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ABSTRACT
‘We use modular symbols to construct p-adic L-functions for cohomological
cuspidal automorphic representations on GL(2n), which admit a Shalika
model. Our construction differs from former ones in that it systematically
makes use of the representation theory of p-adic groups.
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Introduction

Modular symbols and integral formulas for special values of L-functions were
first used by Mazur—Swinnerton-Dyer [MSD74] and Manin [Man73] to construct
p-adic L-functions for cuspidal elliptic eigenforms. Besides generalizing the
construction to automorphic representations on GLg over other fields than the
rationals (cf. [Man76]) there are several directions in which one can generalize
the method to higher rank groups:

One can study the p-adic behaviour of Rankin—Selberg L-functions associ-
ated to cuspidal automorphic representations on GL,, x GL,_; as has been
done most notably by Schmidt [Sch93], Kazhdan-Mazur—Schmidt [KMS00] and
Januszewski [Jan11], [Jan15]. In [Mah00] Mahnkopf studies the case of the stan-
dard L-function of a cuspidal representation of GLs3.

In this paper we consider the standard L-function of a cuspidal automorphic
representation V' on GLg,, which admits a Shalika model, over a totally real
field F. The construction of a p-adic L-function in this setting has been carried
out by Ash—Ginzburg [AG94] under the following assumptions:

(A) The cuspidal automorphic representation is cohomological with respect
to the trivial representation.
(B) The local components Vj, are spherical and ordinary for all places p
above p.
(C) A certain restriction on the p-class group of F.
The main aim of this article is to relax the above assumptions. In particular, we
get rid of assumption (C) completely and work with a cuspidal representation,
which is cohomological with respect to an arbitrary algebraic representation
Val. Our methods are somewhat different from the ones of Ash and Ginzburg.
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Whereas their arguments are close to the classical ones, i.e., using Hecke rela-
tions to prove the distribution property and the boundedness of the distribu-
tion, we follow the strategy of Spief§ in [Spil4], which builds on work of Darmon
(cf. [Dar01]). The two main features of this construction are the following: All
computations, e.g., the distribution and interpolation property, are purely local
and we construct the distribution from a cohomology class in the group coho-
mology of an Sy-arithmetic subgroup of GLg,, with values in (V, ® V1)V, where
Vp is the tensor product @), ¢ s, Vo- The existence of a well-behaved lattice in-
side the locally algebraic representation V,, ® V, then implies the boundedness
of the distribution.
The main results of the paper are:

Definition of the distribution in Section 3.2.
Proof of an interpolation property (see Proposition 3.5).
Proof of rationality of the distribution (see Corollary 4.11).

Proof of integrality of the distribution (see Corollary 4.12).

Let us explain our results and their proofs in more detail:

The heart of the article is Section 2. We develop a theory of stabilizations
with respect to the standard parabolic subgroup P, C GLa, of type (n,n) in
terms of the representation theory of p-adic groups. More precisely, a local
component V, of V admits a stabilization © if it is a quotient of a parabolically
induced representation from F,. Thus, we can view V, as the global sections
of a sheaf on the quotient P,(F}y)\ GL2,(Fy). We use the action of the Levi
subgroup of P, to trivialize this sheaf on an open subset inside the open Bruhat
cell. This yields a map

do: CY(GL,(F),C) — V4.

In the main Lemma 2.11 we show that Jg (resp. a variant of it for locally alge-
braic representations) respects integral structures on both sides as long as the
stabilization © is weakly ordinary. This weak ordinarity condition is equivalent
to the usual ordinarity condition in the GLg-case but strictly weaker in the
higher rank case. In Section 2.3 we define a modified Euler factor E(©, xy, s)
for every character x,: Fy — C* by integrating x o det over the pullback of
the local Shalika functional by dg. The modified Euler factors are holomorphic
multiples of the local L-factors, i.e., we have

E(@vvas) = e(evvas) ! L(‘/P ® Xpa S)a
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where €(©, xy, ) is an entire function. Using explicit formulas for the Shalika
functional we show that the modified Euler factors are the expected ones if V
is a twist of an unramified principal series representation by a character.

In the third section we globalize our construction. Let S, be the set of places
of F' above p. Suppose we have given stabilizations ©, of V,, for all places
p € Sp, a critical half integer s+ 1/2 and a finite set of finite places ¥, which is
disjoint from S,. Then we construct a distribution pe,,, s on the Galois group
G, of the maximal abelian extension of F' unramified outside p and oo such that
the interpolation property

[ xOenadn) = TT e(@nrpes +1/2)x LV 0 x5+ 1/2)
9p PESY
holds for all continuous characters x: G, — C*.

Finally, in the last section we recast the definition of g, s in terms of modular
symbols. As an immediate consequence we get that the distribution takes values
in a finite-dimensional vector space over the field of definition £ of the finite part
of V. Using results of Grobner and Raghuram on rationality of Shalika models
(cf. [GR14]) we show the following more refined result: there exist periods ¢
for all characters e: Fi = (F @ R)* — {£1} such that

/ XV os a(dy) € L.

9p

Here &' C C is the smallest extension of £, over which the stabilizations ©, are
defined, and &} is the field you get by adjoining the image of x. Assuming that
the stabilizations are weakly ordinary we show that the distributions pey, s are
p-adically bounded provided that the locally algebraic representation Vy ® V),
admits a lattice L, which has a resolution by compactly induced representations
of finite type (see Definition 1.2 for a precise definition). The two main steps
in proving the boundedness are:

e Arithmetic groups are of type (VFL) (as introduced by Serre in [Ser72]),
and therefore modular symbols with values in the lattice L commute
with flat base change.

e o respects integral structures.

We end the introduction with some comments on the existence of the above
mentioned lattices: By the Breuil-Schneider conjecture the representation
Va1 ® V, should always admit some lattice. In the GLg-case Vignéras has shown
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in [Vig08] that the existence of some lattice is equivalent to the existence of a
lattice, which has a good resolution. In Section 1.3 we list known examples of
locally algebraic representations in the higher rank case, which admit good lat-
tices. Since smooth ordinary principal series representations admit good lattices
by the work of Ollivier (cf. [Oll14]) our construction covers all cases discussed
in [AG94]. In the higher weight case the existence of good lattices is known in
special cases by results of Grofe-Klonne (see [GK14]).
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exposition of the article.

NoOTIONS AND NOTATIONS. We will use the following notions and notations
throughout the whole article. At the beginning of each section there will be an
additional set of notations which may be only valid for that given section.

The entry in the ¢-th row and j-th column of a matrix A is denoted by A;;.
We denote the n x n-identity matrix by 1.

All rings are commutative and have a unit. The group of invertible elements
of a ring R will be denoted by R*. If M is an R-module, we denote the dual
module Hompg(M, R) by M.

If R is a ring and G a group, we will denote the group ring of G over R by
R[G]. If G is a topological group, we write G° for the connected component
of the identity. Given a closed subgroup H of a locally profinite group G and
an R-linear representation M of H, the (smooth) induction Indg M of M
from H to G is the space of all locally constant functions f: G — M such
that f(hg) = hf(g) for all h € H,g € G. The induction IndgM is an R-
module on which G acts R-linearly via the right regular representation. The
(smooth) compact induction c-ind$ M is the R[G]-submodule of Ind$ M
consisting of functions which have compact support modulo H. Let x: G — R*
be a character. We write R[x] for the G-representation, which underlying R-
module is R itself and on which G acts via the character x. Given a character
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x: H = R* we will often write Ind%, y (resp. c-ind% x) instead of Ind% R[x]
(resp. c-ind$ R[x]).
For a set X and a subset A C X the characteristic function 14: X — {0,1}

is defined by
1 ifx € A,
]1,4(.%’) =
0 else.

We fix a prime p and embeddings
C Q<5 C,.

We let ord, denote the valuation on C, (and on Q via ¢,) normalized such that
ordy(p) = 1. The valuation ring of Q with respect to ord, will be denoted
by R.

1. Preliminaries on function and distribution spaces

The purpose of this section is twofold. Firstly, we want to fix notations. Sec-
ondly, we want to collect results from the literature which we are going to use
later.

1.1. DISTRIBUTIONS AND MEASURES. Given two topological spaces X,Y we
will write C'(X,Y") for the space of continuous functions from X to Y. If R is a
topological ring, we define C.(X, R) C C(X, R) as the subspace of continuous
functions with compact support. If we consider Y (resp. R) with the discrete
topology, we will often write C°(X,Y) (resp. C2(X, R)) instead.

Since a locally constant map with compact support takes only finitely many
different values, the canonical map

(1) CY%X,Z)® R — C°(X,R)

is an isomorphism of R-modules. For aring R and an R-module N the R-module
of N-valued distributions on X is given by

Dist(X, N) = Homz(C?(X,Z), N).

By (1) every distribution p € Dist(X, N) extends uniquely to an R-linear ho-
momorphism

C%X,R) — N, f%/ f dp.
X
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Suppose f: X — Y is a continuous map between compact spaces. Then the
pullback map

CO(YaR)HOO(XaR)v g}—>gof
induces a pushforward map on distributions
(2) f«: Dist(X, N) — Dist(Y, N).

If G is a topological group and H a closed subgroup, G acts on C°(G/H, N)
(resp. C2(G/H, R)) via left-multiplication, i.e., (¢f)(z) = f(g 'z). This in
turn induces a G-action on Dist(G/H,N) via (¢D)(f) = D(g~'f). In case
H is trivial, we can extend the action of G to a G x G-action on C°(G, N)
(resp. CO(G, R)) by (g1,92)f(9) = (97" 992).

Now, let X be a profinite topological space and E a p-adic field, i.e., E is
a field of characteristic 0 which is complete with respect to an absolute value
|- |: E — R whose restriction to Q is the usual p-adic absolute value. Until the
end of this subsection R will denote the valuation ring of E.

Let V be a finite-dimensional E-vector space and L C V a lattice. The space
Dist®(X, V) of bounded distributions is defined as the image of the inclusion

Dist(X, L) ® E — Dist(X, V).

The definition does not depend on the choice of lattice. Any bounded V-valued
distribution p can uniquely be extended to a continuous FE-linear homomor-
phism

C(X,E)—YV, f»—>/deu.

We say that a C-valued distribution p € Dist(X,C) is a p-adic measure if
there exists a Dedekind ring R C R such that the image of C%(X,Z) under p is
contained in a finitely generated R-submodule of C. Let L, r be the smallest
such R-submodule of C. In this case p defines a bounded distribution with
values in Z,: =L, r®rC,.

1.2. SMOOTH REPRESENTATIONS. Let G be a locally profinite group and F a
field of characteristic 0. A G-representation on an FE-vector space V is smooth
if the stabilizer of v in G is open for all v € V- We write €5*(G) for the category
of smooth G-representations on E-vector spaces.

LEMMA 1.1: Let K C G be a compact, open subgroup. Then c—ind?( Pisa
projective object in €3*(G) for every K-representation P € €5 (K).
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Proof. As a consequence of Frobenius reciprocity the compact induction functor
sends projective objects to projective objects. But €3*(K) is a semi-simple
abelian category (see, for example, Chapter 2.2 of [BH06]) and thus every object
in € (K) is projective.

1.3. LATTICES AND INTEGRAL RESOLUTIONS. Let E be afield, R C F asubring
and G a locally profinite group. A G-representation on an FE-vector space V
is called R-integral if there exists a locally-free G-stable R-submodule L C V
such that V = L ®g E. In this case we call L an R[G]-lattice in V. For
example, C%(G, R) is a R[G x G]-lattice in C(G, E). There is also a twisted
variant of this: Suppose we have a character y: G — E* and a compact, open
subgroup K C G such that x(K) C R*. Then, the R-module

3) C2(G, R) @ x = c-ind i  (C°(K, R) ®r RIX])

defines a R[G x K]-lattice in CY(G, E) @ E[x].

The second kind of examples we are interested in will be lattices in locally
algebraic representations of reductive groups over p-adic fields: Let F/Q, be a
finite extension with ring of integers Or and n > 1 a fixed integer. We write G,
for the group of F-rational points of GILL,, with the p-adic topology and Z C G,
for its center. Further, we fix a finite extension £ C C, of Q, such that every
embedding F' — C,, factors through £ We will denote the valuation ring of E
by R.

