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ABSTRACT

We prove that the Thue-Morse sequence t along subsequences indexed by
[n€| is normal, where 1 < ¢ < 3/2. That is, for ¢ in this range and for
each w € {0, I}L, where L > 1, the set of occurrences of w as a factor
(contiguous finite subsequence) of the sequence n +— t|nc| has asymptotic
density 2—L. This is an improvement over a recent result by the second
author, which handles the case 1 < ¢ < 4/3.

In particular, this result shows that for 1 < ¢ < 3/2 the sequence
n > t|,c| attains both of its values with asymptotic density 1/2, which
improves on the bound ¢ < 1.4 obtained by Mauduit and Rivat (who ob-
tained this bound in the more general setting of g-multiplicative functions,
however) and on the bound ¢ < 1.42 obtained by the second author.

In the course of proving the main theorem, we show that 2/3 is an
admissible level of distribution for the Thue—Morse sequence, that is, it
satisfies a Bombieri—Vinogradov type theorem for each exponent n < 2/3.
This improves on a result by Fouvry and Mauduit, who obtained the
exponent 0.5924. Moreover, the underlying theorem implies that every
finite word w € {0,1}¥ is contained as an arithmetic subsequence of t.
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1. Introduction

The Thue-Morse sequence t is a well-known infinite sequence on the two sym-
bols 0 and 1, which can be defined as follows. Starting with the 1-element se-
quence t(®) = (0) and constructing t(**1) by concatenating t(™) and its Boolean
complement —t(")| the infinite sequence

t =0110100110010110...

is the pointwise limit of these finite sequences. In other words, it is the fixed
point, starting with 0, of the substitution 0 — 01, 1 +— 10. The sequence t can
therefore be seen as a 2-automatic sequence (see the book [2] by Allouche and
Shallit), indeed it is one of the simplest such sequences. Another equivalent
definition uses the binary sum-of-digits function s, which counts the number of
1s in the binary expansion of a nonnegative integer: we have t,, = 0 if and only
if 2 | s(n). Since t is an automatic sequence, its factor complexity is bounded
above by a linear function, that is, the number P (k) of different factors of length
k of t is bounded by Ck for some constant C. (For the Thue-Morse sequence,
we have limsup P(k)/k = 10/3 [4].) More about the Thue-Morse sequence can
be found in the article [1] by Allouche and Shallit, which gathers occurrences of
the Thue—Morse sequence in different fields of mathematics and offers a good
bibliography, and in the article [13] by Mauduit.

Although the sequence t itself has low complexity, the situation changes com-
pletely if we consider the subsequence indexed by the squares 0,1,4,9,16,.. ..
Moshe [19] proved that this subsequence has full factor complexity, that is,
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every block {eg,...,er_1} € {0,1}%, for L > 1, occurs as a factor of the se-
quence n — t,z. Drmota, Mauduit and Rivat [7] proved the stronger statement
that each of these blocks in fact occurs with density 277, in other words, this
subsequence is a normal sequence. This latter result was the motivation for our
research.

The second author [23] recently proved (using an estimate for discrete Fourier
coefficients from [7]) an analogous result for subsequences indexed by so-called
Piatetski-Shapiro sequences, which are sequences of the form |[n¢].

THEOREM 0 (Spiegelhofer 2015): Assume that 1 < ¢ < 4/3. Then the sequence
(t L"CJ)n>0 is normal.

%

The study of Piatetski-Shapiro sequences, “Polynomials of degree ¢”, can
be motivated by problems for polynomials of degree 2. For example, while it
is unknown whether there are infinitely many primes of the form n? + 1, the
Piatetski-Shapiro Prime Number Theorem [20] states that for 1 < ¢ < 12/11 the
number of primes of the form |n¢| behaves asymptotically as one would expect
by heuristic arguments. The exponent ¢ has been improved several times, the
currently best known bound ¢ < 2817/2426 being due to Rivat and Sargos [21].

In a similar way the problem of studying the sum of digits of |n¢| can be
motivated. It was asked by Gelfond [11] to investigate the distribution in residue
classes of the sum of digits of values of polynomials f such that f(N) C N.
This problem could not be solved even for polynomials of degree two, and
so Mauduit and Rivat [14, 15] first proved a nontrivial result on sequences
n — ¢(n]), where 1 < ¢ < 1.4 and ¢ is a g-multiplicative function with
values on the unit circle S'. We do not give a definition of this term, we
only note that the Thue-Morse sequence in the form n ~— (—1)*"™ is a 2-
multiplicative function. (The cited result [15] was also transferred to automatic
sequences by Deshouillers, Drmota and Morgenbesser [6]. They also proved
in that article that for 1 < ¢ < 10/9 blocks of length 2 in Piatetski-Shapiro
subsequences of t occur with frequency 1/4.) Dartyge and Tenenbaum [5] made
some progress on the original question of Gelfond, and finally Mauduit and
Rivat [16] could tackle the sum of digits of squares. (This result was later
generalized to compact groups by Drmota and Morgenbesser [8].) However,
there remained a gap to be closed—mnothing was known on Piatetski-Shapiro
subsequences of g-multiplicative functions for ¢ in the range [1.4,2). In 2014,
the second author [22] extended the bound for ¢ in the case of the Thue-Morse
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sequence, obtaining the result that for ¢ < 1.42 the sequence n + t|,c| attains
both of its values with asymptotic density 1/2 (that is, this sequence is simply
normal).

In the present paper, we improve on the known results on normality and
simple normality of Piatetski-Shapiro subsequences of t. Our main theorem is
the following.

THEOREM 1: Let 1 < ¢ < 3/2. Then the sequence u = (t WJ)n>0 is normal.
More precisely, for any L > 1 there exists an exponent 11 > 0 and a constant C'
such that

“{n<N: (u(n),u(n+1),...,u(n+L—1)) =w}| —N/QL‘ < CN'
for all w = (wo, . ..,wr—1) € {0, 1}~

The essential innovation provided by this theorem lies in the new bound
3/2 = 1.5, which replaces the bound 4/3 = 1.3 for (proper) normality as in
Theorem 0. For comparison, we note that 4/3 is the bound that Mauduit and
Rivat obtained in the first paper [14] on Piatetski-Shapiro subsequences of g-
multiplicative functions, while 1.42 [22] is the most recent improvement on the
exponent ¢, concerning simple normality of Piatetski-Shapiro subsequences of
t. The new bound 3/2 established in our theorem therefore is a significant
improvement—not only does it surpass the bound 1.42 for simple normality
(which is the case that L = 1), it also pushes the bound for proper normal-
ity beyond this value. Another improvement on Theorem 0 is the error term
CN'=7_ where both the exponent i and the constant can be made completely
explicit.

In the proof of Theorem 1, we reduce the problem of handling Piatetski-
Shapiro sequences to the study of Beatty sequences |na+ ], where a,f €
R and n is contained in a small interval in N of length N, a process that
is basically Taylor approximation of degree 1 [22]. This yields sums of the
form »° _;t([na+ 3]). In order to deal with these sums, we use methods by
Mauduit and Rivat [16, 17], introducing the two-fold restricted sum-of-digits
function. Afterwards, we eliminate the Beatty sequences |na + ] from our
expressions by exploiting the usually very small discrepancy (modulo 1) of na-
sequences. The resulting expression can be estimated nontrivially with the help
of a new estimate (similar to [7, Proposition 1]) for discrete Fourier coefficients
related to the sum-of-digits function, which finishes the proof of Theorem 1.
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Let us give a few more details on the methods used in the proof. By Taylor
approximation, we may approximate |n¢| on short intervals I by Beatty se-
quences in such a way that |n°| = |[na+ 8] for most n € I. This method
is summarized in Proposition 2.8 and leads to a statement reminiscent of the
Bombieri-Vinogradov theorem in prime number theory: in order to prove our
theorem, we have to study the distribution of the Thue-Morse sequence on
Beatty sequences |na + (], where we take an average in a over dyadic intervals
[D,2D] (see Theorem 2.4). Of course, greater values of D correspond to greater
exponents c¢ in the original problem. Therefore we want to obtain a nontrivial
distribution result for given length N of the Beatty sequence, and D as large
as possible. This Beatty sequence approach has been followed by the second
author [22]. In that article, trigonometric approximation of indicator functions
was used in order to dispose of the Beatty sequences, which led to the integ-
ral (2.6) in Section 2. An estimate for this integral, taken from [10], yielded
the new bound 1.42, which surprisingly beat the formerly best bound 1.4 [15]
(concerning simple normality of subsequences of t). However, we also have a
lower bound on this integral, which sets a limit for this method. In particular,
3/2 can not be reached in this way.

In the second part of the proof of Theorem 1 we therefore use a method differ-
ent from trigonometric approximation in order to handle Beatty subsequences
of t. This method is based on the fact that Beatty sequences |na+ 3], for
most «, are uniformly distributed in residue classes, their discrepancy being
very small. To put it simply, we will have to deal with sums

(1.1) > f(lna+B)),

nel
where f is 27-periodic and I C Z is an interval slightly longer than 27, for
instance |I| = 27(1+e) " By a result on the mean discrepancy of na-sequences
(Lemma 3.4), we may replace this sum, on average, by

1S fm)+ 0 toglr]).
L
In order to apply this argument, we have to obtain sums of the form (1.1). To
this end, we adapt methods by Mauduit and Rivat [16, 17|, thereby introdu-
cing the two-fold restricted sum-of-digits function s, x (which we define below).
The transition from the sum-of-digits function s to the truncated version sy is
straightforward and can also be carried out for |[n¢| (see [23]). It is not so clear,
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however, how to get rid of the lowest p digits of |[n¢|, that is, how to proceed
from sx(|n°]) to s, a(|n°]). At this point, Beatty sequences |na + ] come
into play: using rational approximations to o and a generalization of van der
Corput’s inequality (Lemma 3.2), it is possible to eliminate the lowest p digits
of [na + B], so that we are left with only v := A — p binary digits of |na + 3].
This further reduction of the number of digits to be taken into account ulti-
mately allows us to achieve the improvement 3/2 over the bound 4/3 obtained
n [23]. As the last step of the proof, we use Proposition 2.7 from below. This
proposition is a new estimate for discrete Fourier coefficients, related to a result
by Drmota, Mauduit and Rivat [7, Proposition 1], and allows us not only to
deal with general block lengths L > 1, but also to derive an explicit error term
of the form stated in Theorem 1.

