ISRAEL JOURNAL OF MATHEMATICS 214 (2016), 945-982
DOI: 10.1007/s11856-016-1368-8

THE STRUCTURE OF THE MITCHELL ORDER—I

BY
OMER BEN-NERIA*

Department of Mathematics, University of California at Los Angeles
Los Angeles, CA 90095-1555, USA
e-mail: obneria@math.ucla.edu

ABSTRACT

We isolate here a wide class of well-founded orders called tame orders, and
show that each such order of cardinality at most x can be realized as the
Mitchell order on a measurable cardinal k, from a consistency assumption
weaker than o(k) = k7.

1. Introduction

This paper is the first of a two-part study on the possible structure of the
Mitchell order. In this first paper, we identify a large class of well-founded
orders with some appealing properties, and prove that each of its members can
be realized as <(k)—the Mitchell order on the set of normal measures on .
In [15] Mitchell introduced the following relation: Given two normal measures
U, W, we write U < W to denote that U € My = Ult(V, W). Mitchell proved
that < is a well-founded order now known as the Mitchell ordering. The Mitchell
ordering and its extension to arbitrary extenders have become a major tool in
the study of large cardinals, with important applications to consistency results
and inner model theory. Given a cardinal s, we write o(x) to denote the rank
of the well-founded order <(x). The research on the possible structure on the
Mitchell order <(x) is closely related to the question of its possible size, namely,
the number of normal measures on x: The first results by Kunen [10] and by
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Kunen and Paris [11] showed that this number can take the extremal values of 1
and kT (in a model of GCH) respectively. Soon after, Mitchell [15] [16] showed
that this size can be any cardinal A between 1 and s, under the large cardinal
assumption and in a model of o(k) = A. Baldwin [2] showed that for A < x and
from stronger large cardinal assumptions, x can also be the first measurable
cardinal. Apter—Cummings—Hamkins [1] proved that there can be k™ normal
measures on x from the minimal assumption of a single measurable cardinal;
for A < kT, Leaning [12] reduced the large cardinal assumption from o(x) = A
to an assumption weaker than o(k) = 2. The question of the possible number
of normal measures on k was finally resolved by Friedman and Magidor in [7],
where it is shown that s can carry any number of normal measures 1 < A < g+
from the minimal assumption. The Friedman-Magidor poset will be extensively
used in this paper and the subsequent part II.

Further results were obtained on the possible structure of the Mitchell order:
Mitchell [15] and Baldwin [2] showed that from some large cardinal assumptions,
every well-order and pre-well-order (respectively) can be isomorphic to <(x) at
some . Cummings [5],[6] and Witzany [18] studied the < ordering in various
generic extensions, and showed that <(x) can have a rich structure. Cummings
constructed models where <(k) embeds every order from a specific family of
orders we call tame. Witzany showed that in a Kunen-Paris extension of a
Mitchell model L[], with o (k) = k*7, every well-founded order of cardinality
< kT embeds into <(x). However, the general question of the possible structure
of <(x) has remained open.

In this paper and the subsequent part IT ([4]) we gradually develop a series of
techniques by which we obtain an increasing variety of possible < structures from
increasingly large cardinal assumptions: In this paper, we develop a technique
for realizing a wide family of well-founded orders called tame orders from as-
sumptions weaker than the existence of a measurable cardinal k with o(k) = .
In part IT ([4]) we increase our large cardinal assumption slightly above the ex-
istence of a sharp to a strong cardinal 0%, and show that every well-founded
order can be consistently realized as <(x) on a measurable cardinal «.

The forcing constructions in both papers obey the following guidelines:

1. The ground model V = K(V) is a core model, presented as an extender
model L[E] (as in [17]) or a Mitchell model L{i] (see [16] or [14]).

2. An intermediate forcing extension V' = V[G’] is introduced, to serve as an
intermediate ground for a final < structure. Our goal is to make <1(/1)V/ as rich
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as possible (relative to the large cardinal assumption) while ensuring that the
normal measures on « are separated by sets. We say that the normal measures
on k are separated when one can assign each normal measure U on k a set
Xy € U which does not belong to any distinct normal measure U’ # U.

3. In a final last extension, we restrict <(x)"" to any chosen W C <(x)¥’ of
cardinality [W| < k. We refer to this last forcing as a final cut. The final cut
relies on the fact that the normal measures in V' are separated by sets.

The orders at the center of this paper are tame orders. For every ordinal A,
we define an order (R, <g,) by Ry = {(o, 8) € \? | a < B}, and (o, B) <g,
(o/,8") < B < . In Section 2, we introduce tame orders and show that
up to a simple operation called reduction, every tame order (S, <g) embeds in
some (Rx,<p,). The rest of the paper is largely devoted to realizing Ry using
d(k). The following observation relates Ry to the generalized Mitchell order in
V': Suppose that (U, | @ < A) is a <-increasing sequence, and let ¢ be the map
defined by

Uy xUg if o < 3,

t(a, B) = ,
Ua if a = p.

Then t defines an isomorphism of (Ry,<pg,) with a set of ultrafilters in V/,
ordered by <. Here Uy x Ug = {X C rk? | {v | {u| (v,pn) € X} € Ug} € Uy}
The purpose of the main forcing is to reduce each U, x Ug to a normal measure
on k to construct an intermediate model V' where <(x)"" embeds Ry. This
is done by forcing with a Magidor iteration of one-point Prikry forcings P*.
The iteration introduces an almost injective function d : Kk — k and ultrafilters
U(la”,j), so that the map v ~ (v,d"'(v)) defines an isomorphism of U(la”,j) with
an extension of U, x Ug. However, there is a problem with forcing directly
over V. The one-point Prikry forcing at stage v < k is based on a normal
measure U, , on v (where o < o(v)). For each < o(k), we get that the choice
v U, , determines a unique measure U, modulo Ug (a < ), and it follows
that we cannot form a normal projection of U, x Ug for more than a single a.
This problem is solved by first forcing with a Friedman-Magidor poset PY. The
forcing P° splits each Us into x many <-equivalent extensions. The different

extensions allow us to simultaneously deal with U, x U, for every a < .
Sections 4 through 6 provide an analysis of the normal measures U(1a7 3) in

a PY s P! generic extension V’. It is shown that <(x)"’ embeds Ry and
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that the normal measures are separated by sets. The analysis of the mea-
sures U (1(11 3) focuses on the iterated ultrapowers obtained from the restriction of
iU(la,g) V= Ul(V U(laﬂ)) to V = K(V'). Finally, in Section 7, we introduce
the final cut iteration and apply it to V' to remove unwanted measures without
changing the < structure on the rest. This construction is used to prove the
main result in this paper, Theorem 7.5.

The notations in this paper obey the following conventions: A pair (5, <g)
will be called an order, if <gC S x S is a relation which defines a partial
order (anti-symmetric and transitive relation) on S. When there is no danger
of confusion, we will use S to denote the entire order (S, <g). By a suborder
of (S, <g) we mean the restriction of (S, <g) to a subset X C S, and denote
it by (X,<g] X). We use the Jerusalem convention for the forcing order, in
which p > ¢ means that p is stronger than ¢g. Thus the trivial condition of P
will be denoted by Op. A name of a set x in a generic extension will be denoted
by &, and a canonical name for an element x in the ground model V will be
denoted by #. In certain cases we will write V7 to denote a generic extension
of V by a generic filter of P.

2. Tame orders

We define a family of orders called Tame Orders which is closely related to
the orders Ry, A € On, introduced above. The relation between tame orders
and the orders R is given in Proposition 2.10 and makes use of the notions of
reduced orders (Definition 2.3) and tame ranks (Definition 2.9).

Definition 2.1:

(1) (Rz,2,<R,.) is an order on a set of four elements Ry 2 = {0, 1, Yo, Y1},
defined by <g,,= {(=0,%0), (z1,91)}

yOI Iyl

Zo I

(2) (Sw,z2,<s,.) is an order on a disjoint union of two countable sets
Sw,2 = {xn}n<w W {yn}n<wa defined by <S8y 2= {(:Z?m, yn) | m > n}
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Let (S, <g) and (R, <g) be two orders. An injection 7 : S — R is an embed-
ding of (5, <g) into (R, <pg) if it compatible and incompatible preserving. We
say that (R, <pg) embeds (S5, <g).

Definition 2.2 (Tame Orders): An order (S, <g) is tame if it does not embed
Ry nor S, 2.

The rest of this section is devoted to describing how tame orders relates to
the orders Ry, A € On.

Definition 2.3: Let (S, <g) be an order.

(1) Forxe Sletd(z) ={z€ S |z<gz}and u(zx) ={z€ 5|z <g z}.

(2) Let ~g be the equivalence relation on S, defined by x ~g y if and only
if (d(2), u(x)) = (d(y), u(y).

(3) (S,<g) is reduced if and only if there are no distinct ~g equivalent
elements in S.

(4) For any (S, <s) let ([S],<s)) = (S,<s)/ ~s be the induced order on
~5 equivalent classes. ([S], <[g]) is clearly reduced.

The main result in this section (Proposition 2.10) shows that a well-founded
reduced order (S, <g) is tame if and only if it embeds in Ry for some \ < |S|*.

LEMMA 2.4: Let (S,<g) be an order. The following are equivalent:

(1) (S,<s) does not embed R 5.
(2) For every x,x’ € S, the sets u(x),u(z') are C-comparable.
(3) For every x,x' € S, the sets d(z),d(z") are C-comparable.

Proof. In R 2, the sets u(xg),u(z1) are C-incomparable as yo € u(zo) \ u(z1)
and y1 € u(xy) \ u(zg). If 7 : Rey — S is an embedding it follows that
u(m (o)), u(m(z1)) are C-incomparable. Therefore 2 implies 1. The fact that
d(yo) and d(y;) are C-incomparable is similarly used to show that 3 implies 1.

Suppose now that (S, <g) does not embed Rs o, and let z,2' € S. If u(z)
and u(z’) were C-incomparable, there would be some y, 3’ so that

(1) x <sy, 2’ £sy, and

(2) 2’ <sy,z&sy.
This is impossible as it would imply that <g| {z,2’,y,y’} is isomorphic to Rs 2.
It follows that 1 implies 2. The proof that 1 implies 3 is similar.
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Definition 2.5: Let (S, <g) be an order.