Definition 1.2: Let V be a representation of G, on an E-vector space. An
R[G,]-lattice L inside V is called homologically of finite type if there exists
a resolution of finite length

(4) 0—Cp—-—Cy—L—0
of R[G,]-modules with the following properties: Each C; is of the form
C; = c—indgKM L;

with compact, open subgroups K C G, and R[ZK;|-modules L;, which are
free R-modules of finite rank. We say that V' is homologically integral if V
admits a lattice which is homologically of finite type.
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Remark 1.3: (i) The significance of the notion of homological integrality
will be made apparent in the proof of Proposition 4.9.
(ii) It is easy to see that the property of being homologically integral is
preserved under twisting by finite order characters.

An irreducible locally Qp-rational representation of G, on an E-vector space
is a tensor product V' = Vg, ® Vi, where Vi, € €(G,,) is irreducible and Vj is
an irreducible E-rational representation of the algebraic group Resr/q, (GL,, ).
The following proposition shows that being homologically integral is rather com-

morn.

PROPOSITION 1.4 (Vignéras): Let V be an irreducible, locally Q,-rational rep-
resentation of Ga on an E-vector space. Then V is integral if and only if V is
homologically integral.

Proof. The locally algebraic case is the content of Proposition 0.4 of [Vig08].
The locally Q,-rational case is proved in exactly the same way.

Definition 1.5: Suppose that F' = Q. An irreducible algebraic representation
Va1 is said to have p-small weights if it fulfills the following two conditions:

o The reduction mod p of one (and thus every) R[GL,(Z,)]-lattice of Vy
is absolutely irreducible.

e We have (u + p, B) < p for every positive root 5. Here u denotes the
highest weight of V,; with respect to the Borel subgroup of upper trian-
gular matrices and p is half of the sum of all positive roots. Equivalently,
if we write = (g1, ..., tin), the above condition translates into

i — i1 +1<p
foralll1 <i<n-—1.

THEOREM 1.6 (GroBe-Klonne): Let V' be an irreducible, locally Q,-rational
representation of G, on an E-vector space and assume further that

o ['=Qy,

e V.1 has p-small weights,

e Vi is an irreducible, unramified principal series representation,

e the central character of V' takes values in Z, and

the (twisted) Hecke-eigenvalues of V' are integral.

Then V' is homologically integral.
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Proof. By the results in Section 3 of [Kat81] our situation is just a special case
of [GK14], Theorem 1.1 (iii).

Definition 1.7: A principal series representation V € €3*(G,,) is called ordinary
if there exists a character x: B, — R* on a Borel group B,, C G,, such that

V = Ind§" E[y].

THEOREM 1.8 (Ollivier): Suppose V' € €3*(G,,) is an ordinary irreducible prin-
cipal series representation. Then V is homologically integral.

Proof. Given a character x: B,, = R* as in the definition of ordinarity we can
consider the lattice

Ind3" R[x] C V.
By the work of Ollivier (cf. [Oll14]) this lattice is homologically of finite type.
Note that Ollivier only considers representations over fields in loc. cit. but her
methods carry over verbatim to our situation.

2. Local distributions

Throughout this section let F' be a finite extension of Q, O its ring of integers
with maximal ideal p = (w) and ¢ the cardinality of its residue field. We denote
the group of units of O by U and put U™ = {u € U| u = 1 mod p"}. We
denote by v the normalized additive valuation on F (i.e., v(w)=1) and by |z|
the modulus of = € F* (i.e., || = ¢ 1).

Let G, (resp. K,) denote the group of invertible (r x r)-matrices over F
(resp. O) and let d*g denote the Haar measure on G, (normalized such that
K, has volume 1). We denote by Kﬁm) the principal congruence subgroup of
K, of level m, i.e., the kernel of the reduction map from K, to GL,.(O/p™).
The Borel subgroup of upper triangular matrices in G, will be denoted by B;.
If r = 2n is even, we let P, denote the standard parabolic subgroup of Gs, of
type (n,n). Finally, we fix a character ¢: F — Q" of conductor O.

2.1. THE MAP §. In this section we construct a map ¢ (depending on several
choices) from the space of locally constant functions on G,, to smooth repre-
sentations of Gs, which are parabolically induced from P,. It will be used in
Section 2.3 to define the local part of our global distribution. The map ¢ was
first studied by Spie for n = 1 in [Spil4].



Vol. 226, 2018 ON SHALIKA MODELS AND p-ADIC L-FUNCTIONS 247

Let us fix an irreducible representation m € €3(G,, x G,) over a field F
of characteristic 0. We can write m as a tensor product m; ®pg w2, where
71, T2 € €P(G,,) are irreducible representations. They are uniquely deter-
mined up to isomorphism by w. We consider 7 as a representation of P, via
the projection P, - G, X G,.

For every element p € m we define the E-linear map

(5) §=6,: CGp, E) — Ind@>" 7

as follows: if g € G, is of the form
_ (9 * 0 1, 1, wu
9\ o g/ \1, of/lo 1,
with g1, g2, u € G, we put

6(f)(g) = f(u) - 7(g1,92u)p

and otherwise we set d(f)(g) = 0.
The group G, X G, acts on C2(G,,, E) as in Section 1.1 and on Indgj" through
the diagonal embedding of G,, X G,, into Ga,,.

LEMMA 2.1: Let D C G, be the subgroup given by D = {g € G, | (9,9)p = p}.
Then ¢ is G,, X D-equivariant.

g1 % 0 1, 1, wu
= € Gap,

with g1, g2,u € G, and (h1,h2) € G, x D. For every f € C%(G,,, E) we have
h1 0 o a1 * 0 1n 1n u hl 0

(6 n)on)w=so((52) 0 5) (5 2) G 0))
g1h2 * 0 ]-n ]-n h;l’uhg

W(( M)(ln o) (5 "))

hQaQQh h UhQ)

Proof. Let

and thus the claim follows.
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Pulling back linear functionals on Indgj" 7 along ¢ yields E-valued distribu-
tions on Gy, i.e., given A: Indgj" m — E we define

(6) px = Aod € Dist(G,, E).
For every element ¢ € Indgj" T we let fg: G, — E be the function given by
£3(9) = Mgp)-

If C is a compact, open subgroup of G, we put {é\ = fg\(nc)'

LEMMA 2.2: Let A: IndIGDj" 7 — E be a linear functional and C C K,, a com-
pact, open subgroup. Then for all f € C?(G,,, E), which are C-invariant under
right multiplication, we have

/Gn f(9)pa(dg) = [Kn: C] /G flg) & ((g ?)) d*g.

Proof. Tt is enough to prove the formula in the case f = 1ac = (4, 1,)1¢ with
A € G,,. In this case we have

/ F(9)un(dg) = / (A, 1) 1e (g)p1a (dg)
Gn Gn

(2 0))-weaf ([ 0))e
-l [ LGk ((g f’)) d'g.

which is exactly what we claimed.

Besides the multiplicative equivariance properties of the map ¢ there is an
additional additive equivariance. We let M, (F') act on CO(M,(F), E) by

(X + f)9) = flg+X)

and on Ind%{“"" 7 via the embedding

M, (F) = Gap, X+ (1" X) )
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LEMMA 2.3: Let A € G, be a matrix and D C G,, a compact, open subset
such that p is stable under {1,,} x D. Then we have

1, X
(X =" )
(X+5) (0 1n> ()
for all f € C°(AD, E) and all matrices X € M,,(F) with AD + X = AD.

Proof. 1t is convenient to introduce an untwisted version of the map ¢§. For
every p' € m we define the M, (F)-equivariant map

Op+ Co(My(F), E) — Ind§l>" 7

as follows: if g € G, is of the form

77 o )\, o)\o 1.
with ¢1,92 € G, and u € M, (F), we put

0p (F)(9) = f(u) - (g1, 92)p"

and otherwise we set 0,/ (f)(g) = 0.
Let f be a function in C°(AD, E). Then by assumption we have

5P(X*f) = (9(17A)p(X*f)

= <1(;l i) 8(1,A)p(f)

which proves the assertion.

2.2. WEAKLY ORDINARY STABILIZATIONS. Using the map discussed in the pre-
vious section we want to construct maps from function spaces to irreducible
locally algebraic representations of Gs,. The main aim of this section is to give
a criterion on when these maps respect integral structures.

Let E be a field of characteristic 0 and R C F a subring with field of fractions
E, which is integrally closed in E. We are mostly interested in the case that p
is not invertible in R.
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Definition 2.4: Let V' € €5(G2y,) be an irreducible representation.

(i) A stabilization © = (7, p,) of V consists of
e an irreducible representation 7 € €¥*(G,, x Gy),
e a non-zero element p € 7 and
e a non-zero G-equivariant homomorphism ¢: Indgj" ™ — V.
(ii) Let © = (m, p,V) be a stabilization of V. Write 7 as a tensor prod-
uct m ® o of irreducible representations mi, T € €3 (G,). We put
a = ag = wa(w), where wy denotes the central character of m3. The
stabilization © is called R-integral if o= € R.

Remark 2.5: (i) The exact value of o does depend on the choice of uni-
formizer w if wy is ramified. But changing the uniformizer changes «
only by a root of unity. Hence, the integrality condition for stabiliza-
tions is independent of the choice of uniformizer.

(ii) If n = 1, the existence of a stabilization is equivalent to V' not being

supercuspidal.
Example 2.6: (i) Our guiding example will be the case of unramified prin-
cipal series representations. Let x1,...,xr: F* — E* be unramified

characters. They induce a character

T
x: B — E* via br— Hxl(b”)
i=1
We will write Indg: (X1,--.,Xr) for the smooth representation Indg: X-
Now, assume that r» = 2n and that V = Indgiz (X1y---5Xan) Is irre-
ducible. We will call % = (7", p"*, 9") with
o T = Indg: (Xla s aXn) ® Indg: (Xn-‘rla s 5X2n)
e p"' the unique normalized K, x K,-fixed vector in m
e Y the canonical isomorphism
the unramified stabilization of V' with respect to (x1 -..Xx2n). The un-
ramified stabilization is integral if a=! = Hf:n_ﬂ xi(@w)~! € R. Note
that we get different models of V' and hence different unramified sta-
bilizations by reordering (and normalizing) the characters ;. This
amounts to (2:) different unramified stabilizations for each irreducible
unramified principal series representation. Each of these stabilizations
is defined over a finite extension of the field of definition of V', which

can be made explicit in terms of Hecke eigenvalues.
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(ii) For r > 1 let St, denote the Steinberg representation of G,. Then Sta,
has a canonical stabilization of the form ©5* = (St,, ® St,, p @ p,V),
where p € St,, is the normalized Iwahori-fixed vector. The Steinberg
stabilization is defined over QQ and is Z-integral since o = 1.

(iii) Assume we have given an irreducible representation V' € €g(Gay) to-
gether with a stabilization © = (7, p,¥). Let x: F* — E* be a continu-
ous finite order character. After choosing a non-zero element e € E[y],
we can define the twisted stabilization O @ x = (7 ® x,p ® €,0y)) of
V ® x, where ¢, is given by the composition

Indgj" ™R X =N Indgj" ™R X Ieid, g ® X.

The twisted stabilization © ® x is weakly ordinary if and only if © is

weakly ordinary.

Given a stabilization © = (7, p,) of V' we can precompose 9 with the map
d, of the previous section to obtain

do =006,: CUG,, E) — V.

The following lemma explains the notion of integrality of stabilizations. It
(resp. its locally algebraic counterpart below) is one of the main ingredients to
prove that the distributions we construct in Section 3 are bounded.

LEMMA 2.7: Let V € €(G2,) be irreducible and R-integral and let L C 'V
be a Ga,-stable lattice. If © = (m, p, 1) is an R-integral stabilization of V, then
there exists a non-zero constant ¢ € E* such that

c-0e: CYGn,R) — LCV.