The classical Bombieri-Vinogradov Theorem is a statement on the average
distribution of prime numbers in arithmetic progressions nd + j, where the
average is taken in the modulus d. Let

Glasd, )= Y Aln),
1<n<z
n=7 mod d

where A is the von Mangoldt function defined by A(n) = logp if n = p* for
some prime p and some k > 1 and A(n) = 0 otherwise. Then the Bombieri-
Vinogradov Theorem [3, Theorem 4] states that for all positive real numbers
A > 0 there exist B > 0 and a constant C such that

max max |Y(y;d,j) —
1<as =T G )

where D = x'/2(log z)~”. While no improvement on the exponent 1/2 is known,
the Elliott-Halberstam conjecture [9] asks whether we can choose D = z'~¢ for
any € > 0. In other words, it is conjectured that 1 is an admuissible level
of distribution for the primes, whereas the largest known admissible level (as
of 2015) equals 1/2. In the article [10], Fouvry and Mauduit prove a Bombieri—
Vinogradov type theorem for the sum-of-digits function s in base 2. In partic-
ular, for the case of the Thue-Morse sequence they set

A*(z;d,§) = ‘{n <z:(=1)*"™ = +1,n = jmod d}‘
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and obtain

o0 Y

(1.2) [pax max|A¥(y;d,f) —
1<d<D

for all real A and D = 20924, The exponent 0.5924 can therefore be called

the admissible level of distribution for the Thue—Morse sequence. (We note that

< Czx(log 2:1:)_‘4

Fouvry and Mauduit obtain in fact an error term x'~7 for some n > 0, which
follows from [10, Théoreme 2]. We will use this improved estimate in the proof
of Corollary 2.2.) Using sieve theory, they apply this result to the study of the
sum of digits of almost prime numbers, that is, integers that are the product of
at most two prime factors. Later and by different means, Mauduit and Rivat [17]
studied the sum of digits of prime numbers, which was not accessible by the
Fouvry-Mauduit method.

As we indicated earlier, the backbone of our main result is a Bombieri—
Vinogradov type theorem for t. We establish 2/3 as an admissible level of
distribution for the Thue-Morse sequence, improving on the bound established
by Fouvry and Mauduit. A Beatty sequence version of this result, combined
with linear approximation of |n¢], allows us to obtain the improvement 1.5 over
the bound 1.42.

Notation: We use the common abbreviations e(x) = exp(2wiz), {z} =z — |z,
and ||z|| = min,ez | — n|, where = is a real number. For a prime number p
let vp(n) be the exponent of p in the prime factorization of n. We define the
truncated binary sum-of-digits function

sx(n) = s(n),
where 0 < 72 < 2* and 7 = n mod 2*, which only takes into account the digits
of n at positions smaller than A, and for u < X the two-fold restricted binary
sum-of-digits function

sua(n) = sa(n) — su(n),

which only depends on the digits at the positions p,..., A\ — 1. The functions
sy and s, are periodic with period 2*. In estimates we use the convenient

9

abbreviation

log™2 = max {1,logx} .
Summation variables are always assumed to be nonnegative. In particular, we
often omit conditions such as 0 < n under summation signs. In this article, the
symbol N denotes the set of nonnegative integers. Moreover, constants implied
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by the symbols <« and O depend at most on L, that is, on the length of a factor
w = (wo, . ..,wr—1) of the sequences considered.

2. Results and overall structure of the proofs

In the introduction we have already stated our main theorem (Theorem 1),
concerning the normality of Piatetski-Shapiro subsequences of t for exponents
¢ < 3/2. In the current section we state auxiliary results used for proving
this theorem: approximation of [n°| by Beatty sequences (Proposition 2.8), a
Beatty-Bombieri-Vinogradov theorem for t (Theorem 2.4 and its precursor,
Proposition 2.6), and an estimate for discrete Fourier coefficients (Proposi-
tion 2.7). Moreover, we state results analogous to Theorem 2.4 and Proposi-
tion 2.6, concerning arithmetic progressions (Theorem 2.1 and Proposition 2.5),
which follow from the same method of proof.

Let o, 8,y and z be nonnegative real numbers such that o > 1, and w =
(wo, .. ,wr—1) € {0,1}F, where L > 1 is an integer. We define

Au(y, 2, 8) = |{y§m<z:3n€Zsueh that m = |na + ] and
s(lin+0)a+ B]) =wemod 2 for 0 </ < LH

Note that for L = 1, o, 3 € Z and y = 0 this yields the sets A*(z;d, j) that
occur in [10]. (In that article, however, general moduli ¢ > 2 are handled. In
the present article, we are only concerned with the case ¢ = 2, that is, the
Thue—Morse sequence.) The first auxiliary result, a Bombieri—Vinogradov type
theorem, is an average result on the sets A, (y, 2;d,j) and might also be of
independent interest.

THEOREM 2.1: Let L > 1 be an integer and w = (wo,...,wr_1) € {0,1}.
Assume that

0<d <d2<2/3.

There exist n > 0 and a constant C' such that

Aw(yazadaj) - Zdey S O'rl_n

E max max
Y2 jEZ
D<d<2D 0<y<z

z—y<x

for all x and D such that > 1 and 2% < D < 292,
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(Note that the maximum is well-defined by a finiteness argument. The same
holds true for the subsequent results.) This theorem differs in several aspects
from [10, Corollary 3]. The most important novelty is the exponent 2/3, which
improves on the exponent 0.5924. Moreover, the left endpoint of the interval
[y, z) may be an arbitrary nonnegative real number (which works well in the
sum-of-digits setting, but fails for prime numbers). Finally, this theorem handles
consecutive elements of arithmetic subsequences of the Thue—-Morse sequence
t. This latter feature necessitates a nontrivial lower bound for D, since factors
of length 2 of t do not appear with frequency 1/4, therefore the contribution of
d = 1 would already be too large.

Setting L = 1 and using the above-cited result (with the improved error term
2177 in order to handle small step lengths d, we obtain the following corollary.

COROLLARY 2.2: For real y > 0 and integers d > 1 and j > 0 set
Ay;d,j) = {m < y:s(m) =0mod 2,m = j mod d}|.
For all 6 € (0,2/3) there exist n > 0 and C such that
N Y 1
_ < Ogtn
2d| ="
forx >1 and D = 9.

A simple but interesting consequence of Theorem 2.1 is the following result.

COROLLARY 2.3: Every finite sequence on the symbols 0 and 1 appears as an
arithmetic subsequence of the Thue—Morse sequence.

An adaptation of the proof of Theorem 2.1 yields the following Beatty se-
quence analogue.

THEOREM 2.4: Let L > 1 be an integer, w = (wo,...,wr—1) € {0,1}* and
0 < 61 <62 < 2/3. There exist n > 0 and C such that

2D
Ay, 2 TV da < ot
max max |Ay(y, 250, 8) — a<Cx
D Y2 B>0 25«
0<y<z
z—y<x

for all x and D such that > 1 and 2% < D < 2%,

As we announced in the introduction, this theorem can be used to obtain
Theorem 1.
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The proofs of Theorems 2.1 and 2.4 are based on exponential sum estim-
ates. In order to establish Theorem 2.1, it is sufficient to prove the following

proposition.
PROPOSITION 2.5: Let L > 1 be an integer, a = (ay,...,ar—1) € {0,1}* and
a # (0,...,0). For real numbers N, D > 1 and £ set
1 .
S1=51(N,D,§) = Z max Ze(QZazs((n—i—E)d—i-j)) e(né)|.
D<d<2D n<N <L

Let 0 < p1 < pa < 2. There exists an n > 0 and a constant C' such that

51 on

(2.1) o

holds for all £ € R and all real numbers N, D > 1 satisfying Nt < D < NP2,

For L = 1 this result intuitively states that for most step lengths d slightly
smaller than the square of the length of the sum, we have a nontrivial estimate
for sums over the Thue—Morse sequence on arithmetic progressions.

Analogously, Theorem 2.4 is based on the following result.

PROPOSITION 2.6: Let L > 1 be an integer, a = (ag,...,ar_1) € {0,1} and
a # (0,...,0). For real numbers D, N > 1 and & set
_ ~ 2D 1
S1 =51(N,D,¢) = / max Z e Zags(L(nwLE)oz +8]) | e(ng)| da.
p POIER N2

Let 0 < p1 < p2 < 2. There exist n > 0 and a constant C' such that

51 < CON™"

(2.2) ND

holds for all real numbers D, N > 1 satisfying N** < D < NP2 and for all
& eR.

The proofs of Propositions 2.5 and 2.6 in turn rely on an estimate for discrete
Fourier coefficients related to the sum-of-digits function. These Fourier coef-
ficients have been used as an essential tool in the article [7] on the normality
of the Thue-Morse sequence along the sequence of squares. For nonnegative
integers d and A, for sequences i : N — N and a : N — Z, where a has finite
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support, and for h € Z we define

1 h
(2.3) Gla h,d) 2)\ Z <2Za48)\(u+fd+ig) — 2?)
u<2? £eN

The function h — Gg’a(h, d) is the discrete Fourier transform of the 2*-periodic
sequence

1
n»—>e<22agsA(n+€d+ig)>.

£>0
We have the following important technical estimate for these Fourier terms.

