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ABSTRACT

We first investigate the Lipschitz continuity of (K, K’)-quasiregular C?
mappings between two Jordan domains with smooth boundaries, satisfying
certain partial differential inequalities concerning Laplacian. Then two
applications of the obtained result are given: As a direct consequence, we
get the Lipschitz continuity of p-harmonic (K, K’)-quasiregular mappings,
and as the other application, we study the Lipschitz continuity of (K, K')-
quasiconformal self-mappings of the unit disk, which are the solutions of
the Poisson equation Aw = g. These results generalize and extend several
recently obtained results by Kalaj, Mateljevi¢ and Pavlovié.

1. Introduction and statement of the main results

1.1. PRELIMINARIES.

1.1.1. (K, K')-quasiregular mappings. Let

a b
A= € R?%2,
c d

We will consider the matrix norm
|A| = max{|Az|: z € C,|z| =1}
and the matrix function

I(A) = min{|Az|: z € C,|z| =1}.

J. Math.

Let D and €2 be subdomains of the complex plane C, and let w = u+iv : D — Q

be a function that has both partial derivatives at z = x + iy in D. The notation

Dw always denotes the Jacobian matrix

Uz uy\ [ Vu
Up Uy AW
Obviously,
|Dw| = |w] + [w| and  I[(Dw) = |lw.] — |we]|.

We say that a function w : D — C is absolutely continuous on lines, ACL

in brief, in the region D if for every closed rectangle R C D with sides parallel

to the axes x and y, w is absolutely continuous on almost every horizontal line

and almost every vertical line in R. Such a function has, of course,

partial
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derivatives w, and w,, a.e. in D. Further, we say w € ACL? if w € ACL and
its partial derivatives are locally L? integrable in D.

We say that a sense-preserving continuous mapping w : D — Q is (K, K')-
quasiregular if

(1) wis ACL? in D and J,, # 0 a.e. in D;
(2) there are constants K > 1 and K’ > 0 such that

|Dw|* < KJ, + K,
where J,, denotes the Jacobian of w, which is given by
Jw = |w.|? = |w.|? = |Dw|l(Dw).

In particular, w is called (K, K')-quasiconformal if w is a (K, K')-quasire-
gular homeomorphism; and if w is a K-quasiregular homeomorphism, then w
is K-quasiconformal.

If K’ =0, then “(K, K')-quasiregular” (resp. “(K, K’)-quasiconformal”) map-
pings reduce to “K-quasiregular” (resp. “K-quasiconformal”) ones.

We remark that there are (K, K')-quasiregular mappings which are not K-
quasiregular for any K; > 1, and also there are (K, K’)-quasiconformal map-
pings whose inverses are not (K, K)-quasiconformal for any K; > 1 and
K{ > 0. See the examples in Sections 2 and 4 for the details.

The following result easily follows from the proof of Lemma 2.1 in [1].

LEMMA 1.1: Suppose w is a (K, K')-quasiregular mapping. Then
|Dw| < Ki(Dw) + VK.

A mapping f : D — Q is proper if the preimage of every compact set in ) is
compact in D. It is known that if D = Q =D = {z : |z] < 1}, then a mapping
f is proper if and only if |f(z)| — 1 as |z] — 1 (cf. [16]).

1.1.2. Lipschitz continuity. We say that a mapping f : D — € is in Lip, if
there exists a constant L; and an exponent « € (0, 1] such that for all z, w € D,

1f(2) = f(w)] < La|z — w|*.

Such mappings are also called a-H6lder continuous.
In particular, if & = 1, then we say that f is Lipschitz continuous.
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A mapping f is said to be coLipschitz continuous if there exists a constant
Lo such that for all z, w € D,

1f(2) = f(w)| = La|z — wl.

1.1.3. Jordan domains. A Jordan curve is a set in the complex plane C which
is homeomorphic to a circle. For a Jordan domain, we mean a domain whose
boundary is a Jordan curve. In this paper, unless specially stated, all Jordan
domains are assumed to be bounded.

Denote by £() the length of 7, and let T : [0,£(y)] — + be the arc length
parameterization of ~y, i.e., the parameterization satisfying the condition

IT'(s)] =1 ae. in [0,£(7)].

We say that v is of class C™* for some n € N and a € (0,1] if I is of class

C™ and o "
wp FO0O =T )

t£5€[0,6(+)] |t — 5|

where I'(t) denotes the n'" derivative of I'(t) with respect to t. The Jordan

domain D is called a C™“ domain if its boundary 9D is a C™% Jordan curve.

Let v € C1* be a closed Jordan curve, and d.(I'(s),['(t)) the distance bet-
ween I'(s) and I'(¢) along the curve 7, i.e.,

dy(T(s),I'(t)) = min{|s — [, £(y) — [s — t}.

A closed rectifiable Jordan curve + is said to enjoy a b-chord-arc condition

< 00,

if there exists b > 1 such that for all z1, z5 € 7,

dV(Zl,ZQ) < b|zl — 22|.

™

We remark that the unit circle S enjoys a 7 -chord-arc condition.

