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1. Introduction

1.1. BACKGROUND AND MOTIVATION. Given a torus action on an oriented com-
pact manifold, the Atiyah-Bott-Berline-Vergne localization formula [AB84,
BV83a] allows one to calculate the integral of certain top cohomology clas-
ses like characteristic classes, as a related integral over the fixed point set. This
is a generalization of an old result by Bott [Bo67]: Given an oriented compact
Riemannian manifold M with a Killing vector field X, the Pontryagin numbers
of M can be computed in terms of the zero set of X. If there are no zeroes, these
numbers are zero. But even in this case M can have nontrivial Chern—Simons
invariants. As we will see, a natural example is the volume of a Sasakian, or
more generally a K-contact manifold.

The purpose of this paper is to prove a foliated version of the ABBV formula;
for certain Riemannian foliations we want to localize Chern—Simons type inva-
riants to the union of closed leaves. We will apply the formula to compute the
volume of K-contact manifolds and some secondary characteristic numbers of
Riemannian foliations.

In our ABBV-type formula, we decompose Chern—Simons type invariants
of foliations into leafwise cohomology classes (the tangential part) and ba-
sic cohomology classes (the transverse part). This idea is similar to those
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of Duminy [Du82], Cantwell-Conlon [CC84], Heitsch-Hurder [HH84], Hurder—
Katok [HK87] and Asuke [As04] to prove vanishing theorems of secondary cha-
racteristic classes of foliations. However, while they localized the tangential
part called the Godbillon or Weil measures, we will localize the transverse part,
primary characteristic classes of the normal bundle of foliations, based on equi-
variant basic cohomology defined in a paper by the first and third author [GT10];
see also [T614].

1.2. MAIN RESULT: AN ABBV-TYPE LOCALIZATION FORMULA FOR KILLING
FOLIATIONS. Our foliated ABBV-type formula applies to Killing foliations, of
which the main example in this paper is the orbit foliation F of a nonsingular
Killing vector field £ on a (2n + 1)-dimensional oriented compact Riemannian
manifold (M, g) with only finitely many closed &-orbits. For simplicity, let us
state the formula for this case—see Theorem 3.16 for the general statement.
Let T be the closure of the flow generated by £ in Isom(M,g), which is a
torus. Let t = Lie(T'). Take b € t so that the fundamental vector field of b
equals £ and let a = t/Rb. Then a acts transversely on (M, F) (Definition 2.1).
Let H(M,F) and Hy(M,F) denote the basic respectively a-equivariant basic
cohomology of F (see Section 2.2). For a 1-form 1 on M such that tedn = 0, we
have the transverse integration operator f(f,n) : HM,F) = R;[o] — [,,nNo
associated to 7 (Definition 3.6), which extends to equivariant basic cohomology
f(fm): Hy,(M,F)— S(a*).

THEOREM 1 (Foliated ABBV-type localization formula for nonsingular Killing
vector fields with isolated closed orbits): For any o € Hy(M,F), we have an

i7 0
/<fm> zk: [1; of
in the fraction field of S(a*), where ir,: L, — M are the closed &-orbits,

{af 7—1 C a” are the weights of the transverse isotropy a-representation at Ly,
and l, = |, L1

equality

The general ABBV-type theorem, Theorem 3.16, is proved in Section 4. This
result can be seen as an improvement of a localization result obtained by the
third author [T614, Theorem 7.1]. See Remark 3.21 for a comparison.

1.3. APPLICATION I: LOCALIZATION OF THE VOLUME OF SASAKIAN MANI-
FOLDS. We can apply the ABBV-type formula in the last section to localize the



870 O. COERTSCHES, H. NOZAWA AND D. TOBEN Isr. J. Math.

volume of Sasakian manifolds, or more generally K-contact manifolds, to the
union of closed Reeb orbits. Recall that a K-contact structure on a manifold M
is a contact metric structure (£, 7, J, g) whose Reeb flow preserves the Riemann-
ian metric g. For simplicity of the presentation, we assume that the action of
the closure T of the Reeb flow admits only finitely many S'-orbits. For v € t,
denote its fundamental vector field on M by v#. With the same notation as
in the last theorem, with £ the Reeb vector field and 7 the contact form, we
obtain the following application of Theorem 1 (see Section 5.6):

THEOREM 2: Let (M,&,n,J,g) be a (2n + 1)-dimensional compact K-contact
manifold with only finitely many closed Reeb orbits Li,...,Ly. Denote the
weights of the transverse isotropy a-representation at Ly by {af}?zl C a* for
k=1,...,N. Then, the volume of M is given by

77|Lk
Vol(M,
(M, 9) !ZkHa(U—HRb)
where [}, = ka 7 is the length of the closed Reeb orbit Ly, and the fractions on
the right-hand side are considered as rational functions in the variable v € t.
The total expression is independent of v € t.

Two motivations to find computable formulas for the volume of Sasakian ma-
nifolds were given by Martelli-Sparks—Yau [MSY06, MSYO08]: they calculated
that, restricted to a space of Sasakian metrics on a manifold M, the Einstein—
Hilbert functional equals, up to a constant, the volume functional (see [MSY08,
Eq. (3.14)]). Thus understanding the volume of Sasakian manifolds is closely
related to the problem of finding Sasaki-Einstein metrics on M. A second mo-
tivation comes from string theory: restricting to 5-dimensional Sasaki—Einstein
manifolds M, the AdS/CFT correspondence is a conjectural duality between
type IIb string theory on AdSs x M and an N = 1 superconformal field theory
on the conformal boundary of AdSs. Under this duality, the volume of M cor-
responds to the central charge a of the field theory. With these motivations in
mind, Martelli-Sparks—Yau applied a noncompact orbifold version of the clas-
sical ABBV localization theorem to an orbifold resolution of the Kéhler cone of
a Sasakian manifold M in order to find a formula for the volume. Our method
is purely intrinsic and does not make use of the Kéhler cone, and as such does
not need any technical assumptions on the existence of certain metrics on the
cone (see [MSY08, Footnote 35]).
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As an important special case, we apply Theorem 2 to obtain a computable
formula for the volume of toric Sasakian manifolds (see Theorem 6.2). Together
with the observation of Martelli-Sparks—Yau [MSYO08] that the volume of a
toric Sasakian manifold equals, up to a constant, the volume of its momentum
polytope (see Proposition 6.5), our formula also follows from Lawrence’s formula
(Theorem 6.6) for the volume of a simple polytope.

A further class of Sasakian manifolds to which we apply our formula is that
of (deformations of) homogeneous Sasakian manifolds. We obtain in Corollary
6.9 a formula for the Sasakian volume in this case which, to our knowledge, has
not appeared in the literature before.

1.4. APPLICATION II: LOCALIZATION OF SECONDARY CHARACTERISTIC CLAS-
SES OF RIEMANNIAN FOLIATIONS. The classifying space F'RI', of codimension
¢ Riemannian foliations with framed normal bundles is constructed based on
Haefliger’s work [Ha70, Ha71l]. Secondary characteristic classes of codimen-
sion ¢ Riemannian foliations with framed normal bundle (Lazarov—Pasternack
[LP76a] and Morita [Mo79]) are the pull-back of certain cohomology classes of
the classifying space F'RT'; by the classifying map (see [Hu09] for a survey).
The topology of F'RI'y is rather complicated. Instead of analysing it directly,
it is classical to investigate the behavior of secondary classes on well-chosen ex-
amples of foliations to retrieve cohomological information of F'RI',. This is the
motivation for the computation of secondary classes of examples of foliations.
Here we will apply our localization formula to compute these invariants. Gi-
ven a codimension ¢ Riemannian foliation F on a smooth manifold with framed

normal bundle, we have a characteristic homomorphism
Ar: H(RW,;) — H(M;R),

where RW, is the dga of the universal characteristic classes consisting of Pon-
tryagin classes p;, Euler class e and their transgressions h; (see Section 7.1).
The elements in the image of Ax are called the secondary characteristic classes
of F. It is simple but remarkable that the transgression h; of Pontryagin classes
are relatively closed (Lemma 7.2). This fact allows us to apply our localization
formula (Corollary 7.4) to compute some characteristic numbers of Killing foli-
ations. The secondary classes of transversely Kéhler foliations can be localized
similarly.
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For simplicity, we will state the localization formula for transversely Kéhler
flows. For a complex codimension m transversely Kahler foliation F on M
with framed normal bundle, Matsuoka—Morita [MM79] defined a characteristic
homomorphism

Ar: HKW,,) — H(M;R),
where KW, is a differential graded algebra given by

KW = N\(ur,... ) ® (R[s1, ..., 5, ®]/{P | deg P > m}),

which consists of the universal Chern classes, its transgression and the transverse
Kahler class. Below we use the multi-index notation

urSy = ujy N ANug, Nsjp N+ Nsj,

for I = {i1,...,ix} and J = {j1,...,7e}. We will denote s;(vF,F) = Ar(sy),
’U,[(f) = A]:(’LL[) and UISJ(.F) = A]—‘(U[SJ).

Let (M, F) be a manifold with a transversely Kéhler foliation of codimension
m such that A™O00*F = A™(vHOF)* is topologically trivial. We fix a trivia-
lization ¢ of A™Ov*F. Using ¢ we obtain a 1-form wu;(F) on M which is a
primitive of the first Chern form of v1:° F (see Definition 7.8). Thus we can ex-
tend the definition of secondary characteristic classes u1s;(F) to transversely
Kihler foliations such that A™%v* F is topologically trivial.

THEOREM 3: Let (M, F) be a compact manifold with an orientable taut trans-
versely Kéhler foliation of dimension one and complex codimension m. Assume
that A™Ou* F is trivial as a topological line bundle and that F has only finitely
many closed leaves Ly, ..., Ly. For a given multi-index J = {j1,...,7} with
Jj1+ -+ J1 = 2m, we have

fomesm = ()

k=1

where the Ly, are the isolated closed leaves of F and s o(vF,F) is the equivari-
ant characteristic form of F associated to s;. In particular, in the case where
J = {m}, we obtain

(1.1) /Mulsm(}') _ zkj/L w (F).
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As a consequence (see Corollary 7.12), we recover a formula for some secon-
dary characteristic numbers of certain foliations on S?"*! due to Bott [Bo72a],
Baum-Bott [BB72] and Asuke [As10].

1.5. ORGANIZATION OF THE ARTICLE. Section 2 is devoted to recalling fun-
damentals of equivariant basic cohomology. The main result, an ABBV-type
localization formula, is stated in Section 3, together with necessary facts on
transverse integration operators and Killing foliations. It is proved in Section 4,
modulo the introduction of the equivariant basic Thom homomorphism which
is contained in the Appendix. In Section 5, we apply the localization formula
to the Reeb flow of K-contact manifolds. We present examples of computa-
tions on toric Sasakian manifolds and deformations of homogeneous Sasakian
manifolds in Section 6. Section 7 is devoted to applying the localization for-
mula to secondary characteristic classes of Riemannian and transversely Kahler
foliations.

ACKNOWLEDGEMENTS. We are grateful to Lana Casselmann for pointing out
a mistake in the proof of Theorem 3.16 in a previous version, as well as to
the anonymous referee for several helpful remarks. This paper was partially
written during the stay of the second author at Centre de Recerca Matematica
(Bellaterra, Spain), Institut Mittag-Leffler (Djursholm, Sweden) and Institut
des Hautes Etudes Scientifiques (Bures-sur-Yvette, France); he is very grateful
for their hospitality.

2. Equivariant basic cohomology

2.1. TRANSVERSE ACTIONS ON FOLIATED MANIFOLDS. Let us recall the notion
of a transverse action on a foliated manifold introduced in [ALKO08], which is
essential to define equivariant basic cohomology in the next section.

Let M be a smooth manifold, and Z(M) the Lie algebra of vector fields on
M. Given a foliation F on M, the Lie algebra of vector fields on M that are
tangent to the leaves of F is denoted by Z(F). A vector field X on M is said to
be foliated if [X,Y] € E(F) for all Y € E(F). A vector field is foliated if and
only if its flow maps leaves of F to leaves of F (see [Mo88, Proposition 2.2]).
We call the projection of a foliated field X to C*°(T'M/TF) a transverse field.
By definition, Z(F) is an ideal in L(M,F), and hence the set

(M, F)=L(M,F)/Z(F)
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of transverse fields is a Lie algebra with Lie bracket induced from L(M, F).

Definition 2.1 ([ALKOS8, Section 2]): A transverse action of a finite-dimen-
sional real Lie algebra g on the foliated manifold (M, F) is a Lie algebra homo-
morphism g — (M, F).

If F is the trivial foliation by points, this notion coincides with the usual
notion of an infinitesimal action on the manifold M.

2.2. DEFINITION OF EQUIVARIANT BASIC COHOMOLOGY. Let us recall the de-
finition of equivariant basic cohomology for foliated manifolds (M, F) with a
transverse action ([GT10, Definition 3.13]), which is a generalization of ordinary
equivariant cohomology of Lie group actions on manifolds.

Given a foliation F on a manifold M, recall that the basic de Rham com-
plex of (M, F) is defined by

QM,F)={c € QM) |ixoc=Lxo=0forall X € Z(F)}

equipped with the restriction of the ordinary exterior differential d. An element
of Q(M, F) is called a basic differential form and the cohomology

H(M,F):=HQM,F),d)

is called the basic cohomology of (M,F). It was introduced by Reinhart
[Re59]. It may be regarded as a replacement for the de Rham cohomology of the
leaf space which is well-defined also in case the leaf space is not a differentiable
manifold.