ProposITION 2.7: Let L > 1 be an integer and choose m > 5 such that
2m=5 < [ <« 2m=4  Assume that (a¢)ecz is a sequence such that ag = 1,
a,...,ar—1 € {0,1} and ay = 0 for ¢ ¢ [0,L). Forr > 1 and ¢ > 0 let
b, = ag—r — ag. There exist n > 0 and C such that for all A > 0 and r > 1
satistying 2m < vo(r) < A/4, and for all sequences (ig)scz satistying ig = 0 and
0<ipy1—t¢<1for0<?¢<L+r—1 we have

2)\ Z Zriagg Glb (h d)} < 027",

This result differs from [7, Proposition 1] in two aspects. First, the maximum
over h is inside the sum over d; second, the sequence b" consists of two identical
blocks (modulo 2) spaced by r. The constant as well as the exponent do not
depend on the shift r, which will allow us to prove the quantitative normality
result as stated in Theorem 1.

Remark: Combining Proposition 2.7 with the method of proof from [23], we
could obtain a quantitative version of Theorem 0 that differs from our main
theorem only in the (worse) bound ¢ < 4/3.

Finally, we state the following result, which allows replacing |n¢| by |na + 5.

PROPOSITION 2.8: Assume that ¢ : N — Q is a function into a finite set €2 and
assume that w = (wy,...,wr_1) € QF, where L > 1 is an integer. We write
f(z) = a°, where 1 < ¢ < 2 is a real number. Let ¢ € [0,1] and define, for real
N,K >0,

1 f'(2N) 1
24) J(N,K)= max n<K:
@0 TNEKY= pony - vy /W) o0 T o 1 1
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o(l(n+O)a+ B]) =we for 0 <€ < L}| —6‘da.

There exists a constant C' such that for all N > 2 and K > 0 we have

(2.5) ;\{ne (N,2N]: o([f(n+£)]) = we for 0 < € < L}| 5‘

(log N)?

< (J<f”(N)K2 +

+ J(N, K)).

Results on the distribution of values of an arithmetic function ¢ : N — € on
Beatty sequences can therefore be used for proving statements concerning ¢ on
Piatetski-Shapiro sequences n — |n°], at least in cases where the shift 3 does
not cause problems. (This is the case for our problem concerning t, however,
this proposition cannot be used for the original Piatetski-Shapiro problem, since
our knowledge on primes in short intervals is not sufficient.) Proposition 2.8
is a modification of [22, Proposition 1], which, together with the statement by
Fouvry and Mauduit [10, Théoréme 3 and inequality (1.5)] asserting that

1
(2.6) / [ Isin(2/76)|do ~ k¥

0 j<k
for some £ € R and some A € (0.6543,0.6632), enabled the second author to
obtain simple normality of n — t(|n¢]) for ¢ < 1.42.

The plan of the paper is as follows. In Section 3 we state a number of lemmas.
In Section 4 we show how to prove Theorems 2.1, 2.4 and 1 from Propositions 2.5
and 2.6. Section 5 is concerned with the proof of Proposition 2.5, while Sec-
tion 6, which is shorter, proves Proposition 2.6 in a way that is to a large extent
analogous. (This section is shorter because some parts that have been treated
in detail in the first proof have been left out. We also note that it would be
possible to unify to a large extent the proofs of Propositions 2.5 and 2.6 by
rewriting some sums as integrals with respect to some measure. However, we
refrained from doing so since we wanted to keep the presentation clear.)

The last two sections are dedicated to the proofs of Propositions 2.7 and 2.8.

3. Lemmas

We begin with the following elementary facts about the functions |-], ||-|| and
(), where () = |2+ 1/2] (the “nearest integer” to x). The (easy) proofs are
left to the reader.
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LEMMA 3.1: Let a,b € R andn € N.
(i) If ||a]| < € and ||b|| > €, then |a+ b] = (a) + |b].
(i) [[nall < nflaf.

(iii) If |a|]| < € and 2ne < 1, then (na) = n (a).

An essential tool in our proofs is the following generalization of van der
Corput’s inequality (see [16, Lemme 17]).

LEMMA 3.2: Let I be a finite interval containing N integers and let a, be a
complex number for n € I. For all integers K > 1 and R > 1 we have

’ N+KR-1 T
Zan < é )Z<1_|R|) Z Uy KO-

nel |r|<R nel
n+Krel

In particular, the right-hand side is a nonnegative real number.

The following simple lemma will help us to remove the expression |na + 3],
which appears in our calculations via linear approximation. It introduces the
discrepancy of a sequence (modulo 1) instead.

LEMMA 3.3: Let J be an interval in R containing N integers and let o and (3
be real numbers. Assume that t, T,k and K are integers such that 0 <t < T
and 0 < k < K. Then

HnEJ:éﬁ{na+ﬂ}<t;l,LnaqLﬁJ_kmodKH

where
1
Dy(a) = sup N Z Clo,z)+y+z(na) —
0<z<1
yeR n<N

Proof. We set I = [(Tk+1t)/(KT),(Tk+t+1)/(KT)), which is a subinterval
of [0,1) of length 1/(KT). The two conditions t/T < {na+ 8} < (t+1)/T and
[na + 8] = kmod K are satisfied if and only if {na/K + §/K} € I and the
lemma follows by inserting the definition of Dy («).

In order to handle the discrepancy (of na-sequences) thus introduced, we will
use average results as in the following lemma.
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LEMMA 3.4: Let J be a finite interval in R containing N integers. Then

(3.1) 3y Ze(j;ik)

k<2rljcJ

< 22(MN 4 2°1og™ N

for all integers p > 0 and m # 0. For integers > 0 and N > 1 we have
d N +2¢ 42
(3.2) Z DN<2M> <y (log™N)".
d<2n
Moreover, the estimate

10+N2
(log

(3.3) /O Dy(0)da < * ¥

holds. The implied constants in these three estimates are absolute.

Proof. We prove the first claim. The estimate is trivial for N < 1. We assume
therefore that N > 2. Let 0 < a < b. We have

) = > ,1€+0(1):10g(LbJ)flog(LaJ+1)+0(1)

a<k<b la]+1<k<|b]
<logb—loga+ O(1).

Therefore we get for all integers p > 1

> min{ N k/20 7 =2 3 min{ N, [k/27

k<2r k<2r—1
< N{{k<27' ik <2?/N}|+20 >
20 /N<k<20—1
< N(1+42°/N)+2°(1+log2” —log(2°/N))
< N +2°logtN.

> =

This estimate is also valid for p = 0. Let 27 | m and 277! { m, that is, vo(m) = 7.
If n < p, we have

3 mm{zv, |\km/2p|r1} Y min{Na Hk/2p‘"H*1}

k<2r k<20=n
< 2"N +2°logtN.
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Note that this estimate holds trivially for > p. The statement (3.1) follows
therefore from the inequality

Ze(jmk/Qp)

JjeJ

< min{N, Hkm/QpH_l}.

In order to prove the first result on the average discrepancy, we use the Erdés—

n% (mm)‘

<2+ ) Z (2°N +2"10g" N)
< log N 1<h<N
= log2 va (h)

Turan inequality and (3.1) and obtain

NZDN< )<<2“+ Z Z

d<2r 1<h<N d<2“

<2"+log"™N Y o (2”N +2"log™ )
log N

P= jog 2

< (N +2")(log"N)*.
The proof of the last statement is analogous.

The following lemma concerning the discrete Fourier transform can easily be
proved using orthogonality relations.

LEMMA 3.5: Assume that M > 1 is an integer and that f : Z — C is an
M -periodic function. Then

(3.4) an+t = > ()P e(nt/M),

n<]M h<M

where

Z f(u)e(=hu/M).
u<M
We also need the following carry propagation lemma for the sum-of-digits
function. Statements of this type were used in the articles [16, 17] by Mauduit
and Rivat on the sum of digits of primes and squares.
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LEMMA 3.6: Let r, L, N, A\ be nonnegative integers and « > 0, 3 > 0 real num-
bers. Assume that I is an interval containing N integers. Then

|{n € I:3¢€[0,L) such that s([(n+{+r)a+ B]) — s(|(n+ O+ B])

#sa(l(n+ L+ r)a+B]) = sx(l(n+ O+ B])}|
< (r+L)(No/2* +2).

Proof. Let E = (r + L)a. The statement is trivial for E > 2*. We assume
therefore that £ < 2*. Moreover, we may assume that L > 1, since the estimate
is trivial for L = 0. We first note that if

(3.5) na+ B e€f0,2* —E)+ 2z,

then

s([(n+L+7r)a+B]) —s([(n+a+B])
=sx([(n+Ll+r)a+B])—sx(l(n+ Oa+ 5])

for all £ < L. This follows easily by studying the binary representation of
the arguments: if hypothesis (3.5) is satisfied, then (n + 0)a + 3,...,
(n+ L —1+7r)a+ B are contained in an interval [k2*, (k +1)2* — 1), therefore
the digits of [(n + ¢+ r)a+ 8] and |(n + £)a + 3] with indices > X are the
same, for all ¢ < L. It remains to count the number of exceptions to (3.5).

For k € Z let

ar = min{n : k2* <na+ B} and by =min{n: (k+1)2* — E < na + 3}.

Then for ay < n < by we have na + 3 € [0,2* — E) + 2*Z. It is therefore
sufficient to count the number of n € I such that by < n < ag4; for some k.

Clearly we have ag41 — b = r + L. Assume that I = [a,b) and choose k in
such a way that k2* < aa+3 < (k+1)2*. Then a), < a. Moreover (b—1)a+f <
ac+B+b-—a—1a< (k+1+(b—a—1)a/2")2* < (k+ |[Na27*| +2)2*,
therefore b — 1 < ajy|na2-»|42- It follows that the exceptional indices n are
contained in one of | Na27™*| + 2 intervals of length r + L.