Proof. In fact, we prove a stronger statement: Let Q C G, be the subgroup

Q:{(g 1u> englgEGm UeMn(F)}

and let m > 1 be a natural number such that {1,,} x K™ is in the stabilizer of
p. Then the image of C2(G,,, R) under § = 4, is contained in the R[Q]-module
generated by 5(]1K£Lm)).

For this, let A € @ be the matrix given by

. <w1n (w— 1)1n> |
0 1,
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It is the product of the two matrices

— 1)1 1
Ao=<1" (@ )”> and A1=<w" 0).
0 1, 0o 1,

In the following, we will abbreviate a scalar matrix with @ € F' on its diagonal
simply by a. Using Lemma 2.1 we get

A5(10)(9) = ApArd(1 o )
= A0 (Ar T n)(9)
= Aod(L_ ) (9)
=1_gm(utw—1) 7(g1,g92(u+w—1))p

9)

=1_po(utw—1)-a-7m(g,g2)p
=a- ]1K5:+1) (u) - (g1, 92)p

= Ly (w) - (g1, go2u)p

= a - 8(Lein)(9)

for all » > m and

g1k 0 1,\ (1, wu
= € Gap,
with g;,u € G,. Therefore, the claim follows by induction.

In the remainder of this subsection we want to discuss locally algebraic ver-
sions of the previous results. In particular, £ C C, will be a finite extension
of Q, with valuation ring R. We assume that every embedding o: F' — C,
factors through E. Let Z[Hom(F, E)] be the free abelian group on the set of
field homomorphisms from F' to E. We identify

a=>Ya,0 € Z[Hom(F, E)]
with the group homomorphism

a: F* — E*, x»—>H0(x)

Given a = > a,0 and b =Y b,o we write a < b if and only if a, < b, for all o.

Further, we fix an irreducible smooth representation Vi, € €3 (Ga,) and
an irreducible, finite-dimensional QQp-rational representation V,; of GLLa, 7 on a
finite-dimensional E-vector space. By definition there exist irreducible
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E-rational representations V,, of GLo, g for all embeddings o: F — E and
a G-equivariant isomorphism

Va2 Q) V.

o: F=FE

Here G acts on V, through the embedding o: FF — E. We will denote the
highest weight of V, with respect to the Borel subgroup of upper triangular
matrices by e = (o1, - - s fo2n). We set €5 = fig1 + -+ + fio,n, and define

€al = g €,0.

occ€Hom(F,E)
Definition 2.8: Let V = Vi ® V) be as above.

(i) A stabilization © of V' is just a stabilization of its smooth part Vp.
(ii) We say that a stabilization © of V is weakly ordinary (with respect
to Vi) if ag'ea(w) ™ € R.
(iii) A critical point V; of V is a one-dimensional G, x G,-subrepresentation
of Val-

Remark 2.9: (i) The notion of weak ordinarity can be seen as an auto-
morphic version of Panchishkin’s p-ordinarity condition of motives (see
Section 5 of [Pan94]).

(ii) Every irreducible unramified principal series representation, which is
ordinary in the sense of Definition 1.7, has a weakly ordinary stabiliza-
tion.

(iii) On the notion of critical points: We will see in Section 4.2 that critical
points of L-functions of global automorphic representations correspond
to certain one-dimensional subrepresentations of V.

Given a stabilization © and a critical point Vs C V1 of V we define
0 5y ®id
do,5: Co(Gn, B) @V, —— Ve @ Vs = V.
As an immediate consequence of Lemma 2.1 we get

LEMMA 2.10: The map dg s is Gy, x D-equivariant, where D C G, is the open
subgroup given by D = {g € G, | (9,9)p = p}-

There is also a version of the integrality Lemma 2.7 in this setup. Let x5 be
the character of the one-dimensional G,, x G,-representation V. After choosing
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an isomorphism E[xs] = Vi we can consider the lattice
C%G,R) ®r xs C CY(Gy, E) @ V,
as defined in (3).

LEMMA 2.11: Suppose V is R-integral and let L C V be a Gay-lattice. If © is
a weakly ordinary stabilization of V and Vj is a critical point of V', then there
exists a non-zero constant ¢ € E* such that

c-dos: OS(Gn,R) ®rXxe > L CV.

Proof. Let u € G5, be the matrix

1, -1,
u =
0o 1,

and v: G,, — GLs, the cocharacter which sends ¢ € G,, to the diagonal matrix
v(t) with v(t); = tif 1 <i <nandv(t)y =1ifn+1<i < 2n. We

put v/ = uvu~l.

Then the matrix A we considered in the proof of Lemma
2.7 is nothing but v'(w). We can view V, as a Resg/q, (G, r)-representation
via p/ and hence it has a weight space decomposition, i.e., there exists a basis

(v1,...,v) of Vo and elements ey, ..., e € Z[Hom(F, E)] such that
Avy = e(w)y; V1 <I<k.

From the proof of Lemma 2.7 we see that there exists an integer m > 1 such
that
6@(1K$lr+l)) R = aélel(w)_l . A(ég(llﬂ(f)) &® Ul)
for r > m and all 1 <[ < k. After multiplication with a non-zero constant
we might assume that 5@(]1K7(:n>) ®u; € L for all 1 <1 < k. By definition we
have e; < ey for all 1 < [ < k. Thus, by the ordinarity assumption on © we
inductively get
6@(1K$lr+l)) Qv €L

for all 7 > m. Multiplying the v; with appropriate non-zero constants we can
assume that R[ys] C Vs is a submodule of the R-span of vy,...,v; and the

claim follows.

For the sake of clarity let us work out the conditions of the preceding lemma
in the case F' = Qp, n =1, Vo = Symk((@z)v and Vi, = Indgj (x1,Xx2) an
irreducible principal series representation. We set o = x2(p) and o’ = x1(p).
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The highest weight of V,; is given by u = (0, —k). The existence of a lattice in
V = Vi ® Va1 implies that

(i) aa'p~* € R*,

(ii) @ € R and pa’ € R.
The associated unramified stabilization is ordinary if and only if a~! € R. So
the weak ordinarity hypothesis together with the existence of a lattice implies
that « is a unit in R. Vice versa, it is easy to see that the representation V has
a lattice if & € R* and condition (i) holds.

2.3. LOCAL SHALIKA MODELS AND LOCAL DISTRIBUTIONS. The Shalika sub-
group S of Ga, is given by

S{(S 2) (161 i) |h€Gn,X€Mn(F)}.

We fix a locally constant character n: F* — C*. It induces a character ny: S — C*

(8 2) (15 f ) 5 n(det () (tx(X)).

via

Definition 2.12: An irreducible representation V € €¥"(Ga2y,) has a (local)
(n,%)-Shalika model if there exists a non-zero functional A\: V' — C such
that

A(sp) =nib(s)A(p) Vs€S, pem.
The functional A is called a (local) (7, )-Shalika functional.

Remark 2.13: (i) Suppose V has an (7, 1)-Shalika functional A. Let
x: F* = C*
be a locally constant character and e € C[x] a non-zero element. Then
M:VRClx] 2 C, v®er— Av)

defines a (nx?,1)-Shalika functional on V ® .

(i) If n is the trivial character, Jacquet and Rallis have shown in [JR96]
that Shalika functionals are—if they exist—unique up to multiplication
by a constant. An elementary proof of this fact can be found in [Nie09].
Using the first remark one gets the uniqueness of (7, )-Shalika func-
tionals if 7 is a square.
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(iii) If n is a finite order character, Ash and Ginzburg have proven the
uniqueness of Shalika functionals for unramified, irreducible principal
series representations under a technical condition on the induction pa-
rameter (see Lemma 1.7 of [AG94]).

In view of the above remarks we make the following

AssUMPTION 1: We assume that local Shalika functionals are—if they exist—
unique up to multiplication by a non-zero scalar.

Suppose we have given a stabilization © = (m, p,?) of an irreducible repre-
sentation V' € €¥*(Gay), which has a Shalika functional X. Let

Ho = Uxroy € DiSt(Gn,C>
be the distribution defined in (6).

LEMMA 2.14: Assume that V is generic and that there exists t € C such that
V @ |det |! is unitary. For every continuous character x: F* — C* the integral

™ B(©.x.9)i= [ x(det(9))|det(g)|*/* due(g)

n

converges absolutely for Re(s) large. There is a factorization
(8) E(©,x,s) =¢e(0,x,5) - LV & x, ),

where (0, x, s) is an entire function. Hence, F(O, Y, s) can be extended to a

meromorphic function on C.

Proof. Let C C K,, be an open subgroup, which is contained in the kernel of
x o det. By Lemma 2.2 we have the following equality:

x(det(g))| det(g)" /% &2 ((g ’ )) d*g.

E(©,x,s) = [Ky: C]/ 0 1,

Gn,
The function fé“’ﬁ is an element of the Shalika model of V. Hence the claim
follows from [FJ93] Proposition 3.1.

Remark 2.15: In the case n = 1, the vector p of the stabilization © is determined
uniquely up to a constant and therefore the modified Euler factor essentially
does not depend on p. If n > 1, there are different choices of p yielding a priori
different modified Euler factors.
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The modified Euler factors E(©, x,s) behave well under twisting. Using
Remark 2.13 (i) a straightforward calculation gives

LEMMA 2.16: Let x’': F* — C* be a continuous character. Then the equality
EO©®X,x,5) =E(©,x'x,s)
holds.

Let us take a closer look at the spherical example: Fix unramified characters
X1, ---,X2n such that

V= Indg;: (Xla sy X2n)

is irreducible and has a unitary twist. Assume that V has a (1, )-Shalika
model. Then by Proposition 1.3 of [AG94] we know that 7 is unramified and we
may assume that y; = nxor_; 41 (which we will do in the following). Conversely,
every such unramified principal series representation has a Shalika model. More
precisely: Write

n—i+1/2 n—i+1/2

Bi = xi(w)q = g

for the Satake parameters of V' and let |- | be the standard norm on C. If we
assume that |3;5;]cc < 1forall 1 <i < j <n, then by [AG94], Lemma 1.4, the
following absolutely convergent integral gives the Shalika functional:

B 0 1,\[g 0\(t. X\\ . ) .
Ae)=[ H/MMF;"((M 0><0 g)(o 1n>>77 (det () (tr(X))dX

Here dX denotes an additive Haar measure on M, (F). If 8;8; # n*!(w) for

all 1 < i < j < n, then the Shalika functional can be defined via analytic

continuation of the above integral (see the proof of [AG94], Proposition 1.3).
Let

@ur — (ﬂ,ur pur ﬁur)
be the unramified stabilization of V' with respect to (x1,...x2n). We can write
P = p1 @ p2,

where p; € Indgz (X1,--+,Xn) and p2 € Indg: (Xn+1,---5X2n) are normalized
such that p;(k) =1fori=1,2 and all k € K,,.
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PROPOSITION 2.17: Let V = Indgiz (X1,---,Xan) be an irreducible unramified
principal series as above with Shalika functional \. Assume that 3;3; # n*'(w)
for all 1 < i < j <n. Then we have

(9) /f(g)ueur(dg)= / Ta, (X)pa(X) F(X)6~ L (tx(X)) dX
Gn M, (F)

for all f € CY(G,,C) which are invariant under conjugation by K,,.
As a special case we get: For every continuous character x: F* — C* we have

(10) E(G“T,X,8)=/M (P{l)cn(X)pa(X)X(det(X))ldet(X)|S_1/2¢_1(tf(X))dX

for Re(s) large.
Proof. For every s € C we define
Ve =ndg" (x| - % - xaal - %)
and let
|—S

Gn G -
pi € IndZ" (x1] - 1%+, xnl - |°)  resp. p5 € IndZ" (Xnt1] - [7%, - -s xan| - |77)

be the normalized spherical vectors, i.e., pi(k) =1 for all k € K,,, i =1,2. We
write ¢° for the corresponding maps

6% CS(GTH(C) - Indg;:(){ﬂ : |Sa e aXn' ' |SaXn+1| : |7Sa s 5X2n| : |7S) =7

and A° for the Shalika functional of V*. Since the map s — A°(6°(f)) is analytic
we can compute the left-hand side of (9) as the analytic continuation to s = 0

of the integral

s 0 ]-n g 0 ]-n X 1 . .
/n/n(i)(f)<<1n 0)(0 g)<0 1n>>77 (det(g))e™ (tr(X)) dXd"g

:/ /G P3(9)ps(9X) F( X)) (det(g)) ™ (tr(X)) dXd*g
:/K /G p5(9)p3(Xg)f(g~ X g)n~ (det(g))ytr(g 1 X g)) dXd*g
:/ p2(X)| det (X)| 7% f(z)yp~ (tr(X)) dX.

n

The claim follows since f has compact support inside G,,.
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2.4. COMPUTATION OF MODIFIED EULER FACTORS. We are going to evaluate
the Euler factors E(O",y, s) of Proposition 2.17. Using the Iwasawa decom-
position we can reduce the integral over GG,, to sums of integrals over explicit
compact open subsets of G,,. Most of these integrals vanish by orthogonality of
characters applied either to the fixed additive character ¥ or the multiplicative
character x.

