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ABSTRACT

We apply the recently developed technology of cofinality spectrum prob-
lems to prove a range of theorems in model theory. First, we prove that
any model of Peano arithmetic is A-saturated iff it has cofinality > A and
the underlying order has no (k, k)-gaps for regular K < X. We also an-
swer a question about balanced pairs of models of PA. Second, assuming
instances of GCH, we prove that SO P> characterizes maximality in the in-
terpretability order <*, settling a prior conjecture and proving that SOP»
is a real dividing line. Third, we establish the beginnings of a structure
theory for NSOP,, proving that NSOP, can be characterized by the ex-
istence of few so-called higher formulas. In the course of the paper, we
show that ps = ts in any weak cofinality spectrum problem closed under
exponentiation (naturally defined). We also prove that the local versions
of these cardinals need not coincide, even in cofinality spectrum problems

arising from Peano arithmetic.
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Introduction

In a recent paper [9] we connected and solved two a priori unrelated open
questions: the question from model theory of whether SOP, is maximal in
Keisler’s order, and the question from set theory/general topology of whether
p = t. This work was described in the research announcement [8] and the
commentary [13]. In order to prove these theorems, we introduced a general
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framework called cofinality spectrum problems. The big picture behind that
framework and also the present theorems will be sketched in §2 below. First,
however, we list the main theorems of the present paper.

In the present paper, we develop and apply cofinality spectrum problems to a
range of problems in model theory, primarily on Peano arithmetic and around
the strong tree property SOP,, also called the 2-strong order property. We
prove the following theorems:

THEOREM (Theorem 5.7): Let N be a model of Peano arithmetic, or just
bounded PA, and A\ an uncountable cardinal. If the reduct of N to the lan-
guage of order has cofinality > k and no (k,k)-cuts for all kK < X, then N is
A-saturated.

On the earlier history, which involves [15] and [17] VI.2-3, see §5. We also
address a question about balanced pairs of models of PA. The proof of Theorem

5.7 relies on the answer to a question arising from [9], of intrinsic interest:

THEOREM (Theorem 3.11): Let s be a cofinality spectrum problem which is
closed under exponentiation. Then pg = ts.

As explained in §2, Theorem 3.11 complements a main theorem of [9], which
showed that ts < pg for any cofinality spectrum problem s. As a consequence,
we are able to characterize ts in terms of the first symmetric cut. However, as
we show in §6, the local versions of these cardinals, ps a, ts,a Deed not coincide
unless the underlying model is saturated.

We then turn to the strong tree property SOP,. A major result of [9] was
that SOP;, suffices for being maximal in Keisler’s order <. It was not proved
to be a necessary condition, but we conjectured there that SOP, characterizes
maximality in Keisler’s order. The difficulty in addressing this question may
be in building ultrafilters. However, in the present paper, for a related open
problem, we give a complete answer:

THEOREM (Theorem 7.13, under relevant instances of GCH): T is <*-maximal
if and only if it has SOP;.

The ordering <* refines Keisler’s order, but is defined not in terms of ultra-
powers but rather in terms of interpretability. Theorem 7.13 answers a very
interesting question going back to Dzamonja and Shelah [1] and Shelah and
Usvyatsov [26]. We inherit the assumption of a case of GCH from [26], where
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one direction of the theorem was proved, building on work of [1]. The direction
proved here is in ZFC.

Theorem 7.13 gives decisive evidence for SO P, being a dividing line, by giving
the equivalence of a natural inside/syntactic property and an outside property.
However, this was done without developing a structure theory. So in §9, we
develop the beginnings of a structure theory for NSOP,. We define a notion of
‘higher formulas’ using ultrafilters and prove, for example, that:

THEOREM (Theorem 9.21): T' is NSOP; iff for all infinite A, the number of
pairwise 1-contradictory higher ¢-formulas over A is < |A|.

Section 9 contains several other results, notably the “symmetry lemma” states
that NSOPs can be characterized in terms of symmetry of inconsistency for
these higher formulas. We also prove that SOP: is sufficient for a certain
exact-saturation spectrum to be empty, connecting to work of Shelah [23] and
Kaplan and Shelah [4]. The results seem persuasive and we believe they begin a
structure theory for NSOP; theories. The introductions to each section contain
further motivation for these results and discussions of prior work.

Sections 5 and 8 may be read essentially independently of prior sections.
Section 7 uses one earlier theorem; the reader interested in the <* result may
wish to begin there and refer back as needed.

We thank the referee for a very constructive reading of the paper.

1. Cofinality spectrum problems: history and context

A major interest, and contribution, of model theory has been the study of the
complexity of families of definable sets, e.g. the sets definable in models of
a given complete first-order theory. The comparative or relative complex-
ity of such families often takes the following dichotomous form: research may
eventually identify a so-called dividing line in the sense of classification theory
[17], meaning a property, often a combinatorial property, whose presence signals
complexity and whose absence gives a strong structure theory. With respect to
a given dividing line, any given theory is either “tame” or “wild.” Few dividing
lines are known, but those which are well developed such as stability/instability
in [17] have been foundational for the field.
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In the new millenium, in the context of our joint work on Keisler’s order, a
productive complementary perspective is emerging: from studying dichotom-
ies around given dividing lines one by one, one may move to a framework in
which one can directly compare the complexity of any two theories (a move
which, ideally, then allows for the identification of new dividing lines in a sys-
tematic way).

Keisler’s order was defined in 1967 as a pre-order on complete countable
theories which sets T7 < T if the regular ultrapowers of T7 are “more likely to
be saturated” than those of Ty, see [5]. It is generally thought of as a partial
order on the equivalence classes. For a recent account and current motivation;
see, e.g., [10, §2]. The longstanding question is to determine the structure of
Keisler’s order.

Cofinality spectrum problems arose in the context of our proof that the max-
imum class in Keisler’s order is much wider than previously thought. Formally,
we proved that any theory with the model-theoretic tree property SOP; is
maximal in Keisler’s order. At the heart of this proof was an analysis of the
comparative complexity (in the saturation of ultrapowers sense) of orders and
trees. As explained in the introduction to [9], in the course of that work it be-
came apparent that we were really studying the interaction of two invariants of
a regular ultrafilter D: pp, essentially the size of the first cut in a D-ultrapower
of a model of linear order, and tp, essentially the length of the smallest unboun-
ded path in a D-ultrapower of a tree. The names we gave to these invariants
suggest a connection to the famous cardinal invariants of the continuum, p and
t, and so to the long open question of whether it is possible that p < t. Here is
the connection: As the analysis proceeded towards our eventual proof that pp
could not be strictly smaller than tp, we noticed that our proofs could be carried
out in a context more general than ultrapowers. The proofs used only a few
key facts: expansion properties available because ultrapowers commute with
reducts, and pseudofiniteness assumptions available because ultraproducts of
unbounded finite linear orders behave in a way that is ‘pseudofinite’. The right
general context was to abstract (M, M! /D) to an elementary pair of models of
linear order admitting certain expansions (in which certain trees are definable)
and capturing the relevant pseudofiniteness. Formally, such a pair is called a
cofinality spectrum problem; before we begin the proofs of the present paper,
the definition and some of its main consequences will be recalled below.
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Now to any cofinality spectrum problem s, one can naturally associate in-
variants ps and ts, measuring certain cuts and certain paths through trees re-
spectively, which specialize to pp and tp in the case where the csp arises as
an ultrapower. The first main theorem of [9], already mentioned above, is that
for any csp s, ts < ps. In [9], for a certain well chosen csp consisting of a
model of set theory and its generic ultrapower, we had naturally that ps < p
and t < tg, for the cardinal invariants of the continuum p and t. From this it
followed that if p < t in some model of set theory, then ps < ts there, violating
the ZFC theorem just mentioned. This proved that p = t in ZFC, settling the
question in a surprising way [8]. (A parallel reduction to regular ultrapowers
proved the other main theorem of that paper already mentioned, concerning
the maximality of SOP; in Keisler’s order.)

In the course of writing that paper and afterwards in discussing and presenting
the proofs, we understood that cofinality spectrum problems were likely to be
useful in other contexts besides the two, i.e., regular and generic ultrapowers,
applications of [9] just sketched. As stated in the introduction, the present
paper develops their theory with an eye towards model theoretic applications,
along the way solving some relevant technical questions left outstanding from
[9]. These are explained further in the sections below.

We now proceed to define cofinality spectrum problems.

2. Definition of cofinality spectrum problems

Informally, a cofinality spectrum problem
s= (M, M, M* M A)

involves:
e an elementary pair of models (M, M;) which can be expanded to the
elementary pair (M, M;"), and
e aset A of formulas in 7(M) defining discrete linear orders, closed under
finite Cartesian products,

such that in the expanded model M 1+ ,

e cach instance of a formula in A defines a “pseudofinite” linear order,
meaning that each of its M, -definable subsets has a first and last ele-
ment,
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e on at least one of the Cartesian products, the ordering is well behaved,
e.g., like the Godel pairing function,! and
e (M*,M;",A) has “enough set theory for trees,” meaning essentially
that for each ¢ € A there is ¢ € 7(M;") so that for each linear order
defined by an instance of ¢, there is a tree defined by an instance of :
— whose nodes are functions from that order to itself, of length
bounded by a distinguished element d of the order, and
— the basic operations on this tree (the partial order on nodes given
by initial segment, the length of a node, i.e., size of its domain, the
value of a node at an element of its domain, and concatenation of
an additional value) are likewise uniformly definable.

Natural and motivating examples of cofinality spectrum problems may be con-
structed beginning with pairs of models of Peano arithmetic or pairs of models
of set theory for (M ™, M;") with M being a reduct to a language containing
linear order; or beginning with a pair (M, M;) where M; is an ultrapower of
M, using the theorem that ultrapowers commute with reducts. See [9] §2.3 for
more details on these examples. The fruitful idea was simply that, in some suf-
ficiently rich model, one may study the amount of saturation in an underlying
linear order in relation to the fullness of the derived trees.

Here are the formal definitions, originally given in [9].

Definition 2.1 (Enough set theory for trees, [9] Definition 2.3): Let M; be a
model and A a nonempty set of formulas in the language of M;. We say that
(M1, A) has enough set theory for trees when the following conditions are

true:

(1) A consists of first-order formulas ¢(Z, §; Z), with £(Z) = (7).
(2) For each ¢ € A and each parameter ¢ € ‘G M, p(z,7,¢) defines a
discrete linear order on {a : M; = ¢(a,a,c)} with a first and last

element.

L Gédel’s pairing function orders pairs of ordinals first by maximum, then by first coordin-
ate, then by second coordinate. If, e.g., there is a total linear order on the model, it
makes sense to compare (“maximum”) elements in any two such ordered sets; if not, this
requirement may be satisfied by some a X a, that is the Cartesian product of a given
ordered set with itself.
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(3) The family of all linear orders defined in this way will be denoted
Or(A, My). Specifically, each a€ Or(A, M1) is a tuple (Xa,<a,Pa,Ca,da),
where:

(a) Xa denotes the underlying set {a : M | a(a,a,ca)},

(b) & <4 y abbreviates the formula a,(Z, 7, ¢a),

(¢) da € Xa is a bound for the length of elements in the associated
tree; it is often, but not always, max X,. If d, is finite, we call a
trivial.

(4) For each a€Or(a), (Xa, <a) is pseudofinite, meaning that any bounded,
nonempty, Mi-definable subset has a <,-greatest and <,-least element.

(5) For each pair a and b in Or(A, M), there is ¢ € Or(A, M;) such that:

(a) there exists an M;i-definable bijection Pr : X, x Xp — X, such
that the coordinate projections are M;-definable,

(b) if da is not finite in X, and dp, is not finite in Xy, then also d. is
not finite in X.

(6) For some nontrivial a € Or(A, My), there is ¢ € Or(A, My) such that
X = Pr(X, x X,) and the ordering <. satisfies:

M= (VeeXa)(Bye Xe)(Var, 22 € Xa)(max{zy, z2} <s x <= Pr(z1,22) <cv).

(7) To the family of distinguished orders, we associate a family of trees, as
follows. For each formula ¢(Z,;Z) in A there are formulas g, ¥, 12
of the language of M; such that for any a € Or(s) with ¢, = ¢:

(a) o(Z,ca) defines a set, denoted T,, of functions from X, to X,.
(b) ¥1(Z, 7, c) defines a function lg, : Toa — X, satisfying:
(1) for all b € Ta, 1g,(b) <a da,
(ii) for all b € Ta, lg,(b) = max(dom(b)).
(¢) ¥2(Z, 7, c) defines a function from {(b,a):b€Ta,a € Xa,a<alg,(b)}
into X, whose value is called vala(b, ¢), and abbreviated b(a).
(i) If c € Ta and 1g, (¢) < da and a € X,, then ¢~ (a) exists, i.e.,
there is ¢’ € T, such that 1g,(¢') =1g,(c) + 1, ¢/ (Ig,(c)) = a,
and

(Va <alga(c))(c(a) = c(a)).

(i) to(Z,c) implies that if by # by € Ta, lg,(b1) = lg,(b2), then
for some n <4 1g,(b1),



Vol. 220, 2017 COFINALITY SPECTRUM PROBLEMS 955

(d) ¥3(Z,7,c) defines the partial order <, on T, given by the initial
segment, that is, such that by <4 b2 implies:
(i) for all b, c € Ta, b<c implies 1g, (b) <a lga(c),
(i) 1ga(b1) <alga(b2),
(iii) (Va <alga(b1))(b2(a) = bi(a)).
The family of all T, defined this way will be denoted Tr(A, M;). We refer to
elements of this family as trees.

Notice the pairing requirement in condition (6). While we need Cartesian
products to exist, it is largely unimportant what exactly the order on these
products is (as long as it satisfies the other requirements). It’s sufficient for
the results of [9] that one such order behave well, like the usual Gédel pairing
function. In the course of the present paper, we will consider weakenings of this
requirement.

Definition 2.2 (Cofinality spectrum problems, [9] Definition 2.5): We call the
six-tuple
s=(M,M;, Mt M T, A)

a cofinality spectrum problem when:

(1) M =< M.

(2) T 2D Th(M) is a theory in a possibly larger vocabulary.

(3) A is a set of formulas in the language of M, i.e., we are interested in

studying the orders of M, M in the presence of the additional structure

of the expansion.
(4) M+, M;" expand M, M; respectively so that

Mt <M =T

and (M;", A) has enough set theory for trees.

(5) We may refer to the components of s as M®, AS etc. for definiteness.
When T'= Th(M), M = M*, My = M, or A is the set of all formulas
©(x,y,z) in the language of T' which satisfy 2.1(2)—(4), these may be
omitted.

Remark 2.3: The identities of Mt and M; are not essential to many arguments.

Definition 2.4 (The cardinals pg, ts and the cut spectrum, [9] Definition 2.9):
For a cofinality spectrum problem s we define the following:
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(1) Or(s) = Or(AS, M?$).
(2) C*(s) = {(k1,k2) : for some a € Or(s), (Xa, <a) has a (k1, ka)-cut}.
Note that the s, are infinite.
(3) Tr(s) = {Ta:a € Or(s)} = Tr(AS, M3).
(4) C*™(s) = {k :x > Ny, a € Or(s),
and there is in the tree T, a strictly increasing sequence

of cofinality x with no upper bound}
(5) Let ts be minC*P(s) and let pg be

min{x : (K1, ka) € C(s) and k = K1 + Ko}

A key role will be played by C(s, ts), where this means:

(6) For X\ an infinite cardinal, write

C(s,A) = {(k1,K2) : K1 + ko < A, (k1,k2) € C(s)}.

By definition, both ts and ps are regular. The main engine of the paper
[9] was the following theorem, proved by model-theoretic means. Note that it
entails tg < ps.

THEOREM A ([9] Theorem 9.1): For any cofinality spectrum problem s,

C(s,ts) = 0.

Discussion 2.5: We now resume the discussion following Definition 2.1. In [9],
Cartesian products were used in two ways. First, we needed the simple existence
of Cartesian products of pairs of elements of Or(s), with no restrictions on the
ordering of the pairs other than: (i) pseudofiniteness and (ii) the property that
if da, dp are nonstandard then so is daxp (call such a product nontrivial).
This was needed for the basic arguments connecting behavior across all orders:
notably, establishing existence of the lower cofinality function. To rule out
symmetric cuts, we needed only to be able to take the Cartesian product of an
order with itself. For the main lemma ruling out asymmetric cuts, we needed
(a) the existence of a and a’ such that a is coverable as a pair by a’ (see below),
and then (b) the existence of the nontrivial product axaxaxa’ xa’xa’. One
may take as a definition of “coverable as a pair” its key property, Corollary 5.7
of [9] [quoted here with the assumptions of nontriviality made there explicitly
added in]:
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(**) there is a € Xa, with a < da and a not a finite successor of 0,, such
that the Gédel codes for functions from [0, ala to [0,ala X [0, a]a may
be definably identified with a definable subset of X, whose greatest
element is < dg.

