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ABSTRACT

We prove that the predual of any von Neumann algebra is 1-Plichko, i.e., it
has a countably l-norming Markushevich basis. This answers a question
of the third author who proved the same for preduals of semifinite von
Neumann algebras. As a corollary we obtain an easier proof of a result
of U. Haagerup that the predual of any von Neumann algebra enjoys
the separable complementation property. We further prove that the self-
adjoint part of the predual is 1-Plichko as well.

Introduction and main results

An important tool for the study of nonseparable Banach spaces is a decompo-

sition of the space to some smaller pieces, for example separable subspaces. A

decomposition of this type can be done using various kinds of bases or systems
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of projections. One of the largest classes of Banach spaces admitting a rea-
sonable decomposition is that of Plichko spaces. The study of this class was
initiated by A. Plichko [16]; later it was investigated using different definitions,
for example in [19, 20, 4]. It appeared to be a common roof for the previous
search for decompositions of nonseparable spaces in [12, 13, 1, 14, 2] and else-
where. A detailed survey on this class and some related classes can be found in
[7]. It turned out that this class has several equivalent characterizations. Let
us name some of them. We will use the following theorem.

THEOREM A: Let X be a (real or complex) Banach space and let D C X* be
a norming linear subspace. Then the following assertions are equivalent.

(1) There is a linearly dense set M C X such that
D={z"eX":{me M:z*(m)+# 0} is countable}.

(2) There is a Markushevich basis (o, %} )aer C X X X* such that
D={z"e X" :{a el :a"(x,) # 0} is countable}.

(3) There is a system of bounded linear projections (Px)xeca where A is an
up-directed set such that the following conditions are satisfied:
(i) PnX is separable for each A\ and X = J,c, PA X,
(ii) PP, = P, P\ = P\ whenever A < p,
(iii) if (A\,) Is an increasing sequence in A, it has a supremum X\ € A
and P)\X = Un P)\nX,
(iv) PAP, = P,Py for \,p € A,
(v) D= Uyep PIX"

Recall that a subspace D C X* is norming if
lz||p = sup{|z*(x)| : ¥ € DN Bx-}

defines an equivalent norm on X. If || - ||[p = || - ||, the subspace D is called
l-norming. A subspace D satisfying one of the equivalent conditions from
Theorem A is called a ¥-subspace of X*. A Banach space admitting a norming
>-subspace is said to be Plichko. If it admits even a 1-norming subspace, it is
called 1-Plichko. If the dual X* itself is a X-subspace, X is weakly Lindel6f
determined (or, briefly, WLD).

Let us comment on Theorem A and its proof. The condition (1) is used as a
definition of a X-subspace, for example in [10]; the definition used in [7] is easily
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seen to be equivalent. The implication (2)=-(1) follows from the definition of
a Markushevich basis; the implication (1)=-(2) is proved in [7, Lemma 4.19].
The Markushevich basis from the condition (2) is called countably norming
(countably l-norming if D is 1-norming). This kind of bases was studied
among others by A. Plichko in [16].

A family of projections satisfying the conditions (i)—(iii) from (3) is called a
projectional skeleton. This notion was introduced by W. Kubi$ in [11]. A
projectional skeleton fulfilling moreover the condition (iv) is said to be com-
mutative. The condition (v) says that D is the subspace induced by the
respective projectional skeleton. The implication (1)=-(3) is proved in [11,
Proposition 21]; the converse implication follows from [11, Theorem 27]. There
are Banach spaces with a projectional skeleton but without a commutative one;
see [11, 3].

1-Plichko spaces naturally appear in many branches of analysis. Some ex-
amples were collected in [10]. They include spaces L*(p) for an arbitrary non-
negative o-additive measure u, order-continuous Banach lattices, the spaces
C(G) where G is a compact abelian group and preduals of semifinite von Neu-
mann algebras. It was asked in [10, Question 7.5] whether the semifiniteness
assumption can be omitted. We prove that it is the case. It is the content of
the following theorem.

THEOREM 1.1: Let .# be any von Neumann algebra. Its predual .#, is then
1-Plichko. Moreover, .#. is weakly Lindelof determined if and only if .4 is
o-finite. In this case .#, is even weakly compactly generated.