1.1.4. Normalized mappings. For a closed curve g in C, three points ag, a; and
as in (B are said to be well-distributed if for i € {0,1},

£(Blai, ai+1]) = €(Blait1, aita]),

where a3 = ag and Sa;, a;+1] denotes the part of 8 with endpoints a; and a;41.

Let D be a Jordan domain with rectifiable boundary. We will say that a
mapping f: D =DUS — 2 is normalized if there are three well-distributed
points tg, t1, t2 in S; their images f(to), f(¢t1) and f(t2) under f are also well-
distributed in 90 = f(S) (cf. [14]).
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1.2. LIPSCHITZ CONTINUITY FOR CERTAIN (K, K')-QUASIREGULAR MAPPINGS.
If a (K, K')-quasiregular (resp. (K, K')-quasiconformal) mapping is harmonic,
then it is said to be harmonic (K, K')-quasiregular (resp. harmonic (K, K')-
quasiconformal). Martio [19] was the first who considered harmonic quasi-
conformal mappings in C. Recent papers [1, 8, 12, 14, 15, 18, 22] and references
therein together bring much light on the topic of harmonic quasiconformal map-
pings in C. See [9, 11] for the discussions in this line in the space. In [17, 20],
the Lipschitz characteristic of harmonic quasiconformal mappings has been dis-
cussed. See [24, 25, 26, 27] for similar discussions in this line. In [3], Finn
and Serrin discussed the Holder continuity of a class of elliptic mappings which
satisfy the following partial differential inequality

|w,|? + |w.|* < KJ, + K/,

where K > 1 and K’ > 0 are constants. See also [21].

Recently, in [14], Kalaj and Mateljevi¢ discussed the Lipschitz continuity
of (K, K')-quasiconformal harmonic mappings. In [12], they considered the
Lipschitz continuity of a quasiconformal C? diffeomorphism w : D — € which
satisfies the partial differential inequality

(1.1) |[Aw| < M|w, - w.|,

where M > 0 is a constant and D (resp. ) denotes a C1'% (resp. C*?) Jordan
domain, and in [10], as a generalization of the discussions in [12], Kalaj studied
the Lipschitz continuity of a K-quasiregular C? mapping w : D — Q which
satisfies the partial differential inequality

(1.2) |Aw| < M|Dw|* + N

for some constants M > 0 and N > 0.

Obviously, if a mapping satisfies the partial differential inequality (1.1), then
it also satisfies (1.2). Observe that if M = N =0 in (1.2), then w is harmonic.
The reader is referred to [2] for the properties of this class of mappings.

As the first aim of this paper, we consider the Lipschitz continuity of (K, K')-
quasiregular C? solutions of (1.2). Our result is as follows.

THEOREM 1.1: Suppose w is a proper (K, K')-quasiregular C* mapping of a
Jordan domain D with CY® boundary onto a Jordan domain ) with C>®
boundary. If w satisfies the partial differential inequality (1.2) for constants
M >0 and N > 0, then w has bounded partial derivatives in D. In particular,
w is Lipschitz continuous.



458 J. CHEN, P. LI, S. K. SAHOO AND X. WANG Isr. J. Math.

We remark that Theorem 1.1 is a substantial generalization of [10, Theorem
1.2] and [12, Theorem 1.3] (The example in Section 2 demonstrates this.) This
theorem will be proved in Section 3.

1.3. LIPSCHITZ CONTINUITY FOR CERTAIN p-HARMONIC (K,K’)-QUASIREGULAR
MAPPINGS. A two times continuously differentiable complex-valued function f
between two domains D and (2 in C is said to be p-harmonic if it satisfies the
Euler-Lagrange equation

(1.3) fzz + ((log p)w cw)fof. =0,

where w = f(z), and p(w)|dw]| is an arbitrary conformal C'-metric defined in 2.
If ¢ is a holomorphic mapping different from 0 and if p = |¢| in 2, we call w
a p-harmonic mapping.
Since p? = @y, an elementary computation yields 2(logp), = (logp)’. It
follows from (1.3) that if f is p-harmonic, then

/

fort (5, 0w) e =0

In [12], Kalaj and Mateljevi¢ considered the Lipschitz continuity of p-har-
monic quasiconformal mappings. As a direct consequence of Theorem 1.1,
we obtain the Lipschitz continuity of p-harmonic (K, K')-quasiregular map-
pings. Our first result concerns the Lipschitz continuity of ¢-harmonic (K, K')-
quasiregular mappings, which is as follows.

COROLLARY 1.1: Suppose w is a ¢-harmonic mapping of D onto a C*® Jordan
domain Q. If |(log¢)'|c = sup{|(logp(z))’| : z € D} < oo and w is a pro-
per (K, K')-quasiregular mapping, then w has bounded partial derivatives. In

particular, w is Lipschitz continuous.

Our next result, concerning approximately analytic metrics, generalizes Corol-
lary 1.1, where a C' function h is said to be approximately analytic if there
is a constant C' > 0 such that |h,| < C|h|.