For property (**), it suffices to have a € Or(s) such that the order on a x a is
given by the Gédel pairing function and daxa is nonstandard, by the arguments
of [9]. We will give some alternate sufficient conditions in Section 8.

The following summarizes our conventions.

Convention 2.6 (Key conventions on CSPs):

(a) Recall that definable means in the sense of M;" = M [s], unless other-
wise stated.?

(b) Recall that for 7, € Tr(s), n € T, implies that lg(n) < da, and we
have closure under concatenation, i.e., if 1g(n) < da and a € X, then
n"~{a) € Ta.

(¢) When T is a definable subtree of T,, we will write

(T ,<a) or just (T,<) to mean (7 ,<a [7)-

(d) When 7 is a sequence of n-tuples, ¢t < lg(n), and k < n, write n(t, k) for
the kth element of n(t).

(e) Generalizing [9], we use “internal map” in the present paper for any
map definable in M;", not necessarily an element of some 7 € Tr(s).

(f) We call a definable, discrete order pseudofinite when every nonempty,
bounded, definable subset has a first and last element.

(g) We call a € Or(s) nontrivial when dj is not a finite successor of 0a,
and we call s nontrivial when at least one a € Or(s) is nontrivial.

2.1. NEW DEFINITIONS: WEAK AND HEREDITARY CSPs. We now give some
new definitions weakening and extending CSPs looking towards applications.

First, as regards applying CSPs it will be useful to keep track of whether or
not the assumption on closure under Cartesian products is needed. For example,
in dealing with a CSP arising from a model M = M* = M;" whose domain is
linearly ordered, it may be that we care primarily about cuts occurring in the
linear order dom(M). Thus, we introduce ‘weak’ CSPs in Definition 2.7 and in
the present paper, use them where possible.

2 The main exception being that the elements of Or(s) are a priori required to be A-
definable; this is relaxed if s is hereditarily closed, defined below.
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Definition 2.7 (Weak CSP):

(1) Call s a weak CSP if it satisfies 2.2 omitting the requirement that
Or(s) be closed under Cartesian product, 2.1(5)+(6).
(2) For s a weak CSP, a € Or(s), let Ya = Yas ={a € Xa:a <ada}.

Second, in [9] Convention 5.1 we had observed that CSPs have available an
internal notion of cardinality.? In the present paper, we use the more general
definition:

Definition 2.8: Let s be a cofinality spectrum problem. Whenever A, B are
definable subsets of M; (with parameters), we write

“|A| S |B|77

to mean “there exists an M, -definable partial 1-to-1 function h with AC dom(h)
and range(h) C B”. Likewise, we write

“|A| < |B|77

to mean “(JA| < |B|) A —(|B| < |4]),” i.e., |A] < |B]| and there does not exist
an M -definable injection from B into A.

The referee has raised the interesting question of whether some kind of
Schréder—Bernstein property holds for this weak notion of cardinality. In this
vein, in §8 below we will show that from suitable internal injections or partial
1-to-1 functions between sets (in the sense of Definition 2.8) it is possible to
recover an order-isomorphism at least on an initial segment: see, for example,
Claim 8.3. The order is essential in our current setup, so this is a useful recovery
and, as explained there, allows for some technical simplifications. Otherwise,
the results so far have used very few ‘cardinality’-type properties of this defini-
tion: in particular, in our earlier paper, the related notion of internal cardinality
([9] 5.1) was used primarily to preserve distance inequalities for the proof by
contradiction in [9, Theorem 8.1].

3 Which a priori need not satisfy all properties of cardinality. There it was required that
the function be an element of the tree Toxp. Depending on the amount of set theory
available in Ml+ , the present weakening is an a priori loss in definability: when functions
are required to belong to a definable tree, we are always able to quantify over them,
whereas in the definition below the quantification over all such functions may be strictly
informal (not first order).
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Let (W, <w) be a definable, pseudofinite linear order in the model. If there
is an internal injection f of sets from W into some initial segment of N, then
for some b € Or(s) with X, C N there exists an internal order-isomorphism g
from (W, <w) onto an initial segment of Y.

Third, while the definition of CSP carefully lays out the ‘canonical’ orders and
trees, it is natural to add some internal closure conditions, stating essentially
that objects which are internally isomorphic to canonical ones also count.

Definition 2.9: Let s be a CSP or weak CSP.

(1) We call b a pseudo-order of s and write b € PsOr(s) when it satisfies
all of the requirements on elements of Or(s) from Definition 2.1 in the
case where A is the set of all formulas in the language.* (The point is
that possibly the formulas defining it are not from Ag.)

(2) Given bz € PsOr(s), we say b; is a suborder of by and write
by € Sub(bz) when: by € PsOr(s), Xp, C Xy, as linear orders, and
there is d <y, dp, and n € Tp, with maxdom(n) = d = dp, which lists
{c € Xp, : ¢ <p, dp,) in increasing order.”

Definition 2.10 (Hereditary closure): Let s be a CSP or weak CSP.

(1) Let by, by € PsOr(s). We say (f, g, h) is an accurate isomorphism from
b; onto by when it respects both the order structure below dy,, and the
tree structure, that is:

(a) f is a one-to-one mapping, definable in M;", from Xy, to Xp,,
(b) g is a one-to-one mapping, definable in M;", from {a : a <p, dp, }

onto {a : @ <p, dp, }, such that

a <p, ¢ <p, db, <= g(a) <b, 9(c) <b, db,;

(c) h is a one-to-one function definable in M;" from 7y, onto Ty, such

that

N4, v < h(n) <n, h(v)

and n = v~ {a) in by iff h(n) = h(v)"(f(a)) in ba.

(2) Call s hereditary if Or(s) is closed under Sub and accurate isomorph-
ism.

41 particular, it must have an associated, definable tree, with definable length functions
and concatenation, and so forth.
5 So, e.g., b1 & Sub(b2) when Xy, is an initial segment of Xy, and dp, < max(Xy,),

since there is not enough room for the list.
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)

(3) Say “s is the hereditary closure of s;” when s1, 82 are the same except
that Or(sz) is the closure of Or(s;) under members of Sub and under

accurate isomorphism.
Observation 2.11: If s is a weak CSP then so is its hereditary closure.

Observation 2.12: As a consequence of Definition 2.9(3), if s is a weak CSP
which is hereditarily closed, then for any a € Or(s), any X C Y, and any
d € X N [0a,dal, there is b € Or(s) with Xp = X, <p=<a| X, and d = dp.

3. CSPs with exponentiation

A feature of CSPs is that one can always develop a certain amount of Peano
arithmetic internally, as in [9] §5. That observation motivates the main defin-
ition of this section, ‘closure under exponentiation.” In this section we work
out that CSPs of this kind have the very nice property that ps = ts. For con-
text, recall that the main theorem of [9] that C(s,ts) = @ only implies that
ts < ps. For the other direction, it’s natural to try to show that a x-indexed
path through some 7 with no upper bound translates to a (k, x)-cut in some
a € Or(s). The problem is that the natural translation produces a definable,
discrete linear order which contains a (k, k)-cut but is not necessarily a member
of Or(s). After explaining the problem, we will propose the solution.

Hypothesis 3.1: In this section, unless otherwise stated, s is a weak CSP. For
transparency, we assume s is hereditary, i.e., closed under Sub and full internal
isomorphism. We retain the notation Y, from 2.7.

Definition 3.2 (Flattening the tree, cf. [9] Lemma 6.2): Let a € Or(s) be given.
We define the following linear order. Fix in advance two distinct elements of
Xa; without loss of generality® we use 0a, 1a, called 0,1, so 0 <4 1. Let S, be
the set Ta x {0,1}. Let <s, be the linear order on S, defined as follows:
o If ¢ =d, then (c,i) <s, (d,7) iff i <4 j.
o If c<a d and ¢ # d, then (c,0) <s, (d,0) <s, (d,1) <s, (c,1).
e If ¢, d are <-incomparable, then let e € Ty, ne,ng € Sy be such that
e = cis(e, d) is the common initial segment and e n. <, ¢ and e"ng <, d.
Necessarily n. # ng by definition of e, so for s,t € {0,1} we define

6 Recall that Xa is a discrete linear order with first element, so 0a, 15 have the natural
meanings.
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(¢,8) <s, (d,t) <= n. <aNg.

For each given a, we refer to this ordered set (Sa, <s,) just constructed as “the
order given by flattening the tree 7,”.

Convention 3.3: For the remainder of this article, given s and a € Or(s), let
(Sa, <s.) denote the order constructed in 3.2.

Definition 3.4: Say that a tree T, € Tr(s) witnesses treetops if there is in 7T,
a strictly increasing sequence of cofinality ts with no upper bound in 7,. (In
other words, this tree exemplifies why ts takes the value it does.)

Fact 3.5: Let s be a weak CSP. If a € Or(s), T, witnesses treetops and (Sa, <s, )
is the order given by flattening the tree Ta, then (Sa, <s,) has a (ts, ts)-cut.

Proof. The proof when s is a CSP is [9] Lemma 6.2. No assumptions are made
about closure under Cartesian products in that proof, so the identical result
holds for weak CSPs as well.

We cannot a priori conclude from Fact 3.5 that (ts,ts) € C(s, ts), because we
have not shown that S, belongs to Or(s). However, note that (Sa, <s,) is a
definable discrete linear order with a first and last element, since:

Observation 3.6: For any weak cofinality spectrum problem s and a € Or(s),
there is an internal order-isomorphism between an initial segment of (Sa, <s,)
and Yj.

Proof. Let {c, : a < da) be the sequence of elements of T, corresponding to
functions which are constantly 0,, listed in increasing order: this sequence is lin-
early ordered by <,. By the definition of S,, we have that ({(cq,0):a < da}, <a)
is an initial segment of (S,, <s,). Moreover, it is isomorphic to (Ya, <a) via the
internal map lg, from Definition 2.1(7).

Definition 3.7 (Closed under exponentiation): Let s be a weak CSP. We say
s is closed under (simple) exponentiation when for every nontrivial a € Or(s)
there is a nontrivial b € Or(s) such that (Xp, <p) and (Sa, <s,) are internally

isomorphic.

Definition 3.8: For s a weak CSP, it will also be useful to define:
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(a) sis strongly closed under exponentiation, or has strong exponenti-
ation, when: for every a € Or(s) there is b € Or(s) such that (Sa, <s,)
is accurately isomorphic to (Xp | dp, <p), following Definition 2.9.7

(b) s is weakly closed under exponentiation, or has weak exponenti-
ation, when: for every a € Or(s) there is b € Or(s) such that (Xp, <p)
and (Sa, <s,) are internally isomorphic and (Yp, <p), (Ya, <a) are in-
ternally isomorphic.

Discussion 3.9: The phrase “s has exponentiation” clearly covers 3.7, 3.8(a) and
3.8(b). One of the issues raised by 3.8 is whether (S,, <s,) may map onto X}
in such a way that dp is not above the range of the map. To distinguish 3.7
from 3.8, we will say “simple exponentiation.”

COROLLARY 3.10: Let s be a weak cofinality spectrum problem which has
exponentiation, a € Or(s). Then:
(1) (Sa,<s,) is a discrete linear order in which every nonempty definable

subset has a first and last element.
(2) There is b € Or(s) so that (Xp, <p) has a (ts, ts)-cut.

Proof. (1) This is inherited from the order-isomorphism to an element of Or(s).

(2) Let Ta witness treetops. By Fact 3.5, the order (Sa, <s,) has a (s, ts)-
cut. Given b € Or(s) such that (Sa, <s,) is order-isomorphic to Xy, clearly
(Xb, <p) has a (ts, ts)-cut.

We arrive at a fact which will be useful throughout the paper: if s has expo-
nentiation, then ps = ts and ‘the first cut is symmetric’.
THEOREM 3.11:

(1) Let s be a weak CSP with exponentiation. Then pg < ts.
(2) Let s be a CSP with exponentiation. Then pg = ts.
(3) Let s be a CSP with exponentiation. Then

ts = min{x : (k,x) € C**(s)}
and the first cut in C°%(s) is necessarily symmetric, that is, if
p=min{x + X : (xk,\) € Cs)}

7 In Definition 2.9, accurate isomorphism of two linear orders bg, b1 involves an isomorph-
ism of sets plus an order-isomorphism below the bounds dy,, . For these purposes, consider
the d for Sa to be max Sy.
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then (u,p) € C(s).
Proof. First we prove (1). Corollary 3.10(2) shows that if ts = &, then
(k, k) € C%(s),

S0 ps < k+ kK = K. Thus ps < ts.
When in addition s is a cofinality spectrum problem the analysis of [9] applies.
By Theorem A, §2 above we have that C(s, ts) = ), thus ts < ps, proving (2).
For (3), the proof of 3.11 shows that ps = min{x : (k,x) € C*(s)}. Since
ps = ts, this is sufficient.

However, as we will see in Theorem 6.3, the situation for the local versions of
these cardinals, Definition 6.1, is more subtle. It would be interesting to explore
this further.

4. On bounded arithmetic

In this section, working towards our first main application in §5, we set up CSPs
and weak CSPs arising from models of PA or BPA and check when they are
closed under exponentiation in the sense just described.

Definition 4.1: A formula is called bounded if all of its quantifiers are bounded.
By BPA we mean bounded Peano arithmetic, that is, the restriction of the
Peano axioms containing induction only for bounded formulas.

When working with models of PA or BPA, we will use the notation x¥ in
accordance with:

Fact 4.2 (Gaifman and Dimitracopoulos [3], see [28] §1.1): Let A denote basic
arithmetic with bounded induction. There exists a Ag formula ¢(z,y, z), which
we denote by z¥ = z, that can be shown in IA( to have all the usual properties
of the graph of exponentiation except for the sentence
Vavydz(z¥ = z).

Regarding Definition 4.3, we will focus on s3[N] for N a model of PA or BPA.
Definition 4.3 (Some canonical weak CSPs from models): Let N = BPA or
N |= PA, and ¢ = 2,3. We define s = s¢[N, D]. Omitting D means D = N.

(0) D is an initial segment of N closed under addition. D is nontrivial if
it has a nonstandard member. We require that:
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(a) If £ = 2, then d € D implies that N = (Vx)(2¢ exists ).
(b) The case £ = 3 is covered in (2)(c).
(1) A = Ag is either:
(a) in the case of BPA, the set of all bounded formulas, or
(b) in the case of PA, the set of all formulas p(z,y,2) with £(z) =£(y)=1,
which satisfy 2.1(1), (2), (4), (7).

(2) a € Or(s) when the data of (Xa, <a) is internally isomorphic® to some

(Xa, <a,da, Ta) which satisfies:
(a) the set of elements of X, is a A-definable bounded subset of N.
(b) <a is a A-definable linear order on Xa.
(¢) da € Xa, and ({d : d < da},<a) is an initial segment of N with
the usual order.
o If / =2, we require that d, € D.
o If / = 3, we require that d, € D and | X,|% exists.
(d) Ta is defined and satisfies the conditions from 2.1, and its defining
formulas depend uniformly on the formula defining X,.

(3) Write sT[N, D] to indicate that we close the set of orders of s[N, D]
under taking Cartesian products, where da«p is understood to be non-
trivial if da,dp are, and that the order on at least one of the pairs is
given by the Godel pairing function.

For use in later papers, we record here:

Definition 4.4: In the context of 4.3, suppose f is a nondecreasing function
with dom(f) = N and range(f) C {I : I an initial segment of N}, such that:
d € f(a) implies that a? exists in N and whenever a is nonstandard, f(a)
contains some nonstandard d. Define s[N, f] by requiring that for each a,

(a) da < f(max(Xa)+ 1), and
(b) f(max(Xa)+ 1) =1 implies d, € I.

Let us also give a name to a recurrent assumption.

Definition 4.5 (Reasonable models): We say N |= BPA is reasonable when
a € N implies that {a™ : n a standard integer } is a bounded subset of N.

CramM 4.6: Let N = BPA.

8 Recall that as the set is listed with its order, this means: internally order-isomorphic.



Vol. 220, 2017 COFINALITY SPECTRUM PROBLEMS 965

(1) If N is Ny-saturated or just recursively saturated, then N is reasonable.
(2) N is reasonable iff N is a candidate in the sense of 5.2 below.
(3) If Dy is a reasonable initial segment of N, then

Dy =cl(Dy,N) :={a € N : for some d € D; and standard n, N = “a < d"”}

is also reasonable.