The following standard lemma allows us to extend the range of a summation
in exchange for a controllable factor.
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LEMMA 3.7: Let x <y < z be real numbers and a,, € C for x <n < z. Then

1
> af < [ minfy—s 16} Y anene) e

r<n<y rz<n<z

Proof. Since fo e (k&) d¢€ = 0y for k € Z we have

S a= S w Y b mof/ S e(-me) 3 ane(ng) de,

r<n<y r<n<z r<im<y r<m<y r<n<z

from which the statement follows.

Let F,, be the Farey series of order n, by which we understand the set of
rational numbers p/q such that 1 < ¢ < n. It is easy to see that each a € F,
has two neighbours ar,ar € F,, satistying ar, < a < ar and (ap,a) N F =
(a,ar) N F = (. We have the following elementary lemma concerning this set,
which follows from the theorems in chapter 3 of the book [12] by Hardy and
Wright.

LEMMA 3.8: Assume that a/b, ¢/d are reduced fractions such that b,d > 0 and
a/b<c/d. Then a/b < (a+c)/(b+d) < ¢/d. If a/b and ¢/d are neighbours in
Fn, then bc —ad = 1 and b+ d > n, moreover
1
b+d)—a/b
(a+e)/(b+d)—afp <,

and
1

dn’

We will also use the large sieve inequality, which we state here in the form

c/d—(a+c)/(b+d) <

provided by Selberg (see, for example, Montgomery [18, Theorem 3]).

LEMMA 3.9 (Selberg): Let N > 1,R > 1 and M be integers, a1,...,ap € R

and apy1,- .., ap+n € C. Assume that ||o,. — ag|| > 0 for r # s, where 6 > 0.
Then

R | M+N 2 MA4N

Z Z e(noy)| <(N=14051 > |aaf*.

r=1|n=M n=M+1

4. Reduction of the problem

Before proving Propositions 2.5 and 2.6, we want to show that these results
imply Theorems 2.1 and 2.4 respectively.
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4.1. REDUCING THEOREMS 2.1 AND 2.4 TO PROPOSITIONS 2.5 AND 2.6. We
only deduce Theorem 2.1 from Proposition 2.5. The second implication can be
shown in an analogous way.

Assume that the statement of Proposition 2.5 holds for some p;1, p2 such
that 0 < p1 < p2. Note that we allow p; > 2 to keep the proof more general.
We want to show that in Theorem 2.1 we may choose d; = p1/(p1 + 1) and
d2 = pa2/(p2 + 1). Choosing ps close to 2, justified by Proposition 2.5, we see
that d2 approaches 2/3.

For real numbers z, D > 1 we define

. 2=y
(4.1) So = So(fL',D) = E HZ}?%X mGaZX Aw(yaz;daj) - 9Lq |-
D<d<2D 0<y<z *
z—y<x

Let > 1 and D be real numbers such that 29t < D < z%2. We rewrite the
difference appearing in Sy to exponential sums, using orthogonality relations:

. Z—Y
Aw ) ;da -
(v, 23d,7) = o1y
B Z 1 ifs((n+0)d+j)=wrmod2for (<L | 2z—y
N o 0 otherwise 2Ld
y<m<z
m=nd+j

B Z 1 its((n+0d+j+|(y—j)/d]d) =w;mod?2for ¢ < L
B 0 otherwise

n<z;y
z—y
— 1
1 1
= 9L Z e *2(QOWO+"'+GL71WL71)
ac{0,1}*
a#(0,...,0)
1 . .
X Z e<22ags((n+€)d+j+L(y—j)/dj d)) + 0O(1).
n<(z—y)/d L<L

It follows that

1 1 )
So 9L g E %12;(1?2&8( E e<2 g ags((nJrE)dJrj)) +0(D).
a€{0,1}F D<d<2D n<u/d <L
a#(0,...,0)

IN
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In order to dispose of the maximum over u, we apply Lemma 3.7. We exchange
the appearing integral with the maximum over j and with the sum over d:

(4.2) So(x,D)§21L 3 /mln + 1,117}

a€c{0, 1}L
a#(0,..

x> max| Y e(lzags((n+€)d+j)>e(n§) d¢ + O(D).
D<d<2D 320 n<z/D 2é<L

Proposition 2.5 therefore implies that there exist a constant C' and an exponent
1 > 0 such that for all ag,...,ar—1 € {0,1}, not all equal to zero, for all real
numbers x, D > 1 satisfying

(p)" =2=(5)"

and for all £ € R we have

(4.3) Z max Z e<;Zags((n+€)d+j)>e(n§) SCD(;)FU-

D<d<2D =" |n<z/D <L

The condition on D can be rewritten as 20t < D < 292, By the estimate

1 1/A 1/2
/ min{A, ||§|\*1} d¢ =2 < Ad§+/ 5_1d£> < log A,
0 0 1/A

which holds for A > 2, and by (4.2) and (4.3), there exists some 7; > 0 and
constants C' and C; such that for all x, D > 1 satisfying 2% < D < 2% we have

D n
So(z, D) < Cx ( > logtz + O(D) < Cyat™™,
x
which proves the theorem.

4.2. PROVING THEOREM 1 FROM THEOREM 2.4 AND PROPOSITION 2.8. We
show the more general implication that if the statement of Theorem 2.4 holds
for some 0 < d; < d2 < 1, then we may choose ¢ < 2/(2 — ) in Theorem 1.
Choosing d2 close to 2/3 yields the desired statement. We have to find an
estimate for J(N, K) defined in (2.4). Therefore we calculate:
[{n < K :s([(n+€)a+ B]) = we mod 2 for £ < L}|
=B <m< |Ka+p]:In€Z:m=|na+pl,

s([(n+ 0)a+ B]) = wymod 2 for £ < L}|
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:‘{ﬁ§m<Ka+6:3nEZ:m:Lna—i—ma

s(L(n + O)or+ B]) = wp mod 2 for £ < L}| + O(1)
=A,(8,Ka+ B;a,8) + O(1).

We use the definition (2.4), where we set § = 271, and define D = f/(N).
Noting that f/(2N) = 271D < 2D, we obtain

1 1 f'(2N)
J(N,K) < FEN) = PN Joy B Au(B, Ka+ B;a, B)
Ka+p—-p
_ O‘QLQ da + O(1/K)

Ay, z 0, B)

1 2D
< / max max
— c—1 __ ,
(2 1)DK Jp o, #20
z—y<2DK

2=y
— 1 .
b ’da—i—O( /K)

It follows from Theorem 2.4 that for (2DK)% < D < (2DK)%, that is, for
;Dl/‘h_l <K< éDl/‘sl_l, we have

C

N,K) <
JINK) <

(2DK)'™" + O(1/K)
for some 7 > 0 and C' depending on c and L. Setting K = 2 D'/%~1 we obtain

J(N,K) < CD™"/% 4 op'=1/%2,

By Proposition 2.8 we get

‘]1]’{716 (N,2N]:s([(n+£)°]) = we forO§€<L}’ - 21L

(log N)?

< (f”(N)K2 4 (o8]

+ J(N, K))

log V)2
c—242(c—1)(1/82—1) (log —n(c—1)/8
< G (N TUF Ne-nas-n TN 2) :

All of the occurring exponents of N are negative by the conditions ¢ < 2/(2—4d2)
and 0 < d3 < 1, which proves Theorem 1.
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5. Proof of Proposition 2.5

Assume that L > 1 is an integer, a = (ag,...,ar_1) € {0,1}* and that a;, = 1
for some ¢. It is easy to see, using the shift j, that we may assume ag = 1. We
also assume that N > 1 is an integer; the general statement follows from the
estimate S1(N,D,§) — S1(|N],D,§) < D. Moreover, it is sufficient to prove
the statement

Sl (Na 2’/’ 5)

N2V

for all integers N, v > 1 and real numbers D > 1 such that N°* < D < N”2 and
D < 2¥ < 2D. This can be seen by considering sums (in d) over the intervals
[2v712¥) and [2¥,2""1) and using the estimate S7(IV,2771 &) < S1(N,2%,€),
which follows from the identity s(2m) = s(m). Choose n and C' according to
Proposition 2.7. Moreover, let 7 = 2m, where 2° < L < 2™~ 4 and A > 0.
By the Cauchy—Schwarz inequality we have

< CN™"

(5.1) [Si(N27.€)F <2 DT maxSH(N.d,j€),

v<d<ovtl U7

where
2

SQ = SQ(N,d,j,f) =

e (; > ags((n+ £)d +j)> e(n)

n<N (<L

We apply Lemma 3.2 (the generalized inequality of van der Corput) with K =
27. Let R > 1 be an integer. Then

S D N (B R

|r|[<R
X Z e(éZag(s((nwLﬁJrrT)dnLj)s((n+€)d+j))>.
0<n,n+r27<N (<L

Using Lemma 3.6 and treating the summand r = 0 separately, moreover omit-
ting the condition 0 < n + 2™ < N, we obtain for all A > 0

N2
S2<<O<

R
N
+

R27d
+ NR2T+ N*7 >

e (; D ar(sa((n+L+727)d + j) — sa((n +z)d+j))> ‘

n<N L<L
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with an implied constant depending only on the block length L. Note that
we also replaced N + (R — 1)27 by N; this is clearly admissible if R2™ < N,
otherwise we use the trivial estimate |S2| < N? and note the presence of the
error term O(NR27).