COROLLARY 1.2: Suppose w is a p-harmonic mapping of D onto a C*% Jor-
dan domain ). Further, if p is approximately analytic in ) and w is a proper
(K, K')-quasiregular mapping, then w has bounded partial derivatives. In par-

ticular, w is Lipschitz continuous.
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We remark that Corollary 1.1 (resp. Corollary 1.2) is a generalization of [12,
Theorem 3.1] (resp. [12, Theorem 3.3]).

1.4. LIPSCHITZ CONTINUITY FOR CERTAIN (K, K’)-QUASICONFORMAL SELF-
MAPPINGS OF THE UNIT DISK. This subsection deals with the discussion on the
Lipschitz continuity of (K, K’)-quasiconformal solutions of the Poisson equation
(1.4) (see below) in D. We start with some necessary concepts. Let P be the
Poisson kernel, i.e., the function

1— |2

P(Zaew) = |Z _ ei0|2a

and let G denote the Green function of D, i.e.

1— 2w

G(z,w) = ,

110’
27Tg

where z € D\ {w}. Obviously, P is harmonic in D (cf. [2]), and G is harmonic
in D\ {w}.

Let f: S — C be a bounded integrable function in S, and let g : D — C be
continuous. It is known that the solutions of the Poisson equation

zZ—Ww

(1.4) Aw=g
in D satisfying the boundary condition w|s = f € L(S) has the following
expression:

w = P[f] = Glg],
where

1 27 . .

PG =, [ Plae) (e )
T Jo

and dm(w) denotes the Lebesgue measure in C. Also, it is known that if f and

g are continuous in S and D), respectively, then w has a continuous extension w
to S and w|s = f (cf. [7]).

For convenience, in the following, we always set
P=P[f] and G=Glg].

Let Dp(g) denote the family of all solutions w of the Poisson equation (1.4)
from D onto D, which satisfy that (1) each element w is a C? diffeomorphism;
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(2) each restriction w|s = f is normalized; (3) every function f(e) = e™*® is
homeomorphic and absolutely continuous; and (4) ¢ (27) = ¥(0) + 2.

Observe that any element in Dp(g) is proper and satisfies the partial diffe-
rential inequality (1.2) with M =0 and N = |g|cc.

In [16], Kalaj and Pavlovi¢ discussed the Lipschitz continuity of quasicon-
formal self-mappings of D satisfying the Poisson equation (1.4). As the main
application of Theorem 1.1, we study the Lipschitz continuity of (K, K')-quasi-
conformal solutions of (1.4). The aim is to generalize the arguments in [16]
to the case of (K, K')-quasiconformal solutions of (1.4). The following is our
result.

THEOREM 1.2: Suppose that w € Dp(g) is a (K, K')-quasiconformal mapping
and that g € C(D).

(1) Then for all z; and z, € D,
lw(z1) = w(z2)| < Mlz1 — 2o,

where M = M (K, K’,|g|~), which means that the constant M depends
only on K, K’ and |¢|~-
(2) Ifw™? is also (K, K')-quasiconformal, then for all z; and 25 € D,

lw(z1) —w(22)| > Nlz1 — 22,

where N = N(K,K',|g|le). Here N is positive if K’ and ||g|le are
small enough.

By comparing with [16, Theorem 1.2], a natural question is whether the
assumption “w~! being (K, K')-quasiconformal” in the second statement in
Theorem 1.2 is necessary or not. We will construct an example (Example 4.1
below) to show that there is a solution of the Poisson equation such that it is
(K, K')-quasiconformal, its inverse is not (K, K')-quasiconformal for any K > 1
and K’ > 0, and it is not coLipschitz continuous. This fact shows that the
mentioned assumption in Theorem 1.2 is necessary. Section 4 is devoted to the
proof of Theorem 1.2 together with the statement and the proof of Example
4.1.

In Section 2, we will construct an example to show that Theorem 1.1 is a
substantial generalization of the corresponding results in [10] and [12], respecti-
vely.
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2. An example

In this section, we will construct an example to show the existence of the
(K, K')-quasiregular solutions of the partial differential inequality (1.2), which
satisfy the requirements in Theorem 1.1, but fail to satisfy the assumptions in
the corresponding results in [10] and [12], respectively.

Example 2.1: Let w(z) = 2|2|*2? — |2]1°2% in D. Then
(1) wis a (1, 144)-quasiregular mapping of D onto D
2
3

(2) w is proper;

(3) w is not K-quasiregular for any K > 1;

(4) w satisfies |Aw| < |Dw|? + 76;

(5) w doesn’t satisfy |Aw| < M;|Dwl|? for any M; > 0;
(6) w doesn’t satisfy |Aw| < Ma|w,w,| for any My > 0;
(7)

7) w is Lipschitz continuous.

Proof. Obviously, w(e®) = ¥ for 0 € [0,27],
w, = 8|z|*2 — 7|2|'%2 and w, = 4]z|%2% — 5|z|®23.
It follows that
212)°(2 — |2]%) > 0, if 0 < |2]% < 4/5,

w2 (2)] = [w.(2)| = 5 6 , 6
1202°(1 — |2]°) >0, if4/5<|z|° <1,

and
144)2]19(1 — |2]%)? < 144, if 0 < |2|® < 4/5,

|Dw|* — J,, < |Dw|* =
412|192 — |2]%)? < 16, if 4/5 < |2]% < 1.