A fair amount of the computations work in a more general setup: We fix an
irreducible representation V' € €¢(Ga, ), which admits a Shalika functional A
and a stabilization © = (7, p, ). Let L(f) C K,, denote the Iwahori subgroup of
Level p™, i.e., the set of all matrices in K,,, which are upper triangular modulo p”
and write I:Sm) C L(Im) for the subgroup of matrices which are unipotent upper
triangular modulo p™. We assume that p is stabilized by the group {1,} x v,
In particular, ag is independent of the choice of a local uniformizer. We are
going to use the following two properties:

@ K™ c 1tV for all m > 1 and
(IT) det: 1Y = U is surjective.

Definition 2.18: The order ord(A) of a matrix A € M, (F) is the minimum of
the V(Aij), 1 < i,j <n.

It is a straightforward calculation to show that
ord(AB) > ord(A) + ord(B)

for all A, B € M,,(F). In particular, we get an equality if one of the matrices is
in K,.

LEMMA 2.19: Let A€ G,, be a matrix and m €Z an integer with 1<m <—ord(A).
We have the following equality:

1 (m) dﬂ(—) =0.
\/C;n AKn,

Proof. Choose k,l € {1,...,n} such that ord(A) = v(Ax). By assumption,
there exists b € F* with v(b) = —v(Ax) — 1 and p(Agd) # 1. Define the
matrix B € w™M,(0) via

b ifi=I, j=k,

B;; =
! 0 else.
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The indicator function on the set AK,(lm) is clearly invariant under addition by
matrices in Aw™M,,(O). Hence, by Lemma 2.3 and property (I) we get

[ Lascp dne = AGo (1)
G

=A0e(AB* 1, ;m))

=X <<1§ ?B> ‘5@(1%;@))

= P(tr(AB))A(de (1 4 ze(m )

= 1/)(Aklb)/ ]lAKim) due.

n

Since ¥ (tr(Agb)) # 1 the claim follows.

COROLLARY 2.20: Let x: F* — C* be a character of conductor f(x) = p™ with
m >0 and let A € G,, with ord(A) < —max(m,1). Then we have

/ (xodet) 1ak, due =0.
Gn

Proof. Let m' = max(m,1). We can rewrite the integral as
/G (xodet) Lax, dpo = Y x(det(Ak)) /G L, o dite.
" keK, /K !

Using the fact that ord(Ak) = ord(A) for all k € K,, the claim follows from
Lemma 2.19.

LEMMA 2.21: Let x: F* — C* be a character of conductor §f(x) = p™ with
m > 1 and let A € G,, be a matrix with ord(4) > —m. We have the following
equality:

/ (xodet) 1ak, due =0.
Gn,

Proof. Firstly, let us assume we are in the case m > 2. We are going to prove
the stronger statement:

/ (xodet) 1, o1 due =0.
Gn "



Vol. 226, 2018 ON SHALIKA MODELS AND p-ADIC L-FUNCTIONS 261

We have AB € M, (O) for every B € @™ 1M, (0). Therefore, using Lemma
2.3 and property (I) we have

/G (x o det) - 1, getom-1 dpe = Adp((x © det) - 1, gm-0))

= << n ) ((X o det) . ]_AKglml))>

A(0,(AB * ((x o det) - 1, on-n)))-

Taking the average over all B € w™ 1M, (O) yields

/ (ABx((xodet) -1, mm-1))(Ak) dB
w™ =M, (O) "
:/ x(det(Ak + AB)) dB
w™ =M, (O)

:X(det(Ak))/qu o x(det(1, + k~'B)) dB

:X(det(Ak))/milM o, Xt 5 B)) 43

— (et (Ak)) / (det (') di’

Km=D
for every k € K™Y Since det: K™Y 5 pm=1) g surjective, the character
x o det: Kﬁm_l) — C* is non-trivial. Hence by orthogonality of characters the
last integral vanishes.

The case m = 1 can be proven in the same manner using property (IT).

Definition 2.22: Let x: F* — C* be a quasicharacter of conductor f(x) = p™
with m > 0 and a € F* with v(a) = —m. We define the Gauss sum of y (with
respect to 1)) as

() = 706 ) = U : U™ /U x(ag)(ag)d*g.

For r = (r1,...,r,) € Z"™ we let T, € G,, be the diagonal matrix given by
(T})i =w" for 1 <i < n.
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LEMMA 2.23: Let x: F* — C* be a character of conductor f(x) = p™ with
m>1andr=(ry,...,r,) €Z". Ifr; = —m for all 1 <i <n, we have

n2+n

/G XLy o due = 7(x)" (@ ¢ 7"2) 7" 2T N(D(8,(15)))

and otherwise we have
/ X1y o dpe = 0.
G’Vl "

Proof. In the following we will identify elements € = (e1,...,€,) € (U/UM)"
with the corresponding diagonal matrices in GL,,(O/p™) (resp. with represen-
tatives in K,). We have

/ X Ly pom dpie = Z / XLy gom dpie
G "

ce(U/Um)n

> e[ 1y e

Ee(U/U(m))n'L 1 T'-

Applying (2.3) with the matrix T, (e — 1,,) yields

/G X ]lT 7™ d,LL() = Z Hx w'i(e; — 1))/G ]lTTffLm) due

(U Um)n i=1 n
_H¢ 0Dl X(W”Ei)lﬂ(w”gi)/ Ly, zm due-
e €U/ Um) Gn

Lemma 2.21 in the case n = 1 implies that the sum

Y x(@e)v(wie)

e, €U/U™)
vanishes unless r; = —m for all 3.
So let us assume for the rest of the proof that r; = —m for all . By the

definition of the Gauss sum we get

| Xt dve =700 [y e
G G

n

The invariance property of Shalika functionals implies that the distribution

Ao 908, : Co(My(F),C) — C
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is a multiple of the distribution v -dX for every p’ € w. Thus the transformation
law of dX under linear transformations gives

W= )" [ dito = 6= MO, (L, )

Y@ )" A0, 1,)p (L, 7o )))
@ (@) AD(Dp(Lg, 70m))
= a7~ g AW, (170m)))

—m mn2 T T m —
= =g I T AW, (170))
and therefore we can conclude that

/ Xy om dpte = a g™ [T I AW(0,(150)))
Gn

2.,

= 7(x)" (e ¢ 727 AW(0, (1;0)).

Now let us return to the situation of Proposition 2.17. In particular, we
have fixed the unramified stabilization O = (7", p"", ¥"") associated to the
unramified irreducible principal series representation V' = Indgjg (X155 X2n)
with y; = 77)(2_711_1-4_1 for all 1 <4 <n. Hence we know that

2n
o= oon = ] xi(®)

i=n—+1

As before, we write 3; = yi(w)q™ /2 = a;q" "1/ for the Satake parameters
of V.

THEOREM 2.24: Let x: F* — C* be a character of conductor f(x) = p™. If
the complex norm |x(w)|c is sufficiently small, we have

(a g(n=n*)/2)=m ifm>1,

I, T it o
i=1 1_ﬂ71+ix(w)q71/2 -

EOY,x,1/2) =c1(x)" X

where ¢ is a non-zero rational constant independent of x.
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Proof. We first treat the case m > 1. By Corollary 2.20 and Proposition 2.17
we have

E©",x,1/2) = / X djgur = / X dugur

m
n

(1) = [ pOXet (X)) (X)) dX

- (OX)Y (1x(X)) dX,

where F™ C G, is the set of matrices A with ord(A) > —m. By the Iwasawa
decomposition every coset AK, € F™/K, has a representative of the form
Tr(ak,) + N with r(A) € Z" and N a nilpotent upper triangular matrix with
entries in p~™. The diagonal matrix T, sk, is uniquely determined by the
coset AK,,. For a fixed r € Z™ we define

Fr={AeF"|r(AK,) =r1}.

A complete set of representatives of 7" /K, is given by {T, + N}, where N are
nilpotent upper triangular matrices with entries N;; running through a set of
representatives of p~™/p"™ for all j > i. If we let the N;; run through a set of
representatives of p~™ /p"iT™ instead, we get exactly qm("z_")/ 2 representatives
for each equivalence class in F;". Therefore, we get

3 /K x(det(Ag))(tr(Ag))d*g

AeFm/K,

= iy 3 [ XCT ) o(tx(Tr ) wler(Na)) g

1 *
= ini-wps [ YT 0)00r(Tr) > (Vo).

By orthogonality of characters the sum

> Y(tr(Ng)) = > TT¢(Nijg50)

Nijep—m/prier j>i

=11 > P (Nijgji)

>t Nijep—m/pri+7n
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is zero unless v(g;;) > m for all j > i. Therefore, using the proof of Lemma
2.23 most of the terms in (11) vanish and we are left with

B, x.1/2) = / -z, 1™ dpo.

The claim now follows by using Lemma 2.23 once again.
Now let x be unramified. Corollary 2.20 and Proposition 2.17 give

BO" 3 1/2) = [ x o = [ p(0xet(X))0 7 ((X) dX.

f
Invoking the Iwasawa decomposition and the comparison between multiplicative
and additive Haar measures we get

E©",x,1/2) = hm Z Hq "agt o ( Z Y(tr(Ag)) d

H)EL™ =1 AeF} Kn
—1<rl<k

As in the case m > 1 we see that

> [, wlutag) 2 =TT [ yume) d.

D
AE]:I =1 n

The integral on the right-hand side of the equality is equal to vol(L(ll)) ifr; >0
for all 1 <4 < n. Otherwise a computation with diagonal matrices like before
shows that

n

Iﬁl)w(tr(Trg) d*g = vol(I{V) H( q—l)

i=1
T,;:*

Therefore, we get that

T . 1 - -1 n n—i — —1
E(©"™,x,1/2) = vol(I{") [ ] - . L iX(@) T Y (angix(@)g )
i=1 k=0
= vol(I(M) ﬁ ! a tx(w) gt g ! .
o 11 n+z 1= anyix(@)q™

qn 141 1 7Oén+zX( ) 1qi71

1 9~ I 1- an-HX( )q_i

w2 fr L= Biix(w) g
=vol(IM) [T : UMW) g™ n .
(L)1 ] ];[1 1= Busix(m)g-1/2

The constants appearing in all the cases are equal, which proves the claim.

= vol(I(M)

ampE

-
Il
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2.5. THE SEMI-LOCAL CASE. All the previous constructions can be easily gen-
eralized to the semi-local case. We change our notations slightly. Let F,..., Fj
be finite extensions of Q,. We put F' = Fy x---x Fy and O = Op, X -+ X Op,.
For every r € N we define G, = GL,(F) and K, = GL,(O).

Further, we fix a subfield £ C C, which is a finite extension of @, such that
every embedding of every F; into C, factors through E for all 1 < ¢ < ¢ (or, an
arbitrary field E of characteristic 0 in the smooth case).

Definition 2.25: Let V; be irreducible locally Q,-rational GLg, (F;)-representa-
tions on E-vector spaces for every 1 <i < g.