Remark 2.2: Take a foliated chart (x,y) = (21,...,Zp,y1,...,Yq) so that the
leaves are defined by y = const. Then it is easy to see that any basic form «
is of the form o = Y fr(y)dys, i.e., the pull-back of a differential form on the
local space of leaves. In this sense basic cohomology is a natural generalization
of the de Rham cohomology of the leaf space.

It is not difficult to check (see [GT10, Proposition 3.12]) that we obtain well-
defined derivations tx and Lx on Q(M, F) for all X € [(M, F), which induces a
structure of an [( M, F)-differential graded algebra on Q(M, F). Namely, it satis-
fies the usual compatibility relations d?=0, (3 =0, Lx =dtx+txd, [d, Lx]=0,
[Lx,ty] = ¢x,y) and [Lx,Ly] = Lix,y]. Thus a g-action g — [(M,F) on
(M, F) induces a structure of a g-differential graded algebra on Q(M, F). Then
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the Cartan complex of Q(M,F) [Cab0b] (see also [GS99]) is defined by
Qq(M, F) := (5(g7) @ UM, F))*,

where the superscript denotes the subspace of g-invariant elements, namely,
those o € S(g*) ® Q(M,F) for which Lyo = 0 for all X € g. The grading
of Q(M, F) is defined by QF(M,F) = @) _s,,,(5"(g%) ® Q°(M, F))®. The
differential dg of the Cartan complex Q4(M, F) is given by

(dgo)(X) = d(o(X)) — vx(0(X)),
where o € Qg(M, F) is regarded as a g-equivariant polynomial map

g — Q(M, F);
X —o(X).

Definition 2.3 ([GT10, Section 3.6]): The equivariant basic cohomology of
a transverse g-action on (M, F) is defined as

Hy(M,F):=H(Q4(M,F),dg).

If F is the trivial foliation by points, the transverse action is just an infini-
tesimal action on the manifold M and equivariant basic cohomology reduces to
ordinary equivariant de Rham cohomology.

3. An ABBV-type localization formula in equivariant basic cohomo-

logy

3.1. DEFINITION OF RIEMANNIAN FOLIATIONS. To have a foliated version of
an ABBV-type localization formula, one needs good transverse dynamics of
foliations. Here we recall the definition of Riemannian foliations, which are the
main object in this paper.
A codimension ¢ Riemannian Haefliger cocycle on a manifold M is a
quadruple ({U;}, {gi}, {mi}, {s;}) consisting of
(1) an open covering {U;} of M,
(2) submersions m; : U; — RY,
(3) Riemannian metrics g; on m;(U;),
(4) transition maps 7;; : 7;(U; NU;) — m;(U; N Uj) such that m; = ;5 o
and v7;9i = gj-
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Two Riemannian Haefliger cocycles on M are said to be equivalent if their
union is a Riemannian Haefliger cocycle on M. A codimension ¢ Riemannian
foliation is defined to be an equivalence class of codimension ¢ Riemannian
Haefliger cocycles.

Given a codimension ¢ Riemannian foliation on M, the connected components
of the union of the fibers of m; define a codimension ¢ foliation on M, which
is denoted by F. We will see that the normal bundle v F admits a natural
metric. We obtain a metric on vF|y, by pulling back the metric g; on m;(U;)
by the isomorphism (;).: v F — Ty, ()R at each point = € U;. Since {g;} is
invariant under the transition maps ;;, these metrics give rise to a well-defined
metric g on v.F, which satisfies Lxg = 0 for any X € C*°(TF). Note that one
can recover the Riemannian foliation from F and g. In this article, the pair of
F and g is also called a Riemannian foliation on M.

In general, for a codimension ¢ foliated manifold (M, F), a metric g on
vF is called a transverse metric on (M, F) if it satisfies Lxg = 0 for any
X € C°°(TF). A Riemannian metric on M is bundle-like with respect to F
if the metric induced on v.F via the identification v F = (T F)=* is a transverse
metric on (M, F). It is easy to see that any Riemannian foliation admits a com-
patible bundle-like metric (see [Mo88, Proposition 3.3]). The following is the
notion of the completeness in the transverse direction of Riemannian foliations.

Definition 3.1: A Riemannian foliation F on a connected manifold M is trans-
versely complete if there exists a bundle-like metric on (M, F) which is trans-
versely complete, namely, any maximal geodesic orthogonal to the leaves is
defined on all of R.

Remark 3.2: Transverse completeness in this definition is different from the one
in [Mo88, Definition 4.1]. Alvarez-Masa [ALMOS8, Proposition 15.1] proved that
a transversely complete bundle-like metric becomes complete after a conformal
change on the leaves.

3.2. INTEGRATION OF BASIC DIFFERENTIAL FORMS. To formulate the locali-
zation formula for equivariant basic cohomology, one needs to integrate basic
cohomology classes of maximal degree. But, in general, there is no good no-
tion of fundamental classes for the leaf spaces. Instead we will use a classical
method in foliation theory based on the pairing of differential forms on foliated
manifolds. Namely, to integrate a basic cohomology class, we multiply it with
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a leafwise volume form and then integrate it over the ambient manifold. This
can be interpreted in terms of the spectral sequence associated to a foliation.

Let F be a foliation of dimension p and codimension g on an oriented manifold
M of dimension n = p + q.

Definition 3.3: A p-form n on M is relatively closed if
dn(vi, ..., vp41) =0
whenever p of the p + 1 vectors v; are tangent to the foliation.

Example 3.4: The contact form of a K-contact manifold is relatively closed with
respect to the orbit foliation of the Reeb flow; see Section 5.2. The same holds

for certain Chern—Simons forms of Riemannian foliations; see Section 7.2.

Let 7 be a compactly supported relatively closed p-form on (M, F). Consider
the map

(3.1) / QUM F) — R o>—>/ nAo.
(Fm) M
The following is well-known.

PROPOSITION 3.5: f(f ;) descends to a map Sy 1 HI(M, F) = R.

Proof. We show that [ (7. 18 trivial on the space dQ4=Y(M, F) of exact forms:
For a basic (¢ — 1)-form «, we have f(}',n) da = [, dnANa)— [,,dngAa=0:
the first summand is zero due to Stokes theorem, and dn A o = 0 because 7 is
relatively closed and « basic.

Definition 3.6: The map f(f . H?(M,F) — R induced from (3.1) on coho-
mology is called the transverse integration operator with respect to 7.

Here we briefly discuss the ambiguity of transverse integration operators on
foliated manifolds which comes from the choice of n. Let QX (F) = C(AFT*F),
where the subscript ¢ indicates compact support. Then Q.(F) is a differential
complex with the usual differential d on each leaf.

Definition 3.7: The cohomology H(2.(F),dr) is called the compactly sup-
ported leafwise cohomology of (M, F).

Remark 3.8: The leafwise cohomology H.(F) is often of infinite dimension and
non-Hausdorff with the C*°-topology (see [ALHO1]).
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Let rz: QF(M) — QF(F) be the restriction map. Given a compactly suppor-
ted relatively closed p-form 7, it is easy to see that the transverse integration
operator Q9(M, F) — R with respect to n on the differential form level depends
only on the leafwise cohomology class of the tangential part rz(n). Let ES*
(resp. Efz) be the spectral sequence associated to F, which is defined by a na-
tural filtration on Q(M) (resp. Q.(M)) and converges to H(M) (resp. H.(M)).
It is known that

B} = HY(F), E"=Q(M.F), E°=HMF).

We have analogous equalities in the compactly supported case. Then Eg:f is
the space of leafwise cohomology classes represented by a compactly supported
relatively closed p-form. The wedge product on (M) induces a pairing of Eg:f
and EZ that reads

(3-2) Ey? ® H(M,F) — HY(M) =R
(see, e.g., [SaT8, Section 2]). In summary, we have the following.

ProrosiTIiON 3.9: Egjf is the space of compactly supported leafwise coho-
mology classes represented by a relatively closed p-form. Via the above pai-
ring (3.2), they correspond one-to-one to transverse integration operators.

Originally Kamber and Tondeur [KT83] developed Poincaré duality theory for
basic cohomology and the spectral sequence of tense Riemannian foliations on
closed manifolds. By theorems of Masa [Ma92] and Dominguez [Do98] obtained
later, their results can be applied to general Riemannian foliations on closed
manifolds. The second author [Nol2] generalized their results for complete
Riemannian foliations whose space of leaf closures is compact. The case of
Riemannian foliations of dimension one was established by the second author
and Royo Prieto [NRP12]. A part of these works is summarized as follows.

THEOREM 3.10 ([Ma92, Do98, KT83, No12, NRP12]): Let (M, F) be an orien-
table connected manifold with an orientable transversely complete Riemannian
foliation whose space of leaf closures is compact. Then one of the following two

cases occurs:

(1) HY(M,F) ¥ R, Eg:f >~ R and the pairing (3.2) is nondegenerate. In

particular, (M, F) admits a nontrivial transverse integration operator,
uniquely up to constants.
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(2) HY(M,F) = {0}, Egjf = {0} and the pairing (3.2) is trivial. In parti-
cular, (M, F) admits no nontrivial transverse integration operator.

Remark 3.11: Tt is well known that, if M is compact, by a theorem of Masa
[Ma92], the first case occurs if and only if (M, F) is taut; namely, M admits
a Riemannian metric g such that every leaf of F is a minimal submanifold of
(M, g). Note that, for transversely complete Riemannian foliations whose space
of leaf closures is compact, the only if part is true (see [Nol12, Corollary 1.11])
while the if part is not true anymore (see [No12, Example 9.2]).

3.3. KILLING FOLIATIONS. Here we recall the notion of Killing foliations. A
Killing foliation admits a natural transverse action with respect to which we
localize.

The Molino sheaf C of a Riemannian foliation (M,F) is a locally constant
sheaf of Lie algebras, whose stalks consist of certain local transverse vector
fields. Precisely, a stalk of C consists of germs of local transverse vector fields
on (M, F) whose natural lifts to the orthonormal frame bundle M of (M, F)
commute with any global transverse field of (M!, F!), where F! is the canonical
horizontal lift of F (see [Mo88, Section 4]).

Definition 3.12: A Riemannian foliation is called a Killing foliation if its Mo-
lino sheaf is globally constant.

Example 3.13: Riemannian foliations on simply connected manifolds are Kil-
ling. By a theorem of Molino—Sergiescu [MS85, Théoreme A}, any taut orien-
table 1-dimensional Riemannian foliation on a compact manifold is Killing. In
particular, the orbit foliation of a nonsingular Killing vector field on a compact

Riemannian manifold is Killing.

Any global section of the Molino sheaf C of a Riemannian foliation (M, F) is
a transverse field on (M, F) which commutes with any global transverse field of
(M, F). So the space a of global sections of C is central in [(M, F), hence it is an
abelian Lie algebra acting transversely on (M, F). For a Killing foliation F, we
will, following [GT10], call the Lie algebra a the structural Killing algebra
of F. By [Mo88, Theorem 5.2], the orbits of the leaves under the action of the
structural Killing algebra are the leaf closures; cf. also [GT10, Section 4.1]. In
summary, we have the following.
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PROPOSITION 3.14: For a Killing foliation (M, F), the space a of global sections
of the Molino sheaf, the structural Killing algebra, is abelian and acts transver-
sely on (M, F) in a canonical way. Its orbits are the leaf closures of F.

Sergiescu’s orientation sheaf is trivial for a Killing foliation by definition.
Then, if M is connected and the space of leaf closures of (M, F) is compact,
by [Se85, Théoreme I], we have HY(M, F) = R, where ¢ = codim 7. Combining
this result with Theorem 3.10, we get the following.

COROLLARY 3.15: An orientable transversely complete Killing foliation on a
connected orientable manifold whose space of leaf closures is compact admits a
nontrivial transverse integration operator which is unique up to a constant.

3.4. THE LOCALIZATION FORMULA. The analogue of the classical localization
formula for transverse integration operators with respect to a relatively closed
form reads as stated below. Let C' be the union of the closed leaves of F, and
denote the connected components of C by C. The C} are submanifolds of M.

THEOREM 3.16 (ABBV-type localization formula for transverse integration ope-
rators): Let F be a transversely complete and transversely oriented Killing fo-
liation on an oriented Riemannian manifold M whose space of leaf closures is
compact. Furthermore, let n be a compactly supported relatively closed p-form.
Then for any o € Hy(M,F), where a is the structural Killing algebra of F, we
have an equality

ch / iao
g = = l ’
/]—'77) Z/ FlCw,iz, n) €a(VCi, F) Xk: g C)F €a(VCr, F)

in the fraction field of S(a*), where Ly, is a leaf of F|C) without holonomy,
I, = ka n and eq(vCy, F) is the equivariant basic Euler form of the normal
bundle of Cy; (see Section A.1).

COROLLARY 3.17: If, in the situation of Theorem 3.16, the closed leaves of F
are isolated, then we have for any o € Hq(M, F) that

it
—27)? /2 I L’“
/(fvn) Z

where q is the codimension of F, ir, : Ly — M are the closed leaves of F,
{ak} 5, C a* are the weights of the transverse isotropy a-representation at Ly,
and l, = [, n L7
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Example 3.18: A Riemannian foliation on a compact manifold is always trans-
versely complete and the space of leaf closures is compact.

Example 3.19: The orbit foliation F of a nonsingular Killing vector field X on a
complete Riemannian manifold (M, g) satisfies the assumption if and only if the
space of the orbit closures is compact. Here the closure T' of the one-parameter
subgroup generated by T is an abelian subgroup of the isometry group of (M, g).
The space of leaf closures of F is nothing but the orbit space of the T-action
on M.

