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ABSTRACT

We compute the exact asymptotics of the codimension sequence for the
central polynomials of k X k matrices and show that it is asymptotic to
klz times the ordinary cocharacter. For the other verbally prime algebras
we show that these sequences are bounded above and below by constants
times the ordinary codimensions.

1. Introduction

Let A be a p. i. algebra over the characteristic 0 field F, let Id(A) denote the
identities of A, and let Id?(A) denote the space of central polynomials. Our
convention is that polynomial identities are considered to be central polynomi-
als, and polynomials in IdZ(A) but not in Id(A) will be called proper central
polynomials. The second author studied the codimension growth of central
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polynomials in [7]. The notations are the usual ones for p. i. algebras: V;, is the

space of degree n multilinear polynomials in z1,...,z, and
v v
W (A) = di " d cZ(A) = di " :
cald) =dim gy W el =dimy s

We call these numbers the codimensions and Z-codimensions of A, respectively.
It is also of interest to study the gap between these two numbers

(1) 0n(A) = cn(A) = ]/ (A).

If D, (A) is the quotient space (V,, N Id?(A))/(V;, N Id(A)), then 6, (A) is the
dimension of D,,(A4). In [4] Giambruno and Zaicev consider the central polyno-
mials of finite-dimensional algebras. They proved that the limits

lim (c;(A)Y" and - lim (5,(A)1"
both exist and are integers which they denote exp? (A) and exp®(A), and more-
over that exp?(A) = exp(A). In the special case of A = M (F)) this gives
Regev’s theorem that exp? (M (F)) equals k?; see [7].

In the current paper we first use the theory of trace polynomials to determine
the exact asymptotics of the Z-codimensions of My (F). If {a,} and {b,} are
sequences, we say they are asymptotic and write a,, >~ b, if lima, /b, = 1. We
let VETE and VMTE represent, respectively, the spaces of degree n, multilinear
pure trace and mixed trace polynomials in z1,...,z,. For example, z1tr(zs)
would be in V,MTE but not ViFTH and tr(z1)tr(z2) would be in both. Then
pure trace and mixed trace codimensions, c/T®(A) and ¢cMTE(A), are defined
to be the quotients of these two spaces by the (pure or mixed) trace identities
of A which we denote Id""(A), namely,

PTR VPTR
e (4) =dim (VnPTR N IdtT(A))
and
VMTR
MTR - n
e (A4) =dim (VHMTR N Idir(A)) ) '

It was shown in [6] that ¢, (M (F)) and cMTE(My(F)) are asymptotically equal.
Using the techniques of that paper we will show

THEOREM: ¢Z (M (F)) =~ cETR(My(F)) = 5 cn(My(F)).
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This immediately gives that the gap §, (My(F)) ~ kzk;lcn(M;C (F)). Tt also
completely determines the asymptotics of ¢Z (M (F)) and &, (M (F)) since it
was proven in [6] that

K21

(2) cn(My(F)) ~a(k)n™ = k>
where a(k) was shown in [6] to equal
p— 2_
( L )k 1(1)k RARETIN SR Ity
V2 2

Turning from M} (F') to the other verbally prime algebras, My, and My (E),
we are able to estimate the Z-codimensions less precisely. It is useful to use
the © notation, so that f(n) = ©(g(n)) will mean Cig(n) < f(n) < Cag(n)
for unspecified positive constants C7 and C3. Our main result is that if A is
verbally prime, then
THEOREM: cZ(A), d,(A) = O(cn(A)).

It was shown in [2] that

Cn(Mk,E) _ @(nf(k2+€271)/2(k + 6)2")
and so 6(My. o) and cZ (M. ¢) are each @(n_(k2+42_1)/2 (k-+£)?"). For ¢, (My(E))
we have only the less precise result exp(My(E)) = 2k? (see [2]) implying that
exp? (My(E)) = 2k

A bit more precisely, c,(My(F)) is bounded below by a constant times
n~(F*=1)/2(21:2)n and above by a constant times n~(*"~1/2(2k2)" and so the
same will be true of cZ(My(FE)) and 6, (My(E)),

Cyn~ K =D/2(9k2y" < Z(M(E)), 6n0(My(E)) < Con~* =D/2(252)n

for some positive constants C, Cs.
We conclude this introduction with a series of related conjectures.