Let z1 = re’® and zp = re®™ with 0 < 7 < 1. Then 2; # 2, € D and
w(z1) = w(z2). Hence we have proved that w satisfies the first two assertions
in the example.

The limits

lwo| _ o Bleft =4z

lim =1

2| =1- |w,|  |z]o1- 8|z — T]z| 1
and
lm_(wz(2)] + |w=(2)]) = 2

|z| =1~
tell us that w is not K-quasiregular for any K > 1, which implies that the third
assertion is satisfied.



462 J. CHEN, P. LI, S. K. SAHOO AND X. WANG Isr. J. Math.

Obviously,
|Aw| = |64]z|* — 140|2|"°| < 76 < |Dw|* + 76

and
lim [Aw] = lim 16 — 352" = +00.
|z|—0 [Dw|?  |z|-0 36|2|6(1 — |2]6)?
Hence the assertions (4)—(6) in the example hold.
It remains to show the Lipschitz continuity of w. This easily follows from the

estimate |Dw| < 12 in D, and so the proof of the example is complete.

3. Lipschitz continuity for certain (K, K')-quasiregular mappings be-

tween Jordan domains

The main purpose of this section is to prove Theorem 1.1. Before the proof,
some preparation is needed.

3.1. SOME AUXILIARY RESULTS. We start this subsection with a lemma.

LEMMA 3.1: Suppose that w is a (K, K')-quasiregular mapping from D to €,
where both D and () are Jordan domains in C, and that w has the decomposition
w = pS, where p = |w|. Then we have

(3.1) |Dw| < K|Vp| + VK’
and
_ /
(3.2) Vol = VE" _ p|DS| < K|Vp| + VK’

K

a.e.in D.

Proof. First, we prove the inequality (3.1). Since p = |w|, a similar approach
as in the proof of [10, Lemma 2.2] implies that

Vp = ! w! Dw,
|wl
where T denotes the transpose of matrices. Here and hereafter, we regard
w = u + v as not only a number in C, but also a 2 X 1 column vector, where
both v and v are real. Then

1

3.3 Vph =

(Dwh, w),
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and so

[{Dwh, w)|
3.4 Vp| = Vph| = < |Dw.
(3.4) Vol ‘rgiégl phl el < [Dw|

It follows from Lemma 1.1 that to prove (3.1), it suffices to show

[(Dw) < |Vpl.
Since J,, = det(Dw) # 0 a.e. in D, we know that there exists h; such that
(3.5) Dwhy = Y ae inD.
|w

Then we infer from (3.3) that
w ,w

oo
|wl

and so for h = ‘Zh, it easily follows that Vph = ‘hlﬂ. Also, by (3.5), we get

hy = (Dw)~? Igl a.e. in D, and thus

Vph1 =

—1
1w

Vp| > |Vph| = |(Dw)

1 J—
|ha |w]
Since
1w } < -1 -1y _ 1
0w ot | < 1PW] and DW= D) < 5] = 1)
we obtain that
(3.6) |Vp| > |(Dw)™ 7! = min{|Dwh| : |h| = 1} = [(Dw),

as required. Hence the inequality (3.1) holds.
Now, we check the truth of the right side of the inequality (3.2). We infer
from a similar argument as in the proof of [10, Lemma 2.2] that

DS = ﬁ;]’ — (Dw)Tw) ®

w
[w[®’
and so for all h € C,

Dwh  w(Dwh,w)

|w] |w]?

DSh =

)

wher&> ® is thE> teng;r product between column vectors, i.e., for two vectors a
and b, d® b = b -(d)". Then

2
(3.7) p?|DSh|? = |Dwh|? — <th, > < |Dwl|n?,

w
|w|
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whence

h
p|DS| = sup p‘DS ‘
|h\750{ |h|

Hence we obtain from Lemma 1.1 and (3.6) that

} < IDul.

p|DS| < |Dw| < KI(Dw) + VK’ < K|Vp| + VK,

as needed.
Next, we check the truth of the left side of (3.2). Since, obviously, there is
an hj such that (Dwhy, |5|> =0 with |h1| = 1, we see from (3.7) that

p*|DShy|* = |Dwhy|?,

which, together with Lemma 1.1, guarantees that

/
p|DS| > p‘DS i |Dw| \/K

— |Dw ‘>l
|h1|‘ ‘ )_

|hal
and then we get from (3.4) that

|Dw| VK’ |vp| VK’

DS| >
p|DS] %

which is what we want. Therefore, the proof of the lemma is complete.
Remark 3.1: Lemma 3.1 is a generalization of [10, Lemma 2.2].

The proof of Theorem 1.1 also needs the following known results.

LEMMA A ([10, Proposition 2.5] or [4, 23, 28, 29]): If D and § are Jordan
domains having C™% (n > 1) boundary and if w is a conformal mapping of D
onto (), then

(a) |w'(z)| = inf{|w’'(¢)| : ¢ € D} > 0 for z € D;

(b) w™ € C*(D). In particular |w™ | = sup{|w"(2)| : z € D} < .
LEMMA B ([5, Theorem 4] or [13, Proposition 3.2]): Suppose u is a continuous
function from D into the real axis R and satisfies the following conditions:

(1) wis C? in D;

(2) up(0) = u(e?) is C?; a

(3) |Au| < My|Vul? + NO in ID) for some constants My and Ny.