Remark 3.20: Since Cj, is a union of closed leaves, Cj/F is an orbifold. The
integration f Cr/F is defined as follows: We choose orientations of Ci and vC}
(see [T614, Corollary 4.8] for orientability) compatible with the orientation of
M. The integration on the right side is taken with respect to the orientation
of Ck. The integration of a volume form ¢ on an orbifold, as it appears on the
right-hand side, is defined in terms on the orbifold fundamental class similarly
to the manifold case. Via a partition of unity, one can assume the support of o
to lie in the domain of an orbifold chart U = U /T'k, where U is open in R™ and
T is a finite group acting on U. By definition ¢ has a lift & in U. We define

o= ;2
g = g
U Tl Jo

where the right hand is the usual integral.

Remark 3.21: This theorem can be regarded as an improvement of [T614, The-
orem 7.2]. The ambiguity in the choice of transverse integration operator men-
tioned in Theorem 3.10 results there in constants on the right side of [T614,
Theorem 7.2] which are hard to determine. In contrast, because of the coherent
use of a relatively closed form 7 in both sides of the equation, here the constants
turn out to be 1 (see Section 4.1).

This localization formula is also more versatile. Whereas the corresponding
formula in [T614] was used to compute basic primary characteristic numbers,
we can now also compute secondary characteristic numbers and the volume of
K-contact manifolds as we will see later.

Remark 3.22: Our localization formula applies only to the action of the struc-
tural Killing algebra; as its fixed point set is the union of closed leaves, this is
for us the geometrically most interesting action. It should however be possible
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to prove variants of our localization formula for different types of actions. Lo-
calization formulae for more general torus actions on K-contact manifolds, in
the context of equivariant basic cohomology, both of ABBV-type as well as a
residue formula as in [JK95], are proven in [CF16].

Our proof of this theorem runs along the lines of the classical proof of Atiyah
and Bott [AB84], but makes use of several transverse analogues of classical
objects, like the (equivariant) basic Thom isomorphism (see the appendix).

Remark 3.23: The hypothesis of Theorem 3.16 that the foliation is Killing is
essential in the proof. For example, for an arbitrary isometric transverse action
of an abelian Lie algebra on a Riemannian foliation, we do not know whether a
Borel type localization theorem [GT10, Theorem 5.2] holds (see, for example,
[GT10, Proof of Proposition 3.6]).

4. Proof of the ABBV-type localization formula

4.1. SOME FACTS ON TRANSVERSE INTEGRATION OPERATORS. Let M be an
oriented connected manifold. Let F be an oriented transversely complete Rie-
mannian foliation. Let IV be a connected component of the union of closed leaves
of F. By transverse completeness, the normal exponential map exp: vF — M
is well-defined. By using exp, we can take a saturated tubular neighborhood U
of N with a projection u: U — N which maps the leaves of (U, F) to the leaves
of (N, F). Let uy : Q.F*(U) — Q°(N) be the integration along the fibers (see
for instance in [GHV72, 1.7.12]), where ., denotes the vertically compactly
supported de Rham complex and r is the dimension of the fibers of u. Since
w: (U, F) — (N, F) is foliated, the fiber integration u, descends to a chain map
uy 2 QUF(U, F) — Q*(N, F) of basic complexes (see [T614, Proposition 4.1]).
We will use the following well-known fact.

LEMMA 4.1: Let Z: QF (U x [0,1]) — QF-L(U) be the integration along the
[0, 1]-fibers. Then, we have

jia—jia=dIa+ Ida

for any a € QF (U x [0,1]), where j;: U — U x [0,1] is defined by ji(x) = (x,t)
fort =0 and 1.
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LEMMA 4.2: Let p = dim F and q = codim F. For any compactly supported,
relatively closed p-form ) on (M, F) and any o € Q% (U, F), we have
(4.1) us(MA o) =14i"nAuso +db
for some 6 € Q.(N).
Proof. By the projection formula for integration along fibers [GHV72, Prop. IX,
1.7.13], we have
(4.2) ur((u i n) N o) =1i*n A uo.
Let ¢ =n —u*i*n. Then we have
(4.3) ux(MA o) —i"n Auwo = u(CAo).
Let f: U x [0,1] = U be a smooth fiberwise contraction of U to N; f is a
smooth map such that, denoting fi(z) = f(x,t),
e f1 =idy, fo =w and
o f; preserves F for each t € [0, 1].
Here, by the last lemma, we have
C=n—ui"n=fin—fon=71"n—Jjof n=dLlfn+Ldf"n.
By taking the wedge product with o, we obtain
CAo=({dIf*n) Ao+ (Zdf*n) Ao.

By the projection formula for Z, we have

(Zdf*n) Ao =Z((f*dn) Aprio),

where pry: U x [0,1] — U is the first projection. Here,
va ((f*dn) Nprio) = (vo (f*dn)) Aprio = (f"i, o dn) Aprio.
Since 7 is relatively closed and f; preserves F, it follows that the right-hand
side of the last equation is zero, which implies that (Zdf*n) A ¢ = 0. Hence we
obtain
CANo={dIf*n)No=dZ(f*n) o).

With 6 = u.(Z(f*n) A o), Equation (4.1) follows from Equation (4.3). We see
that 6 is compactly supported in the following way. If n, = 0 for an z € N,
then f*(n) is zero on every point in f~1(x). Therefore supp @ is contained in
the intersection of N, which is closed, and supp 7, which is compact. Therefore
supp 0 is compact.
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As a consequence, the next proposition follows.

PropoSITION 4.3: For a compactly supported, relatively closed p-form n on

(M, F), we have
/ o :/ UsO
(Fm) (FINi*n)

Proof. Since supp(n A o) is contained in U, we have

/ adﬁf/ nAa:/u*(n/\o)
(F.m) M N
:/ ' A uso
N

def /
= Uy T
(FIN,i*n)

for any 0 €QZ, (U, F), where the third equation is due to the previous lemma.

for any o € Q4 (U, F).

Remark 4.4: The last proposition corresponds to [T614, Lemma 5.4] with ¢; = 1,
N = C; and the transverse integration operator defined in a different way.

4.2. PROOF OF THE LOCALIZATION FORMULA (THEOREM 3.16). We will fol-
low the original argument of [AB84] adapted to our foliated setting. Let (M, F)
be an oriented manifold with a transversely complete oriented Killing foliation
with structural algebra a. Let C be the union of all closed leaves in (M, F), and
p: vC — C its normal bundle. Here C has only finitely many connected com-
ponents C1,...,Cn by the compactness of the space of leaf closures of (M, F).
Since (M, F) is transversely complete, by using the normal exponential map of
C, we can construct a foliated tubular neighborhood pi: (U, F) — (Ck, F)
of Cf in (M,F) so that Uy,...,Uy are mutually disjoint. Let rp be the co-
dimension of Cy in M. According to [T614, Corollary 4.8], the chain map
p: QET (Ui, F) — @ Q*(Ck, F) induces an isomorphism in basic coho-
mology. The basic Thom homomorphism i,.: H(C,F) — H(M,F) is
obtained by concatenating (p.)~': H(C,F) — H.,(U, F) with the inclusion
H.,(U,F) — H(M,F). This map has an equivariant extension,

ix: Ho(C,F) = Ho(M,F),

which is called the equivariant basic Thom homomorphism (see Definition A.6).
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PROPOSITION 4.5: We have
"1 = eq(vC, F),

where we understand e,(vC,F) € H(C,F) = @ H(Ck, F) as the direct sum
of the basic Euler classes eq(vCy, F) of the normal bundles of (Cy,F) (see
Definition A.1).

Proof. Using Lemma A.5 and Equation (A.6) we compute
Fil =i (p LA ) = i* By = ea(ve, F).

The transverse integration operators for a transversely complete orientable
Killing foliation F on an oriented manifold M with respect to a compactly sup-
ported relatively closed form 7 extend equivariantly to f(f,n) tHo(M,F)—S(a*)
(see [T614, Section 7.2] for details).

The equivariant basic Euler class eq(vC, F) is not a zero-divisor in Hq(C, F);
indeed, its restriction to a leaf of C' is the product of weights of the trans-
verse isotropy a-representation as in the classical case of manifolds with Lie
group actions (see Proposition A.2). There is a basic version of the classical
Borel localization theorem for the transverse a-action of Killing foliations, in
which the role of the fixed point set of a torus action is played by the clo-
sed leaves of F; see [GT10, Theorem 5.2]. It states that the restriction map
i* : Ho(M,F) — H,(C,F) is an isomorphism on the level of localized modu-
les; recall that Hy (M, F) = Q(a*) ®g(a=) Ha(M, F), where Q(a*) is the field of
fractions of S(a*). Therefore, by Proposition 4.5, i,: Hq(C,F) — Hq(M, F) is

an isomorphism with inverse
S,
€a VCk,
Thus, for any o € Hq (M, F), we have

4.4 S i*Cki*C’“U

(44) 7T Uigea(ka,]:)

after localization By localizing f(f,n) : Ho(M,F) — S(a*), one obtains a map
f(f 0 «(M, F) = Q(a*). Applying this map to both sides of (4.4) and then
using Proposmon 4.3 for the right side on the the level of equivariant basic
cohomology proves Theorem 3.16.
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5. Localization on K-contact manifolds

5.1. K-CONTACT MANIFOLDS. Let M be a (2n + 1)-dimensional compact ma-
nifold with a contact 1-form 7. The conditions n(§) = 1 and tedn = 0 deter-
mine the Reeb vector field £. The two-form dn gives the contact structure
D := kern the structure of a symplectic vector bundle. We assume that we
are given an almost complex structure J on D which is compatible with dn in
the sense that dn(JX,JY) = dn(X,Y) for all X,Y and dn(X, JX) > 0 for all
X # 0, and extend J to an endomorphism of TM by setting J(£) = 0. Then,
we equip M with the associated Riemannian metric

1
(5.1) g:2dn0(1®J)+77®77-

The tuple (&,7,J,¢g) is called a contact metric structure (see [BGO7, De-
finition 6.4.4]). Let F be the one-dimensional foliation on M defined by the
Reeb vector field £&. We are interested in the case when F is a Riemannian
foliation. By [BGO7, Proposition 6.4.8], this condition is equivalent to M being
a K-contact manifold:

Definition 5.1: The contact metric structure (£,,J,g) on M is called K-con-
tact if € is a Killing vector field with respect to the Riemannian metric g. In
this case, M is called a K-contact manifold.

Yamazaki [Ya99, Proposition 2.1] showed that a contact manifold admits a
K-contact structure if the Reeb flow is a Riemannian foliation. In the rest of
Section 5 we will consider only compact K-contact manifolds.

The most important examples of K-contact manifolds are Sasakian manifolds:

Definition 5.2: If the contact metric structure (£,,J, g) on M is K-contact and
the CR structure (D, J) is integrable, then M is called a Sasakian manifold.

5.2. VOLUME OF K-CONTACT MANIFOLDS. As the top form nA(dn)™ is nowhere
vanishing, we can use it to fix an orientation on M. Then the Riemannian
volume form on M of the metric in (5.1) is

(dn)"
2np)
Remark 5.3: Note that [BG07] and [MSYO08] use slightly different conventi-
ons. For example, the transverse metric is defined to be dn instead of %dn in

(5.2) nA
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[BGOT7, Eq. 6.4.2]. Consequently, the Sasakian volume form in [BGO7] reads

(dn)™

nA
n!

Here we follow the convention of [MSYO08].
Then we observe the following:

LEMMA 5.4: The differential form dn is basic with respect to the characteristic
foliation F, i.e., n is relatively closed on (M, F). Thus the volume of a compact
K-contact manifold (M, €&, J, g) is given by

1 n 1 n
Vol g) = o,y [y =0 [

5.3. DEFORMATION OF REEB VECTOR FIELDS. It is well-known that one can
use symmetries of K-contact manifolds to deform a given K-contact structure
to new ones, with the same CR structure, but different Reeb vector field. Let
G be a Lie group with Lie algebra g. Consider a compact K-contact manifold
(M,&,n,J,g) with a G-action which leaves the K-contact structure invariant,
and define

S:={X eg|nX*) >0},

where X# is the fundamental vector field associated to X. Then, for any X € S,
we have a K-contact structure such that

e the CR structure is equal to (J, kern),
e the Reeb vector field is equal to X#,
e the contact form is equal to n()?#)'

The metric is determined by the formula (5.1).

Remark 5.5: As the CR structure does not change during the deformation, the
deformed structure is Sasakian if and only if the original one was Sasakian.

This construction for Sasakian manifolds goes back to Takahashi [Ta78] in
the case where G is a torus. It is now known as a deformation of type I (see
[BGO7, Section 8.2.3]). For K-contact manifolds, this type of construction was
considered in [BR95, Proposition 1] and [No09, Lemma 2.5] (see also [GNT12,
Lemma 2.7]).

Since the contact form is determined by the contact structure and the Reeb
vector field:
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PROPOSITION 5.6: We have a map
S — R>0

sending X € g to the volume of the deformed K-contact structure with Reeb
vector field X#.

This map has been investigated by Martelli-Sparks—Yau [MSYO08] in order to
find Sasaki—Einstein metrics on a given manifold.

Note that for any X € S we have [X#,¢] = 0. The Killing vector fields X#
and ¢ thus arise as fundamental vector fields of an action of a torus leaving
invariant the K-contact structure. We will hence restrict our attention to the
case when G is a torus.