(i) A stabilization O of the Ga,-representation

is a tuple © = (0;)1<i<g, Where O; is a stabilization of V; for 1 <i < g.
(ii) A stabilization © of V is weakly ordinary if each of the ©; is weakly
ordinary.
(iii) A critical point Vs of V' is a tensor product of the form

Vs = é Vs,
=1

where V; ; is a critical point of V; for all 1 <17 < g.

The map given by

i=1

1.0 fgr—[(91,---,9n) = f1(g1) - ...~ fnlgn)]

gives an isomorphism of G, x G,-representations. Therefore, every data of a
stabilization © and a critical point V; of a representation V gives rise to a map

(12) So.5: CUGH, E) @V, — V.

If V; is smooth for all 1 < i < g, then V; is automatically trivial. All the local
results from Section 2.2 carry over verbatim to the semi-local case.

Suppose we are in the smooth case. Let Kg = Kg,1 X - X Kg 4 C K, be the
maximal open subgroup such that dg is 1 x Kg-equivariant. For an arbitrary
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ring R, which contains the central character w of Vi, and an R-module N we
define

IC)(Kn, R) = c-indGr 2y w @ C (Ko, R)

and

IDist (K, N) = c-indge, 55w ™ @ Dist(Kn, N),

where Z is the center of Ga,,, which we view as a subgroup of G,, x G, via the
diagonal embedding. By Frobenius reciprocity the map dg induces a map

(13) ICY(K,,E)—V,

which we also denote by dg.

3. The global distribution

We will use the following notations throughout the rest of the article. We fix a
totally real algebraic number field F' of degree d with ring of integers O. For a
non-zero ideal a C O we set N(a) = #(O/a). Given a place | of Q we denote by
S the set of places of F' above . Let o1, ...,04 denote the distinct embeddings
of F into R and 001, ...,004 the corresponding Archimedean places. Via the
fixed embedding ¢ : Q — C we can and will view the o; as embeddings into Q.

If v is a place of F', we denote by F,, the completion of F' at v. If q is a finite
place, we let O denote the valuation ring of F; and ord, the additive valuation
such that ordy(eww) = 1 for any local uniformizer w € O4. For an arbitrary
place let | - |, be the normalized multiplicative norm, i.e., | - |s, = |o:(:)| for
i=1,...,dand |-|q = N(q)~°90) if q is a finite place. We denote by U, the
invertible elements of O, if v is a finite place and the group of positive elements
of F, if v is a real place. For a finite place q we let

U,gm) ={zeUjr=1 modq™}.

Let A be the ring of adeles of F' and I the idele group of F'. We denote by
|-]: I—R* the absolute modules, i.e., |(xy)v|=]], |Zv|o for (z,), €. For a finite
set S of places of F' we define the “S-truncated adeles” AS (resp. “S-truncated
ideles” 1) as the restricted product of all completions F,, (resp. F*) with v ¢ S
and put Fs = [[,cq Fo. We also set Us = [],cq U» and Us = vazs U, and
similarly we define Uém). If I is a finite set of places of Q, we often write A’
instead of AY»er51 Uy instead of [],.; Us, ete.



268 L. GEHRMANN Isr. J. Math.

A (left) Haar measure of a locally compact group G will be denoted by dg.
We fix a non-trivial character 1»: A — S' which is trivial on F. For a place v
let 9, be the restriction of ¥ to F,, C A. We assume that the conductor of v, is
O, for all places p € Sp,. Let dz (resp. dx,) denote the self-dual Haar measure
of M,.(A) (resp. M,(F,)) associated to the character 1) o tr (resp. ¥, o tr). It
follows that dx =[], dz,. We normalize the multiplicative Haar measure d*z,
on GL,.(F,) by d*z, = m, |iffv , where m,, = 1 if v is real and m,, is chosen such
that GL,(O,) has volume 1 if v is finite. For a linear algebraic group G over
F, a character y: G(A) — C* and a place v we let y,: G(F,) — G(A) =5 C*
be the local component of x at v. Further, we write PG for the quotient of
G by its center. Given an algebraic character d: G — Gy, r we denote by
G(Fs)T™ C G(F4) the subgroup of elements which have totally positive image
under d. Similarly, we define G(F)™ etc. In the case G C GIL, the superscript +
is always meant with respect to the determinant. Finally, we write G, for the
Galois group of the maximal abelian extension of F' unramified outside p and oo.

3.1. SHALIKA MODELS. In this section we recall the basics on global Shalika
models and their connection to L-functions. The main reference is [FJ93].
Until the end of the article we denote by G the algebraic group GlLyg,, and by Z
its center. We write B for the Borel subgroup of upper triangular matrices in
G. We view H = GL,, x GLL,, as an algebraic subgroup of G via the diagonal
embedding. For mq,ms € Z we define the morphism of algebraic groups

det™ ™2 H — G, (g1,92) — det(g1)™ det(ga)™.

The Shalika subgroup S of G is defined as

h 0\ (1, X

For the rest of this article we fix a continuous character n: I/F* — C*. It
induces a character mp: S(A) — C* via

<h o) <1n X ) s n(det(h)(tr(X)).

0o h/\0o 1,

Let V = ®,V, be a cuspidal automorphic representation of G(A) with central

character w = n".
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Definition 3.1: The cuspidal representation V' has a (global) (n,)-Shalika
model if there exist ® € V and g € G(A) such that the following integral does
not vanish:

Za(g) = / (n(9)®) (s) (i ().
Z(A)S(F)\S(A)

The integral is well-defined since ® is a cusp form. The global Shalika func-
tional A: V — C is defined by

By a simple change of variables we see that A(s®) = n(s)A(P) holds for all
s € S(A) and ® € V. We will assume from now on that V' has a (7, ¢)-Shalika
model.

Example 3.2: (i) If n =1, a Shalika functional is the same as a Whittaker
functional. Thus, every cuspidal automorphic representation of GL2(A)
has a Shalika model.

(ii) Let V be a cuspidal representation of GLa(A), which is neither of di-
hedral nor of tetrahedral type. Then, by the work of Kim and Shahidi
(cf. [KS02]) the symmetric cube lift TT = Sym® (V) is cuspidal. It is well-
known that in this case IT has a Shalika model (see, for example, [GR14],
Proposition 8.1.1).

PROPOSITION 3.3: Let f: I/F* — C be a locally constant function, ® an ele-
ment of V and s € C. Then the integral

(2, f,s) =/ ()| det" ™" (n)]*~1/ f(det" " (h)n~ " (det™ ())dh
Z(A)H(F)\H(A)

converges absolutely and defines a holomorphic function in s. If Re(s) is suffi-
ciently large, it equals the following absolutely convergent integral:

_ = g 0 o o s—1/2 1%
Z(@,f,S)/GLn(A) Zs ((0 1n>>f(d t(g))| det(g)|*~/2d"g.

Proof. If f = x: I/F* — C* is a character and V is unitary, this is precisely
Proposition 2.3 of [FJ93]. By twisting with a character we may assume that V'
is unitary. Since the locally constant characters form a basis of C°(I/F*, C) the
claim follows.
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The global Shalika functional factors as a product of local Shalika functionals
in the following sense: There exist non-zero functionals A,: V,, — C for every
place v of F' such that

A((I)) = H)‘v(‘ﬂv)
holds for all pure tensors ® = @), ¢, € V = @ V,. Hence we have the equality
Zp = H £y
(see Lemma 2.2 for the definition of 52’;). Moreover, we have

)\v(sv@v) = nvi/}v(sv)Av(@v)

for all ¢ € V,, and s, € S(F,). Thus, A, is a local Shalika functional of V,, as in
Definition 2.12 for every finite place v.

PROPOSITION 3.4: Let v be a finite place, ¢, € V,, and x,: F,, — C* a charac-
ter. Then for every complex number s € C with sufficiently large real part the
following local zeta integral converges absolutely:

oo = [ e ((g 10>>xu<det<g>>|det<g>|zWd*g.

There exists y,, € V,, such that

L(VL 0 Xvas) = CU(SDUaXUaS)

holds for Re(s) large enough and all unramified characters x,,: F* — C*. More-
over, if V,, is unramified, this equality holds for a spherical vector. By our choice
of Haar measure on GLay,(F,) we can choose the normalized spherical vector
for almost all v.

Proof. See Proposition 3.1 and Proposition 3.2 of [FJ93] for the unitary case.
The non-unitary case follows by twisting with an appropriate character.

3.2. THE GLOBAL DISTRIBUTION. The goal of this section is to construct the
global distribution and show that it fulfills the right interpolation property in
the nearly spherical case.

Let V = @, V. be a cuspidal automorphic representation of G(A) having a
(n,9)-Shalika model. Further, we assume that we have given a stabilization ©
of the semi-local representation V,, = ®p €s, V,. Finally, we fix a finite set ¥ of
finite places of F', which is disjoint from .S,.
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For every integer m > 1 we define ®7¢ 5, = @, ¥m, 20 € @0 Vo to be the
following pure tensor:

o Case v ¢ S, UX: ¢, = ¢m 5,0 is chosen as in the end of Proposition

3.4. Especially, it is independent of m.
o Case v € X: @, v = Pm, 5, is chosen such that

<U(SDU,Ea Xv, 5) =1

holds for all s and all unramified characters y,. See Section 3.9.3 of
[GR14] for an explicit construction of such a vector.

e Casep € Sp: we define pp p = @m 5p = [GLn(Op) : Kfﬂ)]-égp (HK;?’;))’
where K,(:;) is the m-th principle congruence subgroup of GL,(O,).

The choice of a vector ®., at infinity will be discussed at the end of Section
4.2. For now, we fix an arbitrary vector @, = ®¢p, € ®U|oo V, and put
Q2 = 00 s @ P If f: [/F* — C is alocally constant function, there exists
some integer m > 1 such that f factors through I/F*U g:) For every s € C the
integral
f(@)|z]* poy (dx) := ¥(Pp x, f,5 +1/2)
I/Fx

converges absolutely by Proposition 3.3 and defines a holomorphic function in s.
It is easy to see that the integral is independent of the choice of m.

By class field theory the Artin map rec: I/ F*— G, is continuous and surjective.
Hence, for every s€C we can define a distribution pey s € Dist(G,, C) by

f(Mnes.s(dy) = (rec(z))|z|* pos (dx)
(7% I/Fx

for all f € C°(G,,C). In the following, we always identify a character on the

Galois group G, with the corresponding idele class character.

ProOPOSITION 3.5 (Interpolation property): For every character x: G, — C*
we have (up to a non-zero scalar) the following equality:

/ XVto,s (1) = T €(O@p xpr5+1/2) X Lsus(m @ x,5+1/2)
g
P PES)

< ] Golevs xors+1/2).

VES
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Proof. Since both sides of the equation are holomorphic in s it is enough to
show that the equality holds for fRe(s) large. For m large enough we get

l/ X105+ (d7) =T (s, v, 5+ 1/2)

Gp

:Z(q)’m,da XS + 1/2)
= HCU(SDM,E,U’ Xv, S + 1/2)

= [T s +1/2) TG mpxes+1/2)
VESp 00US PESH, 0

by using Proposition 3.4 and by our choice of ¢, , for p ¢ S}, . Using Lemma
2.2 we see that

O O S J%
Go(m,ps Xp, 8 +1/2) =/GL . )5&:;,1,9" <<g ) ))x;a(det(g))ldet(g)lpd g
n(£p n

_ / Xo(det(g))] det(g)[2 a0, (dg)
GL,(Fy

:E(eanpvs + 1/2)
=e(Op, Xp, s+ 1/2) L(V, ® xp,s +1/2)
holds for all p € 5.

Now let us assume that for all p € S, the local representation V;, is of the
form
Vo = V" @ X
where V' is a spherical representation and Xp5 Fy — C* is a character. The
representation V' is isomorphic to an unramified principal series representation
for all p € Sp. As in Section 2.3, we can choose x; p: Fy — C* forall 1 <i <2n

and all p € S, such that
ur G(F,
o VU = IndBEFP;(Xl, ...y X2n) and
® Xip = an2n—z+1 p-
Let ©," = (m,", pp", ¥,") be the unramified stabilizations of V' associated to

these data, i.e.,

° 7T IndB (}5‘ )p)(xh'-'aXn)@IndB (}5‘ )p)(Xn+1a"'aX2n)a

e p," is the unique normalized spherical vector in m",
e Y is the canonical isomorphism.
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The local Satake parameters of V, are given by Bi, = xip(@)N(p)"~+1/2
where w is a local uniformizer at p. We set a, = HonH Xip(w). Asin
Section 2.3 we assume that the technical condition 8; 83, # 7% () holds for
alll<i<j<nandallpes,.