(4) If D is an initial segment of N, then cl(D, N) is closed under products.

Proof. (1), (2), (4) are immediate.

(3) Let ag € Dy and n € N be standard. Let d; € Dy and m standard be
such that N = da < (d1)™. We define z,; by induction on ¢ < n - m as follows:
zo =, ¢ = (z¢)?. Note that (z,)% exists by the assumption on D;. So Z,m
is well defined. Since

de < zd{" _ (zd1)d1 ._.(xdl)dl < Zom

where the dots - - - indicate the multiplication has m terms, x4 exists.

Observation 4.7: If N = BPA and s = s¢[N, D] for £ € {2,3}, then s is a
hereditary weak CSP.

CLAIM 4.8: Let N |= BPA and suppose that for n, d € N we have that n?
exists. Then the tree of functions from d to n is definable in N, by bounded
formulas. Specifically, the operations from 2.1(7) for the tree of sequences of
length d into ([0,n], <) are all definable by bounded formulas.

Proof. For compatibility with 2.1, we denote [0,n] by X, and d by da. Let T
denote the sequences of elements of X, of length < d,. First we show that for
each 7 € T there is ¢ € N which is a code for n (and that this is uniformly
and boundedly definable). This applies the long known fact that Godel coding
may be carried out in BPA; we sketch a proof for completeness, following the
method of Wilkie-Paris [28].

We use B-adic coding (for B = 2), representing each element of N as a word
in the finite alphabet {0,1}. (This ignores the empty word, which could be
accommodated by using a different finite alphabet or B = 3.) Since for each T,
or S, we will be coding sequences of elements of uniformly bounded length, we
don’t need a separate symbol to indicate a transition between codes for distinct
elements. Let lgd(x) denote max{/ : 2¢ < z}, the dyadic length.

By 4.3(2), we may assume every element of Or(s) is isomorphic to a canonical
one, i.e., to a € Or(s) where:
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Xa = [0, max(X,)],
<a agrees with the order of N restricted to X,

da is such that (max X,)% exists, which is equivalent to:

(Fn)(|Xa| < 2" < 2[Xa|) A “2™% exists”,

(3n,m)(da < 2™ < 2da A | Xa| < 2" < 2| Xa| and 272" exists),
o so w.lo.g. do =2™, | Xa| = 2™

For an element a of X, let repg(a) denote the B-adic representation of a
of length exactly n + 1, padded with zeros if necessary (this is possible by the
choice of n). In the expression below let “2™ 4 repp(a)” mean in base 2, so this
will effectively move repg(a) (which is a sequence of length < n) over m spaces.

Let @code(, 7, b) mean:

n.2m+1
o r <2 ,

o i < dy,
e b < max X,,
o (wix2)(z1 wa<xAlgd(x1) = (n+1)iAlgd(z2)=n+1Aze=2"14+repy (b)).

Informally, @code asserts that x is the code for a sequence, thought of as
consisting of no more than d, consecutive blocks of length n + 1 (leaving one
extra space for the coding of S, in the proof of Claim 4.9), the (i+ 1)st of which
is repg(b).

As written, several values of z may code the same sequence; we may avoid
this by restricting to = such that no y < = codes the same sequence.

Then for any given a € Or(s), for our fixed values of n,m, we may naturally
represent T, by

1

Ta={z:x< gm2"" (Fi < n)(lgd(z) = (m+1) 1)

and (Vj <4)(Jwg, 21 < z)(xo" 21 <z and 2™ < xo < 2™ + 2™)}.

Since we have fixed the values of X, (thus, of max(X,)) and d,, we can easily
build on 9¢ede to find bounded formulas defining: the partial order on elements
of T by initial segment, length, concatenation, and value of the function at a

given element of its domain.

CLAIM 4.9: Let N = BPA be reasonable and suppose that s = s3[N, D]. Then
s has simple exponentiation.
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Proof. Recall that to say s has simple exponentiation means that for every
a € Or(s) there is b € Or(s) such that (Xp, <p) and (Sa, <s,) are internally
isomorphic. Weak exponentiation adds that also (Yp, <p), (Ya, <a) are intern-
ally isomorphic.

Let a € Or(s) be nontrivial. By construction of s3, we may identify a with
its “canonical” isomorphic image, so assume X, is an initial segment of N with
the usual order. We will show that the hypothesis that |Xa|% exists, i.e., that
(max(X,))% exists, already ensures weak exponentiation.

As s = s3(N), there is b € Or(s) so that (Xp,<p) is internally isomorphic
to ([0,m4], <) and this isomorphism takes dp to d. and Ty, to T.. Then T, is
boundedly definable by Claim 4.8. Continuing in the notation of that proof, to
code the tree consisting of S, = Ta x {0, 1}, define f as follows:

if &= (32, g (bs +2™) - 207HV ) i € {0, 1,
then f(z) = 37, 10 (bi +2™) - 9(m+1)i 4§

recalling that we have left one unit of space by arranging our coding into blocks
of size n 4+ 1. Let w:; 10 = range(f), which is definable by a bounded formula.
If 21,22 € S, then x1 <gs, a2 iff f(z1) < f(x2). This proves that (Sa, <s,) is
order-isomorphic to an initial segment of N.

Let n,. = maxrange(f). Since N is reasonable, there is some nonstandard
d. € N such that (n.)% exists. Applying Claim 4.8 once more, we have a tree
T. of functions from d, to [0,n.] which is definable by bounded formulas. By
the definition of s3(IN), there is b € Or(s) with X}, internally order-isomorphic
to [0,n.] under the usual order so that the image of dy, is d..

This proves s has simple exponentiation.

If in addition (m)da exists, let dp = da. Then the same internal order-
isomorphism takes Y}, to Y, and s has weak exponentiation. This completes
the proof.

CrAamM 4.10: Suppose N = BPA, N is reasonable and s = s3[N, D]. Then s is
a CSP.

Proof. As s is a hereditary weak c.s.p. there are two potentially missing condi-
tions, 2.1(5)—(6).

Let nontrivial a,b be given. By definition of s3, we may assume that Xj,
Xp are internally order-isomorphic to initial segments [0, na], [0, 7] of N re-
spectively (so in what follows we identify X,, X}, with these images). Without
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loss of generality, n, < np. Let Pr: N x N — N denote the pairing function
(x,y) = (x +y+ 1) + . Consider the set

Xaxb ={Pr(z,y) :z € Xa,y € X} C [0, (na +nb + 1)2].

Then Pr is an isomorphism from X, X X} onto an initial segment of N which
we call X.. Let <.=<¥ be the usual order. Let the order <,«p be such that
Pr is an order-isomorphism from (Xaxb, <axb) onto (X, <.). Note that this
pairing function satisfies 2.1(6).

Let n. = max(Xc). As we assumed N is reasonable, there is some nonstand-
ard d, such that (n*)d* exists. Let d. = d.. Now existence of the tree 7T¢ is by
Claim 4.8. Recalling the closure under isomorphism from 4.3(2), the product
a x b is indeed a nontrivial element of s. Thus 2.1(5) holds, which completes
the proof.

CONCLUSION 4.11: Assume N = BPA, N is reasonable and s = s3(N, D).
Then s is a cofinality spectrum problem with exponentiation, and so Theorem
3.11 applies: ps = ts.

5. Saturated models of Peano arithmetic

We now apply the above analysis to cuts in models of Peano arithmetic. The
naturalness of this application comes from two sources. First, it was proved
in [9, §5] that csps always allow for the recovery of a certain amount of Peano
arithmetic.

Second, Peano arithmetic is a context in which there is a history of interesting
work on sufficient conditions for saturation, also related to the history of work
on Keisler’s order. The result that models of Peano arithmetic are saturated
if and only if the underlying order is saturated is generally known as Pabion’s
1982 theorem [15], quoted below. Later, Kaufman and Schmerl have given an
alternate proof. To explain the present results, it is useful to notice that this
theorem is already a consequence of the proof of Shelah’s 1978 theorem that any
theory of linear order is in the maximal Keisler class [17, Theorem 2.6] (though
Pabion’s work was done independently).

THEOREM B (Pabion, 1982 [15]): Let A > Rg and M be a model of PA. Then
M is A-saturated iff (M, <) is A-saturated.

THEOREM C (Shelah, 1978 [17] Cor. 2.7 pp. 337-341):
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(1) If D is a regular ultrafilter on \ such that M*/D is AT -saturated for M
some model of linear order, then N* /D is 1-atomically-\*-saturated for
any N in a countable language, i.e., \T-saturated for types consisting
of atomic formulas, e.g., © < a, b < x.

(2) Hence if T has the strict order property it is maximal in Keisler’s order.

In Theorem 5.7 we will weaken the condition to requiring only that the un-
derlying order has no symmetric cuts. A reasonable question, as raised by the
referee, is that it could be suspected that these older results could be pushed
further to get the result on symmetric cuts (i.e., the analogue of p = t). It seems
the answer is no, that the new result is not just an incremental improvement,
as discussed below.

We now give a sketch of the proof of Theorem C. It too relies on a connection
between orders and trees, though of a somewhat simpler kind. We have a type in
some regular ultrapower we would like to realize, and we assume that ultrapower
is sufficiently saturated for linear order. Let {p; : i < ap) list the type; without
loss of generality it is closed under conjunctions. We expand the original model
to have a tree of finite sequences of formulas, and in it a downward closed sub-
tree of the sequences which are realized. In the ultrapower we choose t; in the
sub-tree, increasing with ¢ in the sub-tree sense, by induction on ¢ < «, ; this
t; is a possibly nonstandard member of this sub-tree which is consistent with
every truly finite subset of our type and includes ¢; for j < i. The cases of i a
successor or zero are straightforward. For a limit there are two steps, both of
which use the saturation of linear orders. First we find an upper bound d; in
the whole (nonstandard) tree in [17, VI, 2.7]; we translate the tree to a linear
order and use “no symmetric cut”. This is done by replacing the tree by a linear
order, replacing a member (node) of the tree by an interval. Second, below each
node s, the tree is a linear order. We choose by induction on j < ap a member
d; j above the ¢;,,71 < i and below the d; ;,,7; < j. For j = 0 we use d;, for j
successor we use an appropriate function, and for j limit we use that there is
no (¢f(i),cf(j))-cut in the ultrapower of the relevant linear order. So for each
formula of the type separately there is t, as required, and the initial segment
defined by (tg : a < a) has the other cofinality big enough to find ¢, good for
all formulas of the type. Here also we use that there are no asymmetric cuts.

To see the relation to Peano arithmetic, notice that this proof just says that
in some language expanding linear order, the types of the given theory may be
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coded in such a way that omission of a type corresponds to a cut in a linear
order; this coding argument does not rely on ultrapowers except insofar as
ultrapowers commute with reducts, and so may be carried out in any model of
Peano arithmetic (as well as in any ultrapower).

So from the maximality of linear order in < we could obtain a sufficient
condition for saturation of models of PA. It is therefore natural to hope that the
innovations of [9], which allowed for a substantial weakening of the sufficient
condition for maximality in Keisler’s order identified in [17, 2.6], will allow
for a parallel weakening of the sufficient condition for saturation of models of
(bounded) Peano arithmetic in Theorem 5.7 quoted above. By means of csps,
Theorem 5.8 carries this out.

One measure of how surprising it is to weaken “no cuts” to “no symmetric
cuts” is via negative results. For example, the reduction to symmetric cuts may
fail badly in algebraic contexts without sufficient arithmetic structure, such as
real closed fields, as in the theorem quoted at the end of this section. As another
example, in §4 of [25] it is shown that when generalizing to reduced powers (and
atomic saturation), on the one hand it is true that no cuts imply saturation, but
on the other hand it is false that no symmetric cuts imply saturation, i.e., there
is a counter-example. A different measure of this distance between ‘no cuts’ and
‘no symmetric cuts’ can be seen in problems around the characterization of good
regular ultrafilters as those whose “first cut in the cut spectrum is symmetric,”
such as in the forthcoming open problems paper [12].

Observation 5.1: For M a model of linear order (<) and uncountable A\, M is
l-atomically A-saturated iff 61 + 62 > A whenever M has a cut of cofinality
(01,02) and 01 + 03 > Ry (equivalently, > 2, since we may have a (1, 1)-cut).

7

Usually, we can omit the “l-atomically,” as, e.g., in the order reduct of a model

of PA or in Th(Q, <).

In Observation 5.1, note that if we use < y, then min{6,, 602} > X, but then
an (61, 1)-cut does not give incompactness.

The present results are an improvement in two respects. First, we can restrict
to the case #; = 65, i.e., symmetric cuts. Second, our results are for bounded
Peano arithmetic, not just PA.

Definition 5.2: Call N a candidate model when N is a model of bounded
Peano arithmetic (with no last element) which is reasonable, i.e., such that for



Vol. 220, 2017 COFINALITY SPECTRUM PROBLEMS 971

any a € N there is a nonstandard d such that a? exists. We call s a candidate
c.s.p. when s = s3[N] for a reasonable N.

To connect to saturation, we bring in a definition from [9].

Definition 5.3 ([9] Definition 4.1): Let s be a cofinality spectrum problem and
A a regular cardinal. Let p = p(xq,...,2n—1) be a consistent partial type with
parameters in M;". We say that p is a Or-type over M, if: p is a consistent
partial type in M;" and for some ay,...,a,_; € Or(s), we have that

pkE /\ “x; € Xa,”

i<n

and p is finitely satisfiable in Xa, X --- X Xa, ,. We say simply that M;" is
A-Or-saturated if every Or-type over M, over a set of size < ) is realized in
M. Finally, we say that s is A-Or-saturated if M;" is.

CrLAaM 5.4 ([9] Theorem 4.1): Let s be a cofinality spectrum problem. If
k < min{ps, ts} then s is k*-Or-saturated.

Remark 5.5: Since by our definition any a € Or(s) has a maximum element,
Or-saturation does not a priori guarantee that the cofinality of the model is
large.

Observation 5.6: For a model N of PA, the following are equivalent:

(1) N is A-saturated.
(2) cf(N) > X and N is boundedly A-saturated, that is, N [< a is A-
saturated for every a € N.

Proof. Tt suffices to prove (2) implies (1). Given a type p(z) of cardinality < A,
write p(x) = {@i(x,a;) : i < A\}. Since c¢f(N) > X there is some a, € N such
that p(z) U {z < a.} is finitely satisfiable. Let b, = 2%*. Now for each ¢ there
are ¢; < b, and ¢f(x,y,bs) which is b.-bounded [meaning that all quantifiers
are of the form (3z < b,) or (Vz < by)] and N | (Vo) (@i (z,a:) = ¢l (x, ¢, by)).
Let p”(z) = {¢i(x,ci,be) ANx < ax : ¢ < A}. This is a finitely satisfiable
type in N [<p,. Its realization implies realization of p, and it is realized by
hypothesis (2).
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THEOREM 5.7: Let N be a model of Peano arithmetic and A an uncountable
cardinal. If the reduct of N to the language of order has cofinality > A and no
(K, k)-cuts for k < A, then N is A-saturated.

Proof. We may assume N is a nonstandard model. Hence it follows that IV is
reasonable in the sense 0of 4.3, i.e., a € N implies that {a™: n a standard integer}
is a bounded subset of N. (If not, cf(N) < A.)

Assume cf(N) > A. Let s = s3(N) be from 4.3. By Conclusion 4.11, s
is a c.s.p. with exponentiation. Thus Theorem 3.11 applies and ps = ts. By
Claim 5.4 and Observation 5.6, s is min{ps, ts, cf(N, <) }-saturated. If ts > A,
we finish, so assume that ts < A. By Theorem 3.11, there is a € Or(s) whose X,
contains a (ts, ts)-cut. Recall from Definition 4.3 that since s = s3(N), for each
a € Or(s), (Xa,<a) is internally order-isomorphic to an initial segment of N
with the usual order. Then N has a (ts, ts)-cut, which completes the proof.

THEOREM 5.8: Let N be a model of BPA which is reasonable, i.e., for every
a € N the set {a™ : n € N finite} is bounded. Then the following are equivalent:

(1) For every n, €N, the model No,,, =N [{a: N =a<n.} Is A\-saturated.
(2) For every n, € N, the model N<,,, considered as a linear order has no
(k, k)-cuts for k = cf(k) < A.

Proof. (1) implies (2) is obvious, so assume (2) holds. Let s = s3(N) be from
4.3. Then by 4.11, s is a cofinality spectrum problem with exponentiation, and
Ps = ts.