Remark 5.7: For a compact K-contact manifold the closure T of the Reeb flow
in the isometry group is a torus. If the K-contact manifold admits a Reeb
orbit which is not closed, then dim 7 > 2. Hence, the Reeb vector field of such
K-contact manifolds can be deformed in the way described in this section.

5.4. THE CANONICAL TRANSVERSE ACTION ON A K-CONTACT MANIFOLD. Let
M be a compact K-contact manifold. Since the Reeb flow of n preserves g,
by [MS85, Théoreme A], the orbit foliation F of the Reeb flow is Killing. The
structural Killing algebra a is easily identified as mentioned in [GT10, Exam-
ple 4.3]: Consider the closure T of the flow of the Reeb vector field £ inside
the isometry group Isom(M, g). As a connected Abelian compact Lie group, it
is isomorphic to a torus. Let b € t be the element corresponding to the Reeb
vector field, i.e., for which b# = &. Then, the structural Killing algebra of F
is isomorphic to the Lie algebra t/Rb, where t is the Lie algebra of T, which
naturally admits an isometric transverse action

(5.3) t/Rb — (M, F)

on (M, F). Below, we will identify a = t/Rb.

We will use our ABBV-type formula (Theorem 3.16) to calculate the volume
of the K-contact manifold M. To apply the theorem directly, those cases are
most relevant for us in which not all leaves of the Riemannian foliation F are
closed, i.e., irregular K-contact structures.
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5.5. EQUIVARIANT EXTENSION OF dn. Let M be a compact K-contact mani-
fold. In order to apply Theorem 3.16, we need to extend the basic cohomo-
logy class [(dn)"] € H?"(M,F) to an equivariant basic cohomology class in
H2™"(M, F). We will do so by defining an explicit equivariant extension of the
two-form dn to a closed equivariant basic form. Choose an embedding £ : a — t
such that its concatenation with t — t/Rb = a is the identity. Then we can
define an equivariant basic form w by

(5.4) w(X) = dn —n(B(X)?),
where w € Qg (M, F) is regarded as a g-equivariant polynomial map g— Q(M, F).
LEMMA 5.8: w is equivariantly closed and satisfies
w(0) = dn;
namely [w] extends [dn] to equivariant basic cohomology.

Proof. Clearly we have w(0) = dn. We see that w is equivariantly closed by the
following calculation:

(daw)(X) =d(w(X)) = tx#w(X)
=~ d(n(E(X)*)) = txdn

=—Lgx)#n=0.

One can thus apply the Localization Theorem 3.16 to 2nln!w” in order to
calculate the volume of M.

5.6. VOLUME LOCALIZATION. For simplicity, we restrict in this section to the
case of a K-contact manifold with only finitely many closed Reeb orbits. Note
that in this case, if T" is the torus given by the closure of the Reeb field, and
S C t the set of admissible Reeb fields that can be obtained by a deformation
of type I, then a dense subset of vector fields in S has only isolated closed
flow lines. In the examples in Section 6 we will apply the formula below to
Reeb fields in this dense subset, and obtain by continuity the full volume map
S — R-(. Note that, since the isotropy action is symplectic at any point on
M, its weights are well defined by using the decomposition into irreducible
representations (see [Le04, Lemma 3.11]).
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THEOREM 5.9: Let M be a (2n + 1)-dimensional compact K-contact manifold
with only finitely many closed Reeb orbits Li,...,Ly. Denote the weights of
the transverse isotropy a-representation at Ly, by {a ', Ca*fork=1,...,N.
Then the volume of M is given by

77|Lk
5.5 Vol(M,
(5:5) ol(M, g) !ZkHaU—HRb)
where [}, = ka 7 is the length of the closed Reeb orbit Ly, and the fractions on
the right-hand side are considered as rational functions in the variable v € t. In
particular, the right-hand side of (5.5) is independent of v.

Proof. Let v € t, and define Y = v+Rb € a. Then we can choose an embedding
E : a — t that sends Y to v and is right-inverse to the projection t — t/Rb = a.
Denote the corresponding equivariant extension of dn defined in (5.4) by w. In
particular,

w(Y) = dn —n(v¥).

By Corollary 3.17 and Lemma 5.8 we have

1
vol(§) =, /( e

W Lo ()

As Ly is one-dimensional, the numerator simplifies to (—1)"n(v*)"|z,

5.7. K-CONTACT DUISTERMAAT-HECKMAN. Before turning to the application
of Theorem 5.9 to concrete situations, we derive a K-contact version of the
Duistermaat—-Heckman formula.  Atiyah-Bott [AB84] and Berline—Vergne
[BV83b] observed that the Duistermaat-Heckman formula [DH82] is an easy
corollary of the localization formula. In this section, we proceed analogously to
their argument.

Let M be a compact K-contact manifold of dimension 2n + 1, with K-contact
metric structure (£, 7, J, g), and denote the Riemannian volume form of g as in
(5.2) by

1
B= ., nAdn)".

2nn!
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THEOREM 5.10: Let M be a (2n+ 1)-dimensional compact K-contact manifold
with only finitely many Reeb orbits Li,...,Ly. Denote the weights of the
transverse isotropy a-representation at Ly by {a ', Ca* fork=1,...,N.
Then we have for all v € t

)(Ly)
n(v*) g _ l k
/Me - Z . UJFRb)

where [}, = ka 7 is the length of the closed Reeb orbit L.

Proof. Consider the equivariant extension w of dn as in (5.4):
w(X) = dn — n(E(X)%);

we choose E : a — t such that E(X) = —v for some X € a. We would like to
apply Theorem 3.16 to e“, but as this is not an equivariant basic differential
form in our sense, we apply it separately to each summand in the power series:

1 & w(X)
e g = / n A
/M 2n z:: M s!
1 & ws(X)
T on Z/ s!
s—0 7 (F.m)

co N

6. Examples

6.1. DEFORMATION OF STANDARD SASAKIAN SPHERES. We will compute the
volume of deformations of the standard Sasakian structure on S?"*! (see [BGO07,
Examples 7.1.5 and 7.1.12]). The Riemannian metric g is the standard one, with
sectional curvature 1, inherited from the flat metric on R2"*2, and the contact

one-form is

n

n= Z(Iﬂzd% — yidz;).

i=0
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Let {2me;}i=o,...n be the standard basis of t, i.e., in particular each element is
in the integral lattice; the fundamental vector field on S?"*! induced by e; is

0
H; = —y; ia
Then the standard Reeb vector field is £ = >, H; = ief&. For any vector
w = (wo,...,wy) with w; > 0 we consider the deformed Reeb vector field

Ew = bﬁf, where b, = ). w;e; € t. The contact form of the deformed Sasakian

structure is given by
Ui

T S )
For generic choice of w, the only closed leaves of F,, are the n 4+ 1 circles
2?2 +y? = 1. We denote these by Lo, ..., L.
We will now prove the following consequence of Theorem 5.5, which are also
consequences of results of Martelli-Sparks—Yau and Lawrence (see the next
section for the statement of their results).

COROLLARY 6.1: We have

n

2 n+1 1 n
(6.1)  Vol(§2"+! g,) =" ' o B 5
i wi T Tico, i G Wi — By)
ontl 1
6.2 _ . _
( ) n! wO ..... wn

Proof. We need to calculate f . Mw, as well as the numerator and the denomi-
nator of the right-hand side of (5.5).

It is easy to see that [, 7, = 27. The weights {a} _,, of the trans-

§=0,...,2,..
verse isotropy representation at L; (see Appendix A.1) are given by the negative

of the dual basis of {ex +Rbw},_, .- Explicitly,

aj—(ek + wa) = —(Sjk

for j,k # 4. This is because [ek#,-] = [Hy, -], with respect to {ai, 82 }, has
block diagonal shape

0 1 0 —aj(er + Rby)
ik = :
-1 0 aj(er + Rby) 0

n
v = Z ﬂjej,
=0

Writing
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we calculate v +Rb,, = Z#i Bj(e; +Rby,) — 5 Zk# wy (e + Rby, ). Then the
denominator is given by

[Teft 8o~ 1 (%m—2)
J#i g# !
Because the t-isotropy subalgebra at L; is spanned by {ej}j:0 5 . we have

that v — fj ' by € tr,. The numerator is therefore given by

L) = (ﬂz )"

wj

T

Substituting these equations, (6.1) follows from (5.5).
As the right-hand side of (6.1) is independent of 3}, we can send Sy to +o0 in

order to simplify the expression. When doing so, the summands for i # 0 tend
1

to zero, and the summand for ¢ = 0 tends to - Hence, we get (6.2).

6.2. TORIC SASAKIAN MANIFOLDS. Let (M,n,g) be a Sasakian manifold of
dimension 2n + 1, and denote by 7' the torus obtained as the closure of the
Reeb flow in Isom(M). By a result of Rukimbira [Ru94, Corollary 1], one has
dimT < n+ 1. If dimT = n + 1 holds, one calls (M,n,g) a toric Sasakian
manifold.

We briefly describe the Delzant-type correspondence between toric Sasakian
(2n+ 1)-manifolds and certain cones in a Euclidean space due to Lerman [Le04]
and Boyer—Galicki [BG00]. Letting t = Lie(T), the contact moment map is
defined by

o M — t*

z— (X = n(X#)(x)).
We define a cone in t* by

A =R>o-P(M),
and put Ay =t - ®(M). Note that

O(M)=A1 =HNA,
where
H={pet [pb) =1}

Denote the element of t whose fundamental vector field is the Reeb field by

b € t. Lerman showed in [Le04, Theorem 2.18] that A is a good rational
polyhedral cone (because M is a contact toric manifold of Reeb type), i.e.,
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there exists a minimal set of primitive vectors {v;};c; C tz in the integral
lattice tz = ker(exp: t — T') such that

(1) A={p et |p(v) <0}, and

(2) for any face of A of the form AN ﬂ?zl{go €t | p(v;,) = 0} # {0}, we

have
k k
(Br-w)ne-Dz v,
j=1 j=1
and v;,,...,v;, are linearly independent over Z.

In particular, for any closed Reeb orbit L, ®(L) is a vertex of Ay, and thus there
exist precisely n of the vectors v;, denoted v¥, ... vE such that ®(L)(vF) = 0.
We fix a determinant det € A"t* such that a chosen integer basis of t is sent to
L

1 by the determinant. We then assume that the vectors v;* are ordered in such
a way that det(b,v¥, ..., vL) > 0.

e n
Using our localization formula we can now prove:
THEOREM 6.2: We have

Vol (M, n)

det(v,vF, ... vEn

rn

ot 2 et ot
2nnl L det(bvv%v"'avﬁ) H?:ldet(bava'-'7UiL—1vvvviL+15"'7’071{).

Proof. We first show

_ 1
(6:3) /L77b ~ det(b, v, ... L)’
Let T7, be the isotropy group of the t-action at L and tj its Lie algebra. We
identify L with T/Ty, and let pr,: T — T/T5, be the projection. We identify
Lie(T/TL) with R so that kerexp is identified with Z and such that b + tz, is
sent to a positive number. Since 77, is connected by [Le04, Lemma 3.13], the
Reeb vector field & on T/TL is (pr)«b. By mp(&) = 1, we get

1
(64) /Lnb T (pL)b

On the other hand, we now argue that (pr).b = det(b,v¥, ... vL): for this we
first observe that t; is spanned by the v’ (see, e.g., [Le04, Proof of Lemma
6.4]: there it is argued that if F' is the face of A containing ®(p) in its interior,
then the real span of F' is equal to the annihilator t2). That shows that the
vE) have the same kernel. To see that

rn

linear forms (pr). and det(-,vf,. ..



Vol. 222, 2017 LOCALIZATION OF CHERN-SIMONS TYPE INVARIANTS 895

they are actually equal we choose, using the fact that A is a good rational

polyhedral cone, a vector v} completing the vF to an integer basis of tz, such
that det(v{,vF, ..., vL) = 1. With the help of this basis we can identify t with

R"*! in such a way that tz is sent to Z"T! and t7, to R”. Because T}, is connected
[Le04, Lemma 3.13], this implies that (pz).(v{) = 1. This implies (6.3).

Denoting by ps: t — a the canonical projection, {ps(vF)}™, is a basis of a.
We will show next that the weights w! of the a-representation on vL are given by
27 times the corresponding dual basis; i.e., w}" € a* so that w] (pa(v))) = 210y
Via the natural isomorphism t7 = a* induced by t;, C t — a the Weights are
identified with the ordinary weights of the symplectic slice representation at L.
In the proof of [Le04, Lemma 6.4] it is shown that the momentum image of
this symplectic slice representation is the cone given as the intersection of the
half-spaces {¢ € t; | p(vl) < 0}. Thus, the edges of this cone are spanned
by the negative of the dual basis of the v*. On the other hand, it is known
that (with our sign convention) the negatives of the weights of the symplectic
slice representation also span the edges of the cone. Because it is shown in the
proof of [Le04, Lemma 6.4] that the v} form a basis of the integer lattice (and
hence also the dual basis), the weights are necessarily given by 27 times the
corresponding dual basis.

In other words we have shown that

2mdet(b, v, ..., vE 0,05, ..., vk)

s Yi—1> v ¥n

6.5 E(w +Rb) =
(65) wi (v +Rb) det(b,vf, ... vk)

for all v € t, as can be easily checked by inserting v = ij.