(1) For every x € S define cu(z) = S\ u(x) ={y € S|z £s y}.
(2) Define D(S) = {d(x) | x € S} and CU(S) = {cu(z) | z € S}.

For z,y € S, u(z) 2 u(y) if and only if cu(x) C cu(y), hence

(CU(S), C) = (U(S),2),

where U(S) = {u(z) | z € S}. By Lemma 2.4, if (5, <g) does not embed Rs 2
then (D(S), C), (CU(S), C) are linear.

LEMMA 2.6: The following are equivalent for a well-founded order (S,<g)
which does not embed Ry o:

(1) (S,<s) does not embed (Su,2,<s,,.,)-
(2) (D(95),<Q) is well-founded.

) =

(3) (CU(S), Q) is well-founded.

Proof. In S, 2, the sequence (d(y,) | n < w) is C-strictly decreasing as wit-
nessed by (x, | n < w). Suppose that # : S,2 — S is an embedding
of (Sw,2,<s,,) into (S,<s). Then w(z,) € d(w(yn)) \ d(7(ym)) for every
n<m<w. But D(7(yn)), D(7(ym)) are C-comparable as (S, <g) does not em-
bed Rz 2, so it must be that d(7(ym)) € d(7(yn)). Therefore (d(m(y,)) | n < w)
is C-strictly decreasing. This shows 2 implies 1. Similarly, the fact that in S, 2,
(cu(zy) | n < w) is a C strictly decreasing sequence, is used to show that 3
implies 1.

Suppose now that (S, <g) is a well-founded order which does not embed Rs o
and fails to satisfy 2. Let (y, | n < w) be a sequence of distinct elements in
S such that (d(y,) | n < w) is C-strictly decreasing. Since S is well-founded
we may assume that y,,, s y, for every n < m. Furthermore, we cannot have
Yn <S Ym as it would imply that y, € d(y,). It follows that the elements in
(yn | n < w) are <g pairwise incomparable.

Next, for each n < w pick z, € d(yn) \ d(yn+1), thus x, € d(yn) \ d(ym) for
every n < m. We can thin out the sequence (x,, | n < w) to get an infinite
subsequence so that x,, €5 x, whenever m > n and z,, z,, are members of the
subsequence. For simplicity let us assume that x,, £g x, for every n < m. We
claim that also x,, £g @, for every n < m. For this, note that d(ym,),d(zm)
are C compatible and z,, € d(ym) \ d(zm), so d(zm) C d(ym). Therefore
if z, <s Tm, xn € d(xm) C d(ym,) which contradicts our choice of z,,. We
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conclude that the elements in the sequence (x, | n < w) are also <g pairwise
incomparable.

We claim that <g| ({n}n<w W {yn}n<w) is isomorphic to S, 2. It remains
to show that the sets {z, }n<w, {Un}n<w are disjoint. To this end, we have that
Ty 7 yp for all n < w, as x, € d(y,). Also, if m # n then x,, # Y, as otherwise
Yn, Ym wWould be <g comparable in contradiction to the above. It follows that
1 implies 2. Using a similar argument one can show that 1 implies 3.

Definition 2.7: Let (S, <g) be an order.

(1) Define ©(S) to be the completion of D(S) under C increasing sequences,
namely d € ©(5)\ D(S) if and only if d = UC for some C' C D(S) which
is C-downward closed, i.e., for all d1,ds € D(S), if dy € C and d; C d
then d; € C.
(2) For every x € S let
o <p () ={deD(S)|d<d()}, and
o <cu (1) = {euly) € CU(S) | euly) € cux)}.

Remarks 2.8:

(1) Note that D(S) C ©(S). Indeed for every x € S, d(z) = UC,, where
Cy ={d e D(S)|dCd(x)} is C-downward closed.

(2) The elements d € D(S) \ D(S) are C-limits of D(S). Therefore, if
d € D(S) has a C immediate successor d* € D(S), then d* is not a
C-limit and therefore dt € D(S) is of the form dt = d(z) for some
z€eS.

(3) If (S,<g) is a well order which does not embed Ry2 or S, 2, then
(D(S), C) and (CU(S), C) are well orders. Since D(.5) introduces only
C-limits to D(S), it follows that (D(5), C) is a well order.

(4) For every = € S, the sets <p (z), <cu (z) are C initial segments of
D(S), CU(S) respectively. In particular, (<o (z),<C) and (<cyu (z), Q)
are well orders.

Definition 2.9: Let (S,<g) be a tame order. We define the tame rank of
(S, <s) to be the ordertype of the well-ordered set (CU(S), C), and denote it
by Trank(S, <g)

It is not difficult to see that for every tame order (5, <gs),

rank(S, <g) < Trank(S, <g) < |S|".
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PROPOSITION 2.10: A well-founded reduced order (S, <g) is tame if and only
if it embeds in some R). Moreover, A\ = Trank(S, <g) < |S|T is the minimal
embedding ordinal.

Proof of Proposition 2.10. Let A € On and X C Ry. The order (X, <p, | X) is
clearly well-founded and reduced. To show that it does not embed R332, S, 2,
it is sufficient to check that R, does not embed these orders:

(1) (Rx does not embed Ry 2)
Let (ag, bo), (Ao, Bo), (a1,b1), (A1, B1) be four elements in Ry and sup-
pose that (a;,b;) <gr, (Ai, B;) for i € {0,1} (i.e., they satisfy all
Ry relations). We claim that <p, must satisfy an additional rela-
tion which is not compatible with R . Indeed if ¢ € {0,1} satisfies
A; = max(Ap, A1) then by,b; < A;. Hence both (ag,bo), (a1,b1) are
<r, smaller than (A;, B;).

(2) (R» does not embed S, 2)
Let X = {(mZ, M%) | n < wpU{(my,MY) | n < w} C Rx. Let
7 : Su, = Ry be defined by m(x,) = (mZ, MZ) and 7 (y,) = (m¥%, MY),
n < w. We claim that 7 cannot be an embedding of (S, 2, <s,, ,) into
(Rx, <R, ). Otherwise setting m* = min({m¥ | n < w}) < X and

n* = min({n < w | m¥ = m*}), we get that m(x,-) <g, 7(Yn~), i.€.,
ME. < m?. =m*. It follows that for every n > n*, M. < m* < mY

thus 7(2y,+) <gr, m(yn). But this is incompatible with <s_ ,.
It follows that (Rx,<g,) is tame, and it is easy to see that Trank(Ry) = A.
Therefore if (S, <g) is tame and embeds in Ry then Trank(S, <g) < A.

Next, suppose that (S, <g) is a reduced well-founded order which does not
embed Ry 9 or S, 2, and let A = Trank(S, <g). Define functions m, M : S — A
by

m(z) = otp(<p (z),C) and M(z)=otp(<cu (z), Q).
We claim that the map 7 : S — Rj, defined by n(z) = (m(x), M(z)), is an
embedding of (S, <g) into (Rx, <rg,).

We have that (S,<g) is reduced, therefore for every distinct z,y € S,
(d(x),cu(x)) # (d(y),cu(y)). We get that one of <p (z), <o (y) is a C-strict
initial segment of the other, or one of <cu (z), <cu (y) is a C-strict initial seg-
ment of the other. Hence m(z) = otp(<o (), C) # otp(<o (y),C) = m(y), or
M(x) = otp(<cu (2), <) # otp(<cu (y), C) = M(y). Therefore 7 is injective.

The next three claims show that 7 is order preserving:
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CLAM 1: For every © € S there exists a C-order preserving injection
f <o () =><cu (z), thus m(z) < M(x).

Let d €<p (z) and define f(d) as follows: Let d* € D(S) be the C immediate
successor of d, i.e., d € d¥ C d(z). Pick an element y4 € d¥ \ d and set
7(d) = culya)

To show that f(d) belongs to <cu (z), note that yq € d* C d(z), so yg <5
and z € cu(z) \ cu(yg). As cu(z) and cu(yg) are C comparable it must mean
that cu(yq) S cu(x).

As pointed out in Remarks 2.8, we have that d* = d(z) for some z € S.
Therefore yq <s 2. Let d' €<gp (x) so that d C d'; dt =d(z) Cc d' C (d')*"
implies that yor €5 z and therefore z € cu(yqs ) \ cu(yq), so

fd) = cu(ya) S culya) = f(d').
Hence f is C-order preserving.

CLAM 2: For every * <g 1y there is a C-order preserving injection
g :<cu (x) =<o (y), witnessing that M(z) < m(y).

Let cu(z) €<cu (z) and define g(cu(z)) as follows: Let 2t € S so that cu(z™)
is the C immediate successor of cu(z). Let

Lou(z) = {d(w) | w € cu(z") \ cu(z)}

and let g(cu(z)) € I'yz) be a C minimal set in I', (it is actually unique).
Also pick wey(») € cu(zh) \ cu(z) so that g(cu(z)) = d(wey(z)). We get that
Weu(z) 5 T 8S Wey(z) € cu(zh) C cu(x), and z <g Wey(z) as w & cu(z).

For every w'eS, if w'<gwey(z) then w' <g y as otherwise <gs[ {wey(z), w’, z, y}
would be isomorphic to Ry 2. It follows that g(cu(z)) = d(wey(z)) € d(y). More-
over, d(Wey(z)) S d(y) since 2 € d(y)\d(wey(z)). This shows that g(cu(z)) €<o(y).

Let z’€ S so that cu(z) C cu(2’) €e<cu (x). We have we,(») € cu(z) C cu(z’),
ie., 2 £s5 Wey(z) and therefore 2’ € d(wey(z)) \ d(Wey(z)). It follows that
g(cu(z)) = d(wen(z)) & d(Weu(zry) = g(cu(z’)). Therefore g is C-order preserv-
ing.

Suppose that otp(<o (y), ) = p + n where p is a limit ordinal and n < w.
Let (d; | i < p+n) be a C-continuous increasing enumeration of <g (y). In
order to prove M(x) < m(y) it is sufficient to verify that d, = U, d; & rng(g).
We consider the following three cases which address the identity of d,,:
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(1) If p=0thend, =0, as ) = d(t) €<p (z) for every <g minimal element
t <s x. Wesaw that x € d(wey(z)) = g(cu(z)) for every cu(z) €<cu (z),
therefore g(cu(z)) # 0 for every cu(z) € dom(g).