Let K = ps = ts, so k is regular. By 3.10, some a € Or(s) has a (k, x)-cut.
By the definition of s3(/N), any X, is internally order-isomorphic to a bounded
initial segment of IV with the usual order. Thus, some bounded initial segment
of N has a (k, k)-cut. As we’ve assumed (2), it must be that A < k = pg = ts.

Let n, € N be given. As we assumed N is reasonable, there is a nonstandard
d. such that N = “n,? exists”. Recalling 4.3(2), there is a nontrivial a € Or(s)
such that (Xa, <) is isomorphic to an initial segment of N, containing [0, 1.,
with the usual order. Thus, to prove (1), it will suffice to show that every
a € Or(s) is y"-Or-saturated for every v < A. By 5.4, if v < min{ps, ts} then s
is yT-Or-saturated. Since A < pg = tg, this completes the proof.

Note that Theorems 5.7 and 5.8 show that the situation in models of Peano
arithmetic is very different from that in real closed fields, as shown by the next
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quoted theorem. By “asymmetric cut” we mean a cut in which the infinite
cofinalities of each side are not equal.

THEOREM D (Theorem 1.1 of Shelah [22]): Let K be an arbitrary ordered field.
Then there is a symmetrically complete® real closed field K+ containing K such
that any asymmetric cut of K is not filled. So if K is not embeddable into R,
then K and K necessarily have an asymmetric cut.

6. On the local cardinals ps , and {5

Returning to CSPs generally, in this section we prove Theorem 6.3, a comple-
mentary result to Theorem 3.11. The theorem shows that the local cardinals
Ps,a and ts 5 from Definition 6.1 need not normally agree, even in CSPs arising
from models of Peano arithmetic, if the underlying M;" is not uniformly satur-
ated.

Definition 6.1: Let s be a CSP or weak CSP, and a € Or(s).
(1) Let psa be
min{x :there are regular k1, ko such that k1 + ko = &
and X, has a (k1, ka)-cut}.
(2) Let ts o be
min{k :x > Vg and there is in the tree T,

a strictly increasing sequence of cofinality k£ with no upper bound}.
We need a preliminary lemma.

LEMMA 6.2: Let s be a cofinality spectrum problem, a € Or(s). Suppose
(Ss, <s.) has a (k, k)-cut, for k < ts. Then either X, has an (k, k)-cut or else
Ta has a branch of cofinality x with no upper bound.

Proof. Let

(a,b) = ({(ai, t;) 1 i < k), {(bi, 83) : 1 < K))
witness the cut in S,, with a;,b; € Ta and t;,s; € {0a, 1a} for each i < k. By
definition of cut, we may assume « is regular.

STEP 1: Simplifying the presentation of intervals.

9 This means that any decreasing sequence of closed bounded intervals, of any ordinal
length, has nonempty intersection.
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By the pigeonhole principle, we may assume the sequences (t; : i < k) and
(s; : i < k) are constant. For each ¢ < r, write A; for the closed interval in
the linear order S, whose endpoints are given by (a4, t;) and (a4, |t; — 1|), and
likewise for B;. By the construction of S,, any two intervals of this form are
either concentric or disjoint.

Let A=(A;:i<k)and B=(B;:i<k).

The task of this step will be to prove that without loss of generality, A consists
of either pairwise concentric or pairwise disjoint intervals, and likewise for B.
Here “concentric” means either concentric decreasing: j <i <k = C; 2 C;
[for C' = A or B] or concentric increasing: j <i <k = C; 2 Cj.

If k = N, then by Ramsey’s theorem,©

we may assume that A consists either
of concentric intervals or disjoint intervals moving right, meaning j < @ < &
implies A; N A; =0 and (Vz € A;)(Vy € A;)(z < y). Likewise, we may assume
that B consists either of concentric intervals or of disjoint intervals moving left,
meaning j < ¢ <  implies B; N B; =0 and (Vz € B;)(Vy € B;)(y < z).

If Kk > Vg, let a A b denote the maximal common initial segment of a,b € T,.
For this argument, we use ¢ to denote either a or b. For each ¢, the sequence
(lga(ci Aej) : j € [i,k)) is a sequence of elements of Y, C X, [recall Definition
2.7] bounded by lg,(¢;). Thus, for some club E; of x with min E; > i, we
have that ¢; := (Ig,(c; Acj) : j € E;) is either constant or <,-decreasing. Let
S C k be a stationary set of ¢ on which we get the same outcome (either always
constant or always decreasing).

Let E = (){e < & : € a limit ordinal and € €
There are several cases:

E;}, so E is a club of k.

i<e

(1) First case: for all i € S, /; is constant.
(a) If i € S, j € E; implies ¢; A ¢; = ¢;, then (¢; : ¢ € SNE) is
a <r,-increasing sequence so we are in the concentric decreasing
case.
(b) Ifi € S, j € E; implies lg,(c; Acj) < 1g(c;), then by Fodor’s lemma
there is 7 € k and a stationary subset X of x such that ¢ € X and
j € E; implies 1g,(¢; A ¢j) = 7, so we are in the pairwise disjoint

case.

10 This also holds if & is weakly compact.
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(2) Second case: for all i € S, {; is <a-decreasing. (Remember that the
branches of 7, are internally pseudofinite, but not necessarily well-
ordered from an external point of view.) Let X = SN E. Then
(¢i i € X) is a <y -decreasing sequence, so we are in the concent-

ric increasing case.

STEP 2: The concentric cases.

Suppose both A and B are concentric. Then (a; : i < k) and (b; : i < k) are
both <-linearly ordered sequences in T,. There are four cases depending on
whether each of these sequences is <4-increasing or decreasing.

(a) Suppose both (a; : i < k) and (b; : i < k) are <a-increasing. If they lie
along eventually different branches, the original sequence (a,b) could describe
only a pre-cut and not a cut according to the definition of S,, so we get a
contradiction. If they lie along the same branch, then it must be that 7, has a
branch of cofinality x, as desired.

(b) If {a; : i < K) is <a-increasing while (b; : i < k) is <a-decreasing, these
form a cut (x) in the linearly ordered set

({c € Ta: cabp},<).

Then the projections ((Ig(a;) : ¢ < k), (Ig(b;) : j < k) form a pre-cut (*x) in
Xa. If this pre-cut (xx) were realized, say by ¢, then by | ¢ realizes the cut (x),
contradiction. This shows that X, has a (k, k)-cut.

(¢) If {a; : i < k) and (b; : i < k) are both <7, -decreasing, the original
sequence (a,b) will not describe a cut, so we ignore this case.

(d) If (b; : i < K) is <y -increasing while {(a; : i < k) is <7,-decreasing, the
argument is parallel to case (b).
STEP 3: Not both concentric.

Again, there are several possibilities.

Suppose first that neither A nor B is concentric, so A is a sequence of disjoint
intervals moving right and B is a sequence of disjoint intervals moving left.

Consider the sequence (¢; : i < k) where ¢; := lub{a;, b;} in the tree T,. By
definition of a and b, this sequence will be either eventually constant or a path
through the tree 7.

If the sequence is a path through the tree, then {(¢;,0) : ¢ < k) is cofinal in
a and {(¢;,1) : i < k) is cofinal in b. So the path {(¢; : i < k) cannot have an
upper bound, as given any such upper bound d., by definition of (S, <s,), we
would have that (d.,0) and (d, 1) both realize the original cut, contradiction.
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So in this case, there is a path through 7, of length x with no upper bound.

If the sequence is eventually constant, then there is i, < x such that all
{a;,b; : i, < i < K} are immediate successors of the same node, say a., in Ta.
So lg(as) < da. By definition of the order (Sa, <s,) and the case we are in, this
means

({a;i(lg(ai) — 1) s ix < i < k), (bi(lg(hi) — 1) 1 ix <@ < K))

is a pre-cut in X,. Suppose for a contradiction it were realized by zx; then
¢r = as"(z) would exist since Ig(a.) < da. Then in (Sa,<s,), (c+,0) and
(cx, 1) would both realize the original cut (a,b), contradiction.

So in this case, X, has a (k, k)-cut.

Otherwise, precisely one of A, B is not concentric. The cases are parallel, so
assume the non-concentric side is B. Define d; for i < k by d; := lub{b;,bp} in
the tree T,. Writing C; for the interval ((¢;,0), (¢;, 1)) and D; for the interval
((di,0),(di, 1)) in Sa, we have that both (C; : i < k) and (D; : i < k) are
concentric sequences of intervals with D; C C; for all ¢ >> j.

This reduces the problem to Step 2.

STEP 4: Finish.

We have shown that in each case either X, has a (k, k)-cut or else T, has a
strictly increasing path of length x with no upper bound, so this completes the
proof.

THEOREM 6.3: Let k be a regular uncountable cardinal.

(1) Suppose we are given M a model of PA which is k-saturated, and
asx € M nonstandard. Then we can find a countable set X C M such
that letting N be the Skolem hull of {a € M : M = a < a,} UX, we
have that the reduct (N, <) to the language of order has an (Ro, Rg)-cut.

(2) There is a cofinality spectrum problem s with M§ = N and a € Or(s)
such that

ts,a < Ps,a;

in fact, ts o = R while ps 2 > K.
(3) If, in the conditions above, we have just that M = BPA and for some
r+« < ax nonstandard M = “a,™ exists”, this is enough.

Proof. First we prove (1). Let A= M | a,.
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Let (F, : n < w) list the Skolem functions of M, each appearing infinitely
often (for transparency). Let k,, be the arity of F,,, and without loss of generality
k, <n.

Let p be the type in the variables z, ; (i < w), y; (i < w) and parameter a,
expressing:

(a) 2z < a, is nonstandard,
(b) zp = ax,
(©) 1o = (a.)7,
(d) m <n <wimplies ax = 2o < Ty < T < Yn < Ym < Yo,
(e) letting B, = {Fy(eo,..-,€k,-1) : e¢ € AU{ze,ye : £ < n}}, we have
that By, N (2, yn) = 0.

Let us check that p is consistent. By the k-saturation of M, this will suffice
to show it is realized.

Fix n < w and consider a finite fragment of p | z,x¢,...,Zn,Y0,---,Yn. Let
¢ be the maximal exponent appearing in conditions of the form (e). We are
looking for 7, aq, ..., an,bo, ..., b, such that

e r is nonstandard, or simply above some given natural number,
e a,=ag< < ap<b, < - <by=(ax)",
e m < n implies By, N (am, bm) = 0.

For each n, the set B, is definable in M (since it only involves one function

F,, of arity k) and of power ¢,,, where

cn & (|A] + 2n)F < a1
Let By (w,vg, ..., Un, 00, ...,v,) denote the set
{Fn(€0,... ep,—1): €0 <wVer € {vo,...,00,0p,...,0,}}
which will likewise have size < wk» - (2n + 2)k» < whn+1. Let
O (W, 00, oy Upy VY v VL)
assert that
(Vt)(3s < 2P 1. 1)(3aTb)(a < b< s Ab—a >t A(a,b) N B,(x) = ).

Then clearly for all m < n, M = YwVoVe' g, (w, 7, 7"), recalling that &, is fixed
so the exponential notation abbreviates multiplication.
Choosing r such that

(k0+2)(k1+2)(kn+2)§r<a*
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and
by = bo = (a*)’“

we may then choose a1, b1,...,ay, b, by induction on ¢ < n such that:

o k<l = ap <ap<b <bg,

d (aOabO) = (a*a (a*)r)’

e by —ap> (a*)n'(""’_l_é).

For ¢ + 1, we have
by — ap > (a*)(n+2)(n+17€)

and B(a,ao, . ..,asbo, ...,be) is internally a set with < (a.)**+ < (@)t <
(a)"2 elements, so there is room.

This completes the verification that p is consistent, therefore (by saturation)
realized. For the remainder of the proof, fix realizations r, a;(i < w), b;(i < w)
of the type p.

[With a little more care, using (a, )% (%+1=8 for ¢ < w, we could alternately
have chosen the entire countable sequence by induction, avoiding the appeal to
the type and Nj-saturation.]

Let N be the Skolem hull of M | a. U {an,b, : n < w}, so N = PA. Let
s = s{[N] be the canonical CSP from Definition 4.3. Then:

(a) N <M.

(b) M<q4, = N<a, so (N, <) is saturated below a. by definition of M.

(¢) ({an :m < w),(by : n <w))is an (R, Rg)-cut, because by construction
the Skolem functions do not fill it.

(d) Thus, if ais such that Xa = M<,, = N<,., and, say, da = max X,, then
Ps,a > K, whereas if b is such that Xy, = N<;,, and, say, d, = max Xp,
then psp = No.

This completes the proof of (1). We continue the argument to prove (2). (3)
will follow from the proof.

Let a be such that X, = N<,,. Recalling the small nonstandard exponent r,
let d, = r+1 and consider the definable subtree 7 C 7T, consisting of sequences
of length < d, of numbers < a,; T has cardinality al [the tree T, will be at
least as large].

Recalling that N |= PA, s is closed under strong exponentiation, so there is
an injection from S, into some X,. Composing with the Godel pairing function
if needed, we may assume there is a definable injection of S, (as a set) into some
Xp € N. Applying Conclusion 8.4, we obtain a definable order-isomorphism
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between (Sa, <s,) onto an initial segment of M;" = N. Since T is the set of
all sequences from X, to itself of length < d, = a. >> r, the cardinality of T
is > a." = by, so its image must contain the (Ng, Rg)-cut. Because X} has an
(Ng, Ng)-cut, necessarily (S, <s) has such a cut.

By Lemma 6.2, either X, has an (Rg,Rg)-cut or else T, has a branch of
cofinality Ny with no upper bound. Since X, is k-saturated by assumption, we
must be in the second case. This shows that ts 4 = Np. On the other hand,
Ps,.a > Kk, by the hypothesis of saturation.

Thus, the local cardinals ps 5 and ts » need not be equal, even in well behaved
cofinality spectrum problems, if the model M;" is not uniformly saturated.

7. Characterizing the <*-maximal class

In this section we give the first real evidence that SOP; is a dividing line by
proving that, under instances of GCH, SOP;, characterizes maximality in the
interpretability order <* which will be defined below. The proof uses cofinality
spectrum problems. This answers an open question and also gives evidence for

a recent conjecture, as we now explain. The use of GCH comes only from Fact
7.2 below. Recall:

Definition 7.1 (SOPs, cf. [26] 1.5): T has SOP, if there is a formula ¢(z,y)
which does, meaning that in €7 there are parameters (a, : n€“>2), £(a,)=£(y),
such that:

(1) For each n € “2, the set {¢(x,ane) : ¢ < w} is consistent.
(2) For any two incomparable n,v € “~2, the set {¢(x,a,),¢(z,a,)} is

inconsistent.

Shelah in [19] had defined an order on theories, a natural weakening of
Keisler’s order: Tj <, T, which holds, roughly speaking, if there is a third
theory T, which interprets both 77 and 75 and whose models M, have the
property that if the reduct to 7(T%) is saturated, so is the reduct to 7(717).
[See Definition 7.7 below.] This was studied and developed more extensively
by Dzamonja—Shelah [1] and Shelah—Usvyatsov [26]. In the Shelah-Usvyatsov
paper, building on work of Dzamonja and Shelah, it was shown that:
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Fact 7.2 (Shelah and Usvyatsov [26] 3.15(2), under GCH!!): If T is NSOP,
then T is necessarily non-maximal in <*.

In Shelah and Usvyatsov [26] and Dzamonja and Shelah [1] it was asked:

Question 7.3 (Question 1.8 of [26]): Does <*-maximality characterize either
SOP; or SOP,, maybe both?

Question 7.4 ([1] Question 3.1): Does SOP, imply <*-maximality?

Here we settle the question under GCH, giving a positive answer: it char-
acterizes SOP,. (Note that the use of GCH is only in the quoted result 7.2,
constituting the known half of the characterization, and not in the present half
of the argument. Thus, eliminating GCH from the characterization would in-
volve re-proving 7.2 without the set theoretic hypotheses.) Now let us explain
the connection to Keisler’s order which motivates this work and our solution.
SOP;, is a property which is not yet well understood and was not known, prior
to the present paper, to be a dividing line. Recently, however, we proved the
following theorem:

THEOREM E (Malliaris and Shelah [9] Theorem 11.11): Any theory with SOP,

is maximal in Keisler’s order.

We conjecture there that SOP, characterizes the maximum Keisler class. In
the current section, we give strong evidence for this conjecture by proving the
result for the order <*, which refines Keisler’s order.