Inserting b and v¥ on both sides of the following equality shows

det(v,vE, ... vE)
det(b, v, ... vk)"

n

(6.6) m(v™)|L =

By substituting (6.3), (6.5) and (6.6) into the localization formula (5.5), we get

VOl(M ’I]b)
0l (v¥)"
Tl Z H y (v + RRb)

_ Z det(v,vf,...,v5)"
2"n! 7 det(b,vlL,...,Uﬁ) [T, det(b,vf, ..., vk, 0,05, ... 0k)
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Remark 6.3: We can eliminate the variable v from the formula in Theorem (6.2)
by cutting A; into a finite union of n-simplices and taking a limit of the term
corresponding to each simplex in a similar way as in the case of spheres in the
last section.

Remark 6.4: Of course Corollary 6.1 is a special case of Theorem 6.2. For a
toric deformation of the standard Sasakian sphere the cone A is, using the
notation of Section 6.1, spanned by the basis dual to the e;. The primitive
vectors v; are given by v; = —2me;. For the closed Reeb orbit L; the vectors
viL I are precisely those v; with ¢ # j. The simplest way to compute the right-
hand side of Theorem 6.2 is then to expand the vector v in the basis e;, and
send one coefficient to infinity. Note that the apparently missing factors of 2,
when comparing with Corollary 6.1, are accounted for by our choice of the

determinant.

In the remainder of this section we will show that this formula for the volume
of a toric Sasakian manifold can also be proven differently, by combining the fact
that the volume of M is closely related to the volume of a truncated momentum
cone, as shown by Martelli-Sparks—Yau, and a formula for the volume of a
simple polytope due to Lawrence.

Let C(M) =2 R x M be the Kéhler cone of (M, g,n) with metric ¢’ = dr?®rig
and symplectic form w with ¢/(X,Y) = w(X,JY). For / := lip/9,w we have
d(5(r?n')) = w, because L,5/g9,w = 2w (as in [MSY06, Eqs. (2.3) and (2.4)]),
and 7'|,—1 = 7. We define the moment map u: C(M) — t* by

X 7’2/ #
= n(X7);

2
note that we use the convention du”® = —iy#w. Observe that
1
(M) = Ay = 2‘I’(M)-

Let y; := p* = T; n’(efﬁ) so that dy; = —t_sw.

€;
Let {e;}i=o0,...n be a basis of t such that {2me;};—o,... » is an integer basis of

. yeeey

the integral lattice tz. Let ¢ = (¢o,...,¢n) : t — R?"F1 /277271 denote the
coordinates with respect to the basis. We first understand the d¢; as forms
on the principal orbits dual to the fundamental fields. We then extend these
leafwise forms to forms, also denoted by d¢;, on the regular part of C (M) such
that its kernel contains the span of the J efé. Then w = Z?:o dy; N\ d¢; on the
regular part. The volume with respect to eg A --- A e, on t* is (2m)" 1.
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We can regard b € t as a 1-form on t*. Then Qg is the unique translation
invariant n-form on t* such that bAQgz = eg A--- Ae,. The volume of the dual
integral lattice with respect to the latter volume form is (27r)1"+1 . Let Volg (A /2)
(resp. Volg(A1)) be the volume of Ay/y (resp. Volg(A)) with respect to the
n-form Qg.

PROPOSITION 6.5 ([MSY06, Eq. (2.74) and (2.86)]):
(6.7) Vol(M,np) = 27" Vol (Ay).

Proof. We fix a metric on t such that the e; are orthonormal, and the dual
metric on t*. Let ¢ be the volume form on H determined by orthonormal
frames. Then we have Qo = [[b[|Q2g. Let Volg(A;/2) be the volume of Ay
with respect to 9. We have Volg(A;/2) = ||b]| Volg (Ay/2). From

1
| / w" = / |ddo ... ddndyo - . . dyn| = (271')”+1 Vol(A§1/2),
n: 1(A<yy2) HAc<i/2)

where A</ = {w € A | w(b) < 1/2}, it follows that we have
Vol(M, mp) = 2(n+ 1) Vol(u ™ (A<1/2)) = 2(n + 1)(2m)" T Vol(A<q0);

see [MSY06, Eqs. (2.72)-(2.74)]. Since A<y /5 is a pyramid of height 1/2|1b|| with
the base Aj/y (if we write b = >, bie;, then Aqjp = {dase | Y aib; = 3},
hence the shortest element is (3 b;e;)/2(/b||?, which has length 1/2(/b]|), we have

VOI(ASl/Q) = VOlo A1/2 = VOIH AI/Q'

1 1
2(n + 1)[0]] 2(n+1)
Since we have 2" Volg (A1 /2) = Volg (A1), (6.7) follows.

The following application of a formula of Lawrence for the volume of a simple
polytope gives a method to compute Volg (Aq).

THEOREM 6.6 ([La9l, Theorem on p. 260]): Take u € t and d € R so that the
function f(x) = u(zx) 4+ d on t* is nonconstant on each edge of Ay. Then

(68) VOIH Al 'Z 5L

where L runs over the set of closed Reeb orbits, v* € R is determined by
u="5b+ ol + -+ vy,
and 0% = det(b,vF, ... vk).

rn
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Proof. Lawrence’s Theorem applies to simple polytopes
P={veV|{va) <b}

in a Euclidean vector space (V, (-,-)), where a; € V, and b; € R. In order to
apply the Theorem of Lawrence, we identify the affine hyperplane H with the
vector space b+ = {v € t* | v(b) = 0} using the map
1

U: H={wet'|wb)=1} — b+, wr—w— Hszb*,
where v — v* denotes the identification t — t*. Let a; € b+ and b; € R be
defined as
* <Uia b> <'Ui’ b>
©o bl 1o]2

where (-,-) is the chosen inner product on t. Denoting with the same symbol

b, b= —

a; ‘=0

the dual inner product on t* we then have

(U(w),a;) = <w - ”b”zb O I1b]|2 b > =w(v;) — |[b]|2 = w(v;) + b;
for w € H, hence
U(Ay) = {vebt | (v,a;) < b}
Noting that Voly(A1) = Vol(¥(Ay)), where the volume on the right-hand side is

defined using the inner product (-, -), we apply Lawrence’s Theorem: we choose
a function f on t* of the form f(v) = (u,v) + d for some u € b+, and obtain

(note that f(¥(w)) = f(w))

VOIO Al ol Z

where ¢& = |det(al,...,a%)| and u = vfal + -+ + yLal. Here, det is a
Euclidean determinant on b+, hence & = ”})” | det(b, ab,.. . al)| = ”})” 5L, Be-
cause a; and v} differ only by a multiple of b*, the numbers ¥, ..., v% coincide

with those defined in the statement of the theorem. The proof follows from
VOlo(Al) = ||b|| VOlH(Al).

By combining Proposition 6.5 with Theorem 6.6 we obtain a second proof
of Theorem 6.2, because v = det(b,v¥, ..., vF |, u, viL_H, <, vE). I fact, any
two of these results imply the third.
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6.3. THE HOMOGENEOUS SASAKIAN MANIFOLD SO(5)/SO(3). In this section,
we calculate the volume of deformations of the homogeneous Sasaki structure on
the Stiefel manifold SO(5)/SO(3). We use the notation of [GNT12, Section 8]:
consider the real cohomology 7-sphere SO(5)/ SO(3); here, SO(3) is embedded
in SO(5) as Iz x SO(3), where I3 is the (2 x 2)-identity matrix.

Now T3 =T? x T' = (SO(2) x SO(2) x 1) x SO(2) € SO(5) x SO(2) acts on
SO(5)/S0(3) via

(g,h) - kSO(3) = gkh =1 SO(3).

We identify the Lie algebra t* of T3 = T2 x T* C SO(5) x SO(2) with R3; a
vector w € R? corresponds to an element b,, € t3. The Reeb vector field ¢ of the
homogeneous K-contact structure is the fundamental vector field of b = b(g,0,1)-
(Note that at e SO(3) the Reeb vector field ¢ is equal to —F12 + s0(3), where
E;; is the matrix with all entries zero except 1 at the ¢j-entry and —1 at the
ji-entry.) Let w = (z,v,2) € t3 be such that the corresponding one-parameter
subgroup has only finitely many closed orbits in SO(5)/SO(3). The closed
orbits then coincide with the one-dimensional T3-orbits, of which there exist
exactly 4 (see [GNT12, Section 8]). As explained in Section 5.3, the deformed
contact form 7,, with Reeb vector field &,, = b7 is given by

T = n
v 77(5111)7

where n = (b,+), and (-,-) is induced by a bi-invariant Riemannian metric on
SO(5), normalized so that || Ez|| = 1. We fix a vector v = (v, 5,7) € t. We will
show the following by the localization theorem.

THEOREM 6.7: We have

ot 1

3 (2 -y )

Proof. Let us calculate in detail the relevant data at the closed Reeb orbit

through e SO(3). Along this closed Reeb orbit, &, is exactly (z — 2)b¥, so its
length calculates as

(6.9) Vol(M, g,) =

/ 2
Nw = .
S0(2)-eSO(3) Z—=Z

Still along this closed Reeb orbit, we have n(&,) = z — x; moreover,

U(U#)eSO(s) =7 - Q.
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Therefore, the numerator in the localization formula is

Y —an?
Tolso2)-eso@) ) = ( ) :

z—x
We have t2;; = {(z,y,) | ,y € R}, and the projection t3;; — t* = 2@ {0} C 3
onto the first summand is an isomorphism. The natural projection

TeKG/K — TeHG/H,

where G/H = SO(5)/ SO(2) x SO(3) becomes equivariant with respect to this
homomorphism. Considering the induced isomorphism

(6.10) £ —Er — & — /Rb, = a,

where the first map is the inverse of the projection t3;- — 2, we see that the
weights in a* are in one-to-one correspondence to the ordinary weights of the
isotropy t2-representation on SO(5)/SO(2) x SO(3): if 7 € (t2)* is a weight,
then the induced weight in a* is given by

(mﬁmHwa%T(aJra_w-w,BJra_v-y)-

zZ—X zZ—X

To see this, observe that the inverse a — t? of the isomorphism (6.10) is given
by

(o, B,7) + RE — (a+ “7 cx, B+ “7 y)
z—z z—z
The ordinary weights of the isotropy t*-representation are given by positive
roots of SO(5) which are not roots of SO(2) x SO(3). Denoting the standard
basis of t2 by {e1, e2}, the weights are e}, e + €3 and e} — e, because €3 is also
a root of SO(3) x SO(2).
Thus, the denominator is given by

o — o — o —
S NS M)

z—x —x z—x
a— a—

-(a—i— v-x—(ﬁ—i- 7y))
z—x z—x

We omit the calculations for the other three closed Reeb orbits, which are
parametrized by the quotient of Weyl groups W (SO(5))/W(SO(2) x SO(3)).
The four summands in the localization formula (5.5) and the final formula for
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the volume read as follows:

Vol(M, g.,)
- o7t
-3
_ 3
(z—2) o+ "7 z)(a+ ) a4+ B+ ) (a+ 0 T a—(B+ 970 y))
(a+7)?
(z+a)i(a= 577 @) (a= 1T e+ B— 00T y)a— 011w =B+ 517 y)
(v—B)3
+ _ _ _ _ _
=) B+ 120 B+ y+a+ 0 a)(B+7 70 y—(a+] 75 2))
(B+7)3
(494 (B= T2 9) (8= 10 y—at 10 2) (8= 0y ra— 10 )
o 1

T3 (g )
Since the long expression is independent of the vector v = («, 8, ), we can show
the second equality by sending « to infinity. In this way, the third and fourth

summands vanish.

For w = (0,0, 1), we obtain the volume of the homogeneous K-contact struc-

ture we started with.

COROLLARY 6.8:
VOl(M, g(0,071)) = §7T4.

6.4. HOMOGENEOUS SASAKIAN MANIFOLDS: GENERAL CASE. We consider a
(2n+1)-dimensional compact homogeneous Sasakian manifold, which by [BG07,
Theorem 8.3.6] is the total space of a circle bundle of the form = : G/K — G/H,
where H is the centralizer of a subtorus of the compact Lie group G. We can
assume that the Reeb vector field ¢ of the homogeneous Sasaki structure on
G/K is the fundamental vector field of an element b € g; it then follows that
b is in the center of G. The b-orbits are exactly the S'-fibers of the S'-bundle
G/K — G/H, so b is also contained in . We assume the normalization condi-
tion that the Reeb orbits of G/K all have length 1 (by applying a transverse
homothety). Let T C H be a maximal torus in H (which is then also maximal
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in G), whose Lie algebra t contains b. Then, t splits as
(6.11) t=(tNnt) e Rb.

Note that the example of the previous section fits into the notation of this
section if we write SO(5)/S0O(3) = SO(5) x SO(2)/S0O(3) x SO(2) = G/K,
where the group SO(2) in the denominator is embedded diagonally.

Let ¢ = v'#, for b/ € S(D,J), be the Reeb vector field of a deformed K-
contact structure; for generic, i.e., dense choice of o', the number of closed Reeb
orbits is finite. In this case, they coincide with the one-dimensional orbits of the
T-action on G/K by left multiplication, which is the same as the m-preimage of
the T-fixed point set in G/H. Denoting the contact form of the homogeneous
K-contact structure by 7, the deformed one with Reeb vector field & is given
by

n = n -
n(g’)
As ¢’ does not have zeros on G/K, certainly b’ ¢ €. Thus, the map

tNt—t— t/RY =a

is an isomorphism. Choose a vector v € t.
We will apply our localization formula to show the following.

COROLLARY 6.9: We have
Vol(G/ K, )
" 1
= 1 Z N n+1
p(Adw—l U)n
X p(Ad,, -1 v) ,
Hoeacay @(Ady-1(v = g1y 1))
where W(G) (resp. W (H)) is the Weyl group of G (resp. H), Aq (resp. Ap) is

the root system of G (resp. H) with respect to t and p : t — Rb "2 R denotes
the projection along (6.11).