(2) Ifd, € ®(S)\D(S) then d, & rng(g), since g(cu(z)) = d(weu(z)) € D(S)
for every cu(z) €<cu ().

(3) Suppose that d, = d(w) for some w € S. Recall that for every
cu(z) e<cu (z), g(cu(z)) is a C minimal set in

Peuz) = {d(w) | w € cu(z") \ cu(z)}.

Therefore to show d, ¢ rng(g), it is sufficient to verify d, is not
C-minimal in Iy, for any cu(z) €<cu (x). For this, note that
dp = d(w) € I'ey(z) implies z € d, = |J;,di- Let i < p be a suc-
cessor ordinal such that z € d; = d(w;). Since z* & d, and d(w;) C d,,
we get that w; € cu(z") \ cu(z), witnesses that d, is not C-minimal.

CLAM 3: For every x £ sy there is a C-preserving injection h :<5(y) —><cu (z),
thus m(y) < M (z).

Let d €<p (y) and define h(d) as follows: Let dt € D(S) be the C immediate
successor of d, i.e., d C dF C d(y). Pick an element wy € d* \ d and set
h(d) = cu(wg). Since cu(wp), cu(y) are C comparable, and y € cu(x) \ cu(wg)
(as x £5 y), we get h(d) = cu(wy) € cu(z), i.e., h(d) €<cy (z). Let d' €<p (y)
so that d C d’; d* = d(z) for some z € S. We have d(z) C d’ and wa € d’, so
z € cu(wg ) \ cu(wg) and thus h(d) = cu(wq) € cu(wg ) = h(d"). Therefore h is
C-order preserving.

Remark 2.11:

(1) Definition 2.2 (of tame orders) is slightly different from the author’s
original (equivalent) definition, where S is tame, if it does not embed
Ry 2 and the linear ordered sets (D(5), C), (CU(S), C) are well-orders.
The author would like to thank the referee for pointing out that the last
property is equivalent to the fact that .S does not embed S, 2 as well.

(2) In [5], James Cummings constructed a model in which <(k) is divided
into blocks {M(a,8) | @ < o(k),B € (a,0(k)) U{oo}}. The blocks
determine the < structure in this model, where for every U’ € M (¢, 3')
and U € M(a, 8), U'«U if and only if 8’ < a. Tt is not difficult to see
that this order is tame.
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3. The posets P’ and P!

The purpose of this section is to introduce the main poset P = P° x P, com-
prised of P, a Friedman-Magidor forcing, introduced in [7], and of P!, a Magi-
dor iteration of Prikry-type forcings. The Magidor iteration of Prikry-type
forcings was introduced by Magidor in [13] (see [9] for an extensive survey).
The definitions of P and P! rely on certain parameters, chosen relative to
A = 0" (k). To simplify the presentation we restrict the presentation of P° P1
in this section to when A < k. The more general case, A < kT, will be treated
in Section 7.

Suppose that the ground model is a Mitchell model, V' = L[U], so that
U= U, | v < k7 < o)) is a coherent sequence of normal measures.
When v = k we write U; to denote Uy -, for every 7 < X. For every 7 < A
let A; = {v < k| o(v) = 7}. The sets {A, | 7 < A} are pairwise disjoint
as A < k. For every a < A, let j, : V = M, = Ult(V,U,) be the induced
ultrapower embedding. Therefore U, € Mg if and only if & < 8 < A. Let
ga' s Mg — Myz = Ult(Mp,Uy), and jap = ju® 0 js : V — Mag. Now
Ja,3 is known to be equivalent to the ultrapower embedding induced by the
product measure U, x Ug; jq,g can also be formed using a normal iteration.
Taking jo(Us) € Mo, if if® : Mo — Mapg = Ult(Ma, jo(Us)) denote the
induced ultrapower embedding of M, by j.(Ug); then ja g = igf“ 0 jo. The
iteration is normal since the sequence of critical points (Ko, k1) = (K, ja(K))
is increasing. The fact that jg(x) > & is inaccessible in My implies that

Jap(K) = ja " (j5(K)) = js (k).

3.1. THE POSET P°. The forcing P° used here was introduced by Friedman and
Magidor in [7]. Now P? = P2, = (PY, Q% | v < k) is a non-stationary support
iteration. Conditions p € PY are denoted by p = (Pu | # < v). Non-stationary
support means that for every limit v < &, every p € PY belongs to the inverse
limit of the posets (772 | p < v), with the restriction that if v is inaccessible
then the set of u < v such that p, is non-trivial is a non-stationary subset
of v. For every v < k, if v is non-inaccessible then I-po QY = 0, otherwise

lFpo Q) = Sacksy(,(v) * Code(v), where for every v < k we set

A i A <k,

Av) =
v if A=xk.
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Conditions in Sacks, (v) are trees T' C <" for which there is a closed unbounded
C' C v so that whenever s € T, if len(s) € C then s~ (i) € T for all i < A(len(s)).
Code(v) is a coding poset which adds a club set to v+ coding the Sacksy(,)(¥)
generic function s, : v — v by destroying stationary subsets of Cof(v) Nv™ in
V (see [7]). Let G° C PY be a generic filter over V, and for every v < k let
G°(QY) = U{praoy, | p € G°} be the induced Q)-generic over V[G° | v]. For
every non-trivial stage v < x in the iteration P°, let s, : v — A(v) denote the
generic Sacks function specified by G°(QY). For every n < A define

A ={v<k|s,=ss v, and s,(v) =n}.

The sets in {A(n) | n < A} are clearly pairwise disjoint. According to Friedman
and Magidor [7], V[G"] satisfies the following properties:

Fact 3.1:

(1) V]G] agrees with V on all cardinals and cofinalities.

(2) For every normal measure U on « and ) < A, there is a unique normal
measure, U(n) € V[GY] containing U U {A(n)}. Furthermore, these are
the only normal measures on « in V[G].

(3) For every n < A, let ju(,) : VIG°] — Mg(n) =~ Ult(V[G°],U(n)) be the
induced ultrapower embedding of V[G] by U(n). We have:

(@) juw 'V =ju : V = My = Ult(V,U) is the induced ultrapower
embedding of V' by U.

(b) Mg(n) = MU[G%(U)] where G%(n) C ju(P®) is My generic.

(€) Gl TE+1 =G

(d) Uijv“(G°l k) completely determines G%(n) I ju (k) Ciu(PO) [ ju (k).
In particular, GOU(n) [ ju(k) is independent of n < .

(e) For every p € GO let ju(p)(n) be the condition obtained from jy (p)
by reducing its Sacks tree at level k, T = (ju(p))x, to the set of
functions s € Lev,41(T) which satisfy s(k) = n. For every dense
open set D C jy(P?), there exists p € G° so that jy(p)(n) € D.

Definition 3.2:
(1) Let Uy, denote the V[G®] extension U(n) described above, for U =

U,.
(2) Let ji,,y : VIG’] = Ma|Gg(n)] denote the ultrapower embedding of
V[GO] by U°

(a,m)”
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We write G (n) = j?am)(GO) to denote the j,(P°) generic filter G%(n) de-
scribed above with U = U,,. It is clear that j?am) [V = ja.

Definition 3.3:
(1) For every o < o(k) let Ay ={v < k| o(v) = a}.
(2) For aw < o(k) and n < A let Ay(n) = A(n) NA,.

Based on the above definition, it immediately follows that:
(1) {Aa(n) | a,m < A} are pairwise disjoint.
(2) Aa(n) € U(Oam) for every a,n < \.

We can easily describe the iterated ultrapowers using U(Oam), a,n < A Ac-
cording to [7], ja,5“G° determines a unique generic filter in j,, g(P°) up to the
following values:

(1) a tuning fork at the value s;_(.)(k) < A, and
(2) a tuning fork at the value s, ,(x)(ja(K)) < ja(N).

For every 1, < A and 73 < jo(A) there exists a unique extension of j, g to an
embedding of V[G°], which determines s;_ (x)(k) = 7o and s, (x)(Ja(K)) = ng.
In this paper we are only interested in values 74,15 < A.

Notations 3.4:
(1) Denote V[GY] by VO.
(2) For every a < o(k) = X and 1 < A, let j?om) (VO — M(Oom) denote the
ultrapower induced embedding

j?a,n) : V[GO] - Ma[Gg(W)] = Ult(voa U(Ooz,B))

(3) For every nq,ns < A, let

0,M(ama) . 3,00 0 ~ 0 ) 0
i M.y = Miana),8.ms) = UM 005 50 ma) (Usng)))

denote the ultrapower of M(Ooma) by j?ama)(U(OﬁmB)), and let

-0 _ OMane 0 . 0 0
Tama) Bms) =ty ©Jama)  VIGT = Mg 0 (8.0s):

The following summarizes the connections between iterated ultrapowers of V/
and V0:
(1) jéoal\’/?a) f V = jou
@) 4 1o =
(3) Jama)(Bmg) |V = Jonps
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MU
(e,na),(Bimg)
(4) Sjalr) (k) = 1oyt
M?aw”a)v(ﬁﬁlﬁ) .
(5) S e () (Ja(K)) = ng.
Suppose that a < o(k) = A and n < A. The definition of U(Oa m
knowledge of U, and G°. For every 8 > a and n/ < \, U, € Mg C M(OB ) and

G'=GH(n) I (k+1)€e M(Oﬁm,). We conclude the following:

requires

COROLLARY 3.5: For every a < 8 < o(k) and n,n' < A, U(Oa » < U(Oﬁ n’)‘2

The description of the normal measures on & in a P°% extension applies to all
measurable cardinals v < k: Let

U, = (Uyo|a <o)

be an <-increasing sequence of the normal measures on v in the coherent se-
quence U € V = L{U]. Each normal measure U, , € V extends to A(v) normal
measures in V[G° | (v + 1)], denoted {UB,(a,n) | n < A(¥)}. No measures on
v are added or removed by the rest of the iteration since P\ (v + 2) is 2(2")-
distributive. Furthermore, we get that Ul?,(oz,n) <1US7(16,77,) for every a < 8 < o(v)
and 7,17’ < A(v).