We consider the stabilization ©"" ® X’ of V},, whose local components are
given by ©," ® x,. For a character x: G, — C* we define

o) =TT focxe)

peES)
and similarly
700 = [T 706xe, 5 -
peS,
As an immediate consequence of Lemma 2.16, Proposition 3.5 and Theorem 2.24
we get

COROLLARY 3.6 (Interpolation property—the nearly spherical case): Under the
assumptions above we have that for every character x: G, — C* the following
equality holds (up to a non-zero scalar):

/g x(MHogeys(dy) =N GO0 0" [[ €@ & X, xprs +1/2)
P PES)

x Lo us(m@ x5 +1/2) T Colws xurs+1/2),
VESs
where the modified Euler factor €' (©," ® x},, Xp, s + 1/2) is equal to

[T, (1 = Bix(@)g~*~Y2) (1 — B, 1 ix(@) " 1g*~Y/2) if ordy (f(x'X)) = 0,
(N(p) "2 " ap)~ordr (OOD if ord, (F(x'x)) > 0.

4. Boundedness of the distribution

For a cohomological cuspidal representation and a critical half-integer s + 1/2
we are going to recast the definition of the distribution in terms of group co-
homology. As an immediate consequence the rationality of the distribution
follows. Further, we show that the weak ordinarity condition combined with
the existence of lattices, which are homologically of finite type, implies the
boundedness of the distribution. Let us fix a cuspidal automorphic representa-
tion V of G(A) with central character w: I/F* — C*. We put V), = ®pes,V
and Voo = Qpes, Vo.
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4.1. COHOMOLOGY CLASSES ATTACHED TO CHARACTERS. Before attaching co-
homology classes to automorphic forms we attend to the simpler question of how
to give a cohomological description of distributions and characters.

Let R be a ring. The Artin reciprocity map induces a surjective map

I°°/UP*> — G,
which yields an isomorphism HO(F},Ind} - (C°(Up, R))) — C°(Gp, R). The
pairing
C°(U,, R) x Dist(U,, N) — N
induces a cap product
HO(F}, Ind} (C°(U,, R))) x Ho(F}, c-indy,, (Dist(U,, N)))
0 Ho(Fy, c-ind}y, N) = (PN =5 N

for every subgroup U’ C U of finite index and every R-module N. The direct

sum decomposition H(J(F:[,c-indHUoo N) = &N follows from Shapiro’s Lemma
and a strong approximation type argument. This in turn yields a map

(14) 9: Ho(F}, c-indy;, (Dist(Uy, N))) — Dist(Gp, N).

Let x: I/F* — C* be an algebraic Hecke character. It is of the form x/| - |,
where y’ is a finite order character and s € Z, and thus its finite part takes
values in a finite extension £ of Q. Let R be the valuation ring of £ with
respect to ord,. Then the finite part of w away from p takes values in R*.

Let us fix an F-rational algebraic group G and an algebraic character

d: G — Gm,F-

For every s € Z we write V;[d] for the Q-rational representation (resp. its base
change to &) given by

Res]F/Q G i> RGSF/Q Gm,F ﬂ) GmﬁQ,

where N is the norm character. Let K C G(A*>) be a compact, open subgroup,
which lies in the kernel of the G(F)-invariant character

xod: G(A) — C*.
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We define the cohomology class
[d,] € HG(F)*, C(G(A™)/K, Vy(d)) via
[dy](9%) = x(d(g™)) Vg™ € G(A™).
Let R be the completion of R and F its field of fractions. Assume that K can
be written as KP K, with K? C G(A?*) and K, C G(F},). We view V;(d)®¢ E
as a G(F})-representation, whose underlying vector space is E. We write Ls(d)

for the K-stable lattice R C E = V;(d) ®¢ E. It is easy to see that the image
of [dy] under the standard isomorphism

(15)

C(G(A®)/K, Va(d) ®¢ E) = C(G(AP™®)/K?, Ind ™) V,(d) @¢ E)
is contained in H*(G(F)*, C(G(AP>)/KP?, Ind?;(pr) Lg(d))).

4.2. COHOMOLOGICAL CUSPIDAL REPRESENTATIONS. For every Archimedean
place v we define K,, C G(F,) = G(R) as the product of the maximal com-
pact subgroup O(2n) and the center Z(F,) = Z(R) of G(F,). We denote by
g, the complexification of the Lie algebra of G(F,) and similarly we write &,
for the complexification of the Lie algebra of K,. We put Ko = [] Koo,
b = @v\oo €, and goo = ®u|oo Gv-

Let us recall that the (goo, K, )-cohomology of a (geo, K3, )-module W can

v|oco

be computed by the Chevalley—Eilenberg complex:
H (9o, K3,), W) = Y (Hompeg (A%(goo/8c), W)

(See the book [BWO00] of Borel and Wallach for the basics on (g, Kg)-modules
and their cohomology.) Note that there is a Kiinneth rule for (geo, K )-
cohomology, i.e., if W = @, W,, where each W, is a (g., K)-module, we
have

(16) H (000, K2 W) = @ QB (0., K3), Wo).
> jv=j wvloo

The representation V,, is a (g,, KJ)-module for all v € So. Given dominant
weights 1, = (U105 flonw) € Z*" for all v € So we let V., be the com-
plexification of the irreducible F,-rational representation of G(F),) of highest
weight p,,. (As always, highest weight is meant with respect to the Borel group
of upper triangular matrices.) We put V,, = @, S Viu,- This is a C-rational
representation of the algebraic group Resp g GLa,.
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Definition 4.1: The representation V' is cohomological of weight p if there
exists an integer j € N such that the (goo, K2, )-cohomology group

HY (00, K3,), Voo @ V)
does not vanish.

From now on we assume that V' is cohomological of weight ;1 and put Vy = V..
By the work of Clozel (cf. [Clo90] Lemma 4.9) it is known that there exists an
integer w—the purity weight of V—such that

Miw + P2n—it10 =W

holdsforall 1 <i<mnandv € Sx.

Remark 4.2: (i) If V has a (n,v)-Shalika model, then it follows from the
proof of [GR13, Theorem 5.3] that 7, = sgn” |- |* for all v € S.
(ii) The central character of a cohomological representation is always an
algebraic Hecke character.

We define qo = n? +n — 1 and set ¢ = dgo. By the discussion in [GR14],
Section 3.4, the cohomology group H* ((g,, K;),V, ® V) is 2-dimensional if
¢» = qo and vanishes if ¢, > qg for every v € S,,. Hence by the Kiinneth
formula (16) we see that

HY (900, K2.), Vae @ Vil ) = @ Q) H* (90, K3), Vo @ V,))

qv=qo v|oo

B @

qv=40 v|oco

Moreover, there is a natural K.,/KS -action on H?((goo, K ), Voo @ V,Y). The
e-eigenspace of this action is one-dimensional for every character € of Ko/ KS..
We fix generators [Vo|® of these eigenspaces. By Section I1.3.4 of [BW00] we

have a canonical inclusion

Il

H (900, K2, Voo ® VY ) C Hompgs (A (goo/tx), V @ V,Y).

Thus, after choosing a basis (X}) of (g»/€,)" and a basis b ; of V,/ we can
write [Vo]® = ®v€Soo [Vu]ev as

dim VMVU

Vo] = Z Z Xi® ‘Pi?i,l ® b1\;/,l-

i=(i1,...,0q0) =1
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Here @7, , are elements of V,, and (X) = X A--- A X fori= (11,5 1g0)-

v,1,l
Finally, we set

and

Our aim is to show that the distribution pg s defined in the previous section
is a p-adic measure provided that s+ 1/2 € C is a critical point of 7. We do not
want to recall the definition of criticality of a point here. It is enough to know
the following two facts: Firstly, by [GR14, Proposition 6.1.1] the set of critical
points of V' is given by

Crit(m) ={s4+1/2€Z+1/2 | —pino < 8 < —fint10 Y0 € Seo }.

Secondly, if s+1/2 is critical, then for all v € S there is a unique 1-dimensional
H(C)-stable subrepresentation V5, of V,,, which is isomorphic to the represen-
tation given by the character det *°t™. This is proven in [GR14, Proposition
6.3.1] for the case s = 0. The other cases follow by twisting the representation
with an integral power of the determinant.

When we defined the distribution in Section 3.2, we had not specified the
vector at infinity. We will catch up with this now. Let hg be the Lie algebra
of the algebraic group H over Q and g the Lie subalgebra of the Q-rational
algebraic subgroup H N Z SO4,. The dimension of hg/¥'g is exactly go. We
fix a Q-basis T4, ...,Tq, of ho/¥'g and denote by T; , the image of T; in g, /%,
for every Archimedean place v. Additionally, we fix a generator z,, of the
subspace V5, C V,,, for every critical point s+1/2 of V and every place v € Se.

Evaluation of
dim V),

Vo] = Z Z X ®Pui,a® b1\;/,d

i=(i1,..iqy) d=1

at (Th,v,- - Tgov, Ts,) yields an element ¢, € m,. We will choose

(I)s,oo = ® Ps,v
v|oo
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as the vector at infinity in the definition of the distribution pg s. It is important
to know that the complex numbers

(Voo Xoor 8 +1/2) = [ [ C(#s00 Xwr s +1/2)
v|oo
do not vanish for any character xoo: F — {£1}. Otherwise, the distribution
te s would trivially be zero. Luckily, the non-vanishing is known by the work
of Sun (cf. [Sunll]). In particular, we have that for every critical point s+ 1/2
and every locally constant character xo, the equality

c(vooaXoov‘97L 1/2) = L(ﬂ'oo @ Xoos S+ 1/2)

holds up to a non-zero constant.

4.3. THE EICHLER SHIMURA HOMOMORPHISM. In the following we are going
to explain the (adelic) Eichler—Shimura map: Let X, = G(F,)t/Kg be the
symmetric space associated to G(F),) for v € Sw. We put X = [[,cq_Xo
and denote by e the image of the unit element under the canonical projection
[l,es. G(F,)" — X. We can naturally identify the tangent space Tx . of X
at e with goo/Es. The Eichler-Shimura map for an integer j > 0 is a G(A™)-
equivariant homomorphism

H((go0; K2), V @ Vi) = HAG(F)*, CO(G(A™), Oy 10 (Vi)

where Q§d7har(v;) is the space of fast decreasing harmonic g-differential forms
on X with values in VY as defined by Borel (cf. [Bor81]). It is given as follows:
By definition V' is a subrepresentation of the right regular representation on
C>(G(F)\G(A)). Given n € Homg__ (A (g /boo), V @ V) we can evaluate it
on a j-tuple (Y1,...,Y;) of tangent vectors at e and get

n(Y1,....Y;) € C(GFN\G(A), Vi).

For an element (r,g>) € X x G(A>) choose goo € [[,cg, G(Fy) such that
goo€ = x. Let Dgo be the differential of the action of go on X. Sending
tangent vectors Y7,...,Y; at a point z € X to

1(9%)e(Y1, ..., Y5) = 9 (0((Dgoc) ™' Y1, ..., (Dgoo) ™ Y5)(9o0r 9°°))

defines a differential form 77(¢>°) on X with values in VY. Since cusp forms are
fast decreasing, we see that we get in fact a fast decreasing differential form. It
follows from Section IL.3 of [BWO0O] that every differential form in the image of
the Eichler—Shimura map is closed and harmonic.
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The choice of an element
[Vee] € B (9o, KS0), Voo @ Vi)
made at the end of Section 4.2 yields a map
ES: @ Vs — H(G(F)*, COG(A%), 0 1,0 (Vid)).
vfoo

Definition 4.3: Let S be a finite set of finite places and R a ring which contains
the image of 19>~ under w. We fix an algebraic subgroup A C G, which con-
tains the center of G. For every R[A(F)T]-module M and every compact, open
subgroup K C G(A%Y9=) we define C5(A, K, M) to be the R-module of func-
tions f: A(ASYS=<) — M such that f(gkz) = w(z)f(g) for all g € A(ASYS=),
k€ KN A(ASYS=) and z € Z(ASY9=). If S is the empty set, we omit it from
the notation.