We set ag to 0 for £ ¢ {0,...,L — 1} and define b} = as—ror — ag. Applying
the Cauchy—Schwarz inequality twice and using (5.1) gives

(5.2) [N, 2,6 < (2”N>20<1 | R R )

rRT 2 TN
1/2
1
+2%/2N R > Ss(N,r A ) ,

1<r<R

where
2

(5.3)  S3(N,r, A\ v)= Z max

r<d<2vtl T

e < > bysal n+€d+])>

n<N LeZ

Applying Lemma 3.2 for K = 2*, we obtain for all integers M > 1 and p > 0
(5.4)

2
KZNe(;e%ngA((n+€)d+j)>| SNH}\%M*D Z <1|J\WZ/|>

|m|<M

X Z e<;sz(5#1)\((n+g+m2#)d+j)8#7)\((714*6)(14’]')))

0<n,n4+m2r <N LEZ

K N |S4| +2"MN,

where

1 m
54—54(NMdJaTMa)‘) M Z (1_ |M|)
|m|<M

x> e(éZbE(S/\_M q (n+0) d—l—JJ +md)

n<N LEZ
[ 2)

The replacement of sy by the two-fold restricted sum-of-digits function s, j,
which we performed in (5.4), is admissible since the arguments differ by a mul-
tiple of 2# and therefore the difference does not depend on the lower digits. We
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obtain
ptv
(5.5) S3< N Y max [Sy| + 2/ MN.
2u§d<2u+1 -

The rough idea at this point is to estimate S; by a nonnegative real number
independent of j, which will allow us to remove the maximum over j and the
absolute value appearing in (5.5). In the following we will work out the details
of this process. We want to split the summation over N into T parts, according
to the fractional part of (nd + j)27#. Let t,T be integers such that 0 <t < T.
We define

S5 = SS(Na Taa/adaja Tamataﬂﬂ)‘)

(] )

n<N LETL
()

N
We will see that, for most values of d, the values of the floor function distribute

evenly modulo 2)™# as n runs through the set defined by the two conditions
under the summation sign. For this to hold, we have to assure that N > 227+,
Inspecting the error terms in (5.2) and (5.5), we see that we also need 24 < N
and v < A in order to get a nontrivial estimate. These observations ultimately
lead to the restriction pa < 2 in Proposition 2.5.

The idea behind the decomposition into 7' subintervals [t/T, (t + 1)/T") of
[0,1) is the following. Let A; be the set of n such that {(nd+ j)/2*} lies in the
t-th interval. Then the differences

L(nJrl)dJer{ndJer L(nnLLl)dJer{ndJer
24 P2 24 20

should not depend on n € A;. This will in fact be the case for most, but not

for all, ¢, so that we have to take out some t. We define a set of “good” values,

t bl t+1
=G(T,d =3t<T: 7=
G =G(T,d,r,u) { < {T+2u’ T +2H)ﬂ 0

for all £ € [0,L)U [r27,r27 4+ L)}
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We have
(5.6) |G| > T — 2L,

since the intervals in the definition of G(d, T, R, u) are disjoint and cover an
interval of length 1, therefore we have to exclude at most one integer t for each
L.

We differentiate between the casest € G and t ¢ G. Fort ¢ G we estimate the
sum in Ss trivially, that is, we count the number of summands, using Lemma 3.3.
We apply this lemma for K = 2*# (note that we could also take K = 1,
however, our choice spares us the separate treatment of an error term) and
multiply with 2*~#, which accounts for the 2*~* residue classes we have to
collect. We obtain
(5.7) S5 < ]; +2)“NDy <2dA) :
Let t € G and assume that t/T < {(nd + j)27#} < (¢t +1)/T. By the second
assumption we obtain

nd+j t U (n+O)d+j nd+j t+1
L%JJFT o = ou <{2MJ+T+2M
and using the first assumption yields

1]

for all £ € [0,L)U [r27,r2" 4+ L). For t € G we obtain therefore

Ss= Y > e<;sz(s,\_u (k+u+§ﬂ+md)

k<2 —n n<N LEL
i t A
o \P Yo

’;’*S{ ng:»j }<t#7:1
\_";:{JJEI@ mod 2 H
Since the summand does not depend on n, we count the number of times the

three conditions under the second summation sign are satisfied. To this end,
we use again Lemma 3.3 with K = 2*~#. We obtain for t € G

N 1, t
(5:8) S5 = grup 2 e<2 20 (Sk_“ (k+ {T + 2#J +md)

k<22 —m LEZ
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o (e 2]))) o oo (2))

Note that this expression is independent of the shift j. Moreover, as we noted
earlier, we see that it is necessary that we have N > 2*~# in order to get a
useful result, since the error term would be too large otherwise. Setting

.d.t t d
"t = 14
#=lreelal]
we get the almost trivial identity
t d d,t
{T-i- 2#J =/ {Q#J +ip

In Lemma 3.5 we set t = md and

f(n)=e <; > bpsap <n+£ BiJ +ij’t>>

LEL

and obtain for t € G

(5.9) .
sty d himd A, d
Gy, (h, b“J) e<2/\_u)+0<2 “NDw (0 ) )

N

S5 = T Z
h<2X=n

where the Fourier coefficients G(h, d) are defined by (2.3). By the definitions of

Sy and S5 we have

(5.10) Sy = ]\14 3> (1 - |]”\;|) 3.

Im|<M t<T
Using (5.6), (5.7), (5.9) and (5.10) we obtain
N 1 Im| it pr d |[\|* [ hmd
Sq = T Z M Z (1 M) Z Ga-i <h’ b“J) \or—n
t<T ™ jml<M he2—n

L .\, d
ro(wk vz (1)),

where the reinsertion of the indices ¢ € G is accounted for by the error term

(5.11)

NL/T, which can be seen using Parseval’s identity.
Note the important fact that the right-hand side gives an estimate for S, that
is independent of the shift j (that is, independent of the residue class modulo
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d). Using also the nonnegativity of the main term, which follows from the
elementary identity

2

2 (M — ) e(ma) =

[m|<M

Z e(ma)

m< M

)

we may remove the maximum together with the absolute value in (5.5) while
keeping the important factor e (hmd/2*~*) in (5.11). We obtain, treating the
summand m = 0 separately,

N? 1 m
(5.12) S3< ', ZM > <1|M|>SG

t<T 1<m|<M
1 2°M L 1 d
2VN20 QA—HT D
+ <M+ N Tt 2Ud<;+1 N<2)\)>a

where

(5.13) Sg = Sg(d,r,m,t, A\, p,v)

= 2. X

2V <d<2v+1l h<2X—1

2
it pr d hmd
G)\_H <h7 \;QMJ > ‘ ¢ <2)\_H) '

We want to show that Sg is substantially smaller than 2 (which is a trivial

upper bound by Parseval’s identity). In order to estimate the right-hand side
of (5.13), we note that the first factor depends only in a weak way on d. We
state this more precisely in the following.

The term |d/2#]| does not depend on the lowest u binary digits of d. Moreover,
we want to decompose [0, 2#) into few intervals I7>* in such a way that the values
i'z’t, where ¢ € M and M = [0,L) U [r27,72" + L), are constant for d € I"t.
(Note that the indices ¢ ¢ M are not of interest, since b, = 0 for these.)

Let t < T be given. We define the (lexicographical) order on N™ by
(ie)eems < (je)eenm if and only if iy # jy for some £ € M and iy < j, for
¢ =min{k € M : iy # ji}. It is easy to check that the assignment

d— id’t |IW

is 2¥-periodic and nondecreasing for d < 2* with respect to this total ordering.
It follows that the set {0,...,2* — 1} decomposes into intervals I}, ..., Igil

such that the same sequence (iz’t) is defined for each d € I/* + 2/'Z. By

LteM
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the property 0 < i;;ﬁl — i;’t < 1, the number U of intervals thus defined satisfies
(5.14) U < 22(r2™ — L) < r2257T,

From (5.13), we obtain sums of the form

> e(hmd/22 )

del 421k

for u < U and some k € Z. Using also the estimate for the Fourier coefficients
G-, from Proposition 2.7, we will estimate S nontrivially.

Let Z = T 4,9-—1 be the set of sequences ig,...,ir4+ror—1 such that ig =0
and 0 < dpp1 —1p < 1for 0 < ¢ < L+ 72" —1. Assume that m # 0 and
A > v > p. Writing d = d; + 2%ds, and choosing ¢,, such that i, = it for all
dy € I, we obtain

’56’: Z Z Z Z ‘Gzl b" hdz)‘26<hm(d21)\+#d22”))

u<U g, eIt da<2V—H h<2X—H

Iy Yy ¥ ‘G““ hdg)‘ > e(hm(d;—i—ﬂdg%))

u<U da<2¥~# h<2X—n diel;’
hmd1
< E max E ’GZb (h, dg)’ g el oy :
i€T 24—
u<U do,h <2 —H dieIl?

We apply the Cauchy—Schwarz inequality to the sum over h and dz and obtain
with the help of Parseval’s identity
1/2

. 4
|Ss| < max Z ‘Gf\’liu(h,dﬂ‘
u<U do,h<2X—H

o)

do,h<2X=r |d eIt

o\ 1/2

1/2

5.15 < 2(A—m)/2
(.15 < max | D max,
do<2XA—H

,b" 2
G\, (hydy)
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o\ 1/2

IS ae( )]

u<U \ h<2XA—H |k<2X—1

where
af = apht™ = [{d1 € I};' : dym = k mod 2’\_“}’ .