3.2. THE POSET P'. The poset P! = (P!, QL | v < k) is a Magidor iteration
of one-point Prikry forcings. See [9] for a comprehensive survey of Magidor
iteration of Prikry-type forcings. One-point Prikry forcing is a simplified ver-
sion of the well known Prikry forcing. The one-point version at a measurable
cardinal v chooses a single (indiscernible) ordinal d(v) < v, instead of a cofinal
w sequence.

Let U be a normal measure on v. The one-point Prikry forcing Q(U) consists
of elements p € U Uw. For every ¢,q¢' € Q(U) we set:

(1) ¢ Z0W,) q (i-e., ¢ is a direct extension of ¢') if and only if either
q,¢ €U and qC ¢, or q,¢ €vandqg=¢.
(2) ¢ >qw,) ¢ if and only if ¢ >5w.) dorqgev, ¢ elU,and q € 4.
(QUL), >ow,)» Zzg(U,,)) is a Prikry-type forcing notion ([9]).
Let us describe the way P! is formed from certain one-point Prikry forc-
ings. Let v < k be a measurable cardinal in V. Suppose P. has been defined

L Here sv(p) denotes the value of the generic v-Sacks at p.

2 1t is not difficult to verify that U?a a9 U?B - if and only if a < .
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and U} = <U1},(a,ﬁ) | B <o(v),a < A(v)) is a given sequence of normal measures

on v in a P! generic extension of V.

Definition 3.6 (recipe for QL): Let o, 3 < A be the unique ordinals so that
v € Au(B) (ie., o(v) = a and s,(v) = B8). Define QL by

Q(Ul},(a,g)) if g <a,

0—the trivial forcing otherwise.

QL =

To complete the definition of Q,lj, we need to define the normal measures in
Ul = <U1},(a,6) | B < o(v),a < A(v)). These are given in Definitions 3.8 and
3.10. Note, however, that Definition 3.8 is the only one which applies to QL.

To simplify the notations, let us assume that ¥ = k and use the abbrevia-
tions U((Jaﬁ) for U,S,(a,ﬁ)a and U(laﬂ) for U;i,(a,ﬁ)‘ Our definitions make use of

the embeddings j?am), i(;}f];‘)’”“), and j?a,na),(ﬁ,ms)’ introduced in Notations 3.4

above.

Definition 3.7 (Prikry function):
(1) Let A" ={v € A|0p1 IF Q) is not trivial }.
(2) Let d : A’ — k, be the P! name for the generic Prikry function, so
that for every VO generic filter G! C P!, d(v) < v is the QL generic
point given by G'.

Let G' C P! be generic over V°.

Definition 3.8 (U(la”g) for a > B): Suppose that o > 3, where 8 < o(x) and
o < Ar) = \. Let X be a subset of x in V°[G'] and X be a P! name of X.
Set X € U(la,B) if and only if there are p € G! and ¢ >* j?ﬂ,a)(p) \ x so that
pg >* j?ﬁ,a) (p) is a condition in j?ﬁ,a) (P1) and

(1) P q “_j?ﬁ’a)(Pl) (S j(oﬁ,a)(X)‘

Definition 3.8 implies that U(la 5 extends U(OB o) 0 V0. In particular,
Ag(a) € U(la g)- 1t is not difficult to verify that U(la gy is a normal measure
on k. For proof see [9] or the description of U in [3].3

3 To verify the normality of U(la,,e)v note that x € j?/s,a)(AB(O‘))v so by Definition 3.6,
stage  of j?ﬁ a)('Pl) is trivial.
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Remark 3.9: Suppose that X € U(la”,j), a > 3, and let p € G and ¢ >*
j?ﬂ,a)(p) \ x as in Definition 3.8 above. Essentially, one can assimilate ¢ into
j?&a)(p), and use it to produce a simpler characterization for the sets in U (1(11 )’
Let @ be a function representing ¢ in M(Oﬁﬁa) where Q(«) >* p\a for every a < k.
Let ¢ >* p be the condition obtained from p by reducing each p,, v & supp(p) to
t, =P, N A<, Q(),. Tt follows that for every a < k, t~* >* Q(«), where t~¢
is the condition obtained from ¢ by replacing each set t,, v > «, with ¢, \ a+ 1.

By a standard density argument it follows that for every X € U(lm gy 2> B,
there is some p € G' so that

08,0y ()" I & € il 0y (X).
We proceed to define U(1a7 5) when a < 8. We first introduce the following
auxiliary definitions.
Definition 3.10 (k3 4 and pT(=):
(1) For a < f < XA = o(k), let k3 5 : V® — N 5 denote the iterated
ultrapower j? 6)1(ﬁ7a):V0—>M(0aﬁ)7(61a) (introduced in Notations 3.4).

(2) For every condition p € P!, v < x so that p | v IF p, € Q(Ur), and
p < v, let pT(#¥) denote the condition obtained from p by replacing p,,
with {u}, ie., pT®) Ik o = d(D).

Note that pT(#¥) is not necessarily an extension of p. If p | v IF fi € p, then
pT () i an extension of p.

Definition 3.11 (U, 4 for a < §): Let a < 8 < A. In V°[G'] define U[, 4 to
be the set of all X = X1 C & for which there are p € G and ¢ >* kgyﬁ(p) \ K
such that (p“q)+(”’j<0a’ﬁ>(”)) > pTq, and

(2) (™)) Ik R € kY 5(X).

For proof that Uf,, 5 is a normal measure on &, see [3]. It follows that U, ,)
extends U(Oaﬂ) and, in particular, A,(B3) € U(la”,j).

Remark 3.12: Similar to Remark 3.9, one can show that for every X € U(la )
there exists a condition p € G so that

kgﬁ(pﬁ(”»j?ﬁ,v)(”))—”—j?ﬁ,v)(ﬁ) IFie kgﬁ(X).
See [3] for further details.

4 See the proof for the normality of le.
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3.3. SEPARATION BY SETS. Let G! C P! be a generic filter over V° = V[GY)].
Let us denote V°[G'] by V. The normal measures {Uj, 4 | & < 8 < A} will be
used to realize R). As mentioned in the introduction, we would like the normal
measure on x in V! to be separated by sets.

Definition 3.13 (T', X(4,g)): Define sets in V'!:

(1) T' = d“A’, the set of Prikry generic points.
(2) For every a, f < A,

Ag(a)\ T ifa>p,
X(ap) = :
A(B)NT fa<p.
A simple inspection of Definitions 3.8 and 3.11 shows that X, 3) € U(la”,j)
for every a, 8 < A.

COROLLARY 3.14: The sets in {X(4,p) | o, 8 < A} are pairwise disjoint, and
X(a,p) EU(la g foralla, f < A. In particular, the measures in {U(1CY g | @B <A}
are separated by sets.

4. The restriction j(la sV

For every a, 5 < A, let j(la”,j) V- M(laﬂ) ~ Ult(V?, U(laﬁ)). The purpose of
this section is to describe the restriction j (1% ) I VY as an iterated ultrapower of
the measures in V0. For every o, 8 < A, we first define an iterated ultrapower
T° resulting in an embedding 73, 5 : V° — Z7 5. The main proposition in this
section (Proposition 4.3) states that m), ; = j(laﬁ) I VO While the definition
of 7r27 5 makes the statement natural, its proof requires preliminary technical
results. For simplicity, we assume that the ground model V' is a Mitchell model
V = L[U] with V = KC(V'), where U is the coherent sequence of normal measures
and o(k) = A. In particular, V' does not contain an overlapping extender. Let
a, B < o(k) = A. Our ground model assumption V' = (V) = L[] and the fact
V1 =V[G? « G'] imply the following:

(1) v V ’C(Vl)
2 [V :V — Z, 3 is an iterated ultrapower of V,
B
(3) 1f ](a g ¢ VI o= Mg then M, 5 = ZaplGy 53 * Gy gl, where

Ga, * Ga”ﬁ - j(a ﬁ)(’P * Pl) is generic over Z, 8.
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We refer to [19] for these results. The definition of 778’ g for a, B < A makes
use of the ultrapower embedding j?a R Vo — M(Oa sy defined in Definition 3.2,

and the iterated ultrapower embedding k& K Vo — Ngﬁ 3 defined in Definition
3.10. Let A = (Aq(n) | o < 0(k),p < A).

Definition 4.1 (), 5): Here 7)) 5 results from a linear iteration

T =(Z,00, |0<i<j<0),

with critical points v; = cp(UZ-O, i+1) of length 6. Here Z? are the intermediate

models (iterands) of the iteration, and ogj D 7Y — Z? are the connecting
iterations. For every ¢ < 6 we denote the image of the i-th critical point v;,
0041 (i), by v}, We set Z§ = V°, o g = idz, Z7 = Np 5, and

.O .
08 = J(8,a) if < a,
’ kg,ﬁ if > p.

We define vy = &, and set v} = j?aﬁ)(n) < 001(k) if @ < B, and leave v/}
undefined otherwise.
SUCCESSOR STAGE: Suppose that T [ i has been defined up to stage 1 <i<6;
define Z?\, and 07, as follows: Let v be the supremum of {v; | j < i} (the
set of critical points in T | 4), and take v; to be the minimal ordinal v > v}
which satisfies:
(1) the forcing of of ;(P') at stage v is not trivial, i.e., v € o ;(A’), and
(2) v does not belong to o ;“{vj | j < i}.
These two requirements imply that the critical points of the iteration T° are
strictly increasing (i.e., the iteration is normal). Since v; € 00 ;(A’), then there
are unique 3; < a; so that v; € 0%(A")4,(Bi). We define

) . 70 0
Oiit1 = Jug (Bira) Zy = 2y

and set v} = jBi,(ﬁi,ai)(Vi)‘
LiMIT STAGE: If § < 6 is a limit ordinal, then we take Zg to be the direct limit
of TV 14.

The iteration terminates at stage 6, when o ,(A") C {v} | i < 8} Uv;. Note
that

0 0, (k) ifB<a,
’ ko g(k) ifa>p.
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By induction on i < 6, it is not difficult to verify that o (%) is a fixed point
of 0(1)71-. It follows that the iteration must terminate after at most agﬁl(n) many
steps as each v; < of (o0 1 (k)) = 00 (%), and the iteration is normal.

The following facts summarize the main properties of 79 5, and can be easily
proved by induction on 1 <7 < 6.