We now state the main result of this section: we prove that 7" is <*-maximal if
and only if it has SOP, (Theorem 7.13 below). In light of Fact 7.2, it suffices to
prove that any theory with SOP; is <*-maximal. Since <* refines Keisler’s order,
even though it is not known whether it is a strict refinement, it is not sufficient to
quote Theorem E; rather, we use the technology of cofinality spectrum problems
developed for the proof of Theorem E.

Given this result, it is natural to try to say more about the dividing line at
SOP,, which we do in §9.

Convention 7.5: Throughout this section T' denotes a complete countable first-
order theory.

11 This hypothesis is missing from the statement in [26], but that proof quotes [1] 3.2, which
assumes relevant instances of GCH.
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We now review the “interpretability order” <*, introduced in Shelah [19]
Definition 2.10 as a natural weakening of Keisler’s order. We first need a defin-
ition of “interpretation.”

Definition 7.6 (Interpretations, cf. [1] 1.1): Let Ty and T be complete first-order
theories. Suppose that

¢ = (pr(zr) : R a predicate or function symbol of 7(Tp), or =)

is such that each ¢g(z,) € 7(T%).

(1) For any model M, = T., we define the model N = M, [¥] as follows:
e N is a 7(Tp)-structure
e dom(N) ={a: M, E p=(a,a)} C M,,
e for each predicate symbol R of 7(Tp), RN = {a : M. |= ¢rla]},
e for each function symbol f of 7(Tp) and each b € N, N|=“f(a)=b"
iff M, = ¢f(a,b), and M, = “p¢(a,b) Apsla,c) = b=1c".
Note that by the last clause, we may restrict to vocabularies with only
predicate symbols.
(2) Say that ¢ is an interpretation of T in T, if:
e cach pr(x,) € 7(T),
e for any model M, = T, we have that M, [#] E To.
(3) If there exists ¢ which is an interpretation of Ty in Tk, say simply that
“Ty interprets Ty.”

Definition 7.7 (The interpretability order <*, cf. [1] 1.2):

(1) Let Ty, Th be complete first-order theories and A an infinite regular
cardinal. We say that Ty < 71 if there exists a theory T, such that:
(a) T interprets Ty, witnessed by ¢g, and T7, witnessed by @1, where
“interprets” is in the sense of 7.6.
(b) For every model M, |= Ty, if M, [e1] 4g A-saturated, then M, %0l ig
A-saturated.
(2) We say that Ty <* T3 if Ty <} Ty for all large enough regular .

Discussion 7.8: Definition 7.7 is stated for regular cardinals, but it also makes
sense for singular cardinals.
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As ultrapowers commute with reducts and the choice of index models is ir-
relevant!? clearly <*-equivalence refines <-equivalence [equivalence in Keisler’s
order]. A priori, one would expect that <* is much weaker but this is not known
to be the case. In fact, the known Keisler classes (i.e., of stable theories) coincide
with those for <* by [19] 2.11.

We will use a result parallel to that familiar from Keisler’s order:

Fact 7.9 (Shelah [19] Observation 2.11 p. 249): Any theory with the strict order

property is <*-maximal [i.e., -maximum].

CLAIM 7.10: Let s be a c.s.p. so ps = ts. Suppose a € Or(s) has a (i, ts)-cut.
Then T, witnesses treetops.

Proof. (Included for completeness, this argument simply adapts the proof of [9]
Lemma 6.1, which proved that in this case Taxa Witnesses treetops, to show
that T, witnesses treetops.) Choose a sequence ((aq : a < ts), (by : @ < t5))
witnessing the cut. By induction on a < ts = ps let us choose a path through
Ta satisfying the following:

e for each a, c, belongs'® to the definable subtree of 7, consisting of
elements x such that: for each n < maxdom(z), xz(n) codes a pair
[i.e., is of the form (a + b)? + a for elements a <, b € Xal, and if
m < n < maxdom(z) and z(m) = (a1,b1) and x(n) = (az,bs) then
a1 <a G <a< by <5< b1.

o f<a = cgdca.

e For each a, n, := maxdom(cy).

e For each «, co(ng) = (aa, ba)-

The construction of this tree follows the template of [9]. At successor steps, we
concatenate. At limit steps a0 < t5, we first choose an upper bound c, for the
sequence built so far, by definition of ts. Let n. = maxdom(c,). Then since
X, is pseudofinite, the nonempty, bounded set

{n < n.:ce(n) ={a,b) and a <, a, and b, <a b}

12 Keisler [5] proved that if D is a regular ultrafilter on A\ and M = N in a countable
language then M?* /D is At-saturated iff N*/D is AT-saturated.

13 Alternately, rather than asking that c, code a pair, ask that if 1 < t2 < t3 are successive
elements of Ig(cq ), then either ca(t1) < ca(t3) < ca(t2) or else cq(t2) < ca(t3) < calti).
Then at limit steps, the condition is that the interval defined by (c«(n),ca(n + 1))
includes aq.
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has a maximal element n.,. Then let
Caq = Cx [n**,\<aav ba>'

Having completed the construction of the sequence, notice that it is unboun-
ded in T,, because if it were to have an upper bound c,, then either of the
elements in the pair coded by ¢, (maxdom(c,)) would realize our original cut,
contradiction. This completes the proof.

We will use one further fact about trees in CSPs, which explains that Tr(s)
is quite robust.

Fact 7.11 ([9] Claim 2.14): If (7,<a) is a definable subtree of (7Ta,<a) and
(cq 1 @ < K) 18 a <p-increasing sequence of elements of 7T, then (¢, : @ < K)
has an upper bound in 7T if and only if it has an upper bound in 7.

In the language of Definition 3.4, Fact 7.11 shows that if 77 is a definable
subtree of Ty, T, witnesses treetops and there is an infinite increasing sequence
in 77 with no upper bound, then 7’ witnesses treetops. But there may not be
such a sequence, as, e.g., in the trivial case when 7" consists just of the root.

LEMMA 7.12: Let Ty be any theory with SOP,. Then T} is maximal in <*.

Proof. Let Ty be the theory Th(w+w*) of an infinite discrete linear order with
a first and last element. As just explained, it will suffice to show that there is
a theory T, with the following properties:

For any M, |= Tk,
e there exists an interpretation of 17 in M., denoted M, [951],
e there exists an interpretation of Ty in M., denoted M, [“5“],
e for any infinite regular cardinal A\, if M, [ea] is A-saturated
then M, ?°) is \-saturated.

We build the theory T in several steps. Let ¢(z,y) be a formula of 77 which
has SOP;. Let n, = {(y); here and elsewhere, we may omit overlines. Without
loss of generality, 7(71) has only predicates. To begin, fix:

e A model M; |= T, and a set of parameters (a, : 7 € “”w) witnessing
SOP, for ¢. [Recall that by compactness, we may assume our tree
witnessing SOP; is infinitely branching, with paths consistent and in-
comparable nodes inconsistent.|
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o A model My = (H(XN1), €). Without loss of generality, the domains of
M; and Ms are disjoint, and the relation € does not appear in 7(My).

Let M be the model which is the disjoint union of M; and Ms, expanded by
the additional relations and functions {N, P, F'} as follows and no additional
structure. (Without loss of generality, these symbols do not occur in 7(Mj) or
7(Ma).)

o NM names w in Mo.

o PM names {a, : n € ">n} C dom(M;).

o FM ig g unary function with domain “>w C Ms and range PM C My,

such that FM(n) = a,,.

For each n < w, let M,, be the model M expanded further by the constant c
where ¢cM» =n € w= NM = NM»_ Let D be a nonprincipal ultrafilter on w.
Let N, =[], M/D and let T, = Th(N,). This completes the construction
of T, the theory of the ultraproduct as just defined. Note that

7(T.) = 7(N.) = 7(My) UT(M2) U{N, P, F, c}.

In any model M of T, the constant ¢™ is a nonstandard element of N i.e.,
of the (nonstandard) copy of w.

In addition to T, and N, as just defined, let M, be an arbitrary but fixed
model of T, which satisfies: M, [T(Tl) is A-saturated. Note that T} interprets Ty
and 77, that is, there exist ¢, ¢; witnessing 7.6. This is because M. [ (1) ET
by construction, while

Nog:=NM 1 M = ({ae M, : M, |=acc},e™) =T

To analyze saturation, we define a cofinality spectrum problem as follows.
First, let Oro(s) be the smallest set containing the set of all finite nonempty
initial segments of N~ in each case letting da = max X,. [We may use any
non-empty order in H(Xo).] For each a,b € Or’(s), let a x b be the definable,
pseudofinite linear order on X, X Xy, given by the Godel pairing function, and
let daxb = (da, dp). Let Or(s) be the closure as just described of Or’(s) under
Cartesian product, as well as initial segment. [If b is an initial segment of a,
define dp = min{max Xy, d,}.]

Suppose for a moment that M, = N,, i.e., suppose we are really in the case
of the ultrapower. Then for each a € Or(s), @, is a formula ¢(x,y, z) over the
empty set. Because we are in N, for each suitable parameter a, the set p(z, z, @)
is contained in the ultraproduct of finite sets. Let ¢(w, z) be such that for each
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suitable a € “*) M, [though by construction, we can restrict to the case where
a C NMn] we have that T, = {n: M = 1(n,a)} is the set of finite sequences of
members of the finite set X, 3 = {b: M = ¢(b,b,a)} of length < max X, 5. Let
a={(n,v):n,v € T,s and n is an initial segment of v}. These are definable
in M, by the choice of its theory. The length and evaluation functions lg
and val can be defined likewise. By Los’ theorem, these formulas will define
the appropriate trees in the ultrapower. Thus, we get a cofinality spectrum
problem. Moreover, for each given @,, each @ of length ¢(z), and each t < w,
we have that in each index model, the tree 7 = 7T, 5] is finite, so its flattening
(S,<s) [in the sense of 3.2 above] can be injectively mapped into N™=. That
is, M,, = “there exists an injective order-preserving map of (S, <s) into N”.
As the flattening is uniformly definable from v, and we are in a model with
sufficient set theory, such an injection exists also in the ultrapower and so s has
(strong) exponentiation.

Returning to the case of arbitrary M, = N,, as we are in a model with suffi-
cient set theory, note that the existence of such associated trees and injections
are elementary properties of each given ¢ and . Thus, also in this more general
case, s is a cofinality spectrum problem with exponentiation.

Having defined s, we now prove that ts > A. First we verify that it is suffi-
cient to look at one-dimensional trees, i.e., that treetops are witnessed by some
Ta where Xo € NM-. By Theorem 3.11, there is a (ts, ts)-cut in some X,
a € Or(s). If X, is one-dimensional, then by Claim 7.10, we finish. If not, X,
is contained in some finite Cartesian power of N™=. Let f : Xo — NM~ be a
definable injection, given by applying the Godel pairing function finitely many
times. By the definition of s, this is an order-preserving map. (This appeal
to the definition is not necessary: we could simply use that such a map is an
injection of sets, so by Conclusion 8.4 of the next section, there is an injective
order-preserving map into some one-dimensional Xy,.) Necessarily Xy, will have
a (ts, ts)-cut, so again by Claim 7.10, we finish.

So to show tg > ), it will suffice to show that for any one-dimensional a,
and any k < A, any k-indexed strictly increasing sequence (1, : @ < k) in T
has an upper bound. Recall the constant ¢ from the signature of N, and M,.
Since M, = N,, any one-dimensional X, is contained in a nonstandard initial
segment, i.e., for some m, NM= = “c < m and X, C M, | m”. By Fact 7.11,
without loss of generality X, is the full initial segment below m and 7T, is the
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full tree ™>m. In (H(Xo), €)™+ we define To = ("™>m, <) and let

Py, m) == (3n € Ta)(F(n) = y))
define the subset of PM+ corresponding to the image F/(7,). Now if

N={Na:a<kK)

is increasing in T,, then recalling the SO Ps-formula ¢ from the beginning of
the proof,

bn = {‘P(‘T’F(na)) ta< K}
is a consistent partial type!® in M, | 7(T1). By the assumption of A\-saturation
in that signature, some d € M, realizes p, hence

{n € Ta:old, F(n)}

is a subset of a branch of T, by definition of SOP, and of F', and is definable
in M,. Then the set

{a€Xa:a<daA(@AN)(n € TaNpld, F(n)] Aa € dom(n))}

of lengths of such elements is a definable, nonempty, bounded subset of X,, so
contains a greatest element a.. Any n along the distinguished branch whose
domain contains a, will be an upper bound for n. This completes the proof
that ts > .

Recall that we had set Ny := N« | ¢M+ as the domain for our interpretation
of Ty in M,. Since s is a CSP with exponentiation, ps = ts = A by Theorem
3.11. By definition of pg, there are no (K1, K2)-cuts in any X,, for a € Or(s)
and K1, ke < ts. This in particular is true for a with X, = {a : M. Ea < ¢}
and d = max X,. In fact, for arbitrarily large a € N+ Or(s) contains a such
that Xa O N [<g, in which, therefore, we have no (k1, k2)-cuts.

Finally, let us prove that M, [%], i.e., the 7g-submodel whose domain is Ny,
is A-saturated. We know that for models of T, every formula is a Boolean
combination of the formulas x = y, = < y, and pi(z,2) = (F*y)(z < y < 2).
Thus No = Tp is A-saturated iff every cut (Cy,Cs) of Ng € N+ of cofinality
(K1, ko) is filled, where k1, ko are regular and k1 + k2 < A. This was proved in
the previous paragraph.

This completes the proof.

14 The fact that comparability of elements in the domain of F' is reflected in the consistency

of their images will carry over from the models M, to N. by Los’ theorem and from
there to M, by elementary equivalence.
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THEOREM 7.13 (GCH): T is <*-maximal if and only if it has SOPs.

Proof. By Fact 7.2 (which assumes relevant instances of GCH) and Lemma
7.12.

8. Useful tools and additional definitions

Before turning to a structure theory for NSOP,, we prove several additional
facts about CSPs: Claim 8.3 and Conclusion 8.4, which show that from a suit-
able bijection of sets, we can recover an order-isomorphism. It follows that the
assumption that the order on all pairs was given by the Gdédel pairing function
in the CSP constructed in Lemma 7.12 could be weakened, as mentioned in that
proof. Tying up loose ends, we show that one of the main consequences of 2.1(6)
can be recovered in weak hereditary CSPs, Claim 8.5, and discuss the barrier
to fully recovering [9] for such CSPs in 8.6. Finally, we include a definition of
“strong” CSPs, natural when the underlying model M;" is totally ordered.

Definition 8.1: Let b € Or(s). We say that Z C Xy, is small in X}, if:

(a) there is some definable V, Z C V C Xy, such that M;" = “there does
not exist x € Tp, such that x is a bijection from Xy, into V7,
(b) if Z # 0, then max(Z) < dp,.

When Z C Xy, is small in X3 and is an initial segment, we call it a small
initial segment.

Remark 8.2: Condition 8.1(b) allows for concatenation.

CLAM 8.3: Suppose we are given a weak cofinality spectrum problem s,
b € Or(s), h € M;", (W, <w) a definable and pseudofinite linear order, and Z
a small initial segment of Yy, such that:

Mt |= “h is a partial bijection with W C dom(h), range(h) C Z”.

Then (W, <w) is internally order-isomorphic to an initial segment of Yy,.

Proof. Let (W*, <y +) denote the definable set h(W) C X}, with the definable
linear order given by z <y~ y <= h~'(z) <w h~!(y). This allows us to
identify (W*, <y +) definably with (W, <y ), and now we prove that (W*, <y~ )
is internally order-isomorphic to an initial segment of (Xp, <p).
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Let T be the definable subtree of Ty given by ¢(z), which says: “z € Tp
is a one-to-one order-preserving function from an initial segment of (Xp, <p)
onto an initial segment of (W*, <y«)”. Thus if a <y b are in dom(z) then
z(a) <w~ z(b).

First, note that the set F = {x € T : ¢(x)} is linearly ordered. This is
because any two elements z,z’ € 7 must agree on the first element of their
domain; and if neither of x, z’ extends the other, then the set in their common
domain on which they agree is nonempty and definable. But if the last ele-
ment of this set is not maxdom(z), we get a contradiction since the order is
pseudofinite.

Consider the subset of Xy, given by

{a € Xy, : there is z such that ¢(x) and a € dom(x)}.

As this subset is nonempty and definable, by assumption it has a last element
ax € Xp. Let 2, € T be a function witnessing this, i.e., such that a. € dom(x.).
Necessarily z, = max F.