Ifde®
we see that

wfoo V, is invariant under some compact, open subgroup K C G(A>),

ES(®) € HY(PG(F)*, Cu(G, K, 9y 1, (V))-
In fact, we need a slight variant of the above construction. Given
re XV,
vip,00

invariant under some compact, open subgroup K? C G(AP**°) we define
ESP(¢7) € H(PG(F)*, C5 (G, K, Hom(Vy, O 1., (Vi)
by
ES?(®%)(g", ¢p) = ES(®” © ¢p)(g", 1)

for ¢, in V,,. Evaluation at an element ¢, of V,,, which is invariant under some

compact, open subgroup K, C [] G(F,), induces a PG(F)*-equivariant

peS,
map

Cfp(GvaaHom(Vpand,har( 1)) M CM(G7KPKP’QIfld,har(Va1i))

al

such that ev(p,)(ESP(PP)) = ES(DP @ ¢,).

Let X the Borel-Serre bordification of X with boundary X as constructed
in [BS73]. It is a smooth manifold with corners, and contains X as an open
submanifold. The embedding X C X is a homotopy equivalence. The operation
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of G(F)* can be extended naturally to X. If M is a smooth manifold with
corners, we let C5™8 (M) be the complex of singular chains in M and C$™ (M)
the subcomplex of smooth chains. By Lemma 5 of [Whi34] continuous chains
can be approximated by smooth chains. Hence by a standard argument the
inclusion C5™ (M) C C5™8(M) is a quasi-isomorphism (see Chapter 16 of [Lee03]
for a detailed proof in the case of smooth manifolds without corners). Using
this fact for both X and its boundary 90X, we see that the complex

C™(X,0X) := C™(X)/C3™(0X)

is quasi-isomorphic to the complex of relative singular chains Cfing()_( ,0X).
Note that these are in fact quasi-isomorphisms of complexes of G(F)*-modules.
For every integer j > 0 there is a PG(F)T-equivariant pairing

(V) x C5™(X,0X) — Vo

given as follows: We denote by A; the standard simplex of dimension j. If
f:A; — X is a smooth chain and 7 a fast decreasing differential form, we
take the integral of the pullback f*n over the pre-image of X under f. If the
differential form is closed, it vanishes on the image of the boundary map

s (X,0X) — C3(X,0X)

by Stokes” Theorem.

Therefore we get a G(F)T-equivariant morphism of co-complexes

Q?d,har(vv)[_j] - Hom(Cfm (Xv 6X)7 Va\l/)v

which induces the following maps in (hyper-)group cohomology:
B (PG(F)",Co(G, K Yy 10r (V)
—H (PG(F)*,C,(G, K, Hom(C5™(X,0X),V.Y)))
and
HY(PG(F)* Cr (G, K?, Hom(Vy, Oy 1, (Vai))))
—H/ (PG(F)*,C57 (G, K*, Hom(V,, Hom(C5™(X,0X), V,Y))))-
We will denote the image of ES(®) (resp. ES?(®?)) under the above map for

j = q by EScon(®) (resp. ES? | (®P)).

coh
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4.4. THE STEINBERG MODULE. In this section we recall some standard facts
about the Steinberg module of an algebraic group and about Borel-Serre duality.
Let G be a connected split reductive group over F' of semi-simple F-rank [ > 1
and I the set of proper maximal F-rational parabolic subgroups of G(F'). For
7 €1 let P, be the corresponding parabolic group. A subset S={ro,..., 7} CI
of cardinality k41 is called a k-simplex if P, N---NP;, is a parabolic subgroup.
Let Sty be the free abelian group generated by the k-simplices on I. Taking the
associated simplicial complex we get a sequence of G(F')-modules

(17) St;_1 — Stj_9 — -+ = Stg =+ Z — 0.

Definition 4.4: The Steinberg module Stg of G(F) is the kernel of the map
Sti—1 — Sti—o (where we set St_qy =Z if [ =1).

Let Px be the set of proper F-rational parabolic subgroups of semi-simple
F-rank [ — 1 — k containing a fixed Borel subgroup B(F') of G(F'). Then for
0 < k <1 —1 there is a natural isomorphism of G(F')-modules

P cindg ) Z = Sty

PePy
The homology of the complex (17) can be identified with the reduced homology
of the spherical building associated to G(F). Since the reduced homology of the
building vanishes outside the top degree (see, for example, [BS76]) the following
complex of G(F)-modules is exact:

0 — Stg — Stj—1 — -+ — Stg - Z — 0.

Remark 4.5: Because every parabolic subgroup of G contains the center Z of
G, we see that Stg and Stg/z are canonically isomorphic.

The choice of a Borel subgroup B with maximal torus T gives us the element
G = Z w ® e(w) € Stg C Z[G(F)) QzZ[B(F)] Z,
wEWg
where Wi denotes the Weyl group of G with respect to T and e: Wg — Z*
is the sign character corresponding to B. Now let P be a parabolic subgroup
containing B and let L be the Levi-factor containing the torus T. There exists
an L(F') equivariant map

(18) Str, — Stg

which maps 71, to 7¢ (see Proposition 1.1 of [Ree90]).
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By [BST73] every arithmetic subgroup I' C G(F) is a virtual duality group
with duality module Stg. Let v = v(T") be the virtual cohomological dimension
of I'. It is independent of the choice of the arithmetic subgroup. Since Stg is
Z-free it follows from [Bro82], Chapter VIII.10, that the map

BSr: H*(T', Hom(Stg, M)) =% H,_.(T', Stg ® Hom(Stg, M)) <% H,_o(T', M)

is an isomorphism for every I'-module M as long as I' is torsion-free. Here
e € H,(I',Stg) = Z is a fundamental class (see [Bro82, VIIL.6]) and ev is
the map induced by the evaluation map Stg ® Hom(Stg, M) — M. Now let
K C G(A®) be a compact, open subgroup. After passing to a subgroup of finite
index we may assume that G(F)NgKg~! is torsion-free for all g € G(A>®). For
every K-module M and every subgroup G(F)" C G(F) of finite index we get

an isomorphism
(19) BSg: H(G(F),Ind5*™) Hom(Stg, M)) =5 H,_o(G(F)', c-ind5* ) M)

as follows: By strong approximation the quotient G(F)"\G(A>)/K is finite. Let
gi,---,g- be a set of representatives of this double quotient and consider the
torsion-free arithmetic subgroups I'; = G(F)' N g;Kg; ! By Shapiro’s Lemma
we get an isomorphism
H*(G(F)', Ind 5™ Hom(Ste, M) = @) H*(I';, Hom(Stg, M)).
i=1

Using Borel-Serre duality for every I'; and Shapiro’s Lemma for homology af-
terwards yields the isomorphism (19). We are mostly interested in the case
G = H/Z. Theorem 11.4. of [BST3] gives us

vT)=dn*+n—-1)—-2n+1=qg—2n+1

for every arithmetic subgroup I' of H(F)/Z(F).

We can use the Steinberg module to give another description of the Eichler—
Shimura map. By Corollary 8.4.2 of [BS73] there is a homotopy equivalence be-
tween the boundary 0.X of the Borel-Serre bordification of the symmetric space
X and the Bruhat-Tits building of G(F) which gives a PG(F)*-equivariant
isomorphism of singular homology groups. Since X is contractible, the long
exact sequence for relative homology shows that H j+1()_( ,0X) is isomorphic to
the reduced homology H;(0X). Thus the complex Hom(C5™(X,0X), V) is
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quasi-isomorphic to the complex Hom(Ste, V,Y)[—2n + 1]. Therefore, we have
isomorphisms

H (PG(F)*,C,(G, K, Hom(Cs™(X,0X),V.Y)))
=y (PG(F) T, Cuo (G, K, Hom(Ste, V.Y)))
and
HY (PG(F)",C5 (G, K?, Hom(V,,, Hom(C$™ (X, 8X), Vy))))
=T (PG(F)T, CS (G, KP, Hom(V,, Hom(Sta, V,Y)))).

We will identify EScon(®) (resp. ES?

L on(®P)) with its image under the above

isomorphism for j = q.

4.5. MODULAR SYMBOLS. Let £ be the field of definition of the finite part of
V. Each V,, v ¢ S, is defined over £ and by abuse of notation we will denote
its model over £ also by V,,. Since all embeddings F' — C factor through &£, the
algebraic representation Vj; also has a model over £. Again, we will denote this
model by V.

Definition 4.6: Let S be a finite set of finite places and R an algebra over the
localization of the ring of integers of £ at w(I°“9~). We fix a compact, open
subgroup K C G(ASYS=) and an algebraic subgroup A C G containing the
center. Further, let M be an R[A(F)*] module, on which the center acts via

Z(F)r— ][ wo R
vESUS

and N an R-module with trivial G(F)*-action. The module of N-valued mod-
ular symbols of weight M, level K and character w on A is defined as

MS(A, K, M,N) := HI""TY(PA(F)*,C5(A, K, Homg(M, N)).
We will omit S (resp. w) from the notation if S = () (resp. w is trivial).

Our main example of a weight module will be the £-vector space

‘75 =Va® ® V.
veS
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For a compact, open subgroup K C G(A™) (resp. KP C G(AP*)) one can
rephrase the Eichler—Shimura map (resp. its p-augmented version) as a homo-

morphism
EScon: (®ugs. Vo)® — Mu(G, K, St ®@Va, W)
resp. ESP - (®U¢SPWVU)KP — MUSJP(G, K?,Stg ®‘~/5p,W).

LEMMA 4.7: Let S, C S be a finite set of finite places and K C G(A®YS=) an

compact, open subgroup. Then:

(a) The canonical map
M3 (G, K, Ste ®Vs, ) @ W — M3 (G, K, Stg Vs, W)

is an isomorphism for all £-vector spaces W.
(b) The &'-module M2 (G, K,Stg ®Vs,E') is finitely generated for every
E-algebra £'.

Proof. More generally, we will prove the above statements for the modules
HY (PG(F)*,C5(G, K, Homg (Ste @V, W)))

for all j € N.

(a) We break the exact sequence 0 — Stg — Stop—2 — -+ = Stg = Z — 0
into short exact sequences and consider the associated long exact sequences
H/(-,W) and H’(-, E) ® W. By induction we see that it is enough to prove
(a) with Stg replaced by St;, —1 < i < 2n — 2. Since the modules St; are
direct sums of modules of the form c—indig%;’s(m Z with PQ C PGLgy, (not
necessarily proper) parabolic subgroups, it is enough to show that

B/ (PG(F)*,C5(G, K, Home (c-indpgy 25 Z.@ Vs, W)))

=W (PG(F)" Ind 5751 C5(G. K Home (Vs, W)

=H/ (PQ(F)*,C5(G, K, Homg (Vs, W)))

commutes with base change In [SS93] Schneider and Stuhler construct for every

v € S a finite resolution
0 —=Cym — - —Cho—V, —0

in €¢(G(F,)), where each C,; is of the form

G(Fy)

C; = c—dem W Z(F)

Li ®wv
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with compact, open subgroups K, ; C G(F,) and E[K;]-modules L;, which
are finite-dimensional over £. A similar argument as above shows that it is
enough to prove that cohomology groups of the form

Hj(pQ(F)Jr, Cu(G, K,Homg (Var, W)))

commute with base change.
By strong approximation (and the Iwasawa decomposition) the double quo-
tient

PQ(F)"\PG(A™)/K

is finite. We choose a system of representatives g1, ..., g, of the above double
quotient and define the arithmetic subgroups

i = PQ(F)" N gi(KZ(A%)/Z(A%))g; .
From Shapiro’s Lemma we get the equality
H/(PQ(F)™,C5(G, K, Homg (Va, W) = €D HY(T';, Homg (Var, W)
i=1
=@ HT;, Vi @ W).
i=1
Since the groups I'; are arithmetic, they are of type (VFL). It follows that the

functor W +— H(I';, VY ® W) commutes with direct limits (cf. [Ser72]).
(b) can be proven in exactly the same manner.