COROLLARY 4.2:

(1) For every oo > 8 we have:
° 00, = j?ﬁ o) Vo = K, and v is not defined,
e for every 1 < i < 6 both k = vy and j?ﬁ a)(li) are not moved by
09, and v; € (K, j( o) (%)),
e 00, (A) N[k, vi) ={vj | j<i} forevery 1 <i <9.
(2) For every oo < 8 we have:
. 0871 = kg,ﬁ’ Vo = K, Vg :j?a,ﬁ) < kg”@(fi);
e for every 1 < i < 0, neither vy, v, nor kgﬁﬁ(n) are moved by
0(1)71-; furthermore, each critical point v; either belongs to (vg,13)
or (v, k9, ());
e for every i < 6 with v; € (1p,14) we have

o) (AN [k, ) = {le |1<j<i};

)i
e for every i < 6 with v; € (1}, kgﬁ(m)),

oy (A) N [kvs) = {vj [0 < j < i}

PROPOSITION 4.3: For every a, 8 < A, ﬂgﬁ is the restriction of
gy V= My gy = UV, UG, 5y)
to V.

4.1. STRUCTURAL RESULTS FOR DENSE OPEN SETS IN Pl. In this section we
prove several preliminary results, which will be used in the proof of Proposition
4.3. We focus on a specific family of finite subiterations of 79 named structural
iterations for U(la, 8’ and use them to describe a criterion for meeting dense
open sets in 73 5(P').

Definition 4.4 (structural function, and structural extension): We define by in-
duction on n < w a structural function f of degree n, avoiding b C k.
For n = 0, a structural function of degree 0 is the trivial function f© = 0. A
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function f = f*! is a structural function of degree n + 1, avoiding b, if there
is a unique ordinal vy < k, and a P , hame X ¢ so that the following holds:

(1) vy e A’\b.

(2) Opy I+ Xj € U,

(3) dom( is the set of all ’Pl names for ordinals in X ;.

(4) For every name 7 € dom(f ) f(7) is a structural function g of degree n
avoiding b, and v, < vy.

We say that f is a structural function if there exists some n < w so that f is
a structural function of degree n.

Let p be a condition, and f be a structural function avoiding supp(p). We say
that a condition ¢ is a structural extension of p by f if the following holds:

(1) If f has degree 0, then ¢ is a structural extension of p by f if ¢ >* p.

(2) If f has degree n + 1, then ¢ is a structural extension of p by f if
there are r >* p [ vy and 7 € dom(f) so that 7 IF 7 € p,,, and ¢ is
a structural extension of r~(p \ v;)T(7¥7) by (the degree n structural
function) f(7). Note that v~ (p\ vy)T("¥7) > p.

LEMMA 4.5: For every open dense set D C P! and p € P! there exists a
structural function f, avoiding supp(p), so that every structural extension of p
by f has a direct extension in D.

Proof. We prove by induction on v < x that the above holds for every dense
open set D C Pl and p € PL. Suppose the claim holds for every dense open set
D C Pl and p € Pl. We have Pl = PL+Q,. If v ¢ A, then Q, is trivial
and there is nothing to prove. If v € A’, then @, = Q(U?). Let D C Pl be
an open dense set, and p=p | v"p, € P}, ;. If v € supp(p), then the forcing
PL over p is equivalent to P..

For every v ¢ supp(p) the name p, is a P} name of a set in U;. For every
G, C P} generic, the set D(G,) = {(q,)c, | ¢ € D} is a dense open set in
Q(U}). It follows that there is some Y, C (p,)q, with Y, € U} so u € D(G,)
for every u € Y,. Let Y,, be a name for Y, in ’P,}. For every name 7 of an
ordinal in Y,, the set D, = {g >p | v | ¢~ (r) € D} is dense open in P}. The
inductive assumption guarantees that there is some n(7) < w and a structural
function f(7) of degree n(7), such that every structural extension of p | v by
f(7) has a direct extension in D,. For every n < w, let X» be the P} name of
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the set {7 € Y, | n(7) = n}, and let 0% be the P! statement
oV Xneur.

Since P! satisfies the Prikry condition, there exists a unique n < w and some
r >*p | vso that r IF X{} € Ur. Let us denote X” by X,. We conclude that
for every name of an ordinal in X, 7, there is a structural tree f(7) of degree
n such that every f(7) structural extension of r*("»)) has a direct extension
in D. Tt follows that the function f mapping every such name 7 to f(7) is a
structural function of degree n + 1, and the claim of the Lemma holds with
respect to p, f.

Let 6 < x be a limit ordinal, and suppose that the claim holds in every P} for
v < 4. Fix some p € P} and a dense open D C P}. In order to prove the result
it is sufficient to show that for some v < § and a P! name ¢, p [ v IF £ >* p\ v
and D; = {r > p | v|r~f € D} C P! is dense open. Suppose otherwise, and
let us construct a direct extension of p, p* = (p} | v < 0) so that for every
v <4, p* | vIF o where

(3) oVt >* (p\v).t € D(G,).
Note that the existence of p* would contradict the fact that D is dense.

Suppose p* | v = (p} | p < v) has been defined and satisfies (3). Fix a P,
generic G, with p* | v"p\ v € G,, and consider the forcing

PI\v=Qu *PH\ (v +1).

Since Q,,_; satisfies the Prikry property, there exists some r, >* (p,)q, which
decides 00 ,,.% If r, IF =00 1, there would be ¢~, >* p\ (v +1) and 7, >* r,,
so that r"¢~, € D(G,). This is impossible as 7 "¢, >* p\ v while ¢ holds
in V[G,] as p* | v € G,.

We conclude that 7, forces o9, in V[G,]. Back in V, let p} be a P} name
for r,, so p* [ v Ik p}, >* p,, and p* | v7p} IF 00, ;.

Let ¢’ < ¢ be a limit ordinal. Suppose p* [ ¢ = (p}, | p < d') has been
constructed, and let us show that p* | &' IF o%,. Otherwise, there would be
conditions, t € P\ ¢ and r > p* | &, so that p* [ & IF ¢ >* p\ & and
r -t € D(Gs). Thus there exists some ' > r so that 't € D. As ¢
is a limit ordinal and supp(r’) is finite, it follows there is some v < ¢’ with
\v >* (p* | & \v). Let s =+ [ v; weget (¥ \v)"t >* p\ v and

sl- (7" \v)"t € D(G,). This is absurd as s > p* | v and must force o0

e

5 Considered as a Qll,—statement.
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Definition 4.6 (structural iteration and compatible conditions): For o, 8 < A a
structural iteration for U(la 3) is a finite iterated ultrapower

—

M = (Muy, jem | kK <m <n)

of length n < w, satisfying the following properties:

My =V,
0 . 170 0 3
o = I (8,0 Vv —>M(51a) if 8 < a,
’ 0 .y0 0 :
Fap 1 V2= Mg gy 80y Ea>5

Define vy = k, set v5 = j{,, 5,(%) < kg (k) if @ < B, and leave v undefined
otherwise. For every 1<k <n, suppose that MIk+1= (Mo, jim |0 <m < k)
and {(v;,v}) | i < k) have been defined. Then there is an ordinal v < jo (k)
so v € jor(A)\ (kU {v} | i < k}) and unique oy, B with v € jo x(A)ay (Bk)-°

(1) Jrpser s My = Myr = UMy, US 5 ),
(2) v = Jrger1 (vr)-

We say that a condition p € jo,(P!) is compatible with the structural

iteration M, if there exists a sequence 7 = (p¥ | k < n) with the following

properties:
(1) p® € Pt in VO.
(2) p' = Joa(P°) = {0y (#°) iff<a

(pq) T 9ln ™) as in Definition 3.11  if a < B.
(3) For every 1 <k <n,

B +(ve,vk)
)

P P (e (p) \ 1))

where
® ¢ >" jrrt1(p) I [vr, 1),
e p gk vg € jrkt1(py,) = jk1k+1(p)yé. Note that the existence of
such ¢ is guaranteed by Definition 3.8.
(4) p>*p*.

Comparing the last definition with the definition of the iteration T° for U (1(11 8y
it clear that structural iterations are all finite subiterations of 70 and that the
TO-resulting limit, 7 5 : VO — Z] 5, is also the limit of the directed system of
all structural iterations for U(lm )"

Before proceeding, we point out the following simple facts:

6 Note that we must have ay < 8 since v € Jo,k(A).
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Remarks 4.7: Let M = (M, jr.m | k < m < n) be a structural iteration for
Uta.p)-

(1) The embedding jo 1 coincides with the ultrapower embedding used for
the definition of U(laﬁ) in Definitions 3.8 and 3.11 for U(laﬁﬁ).

(2) For every k < n — 1, vy, v} are not moved by jii1n.-

(3) For every k, 1 < k < n, v € jor(A’) implies that v} € jor+1(A").
Furthermore, since U(Oﬁk’ak) (the measure generating jy x+1) does not
include jo x(A") N v, we get that vy & jo k+1(A’). Similarly, we have
that x ¢ k9 5(A) when a < f, and x & j?ﬁya)(A') when a > S.
Therefore vy, & jon(A') for every k < n.

(4) If p € jon(P') is compatible with the iteration M which is witnessed
by a sequence (p’ | i < n), then p*1 IF jo 1 (d)(v)) = v for every
k < n. Both v, v{ are not moved by the rest of the iteration, hence

p Ik jom(d)()) = v

whenever v}, is defined.

(5) Suppose that po,p1 € jo.n(P') are compatible with M. Let (pf | k < n),
(p¥ | k < n) be witnessing sequences for py, p; respectively. It is easy
to see by induction on k < n that if pJ, p{ € P! are compatible in P!,
then pk, pk are compatible in jo x(P1).

LEMMA 4.8: Let MO = (Mm,jem | K < m < ng) be a structural iteration
of length ng and p € jon,(P') compatible with M. We have that for every
structural function f = f™ of degree n which avoids supp(p) U k, there exists
a structural iteration M = (M, jom | B < m < ng 4+ n) of length ng + n,
extending My, and q € Jo.no+n(PY) so that:

(1) q is compatible with M, and
(2) q is a structural extension of jpng no+n(D) BY Jno.no+n(f)-

Proof. Let us denote ng + n by n*. For every k, ng < k < n*, we choose
Jekt1 : My — My, pP € jo g (PL), and g™~k of degree n* — k, so that
P is compatible with M | (k4 1), and g™ —* avoids supp(p*™') U k. Let
M, be the last model in MO, p™ = p, and ¢g" ~™ = ¢" = f. Suppose that
M [ k+1, p¥, g" =% have been defined. Note that {v} i<k} Csupp(p*) and
vk € jox(A')\ (k Usupp(p¥)). Suppose that vy € A,, (Bk), and let

a1 My = My1 & UMy, UJ 5, 0n)-
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k and let Y be a name for

Let X n<—x be the name associated with g
X -k ﬂp’,fk_. Since Y}, is a name of a set in U(lakﬁk), then by the definition of
U(lakﬁk) there is some ¢ >* g j+1(0%) | [Vk, v}), so that p* g I vk € jik g1 (Yi).