Recall that a von Neumann algebra is o-finite if any orthogonal family of its
projections is countable. The basic setting of von Neumann algebras is recalled
in Section 3. As a corollary we get an alternative proof of the following result.

COROLLARY 1.2 (U. Haagerup, Theorem IX.1 of [5]): The predual of any von
Neumann algebra enjoys the 1l-separable complementation property, i.e., any
separable subspace is contained in a 1-complemented separable superspace.

Let us remark that the original proof used very advanced areas of the theory
of von Neumann algebras. Our proof is more elementary; it follows immediately
from the characterization of 1-Plichko spaces using the condition (3) of Theorem
A, together with the observation that the projections can have norm one if D
is 1-norming [11, Theorem 27].
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Since the dual of any C*-algebra is a predual of a von Neumann algebra by
[18, Theorem II1.2.4], we get also positive answers to [10, Questions 7.6 and 7.7]
contained in the following corollary.

COROLLARY 1.3: The dual of any C*-algebra is 1-Plichko.
Further, the following theorem gives a positive answer to [10, Question 7.3].

THEOREM 1.4: Let .# be any von Neumann algebra and denote by s, the
self-adjoint part of its predual. Then .#.s, is 1-Plichko. Moreover, M .sq is
weakly Lindeléf determined if and only if .4 is o-finite. In this case Mysq 1S
even weakly compactly generated.

The paper is organized as follows. In Section 2 we collect some facts on
Plichko spaces and related classes of Banach spaces (WLD spaces, weakly com-
pactly generated spaces). Section 3 contains basic facts on von Neumann al-
gebras and their preduals and, moreover, several auxiliary results used in the
proof of the main theorems. The final section contains the proofs of the main

results and some remarks.

2. Some facts on Plichko spaces

In this section we collect several facts on Plichko spaces and related classes of
Banach spaces which will be needed to prove our main results.

The key tool is a result on 1-unconditional sums of WLD spaces. Let us first
define this kind of sums. Let X be a Banach space and (X)aea be an indexed
family of closed subsets of X. The space X is said to be the 1-unconditional
sum of the family (X)xea if the following three conditions are satisfied:

(1) XxNnX, = {0} whenever A, u € A are distinct;
(2) [ 2 oxerzall 112 -5cq zall whenever F' C G are finite subsets of A and
z) € X)) for A € G;
(3) the linear span of (J ., X is dense in X.
Note that the condition (1) follows from the condition (2). However, we prefer
to formulate it explicitly, as usually the validity of (1) is used in the proof of
(2). The promised result is the following one.

ProrosITION 2.1: Let X be a Banach space which is the 1-unconditional sum
of a family (X))aea of its closed subspaces. If each Xy is WLD, then X is
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1-Plichko. Moreover,
{z¥ € X" : {A e A:a"|x, #0} is countable}
is a 1-norming Y-subspace of X*.

Proof. This result is due to A. Plichko [15]. A proof can be found in [10, Step
3 of the proof of Theorem 6.3].

An important subclass of Plichko spaces is that of weakly compactly gen-
erated spaces. Let us recall that a Banach space X is said to be weakly
compactly generated (or, briefly, WCG) if there is a weakly compact subset
of X whose linear span is dense in X. The following proposition summarizes
some properties of WCG spaces which we will use in the sequel.

PROPOSITION 2.2:

(i) Any reflexive space (in particular, any Hilbert space) is WCG.

(ii) Let X be a complex Banach space. Then X is WCG if and only if the
real version of X (i.e., the same space considered as a real space) is
WCG.

(iii) Let X and Y be two Banach spaces. Suppose that X is WCG and
that there is a continuous real-linear operator T' : X — Y with dense
range. ThenY is WCG.

(iv) Let X be a Banach space andY,,, n € IN, a sequence of closed subspaces
of X. If each Y,, is WCG and the linear span of UnE]N Y,, is dense in
X, then X is WCG as well.

(v) Any WCG space is WLD.

Proof. The assertion (i) is well known and trivial. The assertion (ii) easily
follows from the well-known fact that the weak topology of X as a complex
space coincides with the weak topology of X as a real space. The assertion (iii)
is then a consequence of (ii).