CONJECTURE 1: ¢Z(My ) ~ (kjé)an(Mk,g).

This conjecture is equivalent to &, (M) ~ (1 — (k_:Z)Q)cn(Mkyg). The next
conjecture is more speculative, but is known for k£ = 1; see [7].

CONJECTURE 2: ¢Z(My(E)) = 42 cn(Mi(E)).

And this is equivalent to &, (My(E)) = (1 — 4.2 )en(Mi(E)).
And, even more speculatively:
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CONJECTURE 3: For any p. i. algebra A there exists a constant 0 < o < 1 such
that cZ(A) ~ ac, (A).

If @ # 1, then this conjecture would imply that 4, (A) is asymptotic to
(1 — a)en(A). However, in the oo = 1 case it is possible for 6, (A) to have
smaller exponential rate of growth than ¢, (A); see Corollary 4 of [4].

Our last conjecture is not on the subject on asymptotics, but we think it is
interesting and take the opportunity to include it.

CONJECTURE 4: If A and B each have proper central polynomials, so does AQ B.

2. Exact asymptotics for M (F)

The computation of the asymptotics of ¢Z(My(F)) in this section will parallel
the computation of ¢, (M (F)) in [6], some key ideas of which come from [3].
Our main result of this section will be to show that c¢Z (M (F)) is asymp-
totic to the pure trace codimensions of My (F). Throughout this section we let
A = M(F).

As in the introduction, let V.FTE and VMTE be, respectively, the spaces of
degree n, multilinear pure trace polynomials and mixed trace polynomials in
T1,...,2Ty. Letting Id""(A) be the trace identities of A = My (F) we define
cPTR(A) and ¢MTE(A) in the usual way, namely,

-T
ey, TH(A) = dim 7T;/" )
Vi N Idir(A)
where we write —T'R as a shorthand for either PT R or MTR.
The map
flar,.. o xn) = tr(f(z1, ..o, ) Tny1)

VPTR

i1, and since the trace is non-degenerate

is a linear isomorphism VMTE —
it also affords a linear isomorphism

VMTR VPTR
n N n+1 )
VMTE N [dir(A) ~ VELIENId(A)
Hence,
(3) MTR(A) = clTH(A) foralln > 0.

We now use this equation to prove

THEOREM 2.1: cETR(My(F)) =~ % cn(My(F)).
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Proof. By (3), cPTR(A) ~ ¢cMTE(A), and it was proved in [6] that
n n—1

cn(A) ~ MTE(A).

n

By (2),
en_1(A) =~ a(k)(n — 1)~ F=1/2(2)n-1
~ Ij'za(k)nf(k2fl)/2(k2)n
1
o~ kzc”(A)

and the theorem follows.

Definition 2.2: The symmetric group acts on each of V,,, V.F'TH and VMTE hy

permuting the z; and the intersections
V, N Id?(A), V,, TR N 1d" (A)

are submodules. Taking quotients we define the three cocharacters

X (A) = XSn,(Vn ﬂ‘I/ZZ(A))’

PTR VPTR

A) = "

Xno (A) XSn(VinRmIdtT(A))v
MTR VnMTR

X " (A) = X5, (vnMTR n Id"(A))'
Each of these characters decomposes into a sum of irreducible S,-characters.
Following [3] we denote the multiplicities of the irreducible components as cj,
¢y and Ty:
VEA) =S e, TR = e, aMTRUA) = S m
AFn AFn Abn
Taking dimensions we get the cocharacters

@) Z(A) =D ady, A =D ad, ) TRA) =) mada,

Arn Arn Arn
where dy is the degree of x*.