. +(vk.vi)
Define p**! = (p* ¢~ (ke (0) \ ) .

Let vk be an ordinal in Y} which is interpreted as v} by every condition which
forces v € ji ky1(Xgn=—i). Clearly vy € dom(jk1k+1(g"*_k)) so we can define
g™ D) = G 1 (g™ ) (k). The inductive hypothesis implies that pF*! is
compatible with M | k+ 2 and that g” ~*+ avoids x U supp(p*T).

The construction terminates after n = n* — ng steps. We obtain an iteration
M= (M, jiem | k< m <n*), (p"| i <n*) and a structural function of degree
0,9°=yg
also be described as follows:

(1) h° = jug.m=(f) is of degree n,
(2) Wit = h¥(vp, +i) is of degree n —i — 1 for all i < n,
(3) ¢° =h"

We conclude that the sequence (ji n« (p¥) € jng.n+(P1)) is a witness for the

* *
n —n

= (. For every k < n*, vy, vi are fixed by jki1.n, hence g° can

fact that ¢ = p" = jur = (p™ ) is a structural extension of j,, ngtn(p) by
jnoﬂlo-i-n(f)'

The following concludes the findings of Lemmata 4.5 and 4.8.

COROLLARY 4.9: Let Mg be a structural iteration of length ng, and D be
a Pl-name of a dense open set in jon,(P') \ k. For every M, compatible
condition p € jo.n,(Pt) there is a structural iteration M extending My and a
M compatible condition q € Jon+(P) so that:

(1) ¢ 2 jing,n+ (p) (here n* = |M]),

(2) ¢ 1K =1Jnom=(p) [ £ =p [k, and

(3) ¢ kl-(¢\ k)€ D.

4.2. A PROOF FOR PROPOSITION 4.3. Let o, 8 < A and

79

T =(Z),0); |0<i<j<6)

be the iteration associated with Uf,, 5 (Definition 4.1), and let mg, 5 : V° — ZJ 5
be the resulting elementary embedding; 7Tg, 5 is also the limit of the directed
system which consists of all structural iterations of U, (1a 8-
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Definition 4.10:

(1) For every structural iteration M = (My, jxm | k < m < n) with respect
to U(laﬁﬁ)7 let j; : V9 — M, denote jo , and kg My — Zgﬂﬁ denote
the direct limit embedding of M, in ZJ ;.

(2) Let G* C P! be a VO generic. We say that a condition p € j;(P*)
is compatible with both M and G! if there is a witnessing sequence
(p* | k < n) so that p° € G*.

(3) Let Fiyy on Cliyg (P') be the set of all the conditions p € j;(P') which
are compatible with M and G*.

Proof of Proposition 4.3. Define G}, 5 C 73, 4(P"),
G:l,B = U{kM “Fyi o | M is a structural iteration }.

It is clear that 7r27 5 “ql c G:}, - Furthermore, the last remark in Remarks 4.7
implies that every two conditions in G; 5 are compatible.

We show that G, ; is generic over Z) 5. Clearly, Gi, 5 | £ = G' is
Pl = ﬂ'gﬁ(Pl) | Kk generic over Zgﬁﬁ. Let D’ be a P! name for a dense open set
in 70, 5(P*)\ . Let My be a structural iteration for which there is D C Ini, (Ph)
such that ky; (D) = D'. Fix a condition p € Fy; 1. By Corollary 4.9, there is
a structural iteration M extending ]\7[0 and a compatible condition ¢ € j M(Pl),
sothat ¢ [ k =p [ kand q [ kIF ¢\ k € D. This implies that ¢ € FM,G“ which
in turn implies that ¢ = ky;(¢) € D' NG}, 4. Tt follows that G}, ;N D # 0.

We can therefore extend 7, 5 : VO — Z7 5 to an elementary embedding
Pl VOG=ZD 4G 5] so that for every set x=(&)g1, w) 5(2)=(70 5 (:c))G;B

Let U denote the normal measure on x in VY[G'] defined by X € U if
K € mh 4(X). We first show that U = U(la”,j), and then prove that m} ; co-
incides with the ultrapower embedding of U. Let X € U, (1% ) By the definition
of U, g (Definitions 3.8 and 3.11) there is a G' name X for X and a jo,
compatible condition ¢ € jo 1 “G* so that t I, (p1) & € jo1(X). It follows that
t is compatible with G, i.e., t € Fzo cu. Let k: Z7 — Z7 5 be the direct limit
embedding of the iteration. We get that k(t) € Gzlx,ﬁ' As k does not move k
(the iteration T after Z is above k) it follows that k(t) IF & € ﬁgﬂ(X), thus
X € U. We conclude that U(la,B) CU. U= U(la”@) as both are ultrafilters.

It follows that the ultrapower embedding of V! by U is

-1 . 1 1 ~ 1 1
j(a,ﬁ) V= M(a,ﬁ) = Ult(V ’U(a,ﬁ))
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and that 7, 5 can be factored into e, 4 Oj(layﬁ), where e}, 51 M, 5 — Z3 5[G], ]
maps [f] vl to 7 5(f)(#). Therefore, in order to show

(j(la,,@)’ Molt,ﬂ) = (Fi,ﬁa Zg,ﬂ[Gé,B])

it suffices to prove e/, 4 is surjective. Suppose z € ZJ 4[G}, ;5] and let @ be a
74 3(P') name for z, ie., z = (#)g , since Gh s = 7 5(GY) € mg(e, 5).
Let us show that # € rng(el ). To this end, # € Z) ;5 implies there is
a structural iteration M and a g (PhH name y so that @ = ky;(y). Let
(v | k < m) be the list of critical points of M = (Mg, jx.m | K < m <n). Thus
9 = jon(h)(v0,...,Vn—1) for some h: k" —€ V" in VO, Forevery k < nlet iy <
such that v;, = ky;(vk). By applying k;; we get & = wgﬁ(h)(yio, e Vi) Tt
remains to show that v;, € rng(eaﬁ) for each m < m. This is proved by induc-
tion. The case m = 0 is trivial as 1y = s and ky;(k) = . Let 0 < m < n and
suppose that the claim holds for every m’ < m; vy, is the critical point of the m-
stage of the iteration M. As a member of M,, (the m-th iterand in M) we can
write Vm = jom(h)(V0, ..., Vm—1) in M,,, where h : k™ — VY belongs to V.
By applying jm.m+1 we get vl = jom+1(h) Vo, .-, Vm—1) in Myy1. AS jmiin
does not move vo, ..., Vm—1,Vm,V,, V& = jon(h)(v0,. .., Vm—1) in M,,. Now
for every p € Fy; ou we have p IF 17, = Gom(d) (L) = Jom(B) (0, - -+ s V1),
where d is the name of the generic Prikry function and &’ = doh. It follows that
if ¢ = ky;(p), then g € G}, 5 and ¢ IF v, =7 5(W')(vi, - ., Vi, _,). The result
is therefore a consequence of the inductive assumption for v;,,...,v;, .

COROLLARY 4.11 (jéﬁ [ V): The restriction jé”ﬁ I 'V results from the following
iteration T = (Z;,0;; | 0 <i< j<¥6):

(1) Zo=1V. For 00,1 = 0’871 [V 2 Zo — Zl, ie.,

Hs.ey 1V = Js ifoa >,
ko 1V = o) o) |V =dap ifa>p.

00,1

(2) Given T | i and 0, : Zj — Z; for j < i, so that Z; = K(Z) (i.e., the
core of Z;), and 0;; = 05, | Z;, we have

Oijit1 = jBiy(ﬁiqai) [ Zs = Jui s 2 Zi = Zig1-



Vol. 214, 2016 THE STRUCTURE OF THE MITCHELL ORDER 971

5. The structure of <(x) in V!

We prove that in V!, the restriction of < to {U(1CY 5) | a < 8 < A} is isomorphic
to R)\.

PROPOSITION 5.1: Suppose that o < ', a < 8 are ordinals below \ = o(k).
In VO[GY, U(la,”@,) q U(la’ﬁ) if and only if f' < «.

Note that while V! contains normal measures U(lm ) for @ > (8, Proposition
5.1 refers only to U(1a7 8) for a < 8 < A. These additional measures are omitted
from Proposition 5.1 since they do not add any essential structure to <(f<a)V1.
More precisely, the proof of Proposition 5.1 shows that for every a > g, U(lm )

is equivalent to U(la o) in the order Ak) | U, where

Ut ={UL 4 |, B < o(r)}.

As Section 6 proves that the measures in U? are all the normal measures on
% in V1, we conclude that Ry is isomorphic to the reduction of <(x)V'. We
separate the proof of Proposition 5.1 to “if” and “only if” claims.

) 1 1
CrAaM 5.2: If ' < o then U(a,ﬂ,) N U(aﬁ).

Proof. Suppose that o/ > 8. It is clear from Definitions 3.8 and 3.11 that

U(la/ P is defined in every inner model of V! which contains G°, G', and U(Oﬁ/ )

Similarly, if o/ < 3/ then U (1a, g1y is defined in every inner model containing GO,
1 770 0

G-, U(B/,O/)7 and U(a,
For every a, g3,

B')

Ult(vlv U(la,,(i’)) = Zg,B[Gzlx,B] - Zayﬁ[Gg,B * Giv,,@]a
where Zgy 5 results from the iterated ultrapower T°. Furthermore,
G'=Gosl(k+1) and G'=GL,4 k.