(iv) This is well known and easy to see. We include an easy proof for com-
pleteness. Let K, be a weakly compact subset of Y,, whose linear span is dense
in Y,. By the uniform boundedness principle the set K,, is bounded, hence we
can fix C,, > 0 such that ||z|| < C), for z € K,,. Set K = {0} U, e nén K,.
Then K is weakly compact in X and its linear span is dense in X. ’

The assertion (v) is nontrivial but well known. It follows from [1, Proposi-
tion 2].
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The following proposition is a special case of the assertion (v) of the previous
proposition (due to assertions (i) and (iii)). But we include it since its proof is
short and elementary (unlike the proof of (v)) and we will need only this case.

ProposiTION 2.3: Let X be a Hilbert space, Y a Banach space andT : X —Y
a bounded real-linear operator with dense range. Then Y is WLD.

Proof. Let us first suppose that T is linear. Fix an orthonormal basis (e))xea
of X and set

M ={T(ey) : A € A}.
Then M is clearly linearly dense in Y. Moreover, let y* € Y* be arbitrary. For
each A € A we have y*(Tey) = T*y*(ex). Hence

{Ae Ay (Tex) # 0} ={A e A: Ty (er) # 0}

is countable. This shows that Y* is a X-subspace of itself (it satisfies the
condition (1) from Theorem A).

Now, suppose that T is just real-linear. Consider X and Y as real spaces.
Since the real version of a complex Hilbert space is a real Hilbert space, by
the linear case we get that Y is WLD as a real space. Fix a set M witnessing
the validity of condition (1) from Theorem A. If Y is complex, the same set M
witnesses that it is WLD also as a complex space. Indeed, for any y* € Y* we
have

{meM:y"(m)#0} Cc{me M :Rey*(m) #0 or Imy*(m) # 0}

which is a countable set.

3. Auxilliary results on von Neumann algebras

In this section we collect basic definitions and some results on von Neumann
algebras and their preduals which we will use in the proof of the main results.
We start by fixing the basic notation.

Let H be a complex Hilbert space. By #(H) we denote the algebra of
all bounded linear operators on H. For a subset &/ C %B(H) we denote by
&' its commutant, i.e., the set of all the operators commuting with all the
elements of «/. Further, .# C #(H) is a von Neumann algebra if it is a
x-subalgebra (i.e., a linear subspace which is closed with respect to composition
and taking the adjoint) which is equal to its double-commutant .#”. Any von
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Neumann algebra .# admits a unique predual (see, e.g., [18, Theorem I11.2.6(iii)
and Corollary I11.3.9]) which we denote by ...

In the sequel we suppose that H is a fixed complex Hilbert space and
M C B(H) a fixed von Neumann algebra.

We will need certain standard operators on .#* (the Banach-space dual of
) which we will denote A, S, L, and R, for a € .#. They are defined as
follows:

)

Se(w) = (ple) + Aplw)) = (o(a) + pla")),
)
)

for ¢ € A" and x € 4. Note that Ap = ¢ if and only if Sp = . Such
functionals are called self-adjoint (or hermitian). The real Banach space of
all the self-adjoint functionals on .# is denoted by . ; the self-adjoint part
of M, is denoted by A s,.

The following lemma summarizes the basic properties of the above-defined

operators:

LEMMA 3.1:

(i) The operator A is a conjugate-linear isometry; the operator S is a
real-linear projection of norm one.
(ii) The operators L, and R, are linear and || L,|| < ||lall, ||Rall < ||la|| for
any a € M .
(iii) LoRp = RyLa, LoLy = Lap, Ro Ry = Ry, for each a,b € A .
(iv) AL, = Ry« A and AR, = L.+ A for each a € A .
(v) The predual #, is invariant for operators A, S, L, and R,, a € A .

Proof. The assertions (i)—(iii) are trivial. Let us prove the first equality from
assertion (iv). So, for any a € A&, p € A* and © € A we have

ALqp(x) =Lap(z*) = p(az*) = o((za*)*)
=Ap(xza*) = Ry Ap(x).

The second equality is analogous.
Finally, the assertion (v) follows directly from [17, Theorem 1.7.8].
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An element p of a von Neumann algebra .# is said to be a projection if
p = p* and p? = p. It is the case if and only if p is an orthogonal projection.
If p € 4 is a projection, then the operators L, and R, are clearly linear
projections of norm one.

