enumeration of formulae.

If a; is not limit in My, take a;1 to be the greatest limit ordinal of Myy
below a;; note then a;y; is also nonstandard and below a, and ;41 is defined
as above.

Now if a; is limit in M, we have that o; is of the form (Ju)(Vv)y(u,v) for
some Aq formula . Let a;41 be least so that for some z € Lfl\:l}rll, we have
LM = (Vo)Y(z,v). Then a;41 <M a;, and since Lg (= 0;, we must have that
a;+1 is nonstandard. Thus the construction proceeds, and we have that I wins
the play (fi, fur) via condition (2). So 7 cannot be a winning strategy.

These claims combine to show that if there is no model with an infinite depth
Y5 nesting, then neither player has a winning strategy in the game G(F'). This
completes the proof of the theorem.
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We have thus shown that ¥9 determinacy implies the existence of a model
satisfying II3-MI, and indeed, of some ordinal  so that L, E I1}-MI. The
meticulous reader will observe, however, that our proof of determinacy in Sec-
tion 3 really only made use of —@2(3) monotone inductive definitions. This may
at first appear strange, in light of the fact that ﬂDEg is a much smaller class
than Hé. This situation is clarified somewhat by the following theorem, which
shows that if  is minimal with L. = II}-MI, then the II} relations that are
correctly computed in L, are precisely the ﬁDEg relations.

THEOREM 5.7: Let v be the least ordinal so that L. satisfies I1}-MI. Let z
be a real in L., and suppose ®(u) is a X3 formula; say it is X3(z) for some
real z. Then there is a OX9(z) relation ¥ so that, for all reals x of L., we
have L., satisfies ®(x) if and only if U(x) holds (in V, or equivalently, in L.,).
Equivalently,

{rew’NL,|LyE=®x)} =L, NOA
for some ¥9(z) set A C w* x w*.

Proof. Fix such a formula ®(z); for simplicity, assume z is recursive. Then
there is a recursive tree 7' on w? so that for all z, ®(z) holds if and only if for
some y, Ty, . is wellfounded; here T, . is defined as usual as the tree

Tiayy = {s € w™ | (s, 2l|s|,ylls]) € T}.

We define a version of the game from Theorem 5.3. This time, for a fixed real z,
each player is required to produce their respective w-models My, My satisfying

(%) V=Lxz) + KP + p1=w.

In addition, M7 must satisfy the sentence “(Hy)T@m is ranked”; whereas My
must satisfy its negation. If a winner has not been decided on the basis of one
of these conditions being violated, then Player I wins if either of the conditions
(1), (2) from the proof of Theorem 5.3 holds. Let F; be the set of f € w* so that
Player I wins the play of the game on x, where fi(n) = f(2n), fui(n) = f(2n+1)
for all n. Let F = {{(z, f) | f € F;}. Then F is X9; let ¥(x) be the statement
“I has a winning strategy in the game G(F,)”.

Suppose z € L, is such that L, = ®(z). We claim ¥(z) holds; that is,
Player I has a winning strategy in G(F;). Let y be a witness to truth of ®, and
let o be least such that y € Ly(z) and Lo(z) = KP. Then by admissibility,



Vol. 230, 2019 DETERMINACY AND MONOTONE INDUCTION 95

Lo () contains a ranking function for Ty, ,y. Let o be the strategy for I that
always produces the theory of L, (x). We claim ¢ is winning for Player I.

Suppose towards a contradiction that Mys is the model produced by a winning
play by II against o; we can assume My € L,. Then Mjz is an w-model. It
cannot be wellfounded, since then it would be of the form Lg(z) for some
B; but we can’t have § > « (since My cannot contain y, or else it would
have a ranking function for T', ), nor can 3 < a hold (since otherwise (1) is
satisfied, and I wins the play). So My is illfounded, say with wio(My1) = B3;
by the Truncation Lemma (see IL.8 in [1]), wfo(M11) is admissible, so we can’t
have y € My since then we would have a ranking function for T, ,y in M,
contrary to the requirement on II’s model; hence 8 < «. Now since I does
not win the play, the condition (2) fails, so there must be some infinite depth
Yo-nesting based on My, by Lemma 5.1 and the argument of Claim 5.6. But
this contradicts the fact that the model My belongs to L., by minimality of -y
and Theorem 4.11.

Conversely, suppose ®(z) fails in L. Suppose towards a contradiction that
Player I wins the game G(F}) (in V); then by Theorem 3.1, there is a winning
strategy o € L.,. Let My be the least level of L(x) containing . Note that
M | (#%) + “(Vy)T(z,y) is not ranked”. By the argument in the proof of
Theorem 5.3 (Claim 5.6), we obtain failure of both (1) and (2), so that IT wins
the play, a contradiction to ¢ being a winning strategy for I.
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