By Corollary 3.5 we have that U(Oa, g 9 U(Oa ) whenever o/ < a. Also, by
Definition 4.1 we know that the embedding 70, 5 factors into of 4 0 o ;, where
0 Jls. B <

’ k:g,ﬁ if a> g,

and that cp(a?ﬂ) > k. Therefore, if U(Oa,yﬁ,) € M(Oaﬁ) then U(Oa,”,j,) € Zg,B‘ We

can now conclude the desired result by a simple case-by-case inspection:
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(1) When o/ = ' and o = 3, we get that
0 0 0 0
6/ <oa— U(,@/,B/) S M(a,a) — U(B/”@u) S Za,oz‘
(2) When o = " and o < 3, we have
0 0 0 0
ﬁ/ <oa— U(,@’,,@’) S M(a’B) — U(,@’,,@’) S Zoz,a'
(3) When o < 8’ and o = 3, then
/ 0 0 0 0 0 0
ﬁ <oa— U(a’,ﬁ’)’ U(B’,a’) S M(a,a) — U(a’,ﬁ’)’ U(ﬁ’,a’) S Za,a‘
(4) Finally, when o/ < 8" and a < 3, then
/ 0 0 0 !l 0 0
ﬁ <oa— U(a’,ﬁ’)’ U(B’,a’) S M(a,ﬁ) = Uz« ﬁ ’U(ﬁ’,a’) S Za,a‘
This concludes the “if” part of the proof. Before proceeding to the second
part, let us first list several corollaries of inner model theory ([19]).
Suppose that U(la/,ﬁ/) € My, gilet jly g2 My, g — M/, 5 = Ult(M], 4, U(la,,ﬁ/))
be the ultrapower embedding.
(a)
(1) By the uniqueness of the core model, K(M}, 3) = Za g (Za,p is described
in Corollary 4.11).
(2) The restriction 7, 5 = jo 5 | Za,p can be realized as the limit of a
normal iteration 17" of Z, g.
(3) Let G = GY 4% G}, 4; then:
(a) G" = jiy p(G) C 7y 5 (P° % PY) is 7, 5 (P? % P') generic over
Z/

o B
(b) M, 4 =Z., 5G], and

[0}

(c) for every x € M(la 5) = ZaplG], if = ()¢ then
jg/ﬁﬁ/ (./L') = ﬂ.;t’,ﬁ’ (./L')G/
(B) The mOdelS Mé/,ﬁ/ = Ult(M;,ﬁ’ U(la/ ﬁ,)) a.nd M(la, ﬁ,) = Uh}(Vl, U(la/ ﬁ,))
have the same initial segment of the cumulative hierarchy, V{1, 5 (R))- Indeed,
M(la”ﬁ) N (VY1 = (VY)ey1 because M(lajﬁ) is an ultrapower of V! by a &
complete ultrafilter Therefore, when applying a U(la, 81 ultrapower to V! and

M(la”@), we find that

Fhor TR 1) = Gl | (7 +1)
and

/ _ 1
Ma/aﬁ/ N ‘/j;/ﬂ/(’{) - M(a/vﬂ/) N ‘/jl

L ()
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It follows that:
(1) ﬂ-(/)/,,@” rl‘f/-‘r = ﬁi/”@:/ r:‘i—‘r,
(2) Z&,’B, r]g/,ﬁf(””v) =Zo g r]g/,ﬁf(“)a and
(3) the following normal iterations agree up to jor g (k%) = Tor g (K7):
e T which generates mo g : V — My g, and
o 1", generating m,, 5 : Ma,g — My, 4.

. 1 1 /
CLAM 5.3: If U(a,,B,) N U(a,,@) then (' < .

Proof. We use the notations and results listed above. Since Z], 5 and Zus g/
agree up to j(la,yﬁ,) (k), we get that 0Ze’.5" (v) = oZar (v) for every v <j(1a,75,) (K).

The first step of the iteration T” coincides with the first step of the iteration
T. According to Corollary 4.11, the first step of T is an ultrapower by U,-; thus
Uy € Zop. Since 0?24 (k) = a it follows that o/ < «. Therefore, if o/ = 3/
then 8’ < «, as desired.

Suppose now that o/ < 8’. Since w;,ﬂ, is the embedding generated by T”,
it factors into 7, 5 = k' 0 jor, where jor 1 Zag — N and k' : N — Z[, 5/,
with cp(k’) > k. We have that jo g/(k) > jar(k), therefore the iterations T
and 1" agree at jo (k). We also know that j. (k) is a critical point in T via
the ultrapower by U = j.(Ug/). Note that o(U) = ju (8’). Therefore the same
holds for 77, and we must have that U € N'. It follows that

Jar(B') = o(U) < o™ (jur (k).

Finally, 0%~ (k) = o and we get that o™ (ju' (k) = jar (07%# (K)) = jar (). We
conclude that jo (') < jo (@), therefore 5’ < a.

6. The normal measures on x in V!

PROPOSITION 6.1: The measures U(la ) «, B < A are the only measures on k
in V1.

Proof. Let W be a normal measure on & in V1, and
gw s V= My = Ult(VE, W).

There is a normal iteration 7" of V such that the resulting embedding 7: V— M
coincides with ji | V. Moreover, if V! = V[G] and

G=G"+«G'cP'«P!,
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then jw (G) = jw (G°)*jw (G') is 7(PP«P1) generic over My, . Denote ju (G°),
Jw(GY) by GY,, G}, respectively. For every My -inaccessible 7 < jw (), let
sf W be the G?,V—induced generic Sacks function at 7.

According to Friedman-Magidor ([7]), 7“G? determines the values of every
GYy Sacks function, s¢ 3‘/, with the exception of the values sfl?” (7), where v is a
critical point in Ty and ~! is its image.” In particular, x = cp(7) and 7 factors
into m = kojg, where 8 < o(k) and cp(k) > k. Let Tj, be the lift of the iteration
Tw to VO = V[GY], and determined by G, and let 7° : V[G°] — Mw [GY,] be
its induced embedding.

Let v = Si?/(vm)(li), and G%?zam = j?Bﬂ)(GO) be the jg(P')-generic filter over
Mg, associated with Uf), . It follows that 7° = k% 0 j; _, where

ko : Mg [G?]?B,v)] — Mw[G?/V]
is an extension of k.

SUBCLAIM 1: ~v > S.

oMé (k) = B and S?V[‘:‘/(K)(H) = 7, therefore k € jw (Ag(y)). If v was smaller
than G, we would get that Ag(y) C A’, i.e., W concentrates on the set of non-
trivial iteration stages in P!. Yet this contradicts the normality of W, as the
generic Prikry function d : A’ — k is regressive and injective outside a bounded
set.
Recall that we have defined I' to be the set of all generic Prikry points, i.e.,
I =rng(d) = d“A’.
SUBCLAIM 2: IfI' ¢ W then W = U(lmﬁ).
It is sufficient to show that U(lmﬁ) C W. Suppose that X € U(lmﬂ)7 and let
X be a G' name for X in V°. According to Remark 3.9 there is a condition
p € G' so that j?ﬂﬂ)(p)*“ IF & e j?ﬁﬂ)(X)' By applying k° we get that

9 (p) 7" IF ke 70(X)

Let ¥ C & be the set of closure points of d~! (namely, v € ¥ if and only if
d='(v) C v). Using the Magidor iteration support, it is not difficult to verify
that ¥ is closed unbounded in & (also, see [3]). Since I' ¢ W, it follows that the
set {v <k |p~" € G'} belongs to W, thus n°(p) ™" € G}, and X € W.

7 Namely, if v = cp(m;,;+1) is the critical point of the i-th stage of Ty then y! = m; ;41(7).
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SUBCLAIM 3: IfT' € W then v < 8 and W = U(lﬁﬁ).

Suppose now that I' € W. Let I = {a < k : |[d~!(a)| = 1}. It is not difficult
to verify that I'\ I is bounded in x.® Therefore, if I' € W then there exists a
unique g < jw (k) such that jw (d)(p) = k.

According to the results in [3],, there is a finite subiteration of Ty, by which
m = k o jg factors into m = e o jy o jg so that:

) jur is an ultrapower embedding by a normal measure U’ on jg(k),
2) U' = j3(Ug) for some ' < o(k),
3) p=elj (fi))a
(4) cp(e) >

Let 70 = €% o jyo o j?ﬂ,v) be the corresponding factorization of the exten-

(1
(
(

sion 70 of 7. In particular, U° € M(Oﬁ .y extends U" = jg(Up) € Mg, and

1= €005 4 ().
We have € jw (Ag(7)). If follows from the definition of P! that 8 < v and
that = ju(d-1)(x) € T(A,(8)), ie.

el oj?ﬂﬂ)(n) € e ojpo oj?ﬂﬂ)(Av(ﬂ)).

Therefore, it must mean that U° = j?ﬁﬁ)(Uv(ﬁ)), so we can rewrite 70 as

70 =e%okj  (ie., kj ., in Definition 3.11).
According to Remark 3.12, there is a condition p € G' so that

(4) k9 (p) (900 () =m0 () 1 i € 15 (X).
Let
II={vel'| forevery u < rif up>d *(v) then (d(p) & [v,d ' (v)])}.

It is not difficult to verify that I'\ IT is bounded in & (see [3]), and that for every
p € Gt and pu < k, pttrd (W)=r=d"" () ¢ G whenever u € IIN .

Since I' € W and X C k is a club, it follows that IIN Y € W. We conclude
that 70(p)T=m—r=r ¢ G, By Applying €° to equation (4) we conclude that

m0(p) TR - | e 70(X).
Therefore X € W

8 Also, see [3].
9 Namely, the proofs of Proposition 3.2 and Lemma 3.6 in [3]
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7. A final cut

According to Friedman and Magidor ([7]), there is a sequence X" = (X | i <xT)
of pairwise disjoint stationary subsets of k™ N Cof(x) in V! and a function
f:r— V1 sothat j(f)(rk) = X* for every elementary embedding j in V! with
cp(j) = £.19 We may assume that f(v) = (XY | i < vT) is a vT-sequence of
disjoint stationary subsets of v N Cof(v) for each v < &.

Definition 7.1 (Code™(v), v < k): A condition in Code*(v) is a closed, bounded
subset ¢ of v which is disjoint from X§. For conditions ¢,d € Code* (v), d > ¢,
if and only if:

(1) d end extends ¢,
(2) for i < max(c): if 4 belongs to ¢ then d \ ¢ is disjoint from X}, ;5 if 4
does not belong to c then d \ ¢ is disjoint from XY{ 5;, .