Following [6, Definition 5.5.8] we call a projection p € .# cyclic if there is
¢ € H such that #'¢ = {a&:a € #'} is dense in pH. Such a vector £ is then
said to be a generating vector for p.

LEMMA 3.2: Let .# be a von Neumann algebra and p € .# be a cyclic projec-
tion with generating vector £. If x € ./ is such that x& = 0, then zp = 0.

Proof. For any a € .#' we have 0 = axf = xa&. Since .#’'¢ is dense in pH, we
get that z|,z =0, i.e., zp = 0.

LEMMA 3.3: Let .# be a von Neumann algebra and p € .# be a cyclic projec-
tion. Then the spaces L,.#, and R, #, are weakly compactly generated.

Proof. We will prove the statement for L,. Note that L, is a linear projection
of norm one. Fix a generating vector £ € H for p and define w(z) = (x¢, ) for
x € M. Then clearly w € .#, and, moreover, w € L,.#,. Indeed,

Lyw(z) = w(pz) = (pr€,§) = (2€,§) = w(a),
where we used that p* = p and p§ = £.

Further, for a,b € M set [[a,b]] = w(b*a), the semi-inner product from the
GNS construction. Let He be the resulting Hilbert space (after factorization and
completion). Due to Proposition 2.2(iii), to show that L,.#, is WCG, it suffices
to prove that there exists a bounded linear mapping 7' : H¢ — L,,.#, with dense
range; and for this, it suffices to construct a linear map ® : .# — L,.#, with
dense range such that ||®(a)|| < [[a,a]]'/? for a € .

The operator ® will be defined by the formula

®(a) = Row, a€ .A.
Then ®(a) € A, for any a € .#. Moreover, ®(a) € L, 4. Indeed,
L,®(a) = L,R,w = Ry Lyw = Rew = P(a).
It is hence clear that ® is a linear mapping from .# to L,.#.. Further, for any
a,r € M we have

|@(a)(@)* = [Row(2)® = |w(za)|® < |w(z2™)] - [w(a*a)| < [|z]* - [la, a]].

Hence [|[®(a)|| < [[a,a]]1/2.
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It remains to show that the range of ® is dense in L,.#,. We use the Hahn—
Banach theorem. Suppose that = € .# is such that x restricted to the range of
® is zero. It means that for each a € .Z we have

0 =®(a)(z) = Raw(z) = w(za) = (zag, §).
In particular, by setting a = =* we get
0= (z2"¢,€) = (2°¢,27€) = [|2*¢||*.
Hence z*¢ = 0, so by Lemma 3.2, z*p = 0, hence px = (z*p)* = 0. Hence,
given any ¢ € L,.#, we have
p(x) = Lpp(r) = ¢(pz) = 0.

Hence z restricted to Ly.#, is zero. This completes the proof.

The proof that R,.#, is WCG is analogous. Or, alternatively, it follows using
Proposition 2.2(iii) from the fact that the operator A is a real-linear isometry
which maps L,.#, onto Ry.#,. Indeed, for any ¢ € L,.#, we have

R,Ap = AL,p = Ap,
hence Ap € R, #, and, similarly, Ay € L,.#, whenever ¢ € R, #.

We will use the following known result several times.

PROPOSITION 3.4 ([6], Proposition 5.5.9): Let .# be a von Neumann algebra
and q € . be a projection. Then there is a family (px)aea of mutually orthog-
onal cyclic projections such that ).\ px = q. In particular, there is such a
family with sum equal to 1 (the unit of .4 ).

LEMMA 3.5: Let (px)xea be a family of mutually orthogonal cyclic projection
in A . Then for each x € .# and A € A the sets

{neA:prap, #0} and {pu€A:pyapy # 0}
are countable.

Proof. Since (puaxpx)* = pax*p,, it is enough to prove that the first set is
countable for each € .# and each A € A. So, fix x € .4 and X\ € A. Let &,
be a generating vector for py such that ||| = 1. Suppose that

A={u€N:prap, £ 0}
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is uncountable. Let u € A be arbitrary; then there is 77, € p,H such that
pazn, # 0. Since this vector belongs to pyH and .#’¢y is dense in pyH, there
is ay, € A’ with (przn,, auér) # 0. Hence

0 7 (PATMs apén) = (@pDATT, EX) = (DATA) 15 E0)-

Since aj;n, € puH (as p,H is invariant for any element of .Z') and it is a
nonzero vector, one can find 6, € p, H such that ||6,] =1 and (prz6,,&x) > 0.
Hence there is § > 0 such that

Ar={p € A: (paz0,,8&\) > 6}
is uncountable. Let n € IN be arbitrary and u1, ..., u, € A be distinct. Then

ni < <pA$<Z9M>,§A> < lprall- IS Ol = lIoaz] - v/n.

j=1 j=1

Since n € IN is arbitrary it is a contradiction, completing the proof.