For the remainder of the article we stick to the case S = S,. Let R be the
valuation ring of £ with respect to ord,, R its completion and write E for the
field of fractions of R. A place v € Sy induces an embedding F' — £ — R and
thus a place p € S, via ord,. For every p € S, we define

SP = {v € So | v induces p}.

The representation V3 can be written as a tensor product Vi = &)
We put

’UGSOO Val,v .

vh= ® Vi and 17S’°p =V, e V).

veSE,

Then Vspp _ ®¢ B is a locally Qj-rational representation of G(Fy).
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Definition 4.8: (i) The representation 175p is called homologically inte-
gral if the representations ‘7§’p ®¢ E are homologically integral for all
pesS,.

(ii) A lattice L C \7519 ®e E is called homologically of finite type if it is
of the form L = ®pesp Ly, where L, is a homologically of finite type
lattice in ‘751*; ®¢ E for each p € S).

PROPOSITION 4.9: Assume that L is a lattice in 175p ®¢ E, which is homologi-
cally of finite type. Then:

(a) The canonical map
M3 (G, K, Stg ®L,R) @ N — M5 (G, K,Stg ®L, N)

is an isomorphism for all flat R-modules N.
(b) The R-module MSP(G, K,Stqg ®L, R) is finitely generated.

Proof. Replacing the Schneider—Stuhler resolution by the resolution (4) the
same proof as for Lemma 4.7 works.

4.6. COHOMOLOGICAL DESCRIPTION OF THE DISTRIBUTION. Besides the run-
ning assumption that V' is cohomological with respect to V4 we are going to
assume in the following that
e s+ 1/2 is critical for V,
e we have given a stabilization © of V), over a finite extension £ C C of
& and
e V has a (n,1)-Shalika model with respect to some idele class character
71, whose finite part takes values in £.
We choose a pure tensor ®%™ = ®%7 € ®),¢5, 5. Vo as in Section 3.2 and
KP C G(AP*) a compact, open subgroup such that
o KPG(O,) is neat, i.e., G(F) N gKPG(O,)g~" is torsion-free for every
g € G(A™),
e O™ is invariant under K?, and
e (nodet®)(K%) = 1, where K%, is the intersection of KP with H(AP:>).
Let U’ C U™ be the subgroup generated by UP and the image of K, under
the determinant. The main aim of this section is to construct functorial maps

Ajy: M= (G, KP,Stg @Vs,, W) — Ho(FZ,c-indy,, (Dist(U,), W))
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for all &-vector spaces W such that O(AL(ES?Y

coh

(®?))) = pe,s holds up to
multiplication by a non-zero constant.

The homomorphism A§, is constructed in several steps: Firstly, the map (18)
from Sty to Stg together with the restriction of functions yields the map

M5 (G, KP, St ®@Vs,, W)~ M5 (H, K?, Sty @Vs,, W).

Secondly, s + ; is critical. Hence, by the discussion in Section 4.2 there is a
unique 1-dimensional H (F')-subrepresentation V of V,;, which is given by the
algebraic character

det s stw N
Resr/q GLgy, ——— Resr/q Gm,r — G 0.

The map dg as defined in (13) together with the inclusion V; < V, gives a map

~ 83 .
MEr(H,K?,Stg @Vs,, W) —= M3 (H, K?, Sty @V, ® IC2(G(O,), E), W).
By Remark 4.2 we have

[det; U [dety ™) € HY(PH(F)*,Cpn (H, K, V3))

for the cohomology class associated to the character |det™ ™! |*n(det® ') as in
(15). Thus, taking the cap product with [det‘l_"zl] U [detg’_l] induces a map

MEr(H,KP, Sty @V, ® IC)(G(0,),€), W)
Il ASe (1, KP, Sty @1C°(G(O,), €), W).
Borel-Serre duality (19) gives an isomorphism
BSH

M5 (H, KPSty @IC°(G(0,), &), W) =2 Ho(PH(F)",IDist(G(O,), W)).

Finally, the pushforward map (2) applied to the determinant det: G(O,) — U,
induces a map

det,

Ho(PH(F)*, IDist(G(O,), W)) “= Ho(F7, c-indy, (Dist(U,,), W).
Now we can define A}, as the following composition:
Ay, = det, 0o BSpo[s, n] 0 6 , o Resy .

LEMMA 4.10: There exists a constant ¢ € C* such that

O(AE(ES (DL )eon)) = ¢ - pos.s-
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Proof. We have to evaluate both sides on locally constant functions f: G, — C.
We can view such a function f as an F-invariant function on I*°/UP**°. Since
I*°/F% is compact, there exists an m € N such that f factors through the
quotient 1>/ Upvoongm). Hence, to calculate the right-hand side one can replace
all distribution and function spaces in the above construction by (co-)inductions
of the trivial representation from open subgroups. Now all involved cohomology
groups can be written purely in terms of the (de Rham) cohomology of the
associated symmetric spaces. The claim then follows by standard computations
(see, for example, [Har87], Section 5.3).

COROLLARY 4.11 (Rationality of the distribution): The distribution pey, s
takes values in a finite-dimensional vector space over £'. For every character
e: FX — {£1} there exists a period 2* € C* such that

/ XHox,s € g;(QXOO

p

for all characters x: G, — C*. Here £ C C denotes the field you get by
adjoining the image of x to &'.

Proof. The first assertion follows directly from Lemma 4.7 and the lemma
above. For the second assertion let ¢, € V, be the essential vector as de-
fined in [JPSS81] and K, C G(O,) its stabilizer. We put Kp =[] .o Kp and
K = KPK,. By Frobenius reciprocity we have a surjective map

C'indf(i?()}?p) wp — Vi,
which induces a map on modular symbols
MB2 (G, KP, St @Vs,, W) 25 Mo (G, K, Stg @V, W).
By Lemma 1.1 the map
do: 1G5 (G(0y),E') ¥V,
of Section 2.5 can be lifted to a map
G(Fp)

8\(_;: ICBP (G(Op); g’) — C_indeZ(Fp) Wp.

Thus, we get a commutative diagram of the form
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ev

Mﬁp (G, KP, St ®‘75p , W)

MUJ(G7 K; StG ®‘f23.17 W)
Ay
Ho(F*, c-indy;, (Dist(U,), W))

By Section 3.9 of [GR14] the pure tensor (&,cg, ¥p) ® P> can be chosen to
be in the rational Shalika model as defined in loc. cit. if ¥ contains all primes
at which V is ramified. Therefore, the claim follows from multiplicity one in
this case. The general case follows from Lemma 7.1.1 of [GR14].

Let E’ be the completion of & with respect to ord, and R’ its valuation ring.
We can regard © as a stabilization of Vs, ®e/ E’ and thus the notion of weak

ordinarity makes sense.

COROLLARY 4.12 (Integrality of the distribution): (a) The distribution
les,s Is a p-adic measure provided that © is weakly ordinary with
respect to V1 and that V, ® Va1 is homologically integral.

(b) Assume that © is weakly ordinary with respect to V) and that for every
p in S, one of the following conditions hold:
) 1723]) ®er B’ is a smooth ordinary principal series representation, or
o I, = Qp, Vaﬁ has p-small weights, V, is a twist of an unram-
ified principal series representation and the central character of
\7;3]) ®er E' takes values in Z;,
Then pesy,s is a p-adic measure.

Proof. (a) Let L C I~/Sp be a lattice, which is homologically of finite type. By
Lemma 2.11 and the discussion at the end of Section 4.1 we can construct maps

A%y M5 (G, K?,Stg ©L, N) — Ho(F}, c-ind},, (Dist(U,), N))

for all R’-modules N, which agrees with the previous definition if N is an E’'-
vector space. Therefore, the claim follows from Proposition 4.7.
(b) follows from (a) together with Theorem 1.6 and Theorem 1.8.

In case pey,s is a p-adic measure, we can define its associated p-adic L-
function as follows: Let xcyc: Gp — Z;, be the cyclotomic character, i.e.,

v = Cchc(v)



290 L. GEHRMANN Isr. J. Math.

holds for all p-power roots of unity ¢ and all y€G,,. For x €Z, and y€ G, we put
(7)* = exp, (v log,(Xcyc(7))), where exp,, (resp. log,) is the p-adic exponential
map (resp. logarithm map). The p-adic L-function attached to pey s is defined
by

L, (s, 5,2) = / ()" o ().

P

It is an analytic function on Z, with values in a finitely generated R’-submodule
of ' ®¢ C.

Remark 4.13: (i) Even in the non-weakly ordinary situation we can use
Lemma 2.11 (or rather its proof) to give bounds on the order of growth
of our distributions in terms of slopes of stabilizations.

(ii) There should be relations between the distributions pey s for differ-
ent critical points s + 1/2. These relations together with the above-
mentioned bounds would enable us to construct for every stabilization of
non-critical slope a unique locally analytic distribution, which interpo-
lates special values at all critical points. In upcoming work of Santiago
Molina and the author it is shown that these relations follow directly
from Lemma 2.11 in the GLg-case, thus giving a new construction of
Dabrowski’s p-adic L-function for Hilbert modular forms (cf. [Dab94]).
This enables us to generalize the work of Spiel on the exceptional zero
conjecture to Hilbert modular forms of higher weight.

5. Examples

We want to give some examples to our construction. The natural source for these
are odd symmetric powers of p-ordinary Hilbert modular forms over totally real
fields F', in which p is totally split. To keep the notation simple we only deal
with the case FF = Q. Let f be a cuspidal newform of level T'1(N), p + N,
and weight k& > 2. The associated cuspidal automorphic representation V' of
GLy(A) is cohomological with respect to the representation (Sym*~2C2?)V. The
local component V), is an unramified principal series representation of the form
Indgs&(@%)()ﬁ, X2). Let us put @ = x2(p) and o’ = x1(p). Then, as explained at
the end of Section 2.2, the weak ordinarity condition is equivalent to ord,(a) = 1
and ord,(a’) = k—2. Thus, the notion of weakly p-ordinarity coincides with the
usual ordinarity condition at p. In this case our construction gives the classical
p-adic L-function as constructed, for example, in [MTT86].
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By the work of Kim and Shahidi (cf. [KS02]) the symmetric cube Sym® V' of
V' is known to be a cuspidal automorphic representation of GL4(Q) if f is not
a CM-form. The representation Sym®V is cohomological with respect to the
algebraic representation of highest weight (0, —(k — 2), —2(k — 2), —=3(k — 2))
(see [RS08]) and the local representation at p is given by

GL4(Qp)
IndB4(‘(1@p)p (X?vX?X%aX%X%aX%)

If f is p-ordinary, we get
ord,(a™®(a/) P2 =0

and hence the associated unramified stabilization is weakly ordinary. One can
combine the results of Kim (cf. [Kim03]) and Jacquet—Shalika (cf. [JS90]) to
show that Sym® V' has a Shalika model (see Section 8 of [GR14] for a detailed
discussion). Thus, our construction yields a p-adic L-function for every critical
point of the symmetric cube of a p-ordinary modular form of level T'; (N), pt N,
which is not of CM-type.

The same arguments carry over to higher odd symmetric powers as well.
Assume that

I = Sym* v

is a cuspidal automorphic representation of GLa(,41)(Q). Again, this implies
that IT is cohomological (cf. [RS08]) and, as in the symmetric cube case, one can
show that II is weakly ordinary if f is ordinary at p. Accordingly, Banerjee and
Raghuram show in [BR16] that the symmetric powers of the motive associated
to f are nearly p-ordinary, if f is p-ordinary.

If we would know that IT has a Shalika model, our construction would yield a
p-adic L-function for every critical point of II. By Proposition 8.1.4 of [GR14] II
has a Shalika model if Sym*"~® V is an isobaric sum of cuspidal automorphic
representations for all 0 < a < r.
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