Then |Vu| is bounded in D.
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3.2. THE PROOF OF THEOREM 1.1. We are ready to prove the Lipschitz con-
tinuity of w. We divide the proof into two steps. In the first step, we construct
a (K7, K})-quasiregular self-mapping 7 in D satisfying the partial differential
inequality (1.2) for some constants M; and Np. In the second step, by applying
the mapping 7, we show that | Dw| is bounded in D, which completes the proof.

STEP 3.1: The construction of 7.

Let ¢ be a conformal mapping of D onto D, g a conformal mapping of 2
onto D, and
T=gowop.
In the following, we apply Lemma A to show that this 7 satisfies our requi-
rements as mentioned in the first paragraph in this subsection.
First, it follows from

(3.8) |D7| = 7| + |7=| and |D7| = |g'¢/||Dw]
that
=1g'¢' P Juw.
Meanwhile, by Lemma A, we know that the function |¢| (resp. |¢’|) is bounded
from above and below. Hence we easily know that 7 is a (K, K'|¢'|% |¢|%)-
quasiregular self-mapping in D.
Second, since
ldr.7| <(|72] + |7))* = |D7?,
|Dr?

Aw| <M|Dw|> + N =M
[Awl <M|Dul 9Pl ?

+ N,

and since elementary computations lead to
4 1
A7 = (g wew. +g' M)l P = (Y 5T g/l PAw),

we have

19" |0
(3.9) arl< (3 + o, B Ve + 19/l 2N
where
lg'l = inf{lg"(2)] : = € Q}.
The boundedness of |g”| follows from Lemma A. Hence 7 satisfies (1.2), and
so this 7 is what we need.
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STEP 3.2: |Dw| is bounded in D.

It follows from (3.8) that
|Dw| = |Drllg'¢'| ",
and then we know from Lemma A that to prove the boundedness of |Dw| in
D, it suffices to show the boundedness of |D7| in D. Now, we are going to
prove the boundedness of |D7|. Obviously, it follows from the fact w € C?(D)
that 7 € C?(D), and then |D7| is bounded in D, for any r € (0,1), where
D, ={z € C: |z| <r}. To prove the boundedness of | D7| in D, it is enough to
show that |D7| is bounded in D \ D, for some r € (0,1). For this, we let

T =pS,

where p = |7|. Then the inequality (3.1) in Lemma 3.1 makes sure that if |Vp|
is bounded, then so is |D7|. To prove that |D7| is bounded in D, it is sufficient
to find an r € (0, 1) such that |Vp| is bounded in D \ D..

In the following, we apply Lemma B to show the existence of the needed r.
To reach this aim, we need the following existence of a function related to p.

CLAIM 3.1: There is a function ps in D such that
(1) po satisfies all assumptions in Lemma B; and

(2) p2 and p coincide with each other in D\ D, for some r € (0,1).

We will apply Whitney’s Theorem [30, Theorem 1] to construct such a function
p2. Since w is a proper (K, K')-quasiregular mapping, it follows that 7 is a pro-
per self-mapping of . Thus

lim p(z) =1.

|z[—1~
Therefore, there exists an r; > 0 such that r1 < |z| <1 implies
p(z) >1/2.
Let 0 <7y <7y <1andry>1/2. Since p € C?(A), where
A={z:r <|z] <o},

according to Whitney’s Theorem, there exists an extension p; of the restriction
pla such that p; € C%(C). Let

Py ZED\Drtr,
p2 = 2
P1, ZE:[D)’V‘I;T‘Z.
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Since

pa(e®?) = Tlir{lﬁ pa(re'?) = lim p(re?)y =1,

r—1
p2 obviously satisfies the assumptions (1) and (2) in Lemma B. In order to show
that this ps is what we need, it remains to check that py satisfies (1.2), i.e., the
third assumption in Lemma B. We will apply Lemma 3.1 to reach this goal.
It follows from [10, Lemma 2.4] that

1 1
|Ap| = ‘2<AT, S) +2p|DS|?| < o[ AT]+ 20|DS|%.
Then the inequality (3.2) in Lemma 3.1 along with (3.9) implies
1 2
A0l < lar] + 2 (IVpl + VEY

1/1¢"l M 4
(] (K2Vpl? + ),

hS +
2\ g7 o'l p
and further, we get from the inequality (3.1) in Lemma 3.1 that

1
DT+ 19/ locl [N +

|Ap| < N1(p)|Vp> + Mi(p),

where
4 |g”|()o M
Ny(p) = ( )K2
=0, g T g
" )= (A4 MYk gl
1\p)= 9 oo cotVe
p g gl g7 leel?

Since for all z € D\ Dy, p(z) > 3, we see that
|Aps| < Nl(;)|vﬁ’2|2 + Ml(;)
in D\ D,,.
Let
My = max{|Apa(2)|: z € ID)q;r2 }.
Since p; € C?(C), by the definition of pa, we see that My < +oo, and so for all
z €D,

1 1
[Ap2l < Vi) 1Vpaf2 + 211

which shows that po satisfies the third assumption in Lemma B.