A projection q € A is called o-finite if the algebra ¢.# ¢ is o-finite, i.e., if
any orthogonal family of projections smaller that ¢ is countable. (In [6] such
projections are called countably decomposable.)

PROPOSITION 3.6: Let x € .#. Then there is an orthogonal family of o-finite

r=> qrg

jeJ

projections (g;)jes such that

in the strong operator topology.

Proof. Let (px)aea be a family of mutually orthogonal cyclic projections in .#
with sum equal to 1 provided by Proposition 3.4. For any A € A let

Ar(A) = {AfU{p € A:pazp, # 0 or puapy # 0}
By Lemma 3.5 this set is countable. Further, define for n € IN by induction sets

A1) = AuW) U A1 () : 1 € Au(V)}
and, finally,

AN = [ 4.
nelN
Then A()) is countable. Moreover, A € A(M) and for A, Ay € A either
A(M) = A(X2) or A(A\1) N A(X2) = 0. Let us introduce on A the equivalence

A1 ~ A if A(A1) = A(N\2) and let J be the set of all the equivalence classes. For
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j€Jfix A€ jandset g = Z;LGA()\) pu- Then (g;)jes is a family of mutually
orthogonal projections with sum equal to 1. Moreover, each g; is o-finite by
[6, Proposition 5.5.19]. Hence = = Z]EJ gjz. Further, ¢jx = gjzq; by the
construction. This completes the proof.

4. Proofs of the main results

In this section we give the proofs of Theorems 1.1 and 1.4 using the results of
the previous two sections.

Proof of Theorem 1.1. Let .# be any von Neumann algebra. By Proposition 3.4
there is a family (py)aea of mutually orthogonal cyclic projections with sum
equal to 1 (the unit of .#). By Lemma 3.3 we know that L,, #, is WCG for
each A € A. We claim that .#, is the 1-unconditional sum of the family L, ..,
A € A. This fact will be proved in three steps:

L. If X # p, then Ly, .#. N L,, #. = {0}. Indeed, if ¢ is in the intersection,
then

¢=Lp,po=1Lp,Ly,o=0.

2. Let Fy and F» be finite subsets of A such that Fy C F» and wy € Ly, A,

for A € F5. Then

SolAgm(ZN-I(g )z

AEF] AEF] pneF> AEF] pneFs
:HLZAEQ px( Z Wu) H < ||LZAEF1 pall - Z Wl = Z Wi
HEF: HEF: HEF:

3. The linear span of UAeA L,, A, is dense in .#.. This follows from the
Hahn-Banach theorem since, given any nonzero element x € .#, we can find
A € A such that pax # 0 and hence there is w € A, with w(prz) # 0. Then
Ly,w(x) = w(prz) # 0.

Hence, being a l-unconditional sum of WCG spaces, .#, is 1-Plichko by
Proposition 2.2(v) and Proposition 2.1. Further, if .# is o-finite, then A is
countable and hence .#, is WCG by Proposition 2.2(iv).

Finally, suppose that .# is not o-finite. Then the index set A is uncountable
due to [6, Proposition 5.5.19]. For each A € A fix a unit vector &, € pyH and
define

wr(z) = (x€x,6\), x € M.
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Then wy € Ly, #, (see the beginning of the proof of Lemma 3.3) and clearly
[lwall = 1 (the norm is attained at py). For any finite set ' C A and any choice
of scalars cy, A € F', we have

g CAWX

A€l

= lal-

A€l

Indeed, the inequality “<” follows from the triangle inequality. To prove the
converse fix complex units a such that axcy = |ca| and set x = Y\ axpa.
Then z € A, ||z| =1 and

<Z cAwA>(:17) = Z cxwy(z) = Z ex{xén, &) = Z c ) = Z leal-
AEF A\EF A\EF A\EF A\EF

Hence, .#, contains an isometric copy of ¢;(A) and thus is not WLD. (Indeed,
¢1(A) is not WLD, and WLD spaces are stable to taking closed subspaces [7,
Example 4.39].)