For a set X C x in V!, let PX be a variation of the Friedman-Magidor
iteration, PX = PX = (PX, QX | v < k), where

ox — Code™ (v) if v € X is inaccessible,
Y The trivial poset otherwise.

LEMMA 7.2: Let X C k be a set in V', and GX C PX be a generic filter over

V!, For every normal measure U on k in V', if X & U then U has a unique

extension UX in V1[GX]. Furthermore, these are the only normal measures on
k in V1[GX].

Proof. Let U € V! be a normal measure on « such that X ¢ U, and
Vs MY =UR(VL D)

be its ultrapower embedding. We have j(PX) | k = PX. Also, stage k in
GH(PX) is trivial as k ¢ j(X). Like the Friedman—Magidor poset, PX satisfies
that for every dense open set D C j(PX), there is some g € G¥ so that j(g)
reduces D to a dense open set in j(PX) | (k+ 1) = PX, which is intersected
by GX. Thus j“G¥X determines a unique generic filter HX C j(PX) \ x over
MUYGX]. Setting G* = GX x HX | we get that G* C j(P~) is the unique generic
filter over M for which j“GX C G*. Tt follows that j* : V[GX] — M'[G*] is

10 Namely, we can use a O+ sequence in V = K(V'!) which is definable from H(xkT)V.
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the only extension of j : V1 — M1 to V1[G*X] and that
UX ={Y Ccr|rej*(Y)}

is the only extension of U in Vl[GX]. For a, # < o(k) such that X ¢ U(la gy W€
denote (Up, 4))% by U 4.

Suppose now that W € V[G¥] is a normal measure on x and let
Jw Vl[GX] — Mw

be the resulting ultrapower embedding. Then j = jw [V : V — M is an
iteration of V and Gw = jw(G) C j(P° x PL x PX) is generic over M. We
first claim X ¢ W. Otherwise, k € jy (X), so k is a non-trivial forcing stage in
Jw (PX), and QX = Code* (k). It follows that Gy introduces a club D C k™,
disjoint from jw (f)(k)o = X&. Note that D is a club in V1[G¥] since My
is closed under k-sequences. This is absurd as X is stationary in V! and
|PX| = k.

To show that W = U();ﬁ) for some «, 8 < o(k) = A, it is sufficient to verify
that U, (1% 8 C W. This is an immediate consequence of the proof of Proposition
6.1: Considering the restrictions

7§ V:V = My and 7°:jw | V:V[G] - Mw|[GY],

we get that a, 3 are determined from the values oMW (k), SJC.:V:V(N) (k), and whether
I" € W. The proof of Proposition 6.1 relies solely on the analysis of the iterations
of m, 7°, and therefore applies here as well.

Suppose U()Ci ) € V1[GX] is a normal measure on &, and let
Jap VG = M)
be its ultrapower embedding. We have that j()i g | V= j(la 5y, thus
j()gz,ﬁ) [ VO = ﬂ-g&,ﬁ : VO — Z00‘75

Note that 70, 5, Z3 5 were used to determine the Mitchell order on U(la g)s in
Proposition 5.1. It follows that the proof of this Proposition applies to U()oi 5)
as well.

COROLLARY 7.3: Suppose that U()Ci, By U()Ci ) € V! where o < ' and a < .
We have that U()(i,ﬂ/) < U();ﬁ) if and only if ' < «.



978 O. BEN-NERIA Isr. J. Math.

LEMMA 7.4 (The final cut): Let x be a measurable cardinal in a transitive
model of set theory V so that the normal measures on k are separated by sets.
Suppose that for every X C k there is a poset PX € V so that:

(1) The normal measures on k which extend in a PX generic extension are
exactly the normal measures U € V' which do not contain X. Further-
more, if X ¢ U then U has a unique extension UX € VPE.

(2) PX preserves the Mitchell order in V'. Namely, for every U W € V
which extend to UX, WX respectively, UX «W*X if and only if U <W.

Then for every W C <(k)" of cardinality < k there is a set X C k such that

a2 am)” T

Proof. Let (U; | i < p) be an enumeration of W, where p < k is a cardinal. For
every i < p let X; C k be a set which separates U; from the rest of the normal
measures on k. Let Xyy = A;,X;, where A<, is the diagonal union if p = &,
and an ordinary union otherwise. It follows that the set X = k\ X,y belongs
to a normal measure U € V, if and only if U ¢ W. Thus, it follows from the
rest of the assumptions that <1(/1)VPX = (k)Y I W.

THEOREM 7.5: Suppose that V = L[U] is a Mitchell model and (S,<g) is a
tame order so that |S| < k and Trank(S) < 0" (k). Then there is a cofinality
preserving generic extension V* of V such that <(k)"" = (S, <s).

Proof. If A < k and (S, <g) is reduced, then (S, <g) embeds into Ry for every
A > Trank(S, <g) (Proposition 2.10). We verify that the claim is an immediate
consequence of the results established in Sections 5 and 6. We may assume that
S C Ry, and force with P° x P! over V = L[U] to obtain a generic extension
V1 of V, so that:

e the normal measures on x are separated by sets (Proposition 6.1 and
Corollary 3.14), and
e there are distinguished normal measures U(la gy @ < B < A, so that

a(s)V" 1{UL, 5 | @ < B} = Ry (Proposition 5.1).
Let W= {U(laﬁ) | (o, B) € S}; [W| < k since |S| < k, and by Lemma 7.4 there
is a set X C & so that in a generic extension of V! by PX,

1

a(k) Z<a(k)Y 185 =(S,<s).
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Next, we describe how to modify P° and P! to deal with arbitrary tame
orders (S, <g) of cardinality < x. Let (p,; | 7 < k™) be a sequence of canonical
functions on k, so that each p, has Galvin—-Hajnal norm 7. If j : V — M with
cp(j) = K, then j(p;)(k) = 7 for every 7 < kt. Also, for every o < 8 < k™" the
set {v < k| pa(v) £ pp(v)} is bounded in k. Since A < kT, we may choose the
functions (p, | 7 < \) so that {v < k| pa(v) > pg(v)} = 0 for every a < g < \.
For each o < A let Ay = {v < k| o(v) = pa(v)}. It follows that the sets A,,
«a < A, are pairwise disjoint. We proceed as follows:

1. It is not difficult to verify that there is a set A € ﬂa<)\ Uk« so that each
v € A is an inaccessible cardinal, a closure point of py, and satisfies that py | v
has a Galvin-Hajanl rank py(v) < vt. Also, P = (P2, Q% | v < k) is a
Friedman—Magidor iteration where, for each v < xk, Q% is non-trivial if and only
if v € AU {k}, where Q2 = Sacks,, ,(v) * Code(v) is defined by:
e Conditions T' € Sacks,, |, () are the trees T C <"v x v for which there
is a club C C v, so that if s € T and len(s) € C then s™((n,pn)) € T
for every n < px(len(s)) and p < len(s).
The forcing Sacks,,,(v) introduces a generalized Sacks function
sy v — pa(v) X v.
e Code(v) is a Friedman—Magidor coding poset, which introduces a club
C, C vt coding both s, and itself.

Let V0 = V[G°] where G° C PV is a V-generic filter. For each (n, 1) € A x &
and a < o(k), define

Aa(np)={re ANAqs| s, =s. [ vand s.(v) = (p,(v), 1)}
We get that
{Aa(n,p) [ <o(k),n <A p < K}

are pairwise disjoint. The description of the normal measures on x in Section 3
shows that each normal measure U, in V extends in V° to

{U(Oa,n”u) | n < Avﬂ < K}

and that A(n, u) € U(Oa,n,#)-

The parameters o, n < A in U(Oamw will be associated with elements (o, ) ER) .
The additional parameter u < k will guarantee that there are x <-equivalent
copies of each (a, ) € Ry, thus allowing us to realize non-reduced orders (5, <g)

where each ~g equivalent class has cardinality < k.
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2. Next, we force over VO with a Magidor iteration of Prikry forcings,
Pl = (PL,Ql | v < k). The recipe for choosing the normal measure on v
to be used at non-trivial iteration stages is similar to the recipe used in Section
3 (Definition 3.6), i.e., if v € A, (8, 1) for some 8 < A and p < k, then

L QU, (w.p.m) if B < a,

0—the trivial forcing otherwise.

Here, U, , 5, is a normal measure on v in VP[G' | v] which extends the
measure UB,(ﬁ,a,,u) € VO (thus extending U, s € V). The definitions of U(laﬁ’#)
(a > B and a < B) are similar to those of U} 5. Here, for a > §, the Ug ,
ultrapower in Definition 3.8 is replaced with an ultrapower by Ug,a,m for a < 5,
the ultrapower by Ug g X UB,a in Definition 3.10 is replaced with an ultrapower
by Ug,ﬂ,u X Ug@#.
Therefore, a V-generic filter G C P! introduces a Prikry (partial) function

d: A — K, where:

e v € dom(d) if and only if there are & < 8 < A and g < v so that

v € Ag(a, u), and then

e d(v) € Ay (B, n) Nv (for all but finitely many v).
It follows that for every o < 8 < X and p < k, the function v ~ (v,d"1(v))
introduces a projection of U(la,ﬁ”u) € V! to an extension of the product

0 0 0
Ulap) X Ulgam) €V

(thus extending U, x Ug € V). When a = 3, U(lom,ﬂ) extends U(Oma,m e Vo,
The obvious modification of the proof of Proposition 5.1 implies that for every

U(la, 5 #,),U(la gy D V1, where o < 8 and o/ < ', we have that

1 1 /
Utar gy WUiap ) < B <

In particular, when restricting < to these measures, we see that for every

a < B < A the normal measures in {U(la 5.

3. Let ([S], <) be the reduction of (S,<s); ([S],<[s)) is reduced and
Trank([S], <s;) = Trank(S, <s) = A. Proposition 2.10 implies that ([S], <)
embeds in (Ry,<g,). Since each equivalent class in [S] has size at most &,

) | b < Kk} are < equivalent.

it follows that there is a subset W € V! of normal measures on x such that
<1(,‘£)V1 [ W 2 (S, <g). By Lemma 7.4 there is a set X C & so that, in a generic
extension of V! by PX, «(k) = <(k)V | W 2 (8, <g).
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