)

Since the definition of py implies that po = p in D\ Dr 4y, we see that this
2
p2 justifies our need and the proof of our claim is complete.
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It follows from Claim 3.1 and Lemma B that |Vps| is bounded in D. Hence
|Vp| is bounded in D\ D+, , and so this radius " }" is what we want.
2
We see from the existence of the radius r = ™37 that |Vp| is bounded in D,

and so the proof of the theorem is complete.

4. Lipschitz continuity for certain (K, K’')-quasiconformal self-map-
pings of the unit disk

This section is devoted to the proof of Theorem 1.2 together with the statement
and the proof of Example 4.1. We start with a lemma.

4.1. A LEMMA. By Theorem 1.1, the following assertions easily follow from
Lemmas 2.7 and 2.8 in [16].
LEMMA C: Under the assumptions of Theorem 1.2, we have
(i) lim, ;- DG(re’’) = DG(e™);
(ii) lim,_,,- DP(re) = DP(e") a.e. in [0, 27];
(iii) lim,_,;- Dw(re??) = Dw(e?) a.e. in [0, 27];
(iv) maxzen{|G.(re’)], |G- (re”)[} < 1glocs
v) maX0S9S2w{|QZ(ei0)|a |QZ(ei0)|} < 11;|g|<>0:' and
(vi) |u(e®) = 4O [3m IC=I D | < L/ (8))gle.

where w|s = f and f(e'?) = e¥(9),

4.2. THE PROOF OF THEOREM 1.2. First, we prove the first statement of the
theorem, i.e., the Lipschitz continuity of w in D. Let

My = sup,cp|Dw(z)|.
Obviously, we only need to show that M; has an upper bound. Since w + G is
harmonic, we see from [11, Lemma 2.2] and Lemma C that for all z € D,

|Dw(z)| <[Dw(z) + DG(2)| + [DG(z)]
<esssupg<p<ar | Dw(e”) + DG(e")| +|DG(2)|
i 7
<esssupg<g<ar | DU (™) + Lol
which implies that for every € > 0, there exists a 6. such that
- 7
(1) My < (14 )| Du(e®)] + gl

Obviously, to estimate My, it is sufficient to estimate the quantity |Dw(e®)].
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Now, we are going to estimate | Dw(e?<)|. It follows from Lemma C and the
assumption w being a (K, K')-quasiconformal mapping that
|Dw(e®)? = lim |Dw(re®)* < K lim J,(re?) + K’
r—1- r—1-

1 2m |f(ew) _ f(e“")|
J

2 e — eiv|2

(4.2) :
<v' o) do+ ol ) + K
a.e. in [0, 27].

Now, we need a relationship between v’(#) and |Dw(e'?)|. Since Theorem
1.1 guarantees that |Dw(z)| is bounded by a constant in D, we deduce from the
Lebesgue Dominated Convergence Theorem that

. . b 5 . .
f(e?) = lim w(re?) = lim 5 w(re)dp + f(e0)

r—1- r—1- 0o ("2

/: lim (aé?pw(rew))derf(ewU)

o r—1-

0
:/ lim (rDw(re®)ie)dy + f(e%).
(%

o r—1-

Since f(e?) = ™) is absolutely continuous, by differentiating in #, we obtain

(4.3) jef(em) = Tlir{{ ;w(rew) = rliI{l* (rDw(re®))ie®
and
(4.4) d F(e?y =iy (9)e™®

do

a.e. in [0, 27|, whence combining Lemma C, we have
(4.5) P'(0) = 1ir{1 |Dw(re®®)| = |Dw(e')],
r—1-

which is our desired relationship between 1’ (8) and |Dw(e?)].
Using (4.5), the relation (4.2) is changed into the following form:

: o (1 [T IF(e?) = f(e#)P 1
Dw(e))? < K|Dw(e" / RS d o | + K’
|Dw(e™)|* < K|Dw(e™)] or J, eif _ giv |2 o+ 2|g| + K,
which, necessarily, implies that

|Dw(ei9)| < K o |f(ei<p) - f(ei9)|2

27 J et — eif]2

K
dp+ 'y Igloo + V',
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and thus we easily know from (4.1) that
K [*" 1—p 40 (> |f(€i05) — f(er)|tm
e _ Jip|p +p—2
M; <(1 +5){27T ; M "le el |60 — eiv|u?+n

0\ _ io\|1—p
(4.6) L (e )Mllf (f )| ds@}
+ (]- +5)[[2(|g|oo + \/K/} + g|g|oov

where

1

(1) H= K+

Now, we need an auxiliary result which is (4.8) below: Since for any z; = re®

and zo = re' in D,

w(z1) — w(z)] < / Dw(z)|ldz] < My|z1 — 2,

[21,22]

by letting  — 17—, we obtain
(4.8) () = f(e")] < Myl — ™.