In order to estimate the sum over dz in (5.15), we use Proposition 2.7: there
exist n > 0 and C, which only depend on L, such that for all A > p > 0 and all
r > 1 satisfying va(r) + 7 < (A — p)/4 we have

1/2

—_— 2
(5.16) max | Y max Gyﬁﬂ(h,dQ)‘ < C21-MO-m)/2,

i€l h<2XA—h
do<2A—H

The sum over h in (5.15) can be estimated by Lemma 3.9 (the large sieve
inequality) and the estimate

2v2(m), p<A—p
2v2 () [2A=K > X — g

w,r,t,m
Oy

(which is clear for odd m and follows easily by the decomposition m = my2+2(")
otherwise). This gives

(5.17)
2\ 1/2 1/2

Z Z az,r,t,me<2ilfu) < 2)\7,u Z }aZ,T,t,mﬁ

h<227i [k<2Ams k<2r—n
< 9 —rgva(m) max{1, 22u—x}.
Combining (5.16), (5.17) and (5.14), we get
|Ss| < r22Etmor2m) max {1, 22#—A}2(2-1/2)(A—w)

< rovz(m) max{1, 22#*>\}2(2*77/2)(A*#)

with an implied constant depending only on L. We translate this estimate back
to an estimate for S;. By the estimate

> 220 <« Mlog M
1<m<M
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valid for M > 1, which is easy to show by splitting the summation according
to the value of vo(m), we obtain
(5.18)

1 [m| 20— (2—1/2)(A—p)
RM Z Z (1— M)SG < Rlog M max{1,2°#~*}257" .
1<r<R1<|m|<M

We collect the error terms, using (5.2), (5.12) and (5.18), and use the discrep-
ancy estimate (3.2), obtaining

S1(N,2v,€)|* 1 R2*\? /R\*> 1 2°M 1
5.19 <C
(5.19) N2v =St ) "\v) Tt v Tr
A—p A
+ T2N N;z (log™N)? + R2G=7/DC=1=v 1og M max(1, 22“”})

with a constant C' depending only on L. This estimate is valid for all integers
M,N,R,T > 1and A, u,v > Osuch that 4 < v < v+1 < X and R2™ < 200—#)/4,
and for all real numbers £&. Moreover, this estimate also holds for real-valued
parameters M, R, T, A, u satisfying these restrictions (with a possibly different
constant C). In order to finish the proof of Proposition 2.5, we have to choose
the parameters M, R, T, A and pu, depending on N and D. Let 0 < p; < pg < 2
be given and choose € and ¢ in such a way that

3p2

2—m/2p <0 <2
1+ p2 77/}

maX{LP%

and

1+

0<€<min{29,9/p21,91,9
P2

P2 30— (2-n/2), 1/4}.
Assume that D > 1 is a real number and that N,v > 1 are integers such that
NPt <D< NPrand D<2"<2D. Set u=v/0,\=2pand R=M =T =
2¢#. Using these choices it is not difficult to check, proceeding term by term,
that

S1(N,2%,§)

N2v

for some C and 71 > 0 depending only on ps and L. Finally, we insert the

<C27vm (10g+N)2

lower bound N** < 2” (so far we did not use p1), which completes the proof of
Proposition 2.5.
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6. Proof of Proposition 2.6

We follow the proof of Proposition 2.5 and start, without loss of generality,
with the same assumptions. Assume that L > 1 is an integer, ap = 1 and
ai,...,ap_1 € {0,1}. Choose m > 5 such that 2m~° < L < 2™~ % and set
= 2m. Assume that D, N,v > 1, where N and v are integers satisfying
NPt < N < NP2 and D <2¥ <2D.
We apply van der Corput’s inequality for K = 27 and obtain, in analogy
o (5.2),

-2 1 R272¥Y R27
(6.1) ’51’ < (2VN)20 (R + + )

22 N

1/2

1 -
4932 B Z S3(N,r,\,v) ,

1<r<R

where
2V+l 2

(6.2) Sg(N,r,/\,V):/2U max ;\, ( ZGZZbZSA n+€o¢+ﬁJ)> da

and b} = as—r2- — ag, and ag is assumed to be zero for ¢ ¢ [0,L). The estim-
ate (6.1) is valid for N,R > 1 and \,v > 0.

Next we want to “cut off” the u lowest digits, that is, replace sy by s,,x. This
was accomplished by a simple application of Lemma 3.2, setting K = 2*, in the
proof of Proposition 2.5. Since we are now considering Beatty sequences (having
in general non-integer step length «), we need to modify our strategy. To do
so, we use Diophantine approximation, more precisely, Farey series. Let a € R
be given. We assign a fraction p(«)/q(a) to o according to the Farey dissection
of the circle: consider reduced fractions a/b < ¢/d that are neighbours in the
Farey series Fou+s, where o > 1 is chosen later, such that a/b < a/2" < ¢/d. If
a2t < (a+c)/(b+ d), then set p(a) = a and g(a) = b, otherwise set p(a) = ¢
and g(a) = d. Lemma 3.8 implies

(6.3) lg(@)or — p(a)2¥]| < 27°.

Applying Lemma 3.2 with K = g(«) and noting that g(a) < 2#%7 we obtain
for all integers M > 1 and p >0
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(6.4)

> (; S bisa (L(n+€)a+ﬁJ)>

n<N LET

N |
wto NN § 1-—
< 0(2 )+N‘ |<M< N)

X ZNe <; %bz(sA(L(nJrﬁerq(a))aJrﬂJ) s)\(L(n+€)o¢+ﬂJ))> .

In order to reduce this expression to a sum analogous to Sy, we want to shift
the expression m ¢(a)a out of the floor function. To this end, we use (6.3) and
the argument that m g(a)a is close to an integer, while (n + £)a + 5 usually is
not. This can be made precise as follows. Assume that

(6.5) l(n +O)a + Bl = M/2°

and that 2M < 29. Using part (iii) of Lemma 3.1 with ¢ = 1/2 and (6.3),
moreover noting that ¢ > 1, we obtain

(mg(a)a) = m(q(a)a) = mp(a)2”.
Applying part (i) of Lemma 3.1, setting ¢ = M /27, we see that (6.5) implies
(6.6) [(n+L2+mqg(a)a+ B8] =mp(@)2” + [(n+ O+ 3] .

The number of n where hypothesis (6.5) fails for some ¢ can be estimated
by discrepancy estimates for {na}-sequences: for all positive integers N and
2M < 29 we have
[{n < N:|(n+0)a+ 8| < M/27}|
=|[{n<N:(n+0Oa+pe[-M/2°,M/2°|+Z}|
=[{n <N :nael0,2M/27] — B — b — M/2° + Z}|
< NDn(a) 4+ 2MN/2°.

(6.7)

Multiplying this error by 2L (which is O(1) according to our conventions stated
in the introduction), we obtain an upper bound for the number of n < N such
that [|(n + £)a+ B|| < M/2° for some ¢ € [0, L)U[r27,727 + L). Treating these
integers separately and using (6.4) through (6.7), we obtain
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2
(6.8)

> e (me nwaw))

n<N LEL

< N|Sy| + 02"t NM + N?Dy(a) + N*M/27),
where

~ ~ 1 m
S4:S4(N7M7O[7B7T7M5A):M Z <1|M|)
|m|<M

X MZNe(; EEZZbZ(SAu ({(nJr?HaJrﬂJ +mp(04)>

SMQW?HQMJ)))_

Note that (6.8) is, except for the error terms, completely analogous to equa-
tion (5.4) in the proof of Proposition 2.5. From (6.2) and (6.8) we get

g+l g+l

(6.9) S3(N,r,\v) <N g rélgéc‘&‘ da + N2/ Dy (o) do

+ MO NN + N22V M /27,

v

Let ¢,T be integers such that 0 <t < T and define

Sy = > e<;Zbg<SA#Q(n+§La+BJ +mp(a>>

n<N LEZ
s Q(m?fwm)
and

%S{na+ﬂ}<t+l
t fa t+1 Lo
G—G(T,a,r,u)—{t<T.{T—|—2#, T +2 )ﬂZ 0

for all £ € [0,L)U [r27,r2" 4+ L)}
Again, we have

(6.10) G>T-2L
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and we distinguish between the cases t € G and t € G. For t ¢ G we estimate
Sy trivially, applying Lemma 3.3 with K = 2*~#. We obtain

~ N o
6.11 S 27 NDy ().
( ) 5 < T + N 2)\
Let t € G and assume that t/T < {(na+ 3)27#} < (t+1)/T. Then, as before,

{(n—l—f)a—i—ﬁJ _ {na-ﬁ-ﬁJ . V eaJ

2# 20 T + 20
for £ € [0, L) U [r27,r27 + L). For t € G we obtain

.

k<2XA—n n<N LEL
i t Lo
— Sa—pu + T —+ on .

t <{ na+5 }< t;l
We apply Lemma 3.3, setting K = 2*7#, and obtain for t € G

LM;IBJ =k mod 22 H
~ N 1 - t fa
(612) S5= ", > e<2 > b <5M <k+ {T + 2HJ +mp(a)>

k<2A—n LEL

— Sy <l~c+ EF + gﬂ) )) +0 (QA’“NDN (;)) .

=g
ERSEUMELS

In Lemma 3.5 we set t = mp(a) and

Fn) = ( S s (ntt| o | i ))

LEL

Setting

we have

and obtain for t € G

(6 13)
r 2l () e (") w0 (2o ().

h<2A w
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Using the identity
~ 1 |m| ~
Si=y X (15028
|m|<M t<T

as well as (6.10), (6.11) and (6.13), we obtain, in analogy to (5.11),

t<T " |m|<M
(6.14) < 3 e (n | o) e (hgp(f‘))
h<2X—n

+0< + 22 FTNDy (QA))

From (6.9) and (6.14), treating the summand for m = 0 separately, we get

- 1 ontopg
(6.15) S <Y Z > (1—|Z|)56+2”N20<M+ N
t<T 1<|m|<M
2v Tt

1 -np 27 1 M
LAY / Dy (2A)da+2/V Dy(a)dat o, ),

where
SG = 56(04, r, m7t7 >‘7,u7 V)
2v+! - 2 (]
[ S e ([ e (M)
v 28 2A—n
h<2X—#
As in the proof of Proposition 2.5 we obtain intervals IJ, ..., I{jt_l C R, where

U < 722547 guch that « +— i%? |/ is constant on each I7'!. Define Z as before,
that is, as the set of sequences (ig)¢<rtror—1 such that 0 < ip1q —ip < 1 for
0 <i< L+ 7r2" —1. Moreover, we assume from now on that m # 0 and
A > v > u. We obtain, applying the Cauchy—-Schwarz inequality to the sum
over (h,ds),