There are three cases.
CASE 1. The desired case: range(z.) = W*.
CASE 2. Not case 1, but dom(z,) = Xp. Then

M;" = “z, € Tp is an injection of X3, into Z”

contradicting Definition 8.1.
CASE 3. Not case 1 or 2, so dom(z,) € Xp and range(z,) C W*. By Defin-
ition 8.1 and the hypotheses of the Claim, “not case 2” implies lg(z,) < dp.
Writing S for successor, note that as the orders are pseudofinite, the function
2" (S(f(ax))) is well defined (meaning the function extending x. by the ad-
ditional condition S(a.) — S(f(a«)) is well defined). We may concatenate, so
this new function belongs to T, contradicting the choice of a..

As cases 2 and 3 are contradictory, we are necessarily in case 1, which com-
pletes the proof.

CONCLUSION 8.4: Suppose that s is a weak cofinality spectrum problem, and:

(1) N C M, is definable and linearly ordered.
(2) Arbitrarily large initial segments of N are orders for s; more precisely,
there is ¥ € A so that for any a € N there is a € Or(s) with

{beN:=b<a} C{be M, :=¢(bba)=Xa CN
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and a < dj.

(3) Cardinality of initial segments of N grows internally; more precisely,
letting = 0(w,y) define the tree associated to ¥(x1,x2,y), we have
that M1 s = “(Vyo € N)(3y1 € N)(there does not exist z € 6(w,y)
such that z is a bijection from ¢ (x,x,y1) into ¥ (z,x,yo))”.

Let (W,<w) be a definable, pseudofinite linear order in the model. If there
is an internal injection f of sets from W into some initial segment of N, then
for some b € Or(s) with Xy, C N there exists an internal order-isomorphism g
from (W, <w) onto an initial segment of Y.

Proof. By the hypothesis, we can find bg such that
Xb, 2 f(W) and dp, > max(f(W)).

Let 1(z) be the formula in A defining the pseudofinite linear order correspond-
ing to the initial segment below z, and let §(z) define its associated tree. Then
M s = “(32)(there does not exist x € §(z) such that z is a bijection from 1) (z)
into Xp,)”. Let ¢ be any such z. Again by hypothesis, there is b € Or(s) such
that Xp 2 {z: 2 < ¢} and dp > ¢. Now apply Claim 8.3.

CLAM 8.5: Ifs is a nontrivial weak c.s.p. and is hereditarily closed, then there
exist nontrivial a,a’ € Or(s) which together satisfy (xx) of 2.5.

Proof. Let b (so also Tp) be nontrivial. In section 5 of [9], we showed that for
any b € Or(s), it is possible to define addition, multiplication, and exponen-
tiation on any element of Or(s) (that is, to define relations on Xp which have
all the same properties as the graphs of these functions, except that they are
possibly not total). This does not require any assumptions on pairing. This is
done in the proof of [9] Lemma 5.3, essentially as follows. Addition is given by:

(er(SC,y,Z) =
(FneTo)(g(n) =y An(0)=z An(y—1)=2z A (Vi)(i<lg(n) = n(S(i)) =S (n(7)))-

[We omit the parameter ¢, for readability.] To obtain multiplication, ¢« (x,y, z),
substitute “(i < lg(n) == n(S(#)) = n(i) + z)” as necessary, and define
exponentation ez, (7,y,2) by substituting in the appropriate place
“i <lg(n) = n(S()) =n(i)xx),” i.e., requiring that the sequence increment
by a factor of x. These are graphs of partial functions, which need not be total.

¢

We can therefore define “x is a prime.” Let @4(x,y) assert that x is the yth
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prime by saying: y>0A(3n€To)(lg(n) =yAn(0)=2An(y—1)=zA(Vi)(i<lg(n)
= “n(S(4)) is the <p-least prime number strictly greater than 7(7)”)). Let
5(x,n,m) assert that x is divisible by the nth prime precisely m times, by
asserting the existence of n € Ty, of length m whose first element is x, whose
subsequent elements decrease by a factor of the nth prime and whose last ele-
ment has no more such factors. Let the formula pg(x,n) assert that x € Xy
is a Godel code for i by stating: “n # 0, n € Tp, > 2 and for all i < lg(n),
writing m = (), we have that z is divisible by the ith prime precisely m + 1
times”. Let 6(x) assert that

(Vy < 2)(32) o+ (2, y,2) A (Vy < 2)(F2)px (2,9, 2) A (VY < 2)(32)Peap (2, Y, 2)-
Let 9(y) be the formula

(Vo <y)0(z)A(VneTo)((lg(n) <yA(Vi<lg(n)(n(i) <y)) = (Fz)(ve(z,7)))

which asserts that Godel codes exist for all functions from Xy, [, to itself.
For our present case, apply this as follows. Recall that X3, is pseudofinite.
First step: Find nonstandard n, < dy so that the definable set Z of codes for
pairs of elements of [0, n.]p is contained in Yy. Second step: Find n.. € Xp,
N < Ny still nonstandard, so that X}, contains all codes for functions
from [0, n..|p to itself. Third step: Let m, be maximal <p n.. such that

(1M, M) < M,

so necessarily m, is nonstandard too. Let a; be such that Xa, = [0, n.]p and
da, = M.

Now define a so that X, = [0, m.]p and da = m.. What about the desired
tree T of functions from X, to X, x Xa7 Recalling that d,, = m., this tree
is naturally isomorphic to the definable sub-tree 7 C T,, whose elements are
functions whose range consists only of codes for pairs of elements each of which
are < m,. By construction, the codes for elements of 7,, and therefore for
elements of 7 form a definable subset of Xy,. Finally, let a’ = b.

This completes the proof.

Discussion 8.6: By a similar argument, in any weak CSP which is hereditarily
closed, for some nontrivial a € Or(s) we have available nontrivial elements
of Or(s) which can be thought of as canonically representing any given one
of the finite Cartesian powers a X --- X a with the desired ordering, e.g., one
derived from repeated applications of the Gédel pairing function. However, as
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noted in Discussion 2.5, we don’t a priori have Cartesian products of distinct
a,b € Or(s). This prevents us from obtaining the uniformity of functions such
as lef across all X, which was necessary for the main theorems of [9] to go
through.

Definition 8.7 (Strong CSPs): Call s a strong CSP, or lexicographic CSP if
the demands on Cartesian products from 2.1(5) are replaced by:'®
(1) if a,b € Or(s), then internally either |Ya| < |Yp| or |Yb| < |Yal,
(2) if a € Or(s) and d <, da, then there is b € Or(s) such that:
(a) Xp = Xa, <p=<a, dp =d,
(b) To =Ta [ {n: (I8a(n) < d) A (Vn < maxdom(n))(n(n) < d)},
(3) if a,b € Or(s) and h is a definable!® isomorphism from (Ya, <a) onto
(Yp, <p) then there is ¢ = a X b such that X, = X, x Xy, <c is the
lexicographic order, de = (da,0p), and 7¢ is naturally defined.

Observation 8.8: Any strong CSP is a weak CSP, and the hereditary closure of
a strong CSP is a strong CSP.

CLAIM 8.9: Ifs is a strong CSP which is hereditarily closed, then:

(a) s satisfies Property (xx) of Discussion 2.5.

(b) Moreover, for any nontrivial a, b € Or(s), there is a nontrivial ¢ € Or(s)
with either X = Xa X Yy, or Xe = Xp X Ya.

(¢) Suppose that for every a € Or(s) there is a’ € Or(s) such that X, is
internally isomorphic to a subset of X and das = max(Xa/). Then s
is closed under Cartesian products.

Proof. (1) By Claim 8.5 and Observation 8.8.

(2) Fix nontrivial a, b € Or(s). By condition 8.7(1), without loss of generality,
|Ya] < |Y»| witnessed by an internal partial isomorphism h. Since Condition
8.7(3) requires h to be surjective, let d = h(da) € Y. Since s is hereditarily
closed and d < dj, apply Observation 2.12 to find b” € Or(s) such that

Xbrr = Yb and dbrr =d.

Now h : Yo — Ypr is onto, so by condition 2.7(c) there is ¢ = a x b” with
Xe = Xa X Xpr = Xa X Yy and d. is nonstandard, thus c is nontrivial.

15 S0 here A is retained.
16 Not necessarily via A.
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(3) As dor = max(Xa), dpr = max(Xyp/), we have that Yor = Xor, Yoo = X/,
and the previous condition (2) shows that their Cartesian product exists. The
hypothesis of (3) allows us to find Cartesian products for any two elements of
Or(s) by first isomorphically embedding them in suitable larger elements a’, b/,
finding ¢’ = a’ x b’ and then applying hereditary closure.

9. Towards a structure theory for NSOP;,

In Section 7, we gave the first real evidence that the strong tree property SOP;
is a dividing line. Motivated by this result, we now look for the beginnings
of a structure theory for NSOP,. The key objects are so-called higher formu-
las, defined using ultrafilters. The main results are first, Theorem 9.21, which
characterizes NSOP, in terms of few higher formulas; second, the Symmetry
Lemma 9.15, which characterizes NSOP;5 in terms of symmetric inconsistency
for higher formulas; and third, Theorem 9.30, which proves that SOP; is suffi-
cient for a certain kind of exact saturation to fail.

Convention 9.1: Throughout this section, T" is a complete first order theory and
¢ = ¢ is a monster model for T.

SOP, was defined in 7.1 above. SOP; was first defined in Shelah [19] as
a weakening of the strict order property; note that in Definition 9.2, the case
where ¢ = — is the strict order property.

Definition 9.2 ([19] 2.20, [26] 1.3): T has SOP; if there is an indiscernible se-
quence (a; : i < w) and formulas ¢(z,y), ¥ (z,y) such that:

(1) {¢(z,y),¥(x,y)} is contradictory,
(2) for each k < w, the following is a consistent partial type:

W(z,a5) 1 j <k}U{p(z,a;) 0>k},
(3) for j < i, the set {¢(z,a;),¥(x,a;)} is contradictory.

It is known that SOP; implies SOP, but it is open whether, on the level
of theories, the converse is true; so it is possible that the Symmetry Lemma
below will also characterize SOP,. (Still, for pairs (T, A) the converse fails
since SOP,, SOP5 are known to be distinct at the level of formulas.)

We first look for a useful way to capture the asymmetry of SOPs;. This
approach relates to the idea of “semi-definability” from [17] VII.4.
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Definition 9.3: If D is an ultrafilter on A C €™, then for any set B C € we
define
AV(D, B) = {$(x:b) : b € B,y € [£], {a € A:}= ¢(a,b)} € D},
so this is an element of S™(B).
Definition 9.4: Let D be an ultrafilter on ™A. (We sometimes write m = m(D)
for this arity.)
(1) We say that the infinite indiscernible sequence b = (b, : s € I) is based
on D when
tp(b;, A+ B>s) = AV(Da A+ B>s))

where bss = J{bs : t € I, s < t}.

(2) For each D, let ob(D) = ob(D, A) be the set of such b, i.e., the set of
all infinite indiscernible sequences based on D (assuming the monster
model € is well defined).

In Definition 9.4, the elements approach A; of course we could have inverted
the order. Given such an ultrafilter D and an infinite indiscernible sequence
built from it, we may naturally ask when a given formula instantiated along

this sequence is consistent.

Definition 9.5: Let A C € and ¢ = p(,y) = ¢(x,y,c) for c € €.17
(1) Let uf,(A) be the set of ultrafilters D on '8(%) A such that if
b = (bs : s € I) € ob(D),
then
{o(x,bs,c) : s €T}
is a consistent partial type.

(2) For each k < w, let uf, 1(A) be the set of ultrafilters D on 8 A such
that if b= (bs: s € I) € ob(D) and s¢ <y -+ <j Sk—1, then

{p(x,bs,,c) : £ < k}
is a consistent partial type. So when k& = 0o, we may omit it.

We arrive at a key definition of the section: higher formulas (¢, A, D), triples
such that ¢ is indeed consistent when instantiated along any b € ob(D, A). Two

17 Usually, ¢ is empty, and in any case, we can just incorporate it into the parameters y.
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subsequent theorems of the section will characterize SOP, and SOPj3 in terms
of the interaction of these higher formulas.

Definition 9.6 (Higher formulas): Let m = (mg, m1). Writing m instead of m
means mg = 1 and m = my, or that mg is clear from the context. Let HF}Cﬁ be
the set of triples p = (p, A, D) where ¢ = ¢(Z, ) with £(Z) = mg, £(y) = m1,
and no more parameters, D is an ultrafilter on "* A and

De uf%k(A).

Definition 9.7: In the context of 9.6:
(1) Let HF™ = HF, =, HF}".

(2) We may wish to consider higher formulas over a fixed set A, or using a

fixed formula ¢, in which case our notation will be:

(a) Given A, we may write HF}'(A), or “(p, D) € HF}'(A)”.
(b) Let HF™(A) = HFZ (A) =N, HF'(A).

(c) Given ¢ = ¢(Z,7), with £(Z) = mo and £(§) = m1, we may write
HF? = HF, HF;(A), etc., where the subscript ¢ means we
restrict to triples whose first element is ¢ with the given partition

of variables.
(d) Call the elements of HF ,(A) “higher ¢-formulas over A.”

Convention 9.8: In Defintion 9.5(1), we may say “D is an ultrafilter over A”

without mentioning m when it is clear from the context.

We would like to study pairwise consistency or inconsistency of higher
formulas as follows. Suppose we are given (wo, Ao, Do), (¢1,41,D1),
(bos : s € In) € ob(Ag,Dyg) and (by, : t € I1) € ob(A1,D1). If we choose
s € Iy and t € I, will wo(f,go,s) and gpl(j,l;lyt) be consistent? What if we
choose finitely many instances from each list? The specter of SOPs suggests
that we should first fix an interpolation of Iy and I; into a single linear order
and pay attention to the relative position of the indices s and ¢. The notation
we now introduce in 9.9-9.10 is one way to handle this (most of the time we
use 0 = 2).

Definition 9.9 (Partitions of linear orders, [27] Definition 1.39): Let K, , be the
class of triples

(Iv <I (Pil)i<0>
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where I is linearly ordered by <; and (P! : i < o) is a partition of I.

Definition 9.10: Fix o and suppose {(y;, A;, D;) : i < o) is a sequence of higher
formulas. Let

A=(A;:i<o0)
and let

D=(D;:i<o).
Define

ob(D) = ob(D, A)
to be the set of b = (b, : s € I) such that:

(1) IeKpo,
(2) if s € P! then:
o lg(bs) = m(Dy),
o tp(bs, Ujco 45 U b.,) C Av(D;) := Av(D;, &,).
We may write A instead of A when all the A; are the same. We may write
i =i(s) =i(s,I) and we may write I = I[b] for I.
Note that in Definition 9.10, we do not require that b be indiscernible; in
fact, it may consist of sequences of differing lengths, if the m(D;) differ.

Definition 9.11 (n-inconsistent higher formulas): Assume that for £ =0, 1,
pe = ((pg,Ag,Dz) S HFZ[.

(1) We say (¢o, Ao, Dg) is n-contradictory to (1, A1, D1) when: for every
b € ob((Do, D1), (Ag, A1)) and every sg < --- < sg,_1 with s, € P{[b]
for £ < n and s, € P{[b] for £ € [n,2n), we have that

{p0(Z,bs,) : £ <n}U{p1(T,bs,) : £ € [n,2n)}

is contradictory.

(2) In “n-contradictory,” if n = 1 we may omit it and writing n = co means
“for some n”. Of course, “n-consistent” is the negation.

(3) We say that (po, Ao, Do) and (¢1, A1, D1) are mutually n-contra-
dictory when (¢, A¢, Dy) is n-contradictory to (¢1-¢, A1—¢, D1—¢) for
£ =0,1. On the symmetry of this notion, see Lemma 9.15 below.

(4) “The set of {p; = (i, 4;,D;) : i € S} are pairwise n-contradictory”
will mean that each pair is mutually n-contradictory.
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Discussion 9.12: (1) In9.11(1) we could have allowed the choice of elements
from the two partitions to alternate. However, we will see this is im-
material for NSOPs, and moreover is a little less natural when repla-
cing n-contradictory higher formulas by 1-contradictory derived formu-
las arising as n-fold conjunctions.

(2) This definition enforces an order between the elements s; in differ-
ent partitions; one could give a different definition requiring only that
Sg< -+ <8p—1and s, <---< Sop_1.

Definition 9.13: Say that T' has symmetric inconsistency if, fixing m = £(Z),
for any'® my, my < w, ©r = @e(Tpn)s Yim,]) and (@e, Ag, D) € HF™ for £ = 1,2,
we have that (¢1, A1, D7) is oo-contradictory to (p2, Az, D) iff (@2, As, Da) is
oo-contradictory to (¢1, A1,D1).

As desired, this definition picks up on the asymmetry of SOPs5:

CLAM 9.14: If T has SOP;, then 1-inconsistency is not symmetric, i.e., T' has
symmetric inconsistency in the sense of 9.13.