Let us continue the proof. Since S enjoys the 7-chord-arc condition, we get

from (4.6) along with (4.8) and [14, Lemma 2.4] that
O e T P I
M; <(1+¢) 5 KPS M7 H|es — e P T dp
n 0

1 7
(14 9) [y Klgle + VET] + lgle,

where
2m2K 2K’

4.9 Ps = 4(1 + 7)2" { , }
(4.9) s =4(1+m) \/max log2 " K(1+ m)? 1 4
Hence

1—p 1 ’ 7

My < (1+€)[MaM} ")+ (1+€) [, Klgloo + VE'| + (gl

where

1 2 X .
My = KPS1+“/ |ete — e“"|“2_1d<,0.
2 0
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For the convergence of the integral fOQ’T |eif= — ew|“2*1d<p, the reader is referred
o [9, Lemma 1.6]. Also, we easily know that M, does not depend on .. By
letting € — 0, we get

I R
(4.10) My < MM 4 (2K+ 6)|g|oo VK

To get an estimate on M;, we need a lower bound on M; which is (4.11)

below. Since
27

W (0)do = 1(2m) — ¢(0) = 2m,

0
we know that
essSUPg<g<o ¥ (0) > 1.
Since .
( ) W} | 7 ‘ 10 8610 ’af(eze)’
de? 90 det?
and
| f(e™) = fle Fle) = f(e)
€SSSUPp<g<2n 7171_1‘)1‘19 oin _ pif ‘ < eSSSUPg<pp<an oin _ il )
it follows from the inequality (4.8) that
4.11 1< "9) < Fem) = < M.
(4.11) > eSSSUPogeng () < €SSSUDPg<g£n<2r ein — 619

Now, we are able to get an upper bound for M;. Using (4.11), the relation
(4.10) implies
1 7 -
My < (M + (2K+ 6)|g|oo +VE )M,
and so

K(147)?
) = Co.

1 7
My < (M + [ Klglso + (lgloo + VE’

Moreover, by [16, Lemma 2.9] and (4.10), we see that if

27
then
My < Mt S Igloo + §lgloe + VE = (1= u) My _ .
1— (1= p)M;
Let
Co, if (1— p)Ms > 1,

min{CO, Cl}, if (1 — /L)MQ < 1.
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Then we see that
Ml S M;

and so the proof of the first statement of the theorem is complete.

Next, we are going to prove the second statement of the theorem, i.e., the
coLipschitz continuity of w under the assumption that w=! is also (K, K')-
quasiconformal. It follows from Lemma C that

(112) (Dw) > I(DP) ~ [DG] > 1(DP) ~ gl

a.e. in D.

Obviously, to prove the coLipschitz continuity of w, it is sufficient to find the
lower bound of {(Dw) in D, and (4.12) implies that it is enough to find the lower
bound of {(DP). For this purpose, we need the following claim.

CLAIM 4.1: For a.e. 6 € [0,27], we have

L2 [f(e) = f(e)]? 1
Ky'(0) > . : dp — o — VK >N
v )_271‘/0 et — eiw|2 4 2|g| VK 2 Ny,
where
Ny= P‘5/2F| 0 _ eie| =24 — gl — VI
1= ot S 0 € € ® 2900 .

First, we prove the inequality
L 27 f(e) = f(e'))? 1
4.13 Kvy'(6) > . . de — _|9lec — VK’
a  kew>, [T e el - v
a.e. in [0, 27].
It follows from (4.3) and (4.4) that
i0
lim Ow(re?) .
r—1- 0

-1

Since Lemma C guarantees that

i
lim Ow(re™)

wl(g) - r—1- 00

|2 ()] = s (e)] = (Dw(e))

and
Mng/%mw—m%P
0

1
. . do — o
Y(0) T 27 el — eie|2 14 2|g|
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a.e. in [0, 27|, we have

Jw(ew)
= (o)
<KI(Dw(e")) + VK’
<K'(0) + VK’

1 27 |f(610) _ f(eicp)|2 i0
/ < |Du(e™)|

1
. . do — o
27 el — eie|2 14 2|g|

a.e. in [0, 27|, as required.

Next, we get an estimate on the integral in Claim 4.1, which is as follows:

1 27 0\ _ ip\|2 1 2 2 ) )
(414) / |f(€ ) f(e )l dSD Z PS ® / |e7,9 _ el‘,ﬁ|i*2dgo-
0 0

27 e — eiv|2 27

By [14, Lemma 2.4] and the assumptions that “w =1 is (K, K')-quasiconformal
and w is normalized”, we have that for all z; and z € S,

|21 — 22| < Bsfw(21) — w(z2)[",
ie.
1

— 1
lw(z1) —w(z2)| > P " |21 — 22| #,

where Ps and p are the same as in (4.7) and (4.9). Then we have

L [27 (€)= f(e)]?
IR dp > N.
2w/o jeif —eiel2 =T
where
1 2 27 ) ] 2
No=_ P; / e — e 2dip < Py " 2072,
27T 0

Here we remark that by using the substitution in the integral, we easily see that
Ny is independent of 0, i.e., Ny = No(K, K’).

Obviously, the proof of Claim 4.1 follows from (4.13) and (4.14).