We now collect the theorems which together will imply our main result.
Part (2) is Theorem 12 of [3], part (3) is Theorem 16 of [3], part (4) follows
from (1) and (2), but was first proven in [5], parts (5) and (6) follow from [6],
part (7) occurs in the proof of Theorem 1 in [4], and part (8) is proven in [6].

—~
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THEOREM 2.3: For cy, ¢\ and 7y as above:

(1) 0 <cx <ey <7y forall \.

(2) The multiplicities ) and 7y are zero unless \ has at most k* parts.
(3) There exists an integer d so that if A\gz > d then ¢y = €.

(4) ¢y is zero unless \ has at most k? parts.

(5) cn(A) is asymptotic to a rational function times k*".

(6) cn(A) and cMTE(A) are asymptotically equal.

(7) ¢Z(A) is bounded above and below by rational functions times k*".
(8) The sum . 7xdy over X of height at most k? and \;> < d is bounded

by a rational function times (k* — 1)™.
Here is our main theorem of this section:

THEOREM 2.4: ¢Z(A) ~ cPTE(A) = cMIE(A) ~ ¢, _1(A).

PTR

Proof. Only ¢Z ~ c¢PTR requires proof: The equality is (3) and the second

asymptotic equation is Theorem 2.3(6).
By Theorem 2.3(7) ¢Z(A) has exponential rate of growth k2, and by Theo-
rems 2.1 and 2.3(5) so does cETH(A). Since cZ(A) < cETE(A) we need only

n n

show that cZTR(A) — ¢Z(A) has smaller exponential rate of growth. Using the

previous theorem

e TH(A) — f(A) = Z exdy — Z exdy (by equation (4))
AFn AFn
= Z exdy — Z exdy  (by Theorem 2.3(2), (4))
Abn Abn
ht(N\)<k2 ht(A\)<k2
= > (&x—ca)da
AbFn
ht(N)<k2

= Z (ex — cx)dx (by Theorem 2.3(3))

AbEn
ht(A\)<k2, X o <d

Z crdy

AEn

ht(N)<kZ2, Ap2<d

Z 7ady (by Theorem 2.3(1))

Abn
ht(N)<kZ2, Ap2<d

IN

IN

which has exponential rate of growth at most k2—1 by part 8 of Theorem 2.3.
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3. Asymptotics for M, and My (E)

In this section we let A be one of My, 4 or My (E). Our main lemma will be that

cZ(A) and 6, (A) are each bounded below by a positive constant times ¢, (A).

n

Since ¢Z(A) and 6, (A) are each bounded above by ¢, (A) by (1), this will show

n

0n(A), ¢/ (A) = B(cn(4)).

n

We begin with this elementary observation.

LEMMA 3.1: Given a € My non-zero, or given a € My(FE) non-zero and
homogeneous, and given an index j, there exist b,c € A such that bac is equal
to an element of Ey (a central element of E) times the matrix unit e;;.

Proof. Let

a = Z Aij€45

and assume that a,; # 0 for a certain s,¢. The proof is now slightly different
depending on whether A is My, ¢ or My (E). If A = My, 4, then for each b = Sejs,
c = vey; € My we have bac = Basiye;j. Since this is a diagonal element of
My ¢, Basy must be in Ey and we can easily find 8 and « so it won’t be zero.

Next, if A = My(E) we again let b = fe;s and ¢ = 7yey; in My(E), so that
bac = Basiye;; and since ag is a homogeneous element of £/ and non-zero, we
can choose 8 and 7 so that Sasy is central and non-zero.

The next lemma translates the foregoing to the language of polynomial identi-
ties. For the sake of concreteness, let the Grassmann algebra E be Fley, ea,. . .|
where the e; anticommute and each has square zero. Given a € A we define the
support of a to be

Supp(a) = {i|e; occurs in some entry of a}.

LEMMA 3.2: Given f(yi,...,Yn) a non-identity for A, and given an index j,
and I a finite subset of N, the polynomial yof(y1,- - -, Yn)Yn+1 has an evaluation
on A equal to ze;j where z is non-zero and central, and Supp(z) NI = 0.