Proof. Let the sequence (a, : n < w) and the formulas ¢(Z, ), ¥(Z, ) witness
SOP;y, see 9.2. Let A = {a, : n < w}. Let D be an ultrafilter on 8% A such
that {a, : n > k} € D for every k < w. Let p1 = (¢, 4,D), p2 = (¢, A, D). To
see that ps is 1-consistent with p; but p; is not 1-consistent with ps, let I be
the linear order w + w*. Let (Py, P1) be any partition of I into two infinite sets,

and let (bs : s € I) be as in 9.10 for ((D, D), (4, A)).
LEMMA 9.15 (Symmetry lemma): For T' complete the following are equivalent.

(1) T is SOPg
(2) T has symmetric inconsistency.

Proof. The direction (1) implies (2) is given by Claim 9.14.

For the other direction, we will show how an instance of symmetric incon-
sistency gives rise to SOP;. For notational simplicity, we use m = £(Z) = 1,
since for SOP; the arity does not matter. Suppose we are given mg, m; < w
and (g, A¢, Dy) € HF™ for £ =0, 1.

18 The notation ©¢(Z{m]» Um,)) means that £(Z) = m and £(g) = m,.
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Let A= AgUAy, m = mg+ mq and
D =Dy x D
={X C™MA:{ao€™Ag:{a1 € ™ (A1) :ao "a1 € X} € D1} € Dy}.
By construction, D is an ultrafilter on ™A. Suppose [ is a linear order and
a=(as=ags a1s:5€1)
is an indiscernible sequence based on D, with £(ag,s) = my, thus (ags : s € I) is

also an indiscernible sequence based on Dy for £ = 0,1. For any h: I — {0, 1},
we may consider the partition given by

I, = (I,<1,(P")ic2) where P = {s: h(s) = i}.

Then I, € K (01} and aj, := (ap(s),s : s € I) is Ip-indiscernible based on
(Do, Dy).

Figure 1. A sample partition of I; I indexes a sequence of mg + mi-
tuples which is indiscernible based on D. Thus, restricting to the first mgo
elements of tuples with indices in the black regions gives an indiscernible
sequence based on Dg, whereas restricting to the last m; elements of tuples
with indices in the grey regions gives an indiscernible sequence based

on Di.

Moreover, if (s, : @ < w + w) is <j-increasing, then:

(1),, the following are equivalent:
(a) {po(z,a0,s,) @ <n}U{pi(z,a1,,,,): o <n}is contradictory.
(b) (¢o, Ao, Do) is n-contradictory to (¢1, A1, D1).

Figure 2. Let the image indicate that we instantiate o n times along
the Dy-indiscernible sequence indexed by the black region and @1 n times
along the Di-indiscernible sequence indexed by the grey region.

(2)p the following are equivalent:
(a) {p1(z,a1,s,) o <n}U{po(r,ao,s,,,): @ <n}is contradictory.
(b) (¢1, A1, D1) is n-contradictory to (¢g, Ag, Do).
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Figure 3. Let the image indicate that we instantiate @1 n times along
the Di-indiscernible sequence indexed by the grey region and g n times
along the Dg-indiscernible sequence indexed by the black region. Then
for any given n, a disparity in consistency between Figures 2 and 3 leads,
by taking conjunctions, to an instance of SOPs.

Let g = gggla

g =g (x,9) = of (@,50,71) = @o(, 7o),

and
o1 = ¢ (2,9) = @i (x50, 51) = ¢1(x, 1),
i.e., these are the given formulas formally considered as having more variables.
Then for each n, to (1),, above, we may add the equivalent condition:
(©)n {od (2,as,) @ <n}U{ef (z,as,,,): a <n} is contradictory.
Likewise, for each n, to (2),, above, we may add the equivalent condition:
B)n {07 (z,as,) : a <n}U{pg(z,as,,.): @ <n} is contradictory.

Now if it is not the case that for all n (c), iff for all n (f),, we have a
witness to SOPs for T (given by the conjunctions of n copies of ¢ and of @1,
respectively). This completes the proof.

As a corollary of the proof of Lemma 9.15, we have:

COROLLARY 9.16: Assume T is NSOPs. If py = (¢, A¢, Dy) for £ = 0,1 and pg
is n-consistent with p; for every n (i.e., not oco-contradictory), then if I € KL,
o = 2 and we have (bs : s € I) as usual, then {p¢(z,bs) : s € P/, < 2} is

consistent.

We now work towards Theorem 9.21, using higher formulas to characterize
NSOP;,. First, we show that having SO P, means many pairwise 1-contradictory
higher formulas. Recall that:

Definition 9.17: Dedt(\) = sup{|lim(7)|* : 7 C *>2 is nonempty, closed
under initial segments and has no <-maximal members and has cardinality < A}.
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CLAIM 9.18: Assume (T, ) has SOPq in T and A < p < Ded(X). Then there is
A C & of cardinality A and D, € uf,(A) for v < p such that (¢, Do) @ a0 < )
are pairwise 1-contradictory.

Proof. Let the tree T witness that p < Ded(A) and let v, € im(7) (i.e., the
“leaves”) for @ < p be pairwise distinct. Let (a, : 7 € T) be such that:
(a) (¢(z,ay,),¢(Z,a,) are contradictory when 7 L v are from T,
(b) {¢(z,ania) : @ < Lg(n)} is a consistent partial type for n € T.
Let A = U{a, : n € T} and for o < p let D, be an ultrafilter on 9% A
concentrating on the branch v,, i.e., such that:

if B <lg(va),a < pthen {a,: vy [ B < pava} € Da.
Clearly these ultrafilters are as desired.

We will need notation for finitary approximations to SO Ps-trees.

Definition 9.19: We say that (T, ¢) has NSOPs3 ,, when there are no Bn ctslg
for n € "2 such that

(1) n L v = ¢(z,b,),p(Z,b,) are incompatible,

(2) for n € "2, {p(Z,bye) : £ < n} is a type.

Fact 9.20: (T, ¢) = NSOP; iff \/, (T, ) = NSOPx.,).

We now arrive at the second theorem of the section, which shows how from
many pairwise contradictory higher formulas we may build an SO Ps-tree, com-
plementing 9.18. Recall that by the Symmetry Lemma 9.15 above, as NSOP;
implies N SOP;3, being contradictory is a symmetric notion.

THEOREM 9.21: For a theory T the following are equivalent:

(1) For every infinite A and formula ¢, there are no more than |A| pairwise
1-contradictory higher @-formulas over A.
(2) T has NSOP;.

Proof. In Claim 9.18, it was shown that SOP, implies many pairwise 1-con-
tradictory higher formulas. So it remains to prove the other direction: many
pairwise 1-contradictory higher formulas imply SOP;.

STEP 0: Setup. Let A = |A|™ and, by Fact 9.20, let n be such that (T, ) has
NSOP,,.
Assume for a contradiction that:
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(1) (¢, Do) € HFJ(A) for o < X are pairwise 1-contradictory ' and
(2) fixing some infinite linear order I, let by, = (b : s € I) € ob(D,,) for
o < A

(Recall that the definition of 1-contradictory is for any such b.) We will use
just that A = cf(\) > |A| > No.

STEP 1: Approximations. We define the set AP of approximations (to a full
SOP, ,-tree) to be the set of x consisting of: 20
(1.1) A C™>2, a where:
(a) A is non-empty downward closed,
(b) @ = (a, :n € A) with each a, € '8 A,
(c) if n L v are from A then ¢(Z,ay,), ¢(Z,a,) are incompatible,
(d) if n € A then {@(Z,ay,) : £ < £g(n)} is a consistent partial type,
(e) if v™(1) € A then v™(0) € A.
(1.2) U = Uy, : n € frt(A)), where:

(a) frit(A):={neA:Llg(n) <n—1and n"(0) ¢ Aorn" (1) ¢ A} (the
“frontier” for our inductive construction of a tree, i.e., the nodes
without two immediate successors),

(b) each U, C X has cardinality A (the intention is a set of indices for
the b, from Step 0),

(c) UyNU, =0 for n # v,

(d) if n Qv are from frt(A), k < w, so,...,8k—1 € I, k+Lg(n) < n and
a €U, then

{o(z, dnff) 10 <Lg(n)}U{p(z, Ba,Se) 1l <k}
is a consistent partial type,
(e) if n € frt(x),s € I,a € U, and v € A, ~(v < 1), then p(Z, ba,s),
»(Z,a,) are incompatible.

Note the role of the two kinds of parameters: the b, s from Step 0, and the
parameters a,, for the tree. Informally, the i, tell us in which sequences we can
expect to continue our consistent partial type while maintaining inconsistency
elsewhere.

19 Here HF7,,(A) suffices.

20 Alternately, we could consider: in Az, frt(x) is a set of pairwise incomparable elements,
e.g. the <-maximal n € A of length < n — 1. This is simpler here, but then the induction
step would require two steps: add n™(0) or ™ (1) for some n € frt(x).
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We define a two-place relation <asp on AP in the natural way: x <ap y iff

) x,y € AP,
) A C Ay,
(¢) Gx,y = Gy, for n € Ay,
) if n € frt(Ax) Nirt(Ay), then Uy, C Uy p,
) if n € frit(Ax), v € frt(Ay) and n<v but v | (bg(n) + 1) ¢ Ay, then
Uy, CUxy, -

STEP 2: Strategy. Clearly <sp is a partial order on AP. By choice of n in Step
0, if x € AP then A C ">2. Thus, to obtain a contradiction (and complete the
proof) it will suffice to show that:

(2.1) there is z € AP with A, = {<>}, i.e., AP # 0,
(2.2) if x € AP, then there is y € AP such that |[Ax| < |Ay]; in fact, x <ap y.

STEP 3: Verifying Condition (2.1). Let sg <y -+ <7 sp. For each a < X clearly
CE(37) A< (%, ba.s,). So by (1) and (2) of Step 0,

Xo={ac A e G0)|oln.a Ae_/"\lgp )| b

For each o < A, choose b, € X,. [So by is “canonically consistent” with the
partial <p-type given along the sequence b, by any n members.] As |A] < ),
the set 90 A has cardinality < A\ = cf(\), so for some b the set

U={a<)\:b, =b}

has cardinality .
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Now define z by:

o A, ={<>},
® dcs =b,
o Ues =U,

and z is as required.

STEP 4: Proving Condition (2.2). Let A = Ax.

The situation at the inductive step is essentially as follows. We would like
the tree to become full, so we choose ¢ which is minimal for the property of not
having two successors; say, o1 is missing (there are minor adjustments at the
end of this step depending on whether it has a successor at 0 or 1). We try to
find a corresponding a,~; for the missing successor of this node, and its set of
compatible indices U,~;, subject to the following constraints:

(i) consistency of a,~; with comparable nodes, (1.1)(d),
(ii) inconmsistency of @,~; with incomparable nodes, (1.1)(c),

inconsistency of a,~; with Uy, for incompatible 7, for (1.2)(e),

)
(iii) comsistency of a,~;with large subsets of U,,, for compatible v for (1.2)(d),
(iv)

)

(v) disjointness of U,~; from large subsets of U, for incompatible v, for
(1.2)(c).

In this informal explanation, “large” stands in for the fact that we will also
have to refine the other U, to get actual inconsistency or an actual empty
intersection. This completes the description of intent.

Now to begin, choose ¢ € frt(A) to be of minimal length, hence necessarily
lg(0) < n —1 and we can choose ¢ < 2 such that o" () ¢ A. Let k =n —1g(o).

Fix for a while a choice of a distinguished element of U, for each n € frt(A),
that is, & = (ay, : 1 € frt(A)) where o, € Uy, and let sg <7 -+ <1 Sp—1.

By our choice of ¢ and (1.2)(c), for every?! n € frt(Ax)\{o} we have that
oy # o, hence the following set belongs to D, :

Xan :Xéll’77 U Xc%m where

L —rpele@ A - (7. D 7 = ; ;
Xy, =10 A 1 0(2,b), p(7,a,) are incompatible, where v € AA=(v<p)},
Xo%m ={be® DA : p(z,b), p(z, ba,.s,) are incompatible},

since the (¢, D) are pairwise 1-contradictory and as {(ay : £ € frt(x)) is without
repetitions by the assumption (1.2)(c) for A2, and (1.2)(e) for X .

21 p has precisely one successor in the tree, this successor may be from frt(Ax).
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Furthermore, as (1.2)(d) holds for x, the following set belongs to D,,:
Zapi={b€ 9D A {p(Z,ay) : € < Lg(0)}

U {e(z,b)}
U{@(Z,ba,,s,) : £ <n—Lg(o) — 1} is a type}.

Let X5 = N{Xa,, : n € frt(A)\{o} and not comparable to ¢ } N Z5 ,. Since
A is finite and D, is a filter, X5 € Dg,.

By the choice of our sequence of ultrafilters in Step 0, for every 3 € Ux, ,\{ap},
we know that (¢, Dy, ), (¢, Dg) are 1-contradictory. So

Vap={b€ DA p(x,b),p(x,bs.4,) are incompatible}

belongs to D,,. So we may choose B@”(; € %W A which belongs to X5 N Va.3-
As |Ux.o| = X = cf()\) > |A], there is by € 9% A such that

W@ == {ﬁ < UX,Q : B@,B = B@}

has cardinality A.

Recall that all of this is for a fixed a, (s, ..., Sk—1)-

Now continue to fix sg <; -+ <7 Sg_1. For every v < A we let
ay = (0, = € frt(A)) be defined by

Qy y = min(Us,n\y)

which is well defined as Ux 5, is an unbounded subset of A. So for every v < A,
we have that a., 1_7077, Wa., are well defined. So for some b, we have

Wi, :{”y<>\:5@7 =b,}
is an unbounded subset of A.

We can now define the necessary objects, in two cases. For Case 1 below, the
final definitions depend on whether the node we are dealing with has a sibling
or not.

CASE 1: 1 =[AxN{07(0), 0" (1} }]|

Let ¢ be such that 0" (t) ¢ Ax. We define y as follows:

® (a) Ay = AxU {07 (1)}, hence frt(Ay) = frt(A) U {o () }\{0o},
(b) by, is bxy if n € Ak,
() by is by if n € 0™ (1),
(d) if n € frt(A)\{o}, then Uy, is

b
b

{o € Uy, : for some v < A, ba, = b, and a = a,,},
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(e) if n =" (1) then
Uy, = {a €Uy, for some v < A, b, = b, and a = ay o}
For clause (e) recall b, € X5, C Z5. .

As g € frt(x), we are left with Case 2:
CASE 2: 0 =1]AxN{07(0), 0" (1)}| and let « = 0. The only difference is that
e in clause (a), frt(Ay) = AU {o" (1)}
so we have to add
(f) if n = o, then Uy, = W5, for some v < X such that bs, = b..
STEP 5: Finish. Recalling Step 2, we have shown that the assumption of | A|T-

pairwise 1-contradictory higher formulas contradicts NSOP,. This completes
the proof.

In this theorem, replacing 1l-contradictory by n-contradictory would be
straightforward as we can replace ¢ by a conjunction, defined as follows:

Definition 9.22: Given ¢ and n, let
Pin) =Pn) (T, Upn])
*Sﬁ[n]( (yi i < Lg(y)-n))
= A 9@ ety 45+ 4 < La@)).

I<n
We say ¢ = ¢(z, ) has NSOP; robustly when no ¢y, has SOP;.

Observation 9.23: If T is NSOPs, then every ¢(Z,y) € L(rr) has NSOP,
robustly in 7.

In the last main result of this section, we apply Theorem 7.13 characterizing
the maximal class in <* to prove another property of SO P, related to so-called
exact saturation (meaning for which singular x a given theory 7" has a model
which is k-saturated but not xT-saturated). Exact saturation was studied in
Shelah [23] §2 (pp. 31-37) and in a manuscript of Kaplan and Shelah [4] in pre-
paration, which deal with elementary classes and (D, k)-sequence homogeneity.

Definition 9.24 (see [23], [4]): For any theory T, define
spec(T) = {k: k > |T|, k singular

and there exists a k-saturated not x*-saturated model of T'}.
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The papers [23] and [4] find sufficient conditions but not necessary and suffi-
cient conditions for exact saturation. In the present paper, we define a pseudo-
elementary version? of this spectrum, which we will connect to SOP, via <*.

Definition 9.25: The exact saturation spectrum for T is defined to be the set:
ESS(T) = {(k,p): & > p > |T|, k singular and for any Ty D T, |T1| < u,
there is a s-saturated not xT-saturated

member of PC(T,T)}.