)

As always, the right-hand side of this formula is independent of v.

Proof. Let us calculate the summand in the localization formula (5.5) corre-
sponding to the closed Reeb orbit through wK, w € W(G). Then, along the
Reeb orbit through wK', we have b = p(Ad,,-1 b’)b. Thus, by our normalization
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condition for the original homogeneous Sasakian structure, the length of this
closed Reeb orbit computes as

1
/T.wK " pAd b
A similar calculation shows that the numerator in the respective summand is
given by
p(Ady,-10)
p(Ady 1 )

To calculate the weights of the transverse isotropy a-representation at wkK, we

(6.13) ' ()| wk =

first note that for each w € W(G), a is isomorphic to t,x via
tux — t — t/Rb =a.

Moreover, the t,k-slice representation on v, kT - (wK) is equivalent to the
twrc-representation on T, yG/H, whose weights are given by

{alneoAdy-1 | a € Ag \ Ag}.

Then, the set of the weights of the transverse isotropy a-representation is given
by the set of all concatenations

Adwfl
(6.14) a > tyk >tNt

« - R,
where o runs through Ag\Ag. Concretely, we have that v —71'(v%)|wx b € twx;
using (6.13) we see that (6.14) is given by
Ad, -1 ’U)
RY (Adur ( _ PlAdy v)).
v+ — « w v p(Ad,, 1 V)
In total, we obtain (6.12) by the localization formula (5.5).

7. Localization of secondary characteristic numbers of Killing folia-
tions

7.1. SECONDARY CHARACTERISTIC CLASSES OF RIEMANNIAN FOLIATIONS.
Secondary characteristic classes for foliations are Chern-Simons invariants de-
fined by the vanishing of certain characteristic forms of the normal bundle of
foliations. See Section 1.4 for the introduction to secondary characteristic clas-
ses of foliations. We will show that certain secondary characteristic classes
of Riemannian foliations can be localized to closed leaves by our localization
formula (Theorem 3.16).
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Let us recall the construction of secondary characteristic classes of Riemann-
ian foliations with framed normal bundle [LP76a]. Let M be a smooth manifold
and F a Riemannian foliation of codimension ¢ on M with trivial normal bundle.
We fix a trivialization of vF. Let V be the canonical basic Riemannian con-
nection on vF (see [To97, Theorem 5.9]), which is determined by the transverse
metric. Let P be the orthonormal frame bundle of v F. In terms of the con-
nection form and the curvature of V, we have the Chern—Weil homomorphism

5: W(so,) — Q(P),
where W (so,) = A s0;®S5(s0;) is the Weil algebra of so,. Since H(W (s0,)) = 0,

this map § does not give any nontrivial information. By construction, the
i-th Pontryagin form of § is a basic form of degree 4¢. Therefore Pontrya-
gin forms of degree greater than ¢ are trivial as proved by Pasternack. So
3(DBapsq Sk(s07)) = 0. Letting Wy (so,) = W (so,)/ Dar>g Sk(s07), we get the
following induced map:
§: Wy(soq) — Q(P).

Let s: M — P be the global section corresponding to the trivialization of
vF. Then the characteristic homomorphism Az of (M, F) is obtained by the
composite

W,(s0,) °=Q(P) ° =Q(M).

Elements in the image of the map induced in cohomology by Az are called
secondary characteristic classes of (M, F). The structure of H(W,(s0,))
was determined by Lazarov—Pasternack as follows: Let

RWq = /\(hl, ceey h(q_l)/g) ® (R[pl, c. ap(q—l)/Q]/{P | degP > q})
if ¢ is odd and

RW,y = N\(ha, ... hig—2)/2,he) ® (R[p1, .., pg—2)/2,pe) /{P | deg P > q})

if ¢ is even. This RW, is a differential graded algebra (dga) with differential
determined by dh; = p;, dhe = pe, dp; = 0 and dp. = 0. Then we have a
natural isomorphism H(W,(so,)) = H(RW,). Denoting p;(vF,F) = Ar(pi),
hi(F) = Az (h;) and hyp;(F) = Ar(hipy),

e p;(vF,F) is the i-th Pontryagin form of (v.F, V),

o p.(vF,F) is the Euler form of (v.F,V) and

e h;(F) is the Chern-Simons form s*T'¢(p;)[LP76a, Remark 1.7].
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Remark 7.1: Morita [Mo79] defined more characteristic classes of Riemannian
foliations by using the canonical affine Cartan connections on P and the Weil
algebra of affine groups.

As already mentioned the main formula in [T614] allowed the computation of
the primary basic characteristic numbers through localization to the union of
closed leaves. Now we will see how secondary characteristic numbers, i.e., the
integrals of secondary characteristic classes of top degree, can be computed by
localization.

7.2. APPLICATION OF THE ABBV-TYPE FORMULA TO SECONDARY CHARAC-
TERISTIC NUMBERS OF RIEMANNIAN FOLIATIONS. Let us apply our localiza-
tion formula to compute secondary characteristic numbers of Killing foliations.
We use the multi-index notation hypy := hyy A -+ Ahy, Apj, A--- Apj, for
I'=Aiy,...;igtand J ={j1,.. ., Jm}-

Let M be a smooth manifold with a Riemannian foliation F of dimension p
and codimension ¢g. Fix a trivialization of vF. Then, we have characteristic
forms hy(F) and py(vF,F) of (M,F).

LEMMA 7.2: A form of type hi(F) of degree p is relatively closed.

Proof. Since dh;, (F) = p;, (vF,F) is basic and of degree larger than one, it
follows that dhg, (F) A hr—g;,3(F)(v1,...,vp41) = 0 whenever p of the p + 1
vectors v; is tangent to F. Thus h(F) is relatively closed.

In order to apply Theorem 3.16, we need to extend the basic form p; equi-
variantly. Assume that F is a Killing foliation. Let a denote the structural
Killing algebra, which acts on (M, F) transversely (see Section 3.3). Let 6 be
the a-invariant connection form of the basic Riemannian connection V. As in
the classical case of manifolds with Lie group actions, the equivariant curvature

form
1
F?:=d.0+ ,10:0] € Q2(M, F) ® End(v.F)

can be used to extend characteristic forms. By Chern-Weil construction, we
get equivariant Pontryagin form p;(F?), which is denoted by pjq(v.F,F).

LEMMA 7.3 ([T614, Section 7.2]): We have pyq(vF,F)(0) = p;(vF,F) and
depso(vF,F) = 0. In other words, p;.(vF,F) is a natural equivariant exten-
sion of py(vF,F) and represents a class in Hq(M,F).
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As a corollary of our ABBV-type localization formula we obtain the following
result.

COROLLARY 7.4: Let M be a compact oriented manifold with an orientable
Killing foliation F of dimension p and codimension q. Assume that vF is
trivial, and fix a trivialization to define secondary classes. If degh; = p and
degps = q, then we have

it pJa(V.F,.F)
7.1 /h F)= l/ Ot ,
( ) u IPJ( ) zk: k o F €a(VC'k,]:)

where ic, : C, — M are the connected components of the submanifold of M
given by the union of closed leaves, Ly, is a leaf of F|C}y, without holonomy and
Iy = ka_ hi(F). In particular, if (M,F) has only finitely many closed leaves
Ly,..., Ly, then we have

(7.2) /M hips(F) = (/Lk hf(f)) /Lk Zi?:gi g

k
and [, hipe(F) =32, [ hi(F).

Proof. By Lemma 7.2, we have [, hip;(F) = [z ha(Fy) P7(WF, F). Then (7.1)
follows from Lemma 7.3 and Theorem 3.16. If (M, F) has only finitely many
closed leaves Ly, ..., Ly, then we have vLy =17 vF for k=1,..., N. Because

ea(VLg, F) = i}, pea(vF,F), we obtain (7.2) from (7.1). The last equation

follows from l:f’“pe’n(yf’fg =1.

i, Pesa(VF,F
7.3. THE CASE OF TRANSVERSELY KAHLER FLOWS. Transversely Kéhler fo-
liations are defined in a similar way as for Riemannian foliations, and their
secondary classes are richer than those of Riemannian foliations. A transver-
sely Kahler Haefliger cocycle of complex codimension m on a manifold M
is a quintuple ({U;}, {9}, {wi}, {mi}, {Vi;}) consisting of

(1) an open covering {U;} of M,

(2) submersions 7; : U; — R?™,
(3) Riemannian metrics g; on m;(U;),
(4) symplectic form w; on 7;(U;) such that g; and w; determine an integrable
complex structure J; on m;(U;) by the equation ¢;(X, J;Y) = w;(X,Y),
(5) transition maps v;; : 7,;(U; NU;) — m;(U; NU;) such that m; = ;5 o 7j,

'y;‘jgi = g; and ﬁjwi = wj.
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The invariance of w; under transition maps implies that w; yields a 2-form w
on M, which is called the transverse Kéahler form. A transversely Kéahler
foliation is defined to be an equivalence class of transversely Kahler Haefliger
cocycles, where the equivalence relation is defined by union as in the case of
Riemannian foliations.

Here we recall the characteristic classes of transversely Kéahler foliations con-
structed by Matsuoka—Morita. Let (M, F) be a transversely Kéhler foliation
of complex codimension m with framed normal bundle vF. We have the ei-
genspace bundle decomposition vcF = v10F @ v%1F of the complex structure.
Let pr: TcM — veF be the projection and E = pr—!(v®1F). Take a bundle-
like metric on T'M which induces the underlying transverse metric under the
identification (TF)* = vF. Define a connection V on v*°F by

pr[X, 17], X € C®(TcF),Y € C®W'OF),

(7.3) VxY = _
pr(Vg(CY), X € C®(veF),Y € OO F),

where pr(X) = X and pr(Y) =Y. Since E is involutive, V is well defined.

Remark 7.5: One can show that VxV = pr[X,Y] for X € C®(E) and
Y € C*°(v19F) by using the fact that the (0,1)-part of the Levi-Civita con-
nection of Kahler manifolds is equal to 9. Namely, V in (7.3) is a complex Bott
connection in the sense of [As10, Definition 1.1.7].

LEMMA 7.6: The curvature form Fy of V is a basic (1,1)-form valued in
End(v10F).

Proof. Here V is obtained by complexifying the canonical basic connection in
the sense of [To97, p. 21]. Thus, by the same computation as [To97, Proof of
Proposition 3.6, one sees that Fy is a basic 2-form valued in End(v*°F). The
fact that Fy is of degree (1, 1) follows from a local argument. Take any element
7 U — R?™ of the Haefliger cocycle. Here 7;(U;) has a Kihler structure
(gi,w;). Tt is well known that the Levi-Civita connection V* of g; on T%7;(U;)
is a Chern connection, which implies that the curvature form Fy: is of type
(1,1) by a well known argument. By the definition of V, it is easy to see that
we have 1} VxY = Vém)*x(m)*Y for basic X, Y € C>(TcM), namely, V is
the pull-back of V* by m;. Thus we have that the curvature form Fy of V is
the pull-back of that of Vi. Then it follows that Fy

u, is of degree (1,1).
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By the last lemma, the Chern forms of V of degree greater than m are trivial.
Thus the Chern—Weil homomorphism of V induces

§: H(KW,,) — H{U@W"YF);R),
where U(v1'0F) is the unitary frame bundle of v1°F and
KW,, = /\(ul, ce ) ® (Rls1, ..., Sm, @] /{P | deg P > m})

is a dga with differential d determined by du; = s;, ds; = 0 and d® = 0. Here
A z(®) is equal to the transverse Kéahler form of F. Then, as in the last section,
the characteristic homomorphism

Ar: HKW,,) — H(M;R)

is obtained by the composite of & and s*: H({U@WYYF);R) — H(M;R), where
s is the section induced by the trivialization of ™9 F. We use the multi-index
notation urs; as in the introduction and will denote s;(vF,F) = Ar(sy),
’U,[(f) = A]:(’LL[) and UISJ(.F) = A]—‘(U[SJ).

Remark 7.7: The original construction of Matsuoka—Morita of these classes was
based on the canonical affine Cartan connection of v1:° F. They proved that it
is equivalent to the construction above.

Here s;(v10F) = ¥, ' tr(Fy) is equal to the first Chern class of A™0v*F.
This fact allows us to define uy(F) for a transversely Kéhler foliation with
trivialized A™%*F but not necessarily framed normal bundle.

Definition 7.8: Let (M, F) be a manifold with a transversely Kéhler foliation
of complex codimension m such that A™Cv*F is trivial as a topological line
bundle. Let ¢ be a trivialization of U(1)-bundle U(A™v*F) — M associated
to A™0p* F. Then we define ui(F) by

= éﬂlsﬁ*&

where 6 € QYU (A™*F)) ® u(1) is the connection form of the Chern con-
nection on A™%*F induced from v10F.

ul(]:)

Remark 7.9: The characteristic class u;s]" is called the Bott class. The Bott
class of transversely holomorphic foliations is defined as a cohomology class of
coefficient C/Z even for transversely holomorphic foliations (M, F) with nontri-
vial A™O0u* F (see [As03)).
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It is easy to see that we have dui(F) = s1(vF,F). Then, in the case where
dim F = 1, we see that u;(F) is also relatively closed like as in Lemma 7.2.
Therefore we obtain the following corollary of Theorem 3.16.