’56’_ Z/M Z Z ‘G h &) ‘2e(hmp(;\+#d22“)) dev

u<tU 7 1u da<2V—H h<2A—H
h Iz
/ e( mp(a + da2 )) da}
I:;’t 2)‘7#

< rfleazx Z Z }G hdg‘

do<2A—H h<2XA—H
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1/2

o 4
<Y max| Y |6

u<U do,h<2X—H
o\ /2
hmp(a + do 2#
X e p( ) da
r,t 2)\7#
do,h<2r—n 1V Tu
1/2
i,b" 2
< max E max |Gy~ (h,dg)’
i€l h<2X—k H
do<2X— 1
o\ 1/2

T T ane()] ]

u<U \ d,h<2 —h k<22 —H
where
d touyd, o) _
ap® =ay"OT = X ({a eI :mp(a+d2") = k mod 2\ “}) ;

and X denotes the Lebesgue measure. Assume that r27 < 2A=#)/4 Then,
using Proposition 2.7, the first factor can be estimated by C2(1=(A=1)/2 The
second factor can be estimated by the large sieve inequality (Lemma 3.9) and
|U| < r, which yields
1/2
’36’ < r20=MOA=m)/2 phax Z A1 Z a}:’d

u<U
d<2A— k<22 —m

It remains to find estimates for aZ’d. In order to do so, we first note that
(a4 d2") = q(a),

(6.16)
pla+d2") = p(a) + q(a)d,

for all d € N. Lemma 3.8 implies
(6.17) A(f{a €10,2%) : pla) = p.gla) = q}) < fojl_q.
Formulas (6.17) and (6.16) together with the estimate
[{p < 2¥7 : mp = k mod 2A7“}‘ < 2v2(m) max {1, 22#—A+7)
imply
A ({a€[0,2%) : mp(a+d2*) =k mod 2°, g(a + d2") = ¢})
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=A({a€0,2") : mp(a) =k — dgmod 2*#, g(a) = q})
S 21/2(m) max{l, 22[J—A+g} 22

By a summation over ¢ < 277 we obtain
? < 220" max{1, 2%} (u + ) /27,
Therefore
|S6] < R2720™ (1 + o) 2211 max (277, 9282}

which leads to

Im[ &
(6.18) ’M 1;R1<§<M (1 M ) 5

< RlogM (p+ o) 9(2=1")(A—p) max{277, 2272},

By analogous reasoning as in the proof of Proposition 2.6, leading to (5.19),

and using (6.1), (6.15) and (6.18) and the estimate for the integral mean of the
discrepancy (Lemma 3.4), we obtain

~ 4
Sl(Na v, g)

< 1 R2VHT\ 2 R27\* 1 2N 1 M
N2v

R? 22 N MJr N +T+2°'

24 H /
+T7 (log* N)* + Rlog M (u + o)2~ 1) A-m+2u-A—v
for all integers T, R,M,N,oc > 1 and A, u,v > 0 such that p < v < X\ < 2v,
2M < 29, R27 < 23=m/% and for all £ € R. An analogous argument as in the
proof of Proposition 2.5 finishes the proof.

7. Proof of Proposition 2.7

7.1. A RECURRENCE FOR FOURIER COEFFICIENTS. In order to get started with
the proof of Proposition 2.7, we recall the definition of the discrete Fourier
coefficients Gf\’b(h, d), which is equation (2.3). For nonnegative integers d and
A, for sequences ¢ : N — N (for notational reasons we use, in this section, the
function notation i(¢) to denote the ¢-th element) and b : N — Z, where b has
finite support, and for h € Z we have

1, 1 . hu
G40 (h,d) QA d e ) > besa(u+td+ i) — o
u<2A £>0
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For any K > 0, we denote by Zx the set of sequences i : N — N with support
in [0, K) such that i(¢+1) —i(¢) € {0,1} for 0 < ¢ < K — 1. For (d,¢) € {0,1}?,
we define a transformation T . : Tx — Zx by

2

To(0(0) = W) HHEJ

for 0 < ¢ < K. Note that this transformation is well-defined. We also define
weights by

1

i,b .

fil —e<2 Zbg(z(f)-i-ﬂé—i-s)) .
I<K

These quantities appear in the following recurrence for the discrete Fourier

coefficients; compare [7, Lemma 13].

LEMMA 7.1: Assume that b: N — Z and i € Zx. Then for all integers d, A > 0
and h, and € € {0,1}, we have

1

(7.1) GY(h,2d + 6) = Ze( >fg§ G0, d).

e=0

Proof. By splitting the sum in the definition of Gf\’b(h, d) according to the parity
of u, we obtain (writing eo(n) for the lowest binary digit of n)

G%P (h,2d + §)

= 21,\ Z Z e (; Z besa(2u+e+£(2d+6) +i(€)) — h(2u + 5)2"\>

e=0y<2r-1 (<K

1 .
1 he 1 i(€)+00+¢
92X e<2>\> §: e<2 E b€<5)\1 <U+€d+\‘() 9 J)
0 u<22—1 <K

e=

+eo(i(£) + €6 + 5)) - hu2“>

1 ; i
L (1) e
0

e=

We want to study compositions of elementary transformations Ts .. We there-
fore extend this notation as follows. Assume that d,e, m > 0 are integers. For
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d,e < 2™, we define Té:) : I — Tk by setting, for i € T and £ < K,

(7.2) Té:)(i)(@ _ \"L(f) + 0d + eJ .

2m
For general integers d,e > 0 we set

Té:) T(m)

d mod 2™, e mod 2™ "

Note that we have
(7.3) Ti (0)(0) < T @)(0) < T3 (0)(0) +1
for all e > 0. By a straightforward induction it follows that

(7.4) T(EZL) =T 1emo1 © 0 Lo,

for m > 1, where >, ;2" and >, ;2" are the binary expansions of d and e
respectively. Moreover, Tlgoe) is the identity on Zx. We also define, generalizing

the notation f5 o

T(m 1)(1) T(l)
(7-5) = f5m 1,Em—1 f51 €1 f5o €0’

In order to obtain a recurrence relation for |G’ (h, d)|2, we define
0 (h,d) = G0 (h, d)GE P (h, d).
Using (7.1), this immediately yields
(7.6)  ®"0(h,2d + 5)
DD I CLe P B
1555

for 6 € {0,1}, and applying this identity iteratively one gets, for m € N and
d < 2m,

11 m - )h
rwren= b 5 5 ()

(77) e1<2™ ep 2™

m) 7)o
m),i1 m),i e ( ) /e (Z )b
x fynhieb gl <I>A fen e B g,
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Obviously this implies for all d’' < 2™

2

G (h,2md+d)| =|®5""(h,2md +d)

7™ (), 7 ()b

(7.8) < max @ W‘
T ()b 2
= max )|

an estimate that is also valid for m = 0.

7.2. AN ESTIMATE FOR FOURIER COEFFICIENTS. In this section, we are con-
cerned with such sequences b originating from a sequence a = (ag,...,ar—1) €
{0,1}%, where 1 < L < r, via the assignment

ay, 0</l< L,
(7.9) b =4 —a¢—p, T<L<LA4r-—1,
0, otherwise.

That is, the sequence b consists of two blocks, identical modulo 2. From now
on, we assume that b is such a sequence and that K = L 4+ r (such that by,
for £ < K, captures all nonzero values). For brevity, and since b is constant in
what follows, we omit b as an upper index of G, ® and f. Moreover, we assume
throughout this section that A > 0,7 > 1 and m > 5 are integers such that

(7.10) 2mT5 < [ < M

(7.11) 2m < va(r) < A/4.

For brevity, we write = va(r).

LEMMA 7.2: Assume that the sequence i € Tx satisfies

(7.12) i(r) mod 2™ € {1,2}.

Let z > 0 and h be integers and 0 < d < 2*. Then

2

T (i)

|G (h,d2™ + 1) < (1= 1) max | G2 (h, d)

zm e<2m

forn:ﬁn.

Proof. We rewrite the left-hand side via the identity (7.7), setting i; = i3 = 1,

and want to find pairs of indices (e}, €5), (], €5) such that the corresponding two
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summands on the right-hand side of (7.7) cancel. This will give the announced
saving. That is, we want

(7.13) T ) = TY3),
(7.14) T () = T G),
119 A=Ay

(7.16) el —eh=e] —él.
We show that these conditions are satisfied for the choice

ef = (0101™73),, eb = (1001™73),,
el = (0111™73)y, el = (1011™73),,

where (g,---g0)a = >, €2 and 1% means k-fold repetition of the digit 1.
Condition (7.16) is clearly true. In order to verify (7.13) and (7.14), we note
that the binary representations of e, eh, ef, e} all start with m — 3 ones. We
therefore define

F=T"30 ).

1,(1m=3)

By (7.10), which implies i(¢) + ¢ < 2™73 for 0 < £ < L, we have

) i) +04+2m3 -1 0, ¢£=0,
(7.17) O AR
2 1, 1</{<L.

Moreover, by (7.12) we obtain i(r +£) + ¢ —1 mod 2™ € {0,...,2L — 1}. Using
also (7.10) and (7.11), we get

. i(r+0) +r+642m3—1
(7.18) jr+40)= { ( ) om—3 J =1mod 8

for 0 < ¢ < L. Since j € Tk, this equation implies that the value j(¢) is
constant for £ € [r,r + L). By (7.4) we obtain (7.13) and (7.14) as soon as we
show that T35 (j) = T\5 () = T8 () = T2 (j). Using (7.17) and (7.18) we
have for0 <e<6and 0 </ < L

CROIOR AR S R
j(rJrE)JreJ B {j(r) -1 n e+1J _j(r) =1
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It remains to verify (7.15), which is clearly equivalent to

f(m)al (m),i — 7f(m)7i (m),i

l,ef J1,ef ley J1lelf
since the weights have absolute value 1. By (7.4), (7.5) and the definition of

€}, eh, e, el this equation is equivalent to

3),5 £(3),j 3),5 £(3),j
(7.19) 07 fod” = — 15 1637,

By (7.9) we have, for any sequence i € Zx and all §,¢ € {0,1},

fio=e <; > ani(t) —i(r+ @)) .