In future work, we hope to be able to get necessary and sufficient conditions
for ESS(T) to be empty (at least restricting ourselves to k strong limit of large
enough cofinality), and it seems plausible that this may be SOP,. Here, using
the methods of Section 7, we will prove one direction: if T has SOP, then
ESS(T) = 0, and discuss several open questions. First we recall two known

examples.

Fact 9.26 ([23], [4]): Let T be the theory of dense linear order without endpoints.
Then for any singular k > |T'|, if M = T is  saturated then it is kT -saturated.
Thus spec(T) = 0.

Proof. By quantifier elimination, it suffices to show that the cofinality and
coinitiality of M are at least x and for any regular k1, ke, every (K1, ke)-pre-
cut is filled. Since cofinality and coinitiality of the model and of pre-cuts are
necessarily regular cardinals, the result is immediate.

Fact 9.27 ([23] Example 2.23): There is a theory T with the independence prop-
erty such that: if 7" has an exactly s-saturated model then « is regular. (In fact
it is necessary and sufficient that x be regular.) Thus spec(T) = 0.

Recall the order <* from Definition 7.7 above. In the following, countability

is not essential.

Observation 9.28: Suppose Ty, 11 are countable theories which are equivalent
under the <* order. Then there exists a theory T, which interprets both T}
and T1, say via g and ¢ respectively, such that: for any model M = T, and
any uncountable k,

Nl#ol s k-saturated if and only if NI¥1 is k-saturated.

22 Compare the results of [17] VL5 connecting the minimum class in Keisler’s order to
saturation properties of a PC-class.
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Proof. We may assume Tj and T} have no finite models.

The hypotheses on T, T3 give the following information. Let p be such that
we have T, witnessing Ty <* T) and Tp witnessing 77 <* Ty, and we may
assume |T,|, |Ty| < p. Let ¢ interpret Ty in T, for £ = 0,1, and let ¢} interpret
Ty in Tj, for £ = 0,1. Without loss of generality:
7(Tp) and 7(T7) are disjoint.
©% says that for any model M = T, the universe of M¥¢] is (P#)M | for
some unary predicate P, and T, implies that F§ and P are disjoint.

Similarly for T5.

7 is the identity, where this means:
= 7(Ta) 2 (r(To) UT(T1)),
— P € 7(T) implies 9§ p = P, and

T, = (V2)(P(Z) = Vi<g@) Pr.a()),

— similarly for function symbols F € 7(T}), adding that they are
interpreted as partial functions with domain the predicate Py (al-
ternately, we could have assumed without loss of generality that
7(Te) has only predicates).

e Each ¢} is likewise the identity.
o 7(T,)N7(Ty) = (7(Tp) UT(T1)).

Consider now the statement of the Observation. In order to prove it, it
would suffice if we could find a model M, | T, and a model M, = T} such
that the interpretations of Ty in M, and My, respectively, are isomorphic, and
likewise the respective interpretations of 71 in M, and M} are isomorphic. Why
would this suffice? Because given such M, and M, assuming w.l.o.g. Fy, F1,
A, B are not already used symbols in the language, we may simply consider a
third structure M, whose universe is the disjoint union of a copy of M, (whose
universe is the interpretation of the predicate A) and a copy of M, (whose
universe is the interpretation of the predicate B) and which contains partial
function symbols Fp, interpreted as a bijection between the interpretation of T
in the copy of M, and in the copy of M, and F}, interpreted as a bijection
between the interpretation of 73 in the copy of M, and in the copy of M. Now
T, := Th(M,) is the theory we were looking for. That is, in any sufficiently
saturated model M, | T, M, | A behaves like a model of T, (so saturation
transfers from the interpretation of Ty to that of Tp) and likewise M, | B
behaves like a model of T}, (so saturation transfers from the interpretation of T;
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to that of Tp) and the functions Fy, F} identify the two interpretations of Tp,
T, respectively.

One way to construct such models is to recall that ultrapowers commute
with reducts, and that any two elementarily equivalent models have isomorphic
ultrapowers. Begin with My, = T, and My = Tp. Choose the ultrafilter
Dy so that the Dy-ultrapowers of M&Of] and M([)fpbg} are isomorphic. Call these
ultrapowers M , and M; p respectively. (As ultrapowers commute with reducts,
we may consider M; , and M, as models of the full T, and T} respectively.)
Consider the model M, which is the disjoint union of M; , and M; ; and expand
M. by adding symbols giving the isomorphism between Ml[taf] and M 1[%8]. Let

M1 have the obvious meaning of Ml[fj] considered within this model M..

Next, choose the ultrafilter D; so that Myﬂ and Myﬂ are isomorphic. Let
M, be the D;-ultrapower of M.. In this model, as sketched above, we may
expand T, so as to make the interpretations of 77 isomorphic. Let T, be the
theory of this expanded model. This completes our construction.

We had fixed an infinite p so that |Tg| + |[Tp| < p, and |To| + |T1| = Ro by
assumption. The construction gives that also |Ty| < p.

COROLLARY 9.29:

(1) Let Ty be any theory for which spec(Ty) = (). Let T} be any theory such
that Ty and T are equivalent in the order <*. Then ESS(T}) = 0.

(2) Suppose Ty, Th are <*-equivalent, as witnessed by T, with |T.| < p.
Suppose k > p is singular and (k, 1) ¢ ESS(Ty). Then (k, u) ¢ ESS(Ty).

Proof. (1) Let T, be a theory witnessing their equivalence, such as that given
by Observation 9.28. Let Let ¢ and (1 witness the interpretations of T and of
Ty, respectively, and let N¥! and N¥+] denote the respective interpretations in
a given model N | T.. Now let k be a singular cardinal, x > |T}| and suppose
M € PC(T,,T1) is k-saturated. Let N |= T, with M = N | 7(T1) witness
that M € PC(T,,T1). The fact that M is s-saturated says precisely that N[¥1]
is k-saturated. By hypothesis of equivalence, N#°! is x-saturated as well. By
choice of Ty, N1 is kt-saturated. Applying the hypothesis of equivalence in
the other direction, N¥ol is x*-saturated. This completes the proof.

(2) As (k,pu) ¢ ESS(Tp) there is a theory Too 2 To, |Too| < u, and a k-

saturated not k*-saturated member of PC(To, Tp). In order to make use of this,
we would first modify the construction of the theory T, (by means of a better
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choice of T,, Tp) so that for any M, = T, we have that M, ol ¢ PC(Tyo, To)-
Since |Too| < w, we can do this while preserving |Ty| < p. Then the proof
continues as in part (1).

THEOREM 9.30: IfT has SOP;, then ESS(T') = (). That is, if T has SOP,, then
for some Ty 2 T of cardinality |T|, for every singular k > |T|, if M € PC(T1,T)
is k-saturated then it is kT -saturated.

Proof. By Theorem 7.13, Fact 9.26 and Corollary 9.29(1).

Question 9.31: Does Theorem 9.30 hold for the theory T}, of the random graph?
In the case of spec(T,4) rather than ESS(T,,), note that:

CramM 9.32: If k > cf(k) + |T| then k € spec(Try).

Proof. Let M be a x*-saturated model of T,4. Let (a, : o < k) be pairwise
distinct members of M which form an empty graph, i.e.,

a<fB<A = Mk -R(aqs,as).
Consider the submodel N C M whose domain is
{be M : (3T a < k)(R(b,aa))}-

Then N is a model of T, which is as required: it is x-saturated but it is not
kt-saturated, as {R(z,a,) : @ < k} is omitted.

Before giving some further evidence, we record here that there are other
natural directions these investigations could take.

Discussion 9.33: Instead of asking whether k € ESS(T') for x > cf(k) + |T|, we
may fix a specific way to construct a x-saturated model and ask if this implies
that the constructed model is xkT-saturated. For example:

(a) We may consider T' dependent, |M| = {a, : @ < as}, ua € [a]<F,
tp(aa,{ag : B < a}) does not split over {ag : § < a}, and M is
k-saturated; see [21].

(b) As in (a), but we may ask that T has Skolem functions.

(c) As in (b), and also tp(as,{ag : B < «}) is finitely satisfiable in
Sk({ag : B € uqa}); see [17], VII, section 4.

(d) We may consider models built using P~ (n)-diagrams in some explicit

way.
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Returning to ESS, on the positive side we can settle the case of stable T

CLAIM 9.34: Let T be a complete theory. If T is stable, k = k|7l > cf(k), and
k> p>T, then (k,u) € ESS(T).

Proof. Recall that under these cardinal hypotheses there is a model of T of
cardinality < which is k-saturated; see [17] Chapter IIT Theorem 3.12. Clearly
this model is not xk*-saturated. Given any Ty 2 T, |T1| < u, we may build
a model of 77 of cardinality x in the same way whose restriction to T is k-
saturated but evidently not x'-saturated.

Question 9.35: What about simple theories?

Problem 9.36: Determine whether the following is true: for 7" complete and
countable,
ESS(T') = 0 if and only if T has SOPx.

These investigations suggest some interesting parallel questions for ultrafil-
ters. The reader may recall that if A is a singular cardinal and the ultrafilter is
A-good, then it is AT-good (since linear order is in the maximal Keisler class,
[17].VI.2, a proof similar to that of Fact 9.26 goes through).

Problem 9.37: Suppose A is singular. Does there exist a regular ultrafilter which
A-saturates but does not AT-saturate ultrapowers of the random graph?

The property of an ultrafilter being “(\, Ng)-perfect” was defined in [11].

Problem 9.38: Suppose A is singular. If D is a regular ultrafilter which is (k, Rg)-
perfect for every k < A, is D also (AT, Rg)-perfect? If not, must it at least
produce AT-saturated ultrapowers of the random graph?

10. Balanced pairs of models of PA

Having understood the importance of symmetric cuts of models of PA earlier in
the paper, we may wonder what else can be asked about such cuts. In this final
section, we consider a question of Kossak, based on work of Schmerl, concerning
so-called balanced pairs of models of PA. The analysis applies some work of the
second author on EM models.

Definition 10.1: Let M =<cnq N be models of Peano arithmetic. Call M bal-
anced when the cut described by a sequence cofinal in M and a sequence coini-
tial in N\M is symmetric, i.e., the cofinalities of both sides of the cut are equal.
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THEOREM F (Schmerl, Theorem 4.6 [16]): Suppose that M = PA is saturated.
Then there are continuum many different theories of (N, M) where M <epna N
and M is balanced.

Question 10.2 (Kossak [6]): We know of continuum many nonisomorphic bal-
anced (k, k) pairs, surely there must be more?

To resolve this we will apply a theorem from Shelah [20]. Let 7 be a given
signature. For Theorem G which we now quote, there is no restriction on the
cardinality of 7, but in our application we will assume 7 is countable to get an
end extension type. For our purposes, ‘weakly skeleton like’ may be taken as a
black box, as will be explained.

THEOREM G ([20] Theorem 3.19 p. 38): Suppose that A > k, Ky is a family of
T-models, each of cardinality A, ¢(x,y) is an asymmetric formula with vocab-
ulary C 7, and lg(z) = 1g(y) < No. Suppose that for every linear order J of
cardinality A there are M € Ky and a; € M for s € J such that (as : s € J)
is weakly (k,@(z,y))-skeleton-like in M. Then in Ky, there are 2* pairwise

non-isomorphic models.

COROLLARY 10.3: Suppose A > &, Ky is a family of T-models as in G, each of
cardinality A\. Suppose that for every linear order J of cardinality A there are
M € Ky and ® such that M = EM,(J,®). Then in Ky, there are 2* pairwise

non-isomorphic models.

Proof. The condition “(as:se€J) is weakly (k, ¢(z,y))-skeleton-like in M,” [20]
Definition 3.1 p. 28, is always satisfied when M=EM,(J, ®), [20] 3.2 p. 29.

Definition 10.4:

(1) By FPA, we mean 7-feeble Peano arithmetic, that is, the vocabulary
7 consists of the two-place predicate {<} and the axioms say < is a
discrete linear order with first and no last element, as well as all the
cases of the induction scheme in L.

(2) PA., is defined similarly but includes +, x.

The “feeble” is because we do not require +, X to be present.

Definition 10.5: Let M be a model which is linearly ordered and let p be a type
which is unbounded in M. We call p an end extension type of M if every
model N D M, which is generated by M and a single new element realizing p,
is an end extension of M.
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Example 10.6: The first-order theory of any expansion M of (w, <) is a model
of FPA (). The existence of end-extension types in such models is proved by
MacDowell-Specker for the case PA,)s, i.e., with plus and times, and without
this in [18].

CramM 10.7: Suppose that:

(a) M, | PA (or just: M, is a model in a countable signature 7 of FPA, ),
(b) Rog < kg =cf(r) <\, forl=1,2,
(¢) [M. <A
Then the class
{N :N is an end extension of M., ||N|| = X, cf(N) = ka,

and the co-initiality of N \ M, is k1}
has 2 pairwise nonisomorphic models.

Proof of 10.7. There are two steps.

STEP 1: EM end extensions. Let p be the definition of an end extension
type. If we are in a model of PA, this exists by a theorem of Gaifman [2], or
MacDowell-Specker [14]; or see [7]. (Gaifman also proved, e.g., that p can be
taken to be minimal, which does not follow from [14].) If M, is just a model of
the feeble PA FPA_(5/,), then it exists by [18]. [Note: for the rest of the proof,
we do not use that the language is countable, just that |7| < A. On eliminating
the restriction of countability, see [24].]

Fix a model N so that M, < N and N is (2*)*-saturated, and I a (< AT)-
universal?® linear order of cardinality 2<* < ||N||, and Iy C I of order-type w.
Write Sk(X, V) for the Skolem hull in N of X C N. By induction on ¢t € I we
may choose (a; : t € Ip) such that:

e q; € N, and

o tp(as, Sk(M,U{as : s <y t}),N) is defined by the end extension type p.
Then (a; : t € Ip) is an indiscernible sequence over M, inside N. But N is
AT-saturated, hence we can find a; € N for ¢t € I\ Iy such that (a; : t € I) is
an indiscernible sequence over M, in M.

For J C I, let My denote Sk(M, U {a; :t € J}).

Let 7. = 7(T) U {cq : @ € M.}, and let T = Th(M., ¢a)acn,, Where ¢, is
interpreted as a.

23 Recall that a linear order is < p-universal if any linear order of cardinality < p may be
embedded into it.
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Then for some @, M; = EM, (J,®). Moreover, for each such J,

e M is an end extension of M,,

e M has cardinality 6 + |J|, where ||M.|| =6,

e if J has no first element then the co-initiality of M\ M is equal to the

coinitiality of J.

STEP 2: Observation. Let IC(; be the set of models N such that: M, <enq N,
[IN|| = A. We may already quote 10.3 which, by the analysis just given, shows
that K has 2* nonisomorphic models whose coinitiality is determined by the
order J which is input to the EM skeleton.

In the next step, we need to show that this count remains true when we
restrict to coinitiality & (since xk was given in advance). As regards symmetric
pairs, recall M, is arbitrary but fixed for the proof, so by the end of this proof
we will have the result for all M,, and in particular for M, of cofinality .

STEP 3: A correspondence. We now translate between K from Step 2 and the
set
Ky = Ki(k, M) = {N : M, <cna N, ||N|| = A, N\ M, has coinitiality }
For regular k1, ko < A, whenever N = EM,., (I, ®) there is ®2 such that:
(a) |7e| = [[M.|| + K1 + Ko,
(b) for any linear order J,
EM,, (J,®%) = EM, (K} + J + kg, ®),
(c) thus (by (b) and Step 1) EM;,,(J, ®?) is an end extension of M, and
has cofinality ko and co-initiality x; over M,.

Let k1 = k and kg = A, s0 K1 + ka2 + ||M.|| = A. So for each linear order J
of cardinality A and each skeleton ® there is ®2 such that EM., (J, ®?) € K.
Quoting 10.3, in Ky there are 2* pairwise non-isomorphic models.

CONCLUSION 10.8: Let k < A be regular. Then there are 2* balanced (k, k)
pairs of models of PA of cardinality \, i.e., 2% many pairs (N, M) where
M =ena N, the cut described by a sequence cofinal in M and a sequence coinitial

in N\ M is symmetric of cofinality x, and |[N| = \.
Proof. Apply 10.7 in the case where M, has cofinality &.

Discussion 10.9: So in fact, to get many pairs of models we do not need to vary
M, as the question might suggest.
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Moreover, alternatively, we could use I = (I; + Iy + I3) where I; & &,
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+

Iy = kg, Iy a (< AT)-universal linear order, and for J C I3 let M; be the
Skolem hull of M, U{a;:t € I, +J+ Is}.
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