COROLLARY 7.10: Let (M, F) be a compact manifold with an orientable taut
transversely Kahler foliation of dimension one and complex codimension m.
Assume that N™Ov* F is trivial as a topological line bundle and (M, F) admits
only finite closed leaves Li,...,Ly. For a given multi-index J = (j1,...,J1)
with 71 + - -- + j; = 2m we have

N )
i;, s7a(VF,F)
(74) / ulsJ(f) = (/ ul(]:)) . koo 5
M ; Ly it Sm,a(WF, F)
where the Ly, are the isolated closed leaves of F and sjq(vF,F) is the equivari-

ant characteristic form of F associated to sj. In particular, in the case where
J = {m}, we obtain

(7.5) /Mulsm(]:):Z/L uy (F).
v L

Proof. We first remark that an orientable taut transversely Kéahler foliation of
dimension one is a Killing foliation by [MS85, Théoréme A]. Since the equivari-

ant Euler class of vLj is equal to izksma(u}', F), Eq. (7.4) is a direct conse-
iy Sm,a(VF,F)
or =1.

quence of Theorem 3.16. Then Eq. (7.5) follows from % Sma (VF,F)

Below we will apply Corollary 7.10 to an example considered previously by
Bott, Baum—Bott and Asuke. We will need the following well known computa-
tion of uq (F).

LEMMA 7.11: Let (M, F) be a manifold with a transversely Kahler foliation of
complex codimension m. Let ¢ be a trivialization of A™°v* F, which is regarded
as an m-form on M. Assume that a 1-form o on M satisfies dp = 2m/—1a A .
If ¢ is induced from a trivialization of v1:°F, then we have a(X) = u1(F)(X)
for any tangential vector field X € C*(T¢F).

Proof. Since we will prove a local formula, we can assume that v™°F is tri-
vialized with a trivialization Zi,...,Z,, such that ¢(Z1,...,Z,) = 1. Let
pr be the canonical projection pr: TcM — v1OF. Take Y; € C®(TcM) so
that prY; = Z;. Recall that E denotes the vector subbundle of TcM such
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that TcM/E = v'O0F. For X € C*°(TcF), we have
2mv—1a(X)=dp(X,Y71,...,Y)

(7.6) + S DY YL X Ve Vi Ve, Vi)

1<i<j<m
Y D [X, Y], Vi, Vi Vo).
1=1

Here the first three terms are zero. Since Vx Z; = pr[X,Y;], we have

priX,Yi| = VxZ = > kji(X)Z
j=1

where & is the connection form of V with respect to the framing {Z;}. Thus it
follows that the right hand side of (7.6) is equal to

S (V)X Vi1, Y )= 1) ip(ka(X)Yi, Y1, . Vi, Vi)

1

m m
=1 =

—ZFL“ ) = —trr(X).
=1

Since

2w
y [CS74, Eq. (3.5)], one obtains that a(X) = uy (F)(X).

Let w = (wo, - .., W) € (Rso)™!, and consider the deformation of type I of
the standard Sasakian structure on S?™*+! whose Reeb vector field &, is given
by

m
0 0
= w; | ; —Yi .
gw ; z( Zayi Yi 8501)
Let Fy, be the orbit foliation of the Reeb flow. Then F,, admits a transversely
Kéhler structure induced from the Sasakian structure. We choose w generically

so that the only closed leaves of F,, are those given by |z;| =1,i=0,...,m
We denote these by Lo, ..., L, respectively. We embed S?™+! to C™*! as a
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unit sphere. Then

m
o= \/—12(—1)jwjzjdzo A /\ciz\] A Ndzy,
j=0
is a nowhere vanishing global section of A™v* F,,. The trivialization of v1:° F,
by o now gives to secondary classes. The following result is due to Bott [Bo72a,
p. 76], Baum-Bott [BB72, Example 1 in Section 11] and Asuke [As10, Example
5.6]. Note that in these references the authors consider transversely holomorphic
foliations allowing w to be complex. The difference in techniques is as follows.
The computation of Baum—Bott and Asuke is based on localization of the Chern
classes s15; to the singular point of the foliation extended to C**!, while our
computation is based on localization to the closed leaves of F, which is an

intrinsic process.

COROLLARY 7.12: We have
S18
(77) / ulsJ(]:w) = g (wo,...,wm).
g2m+1 Sm+1

Proof. By Lemma 7.11, we have

uy (Fu)(X) = ;’Qflw” (Z Zﬁ?”j)m

for X € C*°(T'Ly). Then we have

(7.8) /L ul(]__w):woJr...erm

Wi

for k=0,...,m.
We compute 'L’sz‘La(V]:, F) for k = 0,...,m. Consider the equivariant cur-
vature form

1
F9 =d.0+ ,10:6] € Q2(Ly, F) @ End(v"°F)
of iy ' OF. Since Ly is of dimension one, we have F¢(X) = —ux0 for X € a,
where 6§ is the connection form of the Chern connection of ij v"°F. Let-
ting {a® }j:O _____ i....m De the weights of the transverse isotropy a-representation
at Ly, one can express txf as a diagonal matrix whose diagonal entries are
{a?(X)}jzo ,,,,, m,j=k- 1t follows that

i1, 80.0WF, F)(X) = (=1)" s (a5 (X))j8).
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But we computed the weights {ai} of this example in Section 6.1: Identifying a
with t/Rb,,, where t is the standard torus acting on C™*! with standard basis
{e;}, for v+Rby, = 327 Bje; +Rby € a, it is af (v +Rby) = ¥ w; — B;. Thus,
by Corollary 7.10, we get

m

Bk
1 s I W _ﬁ4 .
/ w5y (Fu) =(wo + -+ w) 3 (o s ) i2k)
g2m41 o Wk Hjaék(wk wj — ﬁj)

(ot wn) S Losg((wy — _wf)#k)
o Wk Hj;ék(wj w)
where in the second line we have set 3; = 1, using the fact that the expression
is independent of the chosen vector v. To finish the proof we have to show the
following identity for elementary symmetric polynomials:

m

(7.9) Z 1 sy((wj —wr)jzr) SJ(wo,...,wm).

owp [[m(wy —we) I1; w;
By multiplying [ ; w;j on both sides, this is equivalent to

m

SJ\W; — Wk )ik . w;

(7.10) Z ((w; )i )H];&k J
prs [T, (wj — we)

Let P(wy,...,ws,) be the left-hand side. First we prove that P(wo,...,wy)

is a polynomial in the variables w;. By reducing the fraction to a common

= SJ(’LU(),.. .,’LUm)-

denominator, we have

2o 80 ((wj — wi) i) (T2, wi) Fie(wo, ., wim)
Hi<h(wi — wp,)

where F,(wo, ..., wy) = (=1)"F [Lich, i g (wi —ws). Note that for s # t we

have F; = (—1)!=*"1F on the subspace ws = w;. The numerator

(7.11) > sal(w —wk)#k)(ij)Fk(wo,...,wm)

k=0 j#k

is divisible by ws — w; for any s < ¢: Indeed, if we substitute ws = wy in (7.11),

P(wo,...,wm)

)

only the s-th and ¢-th summands are nonzero, and they cancel each other due
to F; = (—=1)7*"1F,. This shows that P(wy,...,w,,) is a polynomial in the
variables w;, and it is obviously homogeneous of degree 2|J| = m.

We see that P(wo, ..., W) = sj(wo, ..., wn) holds when at least one of the
wj is zero. Indeed, if ws = 0, then only the s-th summand of P(wq,- - ,wm)
is nonzero, and of the form s;((w;);xs) = ss(wo,..., Ws—1,0, Wst1,...,Wn),
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which is exactly the right-hand side of Equation (7.10). It follows that all the
monomials on the left- and right-hand side of Equation (7.10) which do not
involve all the variables w; coincide. But as both sides are polynomials of
degree m in m + 1 variables, all monomials are of this form.

Appendix A. The equivariant basic Thom homomorphism

A.1l. EQUIVARIANT BASIC EULER CLASSES. Let us recall the definition of the
equivariant basic Euler class. It is a special case of equivariant basic cha-
racteristic classes (see [T614, Section 7.1]). Consider a foliated SO(r)-bundle
(P,€) = (N, F) (see [T614, Section 2]), with a transverse h-action on total and
base space that commutes on the former with the SO(r)-action, and with an
h-invariant connection 6 € Q(P, &) ® so(r).

Definition A.1: The equivariant basic Euler form ey(P, &) of (P,£)— (N, F)
is defined by

1

1
(22 det'?(F) (X)) = det2(F? — 1x6),

(A1) en(PE)X) = 2y

where F,f =dy0+,[0,0] € Q% (P, E)®so(r) is the equivariant curvature form and
(27$T/2 det'/? € S(so(r)*)*°(") is the Pfaffian, where det'/? of a 2n x 2n block dia-
gonal matrix whose i-th block matrix is ()(\J _OM ) is defined to be (—1)"Aq - -+ Ap.
The connection form 6, on which the Euler form depends, is suppressed in the

notation for simplicity.

For our applications the most important special case is the equivariant basic
Euler form of the normal bundle of a connected component N of the union of
closed leaves C of a Killing foliation F. We assume v N to be oriented. Let P be
the corresponding principal foliated bundle of its oriented orthonormal frames.
It carries a Riemannian foliation &£, where a leaf through a given orthonormal
frame £ of vV with foot point p consists of all those frames obtained by sliding
¢ along the leaf through p. Then the projection (P,&) — (N, F|N) is a foliated
principle bundle. Since the a-action on (M, F) is trivial on N and preserves
each normal space v, N, the foliated bundle is equivariant with respect to the
restricted a-action. By eq(vN,F) := eq(P,E) we denote the equivariant basic
Euler form of this foliated bundle. Let us explain that in this case, similarly
to the ordinary equivariant Euler form, it is just the product of the weights of
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the transverse isotropy a representation. The weights appear in the following
way. As a acts transversely isometrically ([GT10]), we have the representation
a — 50(y,N); X +— [X°,], p € N arbitrary, where X” denotes the associated
transverse vector field for X € a. Since a is abelian, with respect to some
oriented orthonormal frame ¢ : R¥ — 1, N, every X € a is a block diagonal
matrix with blocks of the form

0 —Oéj(X)
o;(X) 0

which defines the weights o; € a* and weight subbundles V; of vN.

PROPOSITION A.2: Let F be a Killing foliation of codimension k, and let N
be a connected component of the union of closed leaves, with oriented normal
bundle vN. Then vN can be decomposed as

(A.2) vN =PV,

where Vj is an a-invariant vector bundles of rank 2 whose weight is given by «;.
Then

1
(A3) eq(VN,F)(X)= (—om)h/2 Haj(X)—i—(terms of lower polynomial degree).
o ‘
J

If, in particular, N consists of only one leaf, then the terms of lower polynomial
degree vanish.

Proof. The purely polynomial part of the equivariant basic Euler form
ea(VN,F) € Hy(N,F) = H(N,F) ® S(a*) is the equivariant basic Euler form
ea(VN|L,F) € Hqo(L,F) = S(a*) of its restriction to a generic leaf L of F|N.
Let £ : RF — vp,N be an adapted orthonormal frame of the normal space
as before and denote by 6 the so(k)-connection associated to the Levi-Civita
connection of the transverse metric on ¥IN. We consider the induced transverse
action of a on the bundle of orthonormal frames of ¥IN. We claim that 6 (—X, gb ),

X € a, is the same block diagonal matrix described above with blocks of the
0 —a;(X)

a;(X) 0

by the transverse vector field X?. Now observe

{R* 50— [X°,€(v)](p)} :{v — Z’tzodexp(ftXb)f(v)}

dexp(—tX") 0 &) = =X = £ 0 O (—X]).

form ( ). Below, we consider the flow on local leaf spaces generated

d
_dt’t:O(
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In the second equality we pass from the isometric action on the local leaf space
to the induced action on the orthonormal frame bundle of the tangent bundle
of the local leaf space; we see that exp(—tX b) o is a vertical curve in the frame
bundle with tangent vector —X g in £&. This proves our claim. Since Q(L, F)
is trivial for degrees greater than 0, the restriction of F? to L vanishes and we

have

A.2. THE BASIC THOM FORM. In this section we define equivariant basic Thom
classes by adapting the construction of Mathai and Quillen [MQ86] of a universal
Thom form to our basic setting. We follow [GS99, Sections 10.2 and 10.3]. The
basic steps of this construction have also been indicated in [T614, Section 6.

Assume that F is Killing, so that we have the natural transverse action of
the structural Killing algebra a. Let ¢ : N — M be a closed stratum of the
a-action, i.e., IV is a connected component of the union C' of closed leaves of F.
Let r be the codimension of N. Denote by p : YN — N the normal bundle of
N, which we identify with a small saturated tubular neighborhood around N
by the normal exponential map vIN — M. We denote the induced foliation on
vN by F. Let P be the SO(r)-bundle of oriented frames in ¥N. On P we have
a natural foliation &; a leaf of £ through a given frame £ consists of all frames
that are obtained by sliding £ along the leaf of F containing the foot point of &.
Now the projection 7 : P x R" — P Xgo(,) R” = vN sends the product foliation
& x {*} to F.

Let 1 € Qg0 (R") be the universal Thom form of Mathai and Quillen gi-
ven by

e llzl?

u(X s Zs;det1/2( )d:C]c;

see also [Me06, Eq. (40)]. Here, the sum is taken over all subsets I of {1,...,r}
with an even number of elements. For X € so(r), X; denotes the matrix
obtained from X by deleting those rows and columns that are not in I, and I¢
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denotes the complement of I. The sign ey € {£1} is defined by
drrdrre = erdxy - - - dx,.