Now, we are ready to finish the proof of our theorem by applying Claim 4.1.
It follows from Claim 4.1, together with the inequalities (4.5), Lemmas 1.1 and
C, that

N1 < K¢/ (0) = K|Dw(e)| < K2l(Dw(e?)) + KVK'
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a.e. in [0, 27|, whence again Lemma C implies
I(DP(e"?) = lim I(DP(re')) = lim (|Ps(re™)| — [P, (re)))
r—1- r—1-

> tim (jws(re”®) + Ga(re”)| — [ (re®) + G (re™))

r—1-

(4.15) > Tim (I(Dw(re®)) — [DG(re)))
r—1-
N, VK 1
2T K 2
Let \/
N K’ 7
N = 12* — . 19]ec-
2 K 6

Then N = N(K, K',|g|eo) since Ny = N1 (K, K’,|g|c), and next, we are going
to show the following.

CLAIM 4.2: The inequality [(Dw) > N holds in D.

Without loss of generality, we assume that N > 0. Obviously,
N VK
K? K

Under this assumption, we need to get a lower bound for {(DP) in D (see

Liglo >0
2900 .

(4.16) below). We will employ the famous Heinz Theorem [6] to reach this aim.
Since f(e) = €™(? is an increasing homeomorphism on S, we see from the
Choquet—Radé—Kneser Theorem (cf. [2, p. 29]) that P is a sense-preserving

harmonic diffeomorphism. Then the Heinz Theorem implies
2P 2 > [P + P > 732.

Let y
_P.(2) 1 M VK1
Then both ¢ and ¢ are holomorphic, |p(z)| < 1, and further
Ny VK1
< _ _
ol <var( b= Vo = lole)
in D. Since (4.15) leads to
- oy _ 1P+ (53 = & = Slgleo)
e + l0(c™)| = LSt
|P-(e%)]

we see that
lo(2)] + |9(2)] < Pllelsl](2) + Pll#ls[](2) < 1,
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which implies

N, VK 1
— — <
P2+ oy = o~ oldle < P(2)]
in D, ie.,
N, VK 1
4.1 > _ _
(4.16) UDP) 2 oy = o = ol

in D, as required.
Now, it follows from (4.12) and (4.16) that

I(Dw) > N,

and hence the claim is proved.
Since the second statement in Theorem 1.2 (2) easily follows from Claim 4.2,
we see that the proof of the theorem is complete.

4.3. AN EXAMPLE. The following example shows that the assumption “w™!

being (K, K')-quasiconformal” in the second assertion in Theorem 1.2 is neces-
sary.
Example 4.1: Let w(z) = .} ((2n + 1)z — 2[z[*") in D, where n > 1. Then

(1) wis a (K, K')-quasiconformal mapping of D onto D;

(2) w is not K-quasiconformal for any K > 1;

(3) w™! is not a (K, K')-quasiconformal mapping for any K > 1 and

K' > 0;
(4) w is Lipschitz continuous but not coLipschitz.

Proof. Elementary calculations show that

1 1
w,(2) = 5 (2n+1)— (n+1)[2]*") and w,(z)= 72|z|2”7222.
n
It follows from
1 2 2 1 2 2
- - - 1)(1— |2 1— |2]2n
@ = (e @F ~ ) = | @4 - ) en 41 1) > 0,

together with the fact w(e??) = €? and the degree principle, that w is a sense-
preserving homeomorphism from D onto D. Furthermore,

1 1
I(Dw)(z) = 2n((2n+ ) —(2n+1)z/*") and |Dw(z)| = 2n((2n+ 1) —|z*").
Then wis a (1, (1 + , )?)-quasiconformal mapping since

1\2
|Dw|2§Jw+|Dw|2§Jw+(1+2 ) :
n
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The limit
o [Dwf?
lim = +00
lz|=1=  Ju
tells us that w is not a K-quasiconformal mapping for any K > 1. The Lipschitz
continuity of w easily follows from the estimate [Dw| <1+ .} .

It is well known that for the nonsingular matrix Dw, we have
|Dw™| =1/I(Dw) and I(Dw™') =1/|Dw| (cf. [11]).

Hence
2n
(2n+1) — |z|27

2n
(2n+1)— (2n+1)|z|*
Then for any K > 1,

|Dw™(2)| = and [(Dw!(2)) =

lim (|[Dw™'(2)]? = KJ,-1(2)) = lim |[Dw !|(|Dw™ ! - KI(Dw™')) = +oo.
|z|—1— |z|—1—
This shows that w™! is not a (K, K’)-quasiconformal mapping.

Let d,w(z) denote the directional derivative of w. Note that if w is Lipschitz
continuous with Lipschitz constant C, then

Ouw(z)| = | tim w(z + re*®) —w(z) ~ lim |w(z + re*®) —w(z)]
r—0 r r—0 r

<C.

Hence it follows from the obvious fact |Dw(z)| = max, [0aw(z)| that
|Dw| < C,

namely, “w being Lipschitz continuous” is equivalent to “| Dw| being bounded”.
Since

lim |D(w™")(z)| = +o0,

|z| =1~
we see that w™! is not Lipschitz continuous and so w is not coLipschitz conti-
nuous. The proof is finished.
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