L<L

Using this identity, (7.17), (7.18) and the assumption ap = 1 the verification
of (7.19) is straightforward, which completes the proof.

Let d = (dy_1---dp)2 < 2*. We call a position u good (a notion that depends
on A, d,i,r and m), if the following properties are satisfied:
(a) 0<u<A—m.
(b) (dpgm—1s---rdus1,d,) =(0,...,0,1).
(c) T (i)(r) = 1 mod 2™,
The point of this notion is that at each good position, using Lemma 7.2, we
win a factor 1 — n in the estimate of ®(h,d). This argument is carried out in
the following lemma.

LEMMA 7.3: Let i € Tx and k > 0 and assume that d < 2 is such that the
number of good positions u is at least k. Then

G (h,d)” < (1—p)*

holds for all h € Z and n = 2/4™.

Proof. Let 0 < pp < -+ < pg—1 be good positions. We set ur = A. The
estimate (7.8) implies that

T () ’
w0 O n, La/2m))|

Let 0 < j < k. Since the position p; is good, we know by (c) and (7.3) that
T;f;j)(r) mod 2™ € {1,2} for all e < 2%/, Thus we can apply Lemma 7.2, the
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identity (7.4) and the estimate (7.8) and obtain

(MJ i 2
max (G300 " (h, [d/2% )

e<2Mi
T o1 (i) _ 2
< max (1—n) max (G200 (hy [d/2077)
g tm) o 2
= (Lo max 16,7, (b |42 )

(js1) . 2
vl ()

T 7 )
Gy, (B ld/2M0t])

This proves the desired upper bound.

S (1 B 77) eg‘%?il

In order to show that for most d there are many good positions, we have a
closer look at condition (7.12).

LEMMA 7.4: Write r = 2%ry with r¢9 odd and assume that y > 0 and 0 < dy <
2Y. Let i € Ix. There exists a unique dy € {0,...,2™ — 1} such that for all
dy €{0,...,2%7™ — 1} we have

Ty (i)(r) = 1 mod 2™,

where d = 2y+md2 + 2Ydy + dp.
If di < 2Y is different from dy, we have Téi;ry)(i)(r) # 1mod 2™ for all
dy € {0,..., 25~ — 1}.

Proof. Since rg is odd, the statements follow from

p ) ' d
T§10+y)(z)(r) = { i(r) + 0 OJ + rody + 192™d>

2z+y 2y
_ | ir) | rodo m
:{2x+y+ oy J+rd1m0d2

Note that the good-ness of a position p does not depend on the digits of d
with indices p—a+m, ..., u—1. Let A > 0. We decompose the set {0,...,A—1}
into intervals as follows. Consider the mutually disjoint sets of indices

Ay ={20zx+Llym : 0 < {1 < |A/(22)] and 0 < 4y < |z/m]},
A ={20L + Dz +Lom :0<{; < |[A/(2z)] and 0 < ¢y < |z/m]},

which form the starting points of intervals of length m. We call these intervals
to be of type 1 and 2 respectively. The integers in [0,\) not contained in
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an interval of type 1 or 2 form intervals of type 3, having total length A\ —
2m | A/(2z)] |xz/m|. Assume that A > 2z, which will be guaranteed by the
hypotheses of Proposition 2.7. Then, beginning at 0, the resulting partition
starts with |z/m] intervals of type 1, followed possibly (if and only if m { z) by
an interval of type 3 , which fills up the gap up to position x. This is followed
by |x/m] intervals of type 2 and possibly an interval of type 3, reaching 2z.
This pattern continues up to 2z |A/(2z)]; the last interval of type 3 however
extends up to A.

LEMMA 7.5: Let M be a k-element subset of As. The number of d < 2* such
that M is the set of good positions in Ay equals 22 ~2mA0(22m — 1)0=k where
Ao = [A1| = [A2| = [A/(22)] [=/m].

Proof. We construct recursively the set of admissible d = (dx—1---dp)2 < 2,
In order to do so, we let p run through the set A; U Ay U A3 in ascend-
ing order and choose digits of d in such a way that all digits up to posi-
tion p have already been chosen when we reach u. If we encounter an index
w € Ay, we set the 2m digits d, ..., dusm—1,dutas - -, dptatm—1 according
to two cases: if u+ x € M, we have to guarantee good-ness of the posi-
tion p + x, we therefore set (dyqm—1,...,d,) according to Lemma 7.4 and
(dptatm—1,---sdpta) = (0,...,0,1). If p+x ¢ M, we may choose any of the
remaining 22™ — 1 possibilities for these 2m digits, such that the position p+ x
will not be good. If we encounter p € Az, we do nothing, since the correspond-
ing block of length m has already been filled. If we find an index p € Ag, it is
the starting point of an interval I of type 3. We may set the digits of d with
indices in T freely. Therefore we can choose A — 2m|A;| digits arbitrarily, and
|A1| — k times we may choose out of 22™ — 1 possibilities. This implies the
statement of the lemma.

The proof of Proposition 2.7 is now easy.

Proof of Proposition 2.7. Let \g = [A/(2x)] |x/m]. Tt follows from Lemma 7.5
that there are precisely (2“)2)‘_2’"“ (22m — 1))‘0_1C integers d € {0,...,2* — 1}
such that exactly k positions from As are good. Since each d occurs for some
k < Ao, Lemma 7.3 implies

Ao
Z max }Gg\(h, d)‘z < 9A—2mAo Z (20) (22m _ 1))\o—k(1 _ n)k

h<2X
d<2? < k=0
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=2M(1—2/16™)%.
By (7.11) we obtain

—2zz7m> )\/2:17/2: A

A
Ao = [V ()] [2/m] = 2z m 2z m 8Sm’

This finishes the proof.

8. Proof of Proposition 2.8

The following elementary lemma summarizes (and extends) Lemmas 9 through 11
from [22].

LEMMA 8.1: Let a,b be real numbers such that a < b and set K = b — a.
Assume that f : [a,b] — R is twice differentiable and |f"”| < B. Then for all
a € f'([a,b]) the following statements hold.

(i) For a < x <b we have
|za + f(a) — ac — f(z)| < BK2.
(ii) Ifx € [a,b] is such that |za + f(a) — ac|| > BK?, then

Lf(@)] = [za+ f(a) —aa].

(iii) If a,b are integers, L > 1 is an integer, f : [a,b+ L — 1] — R is twice
differentiable, o € f'(]a,b]) and |f"”| < B, then

{n € (a,b]: [f(n+0)] # [(n+0)a+ f(a) — aa] for some ¢ < L}|
<2B(K +L—1)3L + KLDg(c).

We prove Proposition 2.8. For convenience, let ¢(n) = 0 for n < 0 and
set f(n) = n°. We follow the proof of [22, Proposition 1]. By analogous
considerations as given there, we may assume that K is an integer and that
2< K <N.

Define integral partition points a; = [N] + ¢K for ¢ > 0 and set
M =max{i:a;+L—1<2N}. The integer M satisfies the estimate KM < N.
We have the decomposition

(8.1) (N,2N] = (N,[NTJU |J (ai,ai41] U (aar, 2N].
0<i<M
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Let a € R. Then by the triangle inequality and the relation a;11 — a; = K we
have for ¢« < M

(82) [ [{n € (a9 (L(n+0)°]) = wp for 0 < ¢ < L} — K3
< T (e, i) + To(a, i),

where
Ti(ov, i) = [[{n € (as,aip1] : @ ([(n + £)°]) = wg for 0 < £ < L}|

—H{n € (ai,air1] s o ([(n+ Oa+ fla;) —a;a]) =wp for 0 < L < L}H,
Ty(ari) = ||{n € (as,0041] : @ (L0 + D+ f(ai) — aza]) = we for 0 < £ < L}|

~ K.
We integrate both sides of (8.2) in the variable a from f(a;) to f'(a;+1), divide

by the length of the integration range, and take the sum over ¢ from 0 to M —1,
which yields

(8.3) ||{n € (ao,an] : @(L(n—i—f)cj) =wy for 0 < ¢ < L} — MK§|

f'(aiy)
Z f(aiy1) — f'(ai) /f (Tl(a’i) +T2(0‘vi)) da.

0<i<M "(ai)

We estimate the first summand. If 0 < i < M and o € f'([as, a;41]), Lemma 8.1
gives

(8.4) Ti(a,i) <2f"(N)(K + L—1)3L + LK D ().
By the Mean Value Theorem we have

1 N 1
(8.5) <

faiva) = f'(a;) — K f'(2N) = f'(N)
for 0 < i < M. Using this and the integral mean discrepancy estimate (3.3) we
obtain

1 f'(ait1)
D d
2 f(aiz1) — f'(a:) /f’(ai) (a) da

0<i<M
N 1 f'(ait1)
D d
~ K f'(2N) — f'(N) O<1<M/f(al) (@) da
N f'(2N) — ’(N)+1
D
S K p@eN) - (N / !
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logt K)?
(v L) )

By the estimates KM < N and N > C/f”(N) this implies

f'(aiz1)
Z f az-l—l f’(ai)/f Tl(Oé,Z)da

"(a:)
(longN)2
gClNL<f”(N)K2+ " )

for some constant C depending on ¢ and L. We turn our attention to the

second summand in (8.3). Inserting (8.5) and the definition of Th(«, ), we
easily obtain

faiy1)
8.6 To(o,i)da < N J(N, K).
(8.6) Z faiv1) — f'(a;) /f/(ai) o) ( |

Estimating also the contributions of the first and the last interval in (8.1) trivi-
ally and collecting the error terms, we obtain

u}{ne (N,2N]: o(|(n+£)°]) = wg for 0 < £ < L}| 5‘

log N)? K

< N)K? + ( N.K

eo( v+ WY v+ L),
for some Cy depending on ¢ and L. By the estimate f”(N) > C/N the last
term is dominated by the first, which finishes the proof of Proposition 2.8.
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