We let p be the SO(r)-equivariant diffeomorphism from the open unit ball

B C R” to R" given by
x

I

Then p*u can be extended to an equivariant differential form of compact sup-

p(x)

port on R" by setting it to zero outside of B. We consider now the form
P ®1 € Qaxso(r),en(R"), where a is supposed to act trivially on R".

Note that the connection form € on P of the canonical basic Riemannian
connection is a-invariant. The Cartan map with respect to 6 is defined by

Ka: quso(r),cU(P X R", & x {*}) — Qa,cv(VNv ﬁ)v
f®w — f(FaB)/\whorso(r)a

where F! = d.0 + }[0,6] € Q%(P,&) ® so(r) is the a-equivariant curvature of
6, and the subscript hor so(r) denotes projection on the horizontal component
(for the projection see e.g., [GS99, p. 58]). Moreover, we consider here equi-
variant differential forms with compact vertical support (on the left hand side
with respect to the vector bundle projection P x R" — P). These do not form
a differential graded algebra of type (C), as the connection form does not ne-
cessarily have compact support, but still they are a W*-module in the sense of
[GS99, Section 3.4].
Let pr, : P x R™ — R" be the second projection.

Definition A.3: The equivariant basic Thom class ®, of (N, F) in (M, F) is
defined as the cohomology class of the image of p*u ® 1 under the composition

anso(r),cv(RT) &) anso(r),cv(P X Rrag X {*}) & Qa,cv(VNv ﬁ)v

where the compact vertical support in the middle refers to the projection
P xR"— P.So

(A.4) Dq = Ka(pra(p*n®1)).

We state two fundamental properties of equivariant basic Thom classes.
The map p : vN — N as a foliated map is equivariant with respect to the
transverse action of the structural Killing algebra a. Therefore the fiber in-
tegration p, : Q7 (vN,F) — Q*(N,F) is an a-dga map. Thus we obtain
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an S(a*)-homomorphism p, : H."s(vN, .7?) — H3(N,F), which is an isomor-
phism (see [T614, p. 560]).

LEMMA A.4: We have

(A.5) PPy =1,
(A.6) 7 P, =eq(VN, F),

where j : N — vN is the canonical inclusion and e,(vN, F) is the equivariant
basic Euler class of the bundle P — N (see Eq. (A.1)).

For the proof, we refer to [GS99, Section 10.4] and [GS99, Section 10.5],
respectively (see also [Me06]). As p, is an isomorphism as mentioned above,
(A.5) characterizes the equivariant basic cohomology class [®].

A.3. THE EQUIVARIANT BASIC THOM HOMOMORPHISM. The following is a
well-known result in the classical context, which is necessary to define the equi-
variant basic Thom homomorphism. Recall that N is a connected component
of the union C' of closed leaves.

LEMMA A.5: A map 7q: Q(N,F) — Qut(vN, F) defined by

a,cv
Ta(w) = p*w A D,

where ®, € QF . (VN, ]?) is the basic Thom form (see (A.4)), induces the inverse

a,cv

of p, : H't*(vN, F) — H2(N, F).

a,cv

Proof. For each equivariant basic form w we can verify
(b © 7al(@))(X) = P (p*w(X) A Ba(X)) = w(X) A pe(@a(X)) = w(X)

for all X € a* by using the projection formula for forms [GHV72, Prop. IX,
1.7.13] and Equation (A.5).

Definition A.6: The composition

H:(N,F) “>= HIt*(wN,F) ~ H (M, F)

a,cv

is denoted by %, and called the equivariant basic Thom homomorphism,
where the second map is induced by the inclusion (vN, F) — (M, F).



918

[ALKOS)

[ALHO1]
[ALMOS)
[As03]

[As04]
[As10]

[AB84]
[BR95]
[BBT2]
[BV83a]

[BVS3b]

[Bo67]

[BoT72a]

[BGOO]
[BGO7]
[CC84)

[Cab0b]

[CF16]

[CS74]

O. COERTSCHES, H. NOZAWA AND D. TOBEN Isr. J. Math.

References

J. A. Alvarez Lépez and Y. A. Kordyukov, Lefschetz distributions of Lie foliations,
in C*-algebras and Elliptic Theory II, Trends in Mathematics, Birkhaduser, Basel,
2008, pp. 1-40.

J. A. Alvarez Lépez and G. Hector, The dimension of the leafwise reduced cohomo-
logy, American Journal of Mathematics 123 (2001), 607-646.

J. A. Alvarez Loépez and X. Masa, Morphisms between complete Riemannian pseu-
dogroups, Topology and its Applications 155 (2008), 544-604.

T. Asuke, Residues of the Bott class and an application to the Futaki invariant,
Asian Journal of Mathematics 7 (2003), 239-268.

T. Asuke, Localization and residue of the Bott class, Topology 43 (2004), 289-317.
T. Asuke, Godbillon-Vey Class of Transversely Holomorphic Foliations, MSJ Me-
moirs, Vol. 24, Mathematical Society of Japan, Tokyo, 2010.

M. F. Atiyah and R. Bott, The moment map and equivariant cohomology, Topology
23 (1984), 1-28.

A. Banyaga and P. Rukimbira, On characteristics of circle invariant presymplectic
forms, Proceedings of the American Mathematical Society 123 (1995), 3901-3906.
P. Baum and R. Bott, Singularities of holomorphic foliations, Journal of Differential
Geometry 7 (1972), 279-342.

N. Berline and M. Vergne, Zéros d’un champ de vecteurs et classes caractéristiques
équivariantes, Duke Mathematical Journal 50 (1983), 539-549.

N. Berline and M. Vergne, Fourier transforms of orbits of the coadjoint represen-
tation, in Representation Theory of Reductive Groups (Park City, Utah, 1982),
Progress in Mathematics, Vol. 40, Birkhduser Boston, Boston, MA, 1983, pp. 53—
67.

R. Bott, Vector fields and characteristic numbers, Michigan Mathematical Journal
14 (1967), 231-244,

R. Bott, Lectures on characteristic classes and foliations, in Lectures on Algebraic
and Differential Topology (Second Latin American School in Math., Mexico City,
1971), Lecture Notes in Mathematics, Vol. 279, Springer, Berlin, 1972, pp. 1-94.
C. P. Boyer and K. Galicki, A note on toric contact geometry, Journal of Geometry
and Physics 35 (2000), 288-298.

C. P. Boyer and K. Galicki, Sasakian Geometry, Oxford Mathematical Monographs,
Oxford University Press, Oxford, 2008.

J. Cantwell and L. Conlon, The dynamics of open, foliated manifolds and a vanishing
theorem for the Godbillon—Vey class, Advances in Mathematics 53 (1984), 1-27.
H. Cartan, La transgression dans un groupe de Lie et dans un espace fibré principal,
in Colloque de topologie (espaces fibrés), Bruxelles, 1950, Georges Thone, Litge;
Masson et Cie., Paris, 1951, pp. 57-71.

L. Casselmann and J. M. Fisher, Localization for K-contact manifolds, Journal of
Symplectic Geometry, to appear, arXiv: 1703.00333.

S.-S. Chern and J. Simons, Characteristic forms and geometric invariants, Annals
of Mathematics 99 (1974), 48-69.



Vol. 222, 2017 LOCALIZATION OF CHERN-SIMONS TYPE INVARIANTS 919

[Do98]  D. Dominguez, Finiteness and tenseness theorems for Riemannian foliations, Ame-
rican Journal of Mathematics 120 (1998), 1237-1276.

[DH82] J. J. Duistermaat and G. J. Heckman, On the variation in the cohomology of the
symplectic form of the reduced phase space, Inventiones Mathematicae 69 (1982),
259-268.

[Du82]  G. Duminy, L’invariant de Godbillon—Vey d’un feuilletage se localise dans les feuilles
ressort, Preprint (1982).

[GNT12] O. Goertsches, H. Nozawa and D. T6ben, Equivariant cohomology of K-contact
manifolds, Mathematische Annalen 354 (2012), 1555-1582.

[GT10] O. Goertsches and D. Tében, Equivariant basic cohomology of Riemannian foliati-
ons, Journal fiir die Reine und Angewandte Mathematik, to appear,
https://doi.org/10.15615/crelle-2015-0102.

[GHV72] W. Greub, S. Halperin and R. Vanstone, Connections, Curvature, and Cohomology.
Volumes I-111, Pure and Applied Mathematics, Vol. 47, Academic Press, New York—
London, 1972, 1973, 1976.

[GS99] V. Guillemin and S. Sternberg, Supersymmetry and Equivariant de Rham Theory,
Mathematics Past and Present, Springer, Berlin, 1999.

[Ha70]  A. Haefliger, Feuilletages sur les variétés ouvertes, Topology 9 (1970), 183-194.

[Ha7l] A. Haefliger, Homotopy and integrability, in Manifolds—Amsterdam 1970
(Proc. Nuffic Summer School), Lecture Notes in Mathematics, Vol. 197, Springer-
Verlag, Berlin, 1971, pp. 133-163.

[HH84] J. L. Heitsch and S. Hurder, Secondary classes, Weil measures and the geometry of
foliations, Journal of Differential Geometry 20 (1984), 291-539.

[Hu09] S. Hurder, Characteristic classes for Riemannian foliations, in Differential Geome-
try, World Scientific Publishing, Hackensack, NJ, 2009, pp. 11-35.

[HK87] S. Hurder and A. Katok, Ergodic Theory and Weil Measures for Foliations, Annals
of Mathematics 126 (1987), 221-275.

[JK95] L. Jeffrey and F. Kirwan, Localization for nonabelian group actions, Topology 34
(1995), 291-327.

[KT83] F. Kamber and P. Tondeur, Duality for Riemannian foliations, in Singularities,
Part 1 (Arcata, CA, 1981), Proceedings of Symposia in Pure Mathematics, Vol. 40,
American Mathematical Society, Providence, RI, 1983, pp. 609-618.

[La91] J. Lawrence, Polytope volume computation, Mathematics of Computation 57
(1991), 259-271.

[LP76a] C. Lazarov and J. Pasternack, Secondary characteristic classes for Riemannian fo-
liations, Journal of Differential Geometry 11 (1976), 365-385.

[Le04] E. Lerman, Contact toric manifolds, Journal of Symplectic Geometry 1 (2002),
785-828.

[MSY06] D. Martelli, J. Sparks and S.-T. Yau, The geometric dual of a-maximisation for toric
Sasaki—Einstein manifolds, Communications in Mathematical Physics 268 (2006),
39-65.

[IMSYO08] D. Martelli, J. Sparks and S.-T. Yau, Sasaki-Einstein manifolds and volume mini-
misation, Communications in Mathematical Physics 280 (2008), 611-673.



920

[Ma92]
MQ86]
[MM79)]
[Me06]
[Mo88]
[MS85]
[Mo79)]
[No09]
[No12)
[NRP12]
[Re59]
[Ru94]
[Sa78]
[Ses5]
[Ta78]
[T614)
[To97]

[Ya99]

O. COERTSCHES, H. NOZAWA AND D. TOBEN Isr. J. Math.

X. Masa, Duality and minimality in Riemannian foliations, Commentarii Mathe-
matici Helvetici 67 (1992), 17-27.

V. Mathai and D. Quillen, Superconnections, Thom classes, and equivariant diffe-
rential forms, Topology 25 (1986), 85-110.

T. Matsuoka and S. Morita, On characteristic classes of Kahler foliations, Osaka
Journal of Mathematics 16 (1979), 539-550.

E. Meinrenken, Equivariant cohomology and the Cartan model, in Encyclopedia of
Mathematical Physics, Academic Press, Cambridge, MA, 2006, pp. 242-250.

P. Molino, Riemannian Foliations, Progress in Mathematics, Vol. 73, Birkhauser,
Boston, MA, 1988.

P. Molino and V. Sergiescu, Deux remarques sur les flots Riemanniens, Manuscripta
Mathematica 51 (1985), 145-161.

S. Morita, On characteristic classes of Riemannian foliations, Osaka Journal of
Mathematics 16 (1979), 161-172.

H. Nozawa, Five dimensional K-contact manifolds of rank 2. Doctoral Thesis, Uni-
versity of Tokyo 2009, available at http://arxiv.org/abs/0907.0208

H. Nozawa, Haefliger cohomology of Riemannian foliations, Preprint, (2012), avai-
lable at http://arxiv.org/abs/1209.3817

H. Nozawa and J. I. Royo Prieto, Tenseness of Riemannian flows, Université de
Grenoble. Annales de 'Institut Fourier 64 (2014), 1419-1439.

B. Reinhart, Harmonic integrals on foliated manifolds, American Journal of Mat-
hematics 81 (1959), 529-536.

P. Rukimbira, The dimension of leaf closures of K-contact flows, Annals of Global
Analysis and Geometry 12 (1994), 103-108.

K. S. Sarkaria, A finiteness theorem for foliated manifolds, Journal of the Mathe-
matical Society of Japan 30 (1978), 687-696.

V. Sergiescu, Cohomologie basique et dualité des feuilletages riemanniens, Univer-
sité de Grenoble. Annales de I'Institut Fourier 35 (1985), 137-158.

T. Takahashi, Deformations of Sasakian structures and its application to the Brie-
skorn manifolds, Téhoku Mathematical Journal 30 (1978), 37-43.

D. Tében, Localization of basic characteristic classes, Université de Grenoble. An-
nales de I'Institut Fourier 64 (2014), 537-570.

P. Tondeur, Geometry of Foliations, Monographs in Mathematics, Vol. 90,
Birkhauser Verlag, Basel, 1997.

T. Yamazaki, A construction of K-contact manifolds by a fiber join. To6hoku Mat-
hematical Journal 51 (1999), 433-446.