Proof. Let E' C E be the Grassmann algebra generated by the e; for ¢« & I
and let A’ C A consist of the elements of A with entries in F’. Then A’ is
p. i. equivalent to A and so f(y1,...,yn) has a non-zero evaluation a on A’. By
Lemma 3.1 there exist b,c € A’ C A such that bac is of the form ze;;, and the
lemma follows since we can evaluate yg to b and y,+1 to c.
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We denote V,, N Id(A) by I,, and V,, N [d?(A) by Z,. Let g(z1,...,74) be a
multilinear, proper central polynomial of A of degree d and construct a linear
map I' : V,, = Z,, 1442 by substituting 130 f(y)ya+1 for z1,

F(f(fl?l, e 7$n)) = g(l'lyof(yla s 7yd)yd+17$2, ce ,CEn)

where we identify yo, ..., ya+1 with 2,41,..., Tpyrdy2. Since g is a central poly-
nomial T'(f) will also be central, and T is a linear transformation.

LemMmA 3.3: If fi,..., ft € V,, are linearly independent modulo I,,, then
L(f1)s-- s T(ft) € Znyare
are linearly independent modulo I,y q42.

Proof. Since I is a linear transformation, we need only show that if f is not an
identity for A then I'(f) is also not an identity for A. Since g is multilinear and
non-zero, there exists a homogeneous evaluation

To = Ta = Ao, jo

under which g is non-zero. By the previous lemma, yog(y1, ..., ¥d)yd+1 has a
non-zero evaluation y; +— y; such that

909(F1, - - Ud)Yd+1 = 2€iy gy »

where z is non-zero and central in E with support disjoint from the union
\J; Supp(z;). Hence

L) Z1s-- s Zn, Gos-- - Ga+1) = f(Z1 - 2€j4, 41, T2y - -, Tn)
= zf(:fl,fg,...,:fn) £ 0.
Taking dimensions we get this corollary.
COROLLARY 3.4: ¢p_g—2(A) < §,(A) for alln > d+ 2.

We can use this lower bound on 4, (A) to compute a lower bound on cZ(A)

using the following lemma.
LemMA 3.5: If fi1,..., ft € Z, are linearly independent modulo I,,, then

Tni1fre- o Tngrfi € Vo

are linearly independent modulo Z,, .
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Proof. Assume that some linear combination

= w1 fi = a1 Y aif;

was in Zp,41. If the o; were not all zero, then Y «; f; would be a proper central
polynomial and so would have a non-trivial evaluation z in the center of A. But
then the assumption that 2,41 Y «; f; is central would imply that the ideal Az
of A is central, which is impossible.

COROLLARY 3.6: ¢,,_q_3(A) < c¢Z(A) for alln > d + 3.
Here is our main result for the Z-codimensions of verbally prime algebras:

THEOREM 3.7: If A is a verbally prime algebra, then there is a constant k so
that

E-cn(A) <cZ(A), 6,(A) <cn(A).
Hence cZ(A) and §,(A) are each O(c,(A)).

n

Proof. Tt follows from Theorem 4.22 of [1] that ¢, (A) is asymptotic to a func-
tion of the form CnYe™ (e = exp(A) # 2.71---) and so ¢, —q—2(A) is asymptotic
to e7972¢,(A) and c,_q_3(A) is asymptotic to e~?"3¢,(A). Hence, each is
bounded below by a constant times ¢, (A) and the theorem follows from Corol-
laries 3.4 and 3.6.

As stated in the introduction, the bounds on ¢, (M. ¢) and ¢, (Mg (E)) from [2]
imply that
C,ZL(M;C,[), 5n(Mk,Z) — G(nf(k2+l271)/2(k + [)271)

and
Cyin~CF=D/29k2yn < Z(My(E)), S0(Mi(E)) < Con~* =D/1(252)n

for some Cy,Csy > 0.
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