The following proposition provides an explicit description of a 1-norming ¥-
subspace of 4 = (M,)*. Tt provides a better insight to the structure of .Z.,
and, moreover, it will be used in the proof of Theorem 1.4.

PROPOSITION 4.1: Let .# be a von Neumann algebra and (px)aea be a family

of mutually orthogonal cyclic projections with sum equal to 1. Then
D={zxe.#:{\cA:prx+#0} is countable}
1
@) ={x e :{)€A:axp\#0} is countable}

is a 1-norming Y-subspace of .# = (.#,)*. Moreover, D is a x-subalgebra and
a two-sided ideal in .# and it can be expressed as

D ={x e # :3q € # aoc-finite projection such that x = qx}
(2) ={x € A :3q € # a o-finite projection such that x = xq}
={x € A :3q € M a o-finite projection such that © = qxq},

hence it does not depend on the concrete choice of the system (py)xea-

Proof. By the proof of Theorem 1.1 the space ., is the 1-unconditional sum
of WCG subspaces L, .#., A € A. Therefore, Proposition 2.1 yields that

Dy ={x e :{\ € A:prz#0} is countable}
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is a 1-norming X¥-subspace of # = (.#.)*. Similarly, .#, is the 1-unconditional
sum of WCG subspaces R, #., A € A, hence

Dy={x e :{\€ A:xpy #0} is countable}

is also a 1-norming Y-subspace of .#. Moreover, D; = Dy by Lemma 3.5, which
completes the proof of the first part.

It is clear that x* € Dy whenever x € Dy. Further, if x € Dy and a € .,
clearly za € Dy, hence D1 is a right ideal. Similarly, D> is a left ideal. Since
D = D; = D5 we conclude that D is a *-subalgebra and a two-sided ideal in
M

We continue by proving (2). Denote the sets appearing on the right-hand side
consecutively D3, Dy, Ds. Let © € D = Dy. Then C = {\ € A : pyx # 0} is
countable and hence the projection pc = ) . pa is o-finite by [6, Proposition
5.5.19]. Moreover, clearly pcx = z, hence € D3. This proves the inclusion
D C Ds.

To show the converse observe first that any o-finite projection belongs to
D. Indeed, suppose that ¢ € .# is a o-finite projection. By Proposition 3.4
there is a sequence (g,) of mutually orthogonal cyclic projections such that
q = Y nendn- Let & be a generating vector for g,. If A € A is such that
prqg # 0, then there is n € IN such that prg, # 0. By Lemma 3.2 it follows that
prén # 0. Since the projections py are mutually orthogonal, for given n € IN
there can be only countably many A with p)&, # 0. Therefore, pyg # 0 only
for countably many A € A. In other words, ¢ € D. Since D is an ideal, gz € D
whenever x € .Z. It follows that D3 C D, hence D = Ds.

We continue by observing that x € Dy if and only if * € D3. Since D3 = D
and D is a x-subalgebra, we infer D = Dy.

To complete the proof it is enough to observe that D3 N Dy = Ds5. Indeed,
the inclusion D is obvious. To show the converse one, fix x € D3 N Dy. Then
T = & = xqy for some o-finite projections q1,q2. Let ¢ = ¢q1 V g2 be the
projection whose range is the closed linear span of g1 H U goH. Then ¢ is o-
finite (cf. [6, Exercise 5.7.45]) and x = gxq, hence x € Ds.

The main part of Theorem 1.4 follows from the following proposition.

PROPOSITION 4.2: Let .# be a von Neumann algebra and .#s, denote its self-
adjoint part. The operator V : Ms, — (Mysa)* defined by

V(@)(w) =w(@), =€ Msaw € Misa
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is an onto isometry. Moreover, if we set
Dy, ={x € My, : Iq € M a o-finite projection such that x = qxq},
then ¥(Dy,) is a 1-norming X-subspace of (Msa)*.

Proof. 1t is clear that ¥ is a linear operator between the real Banach spaces
Mo and (Mysq)* and that | U(z)|| < ||z|| for each x € Ay,. Moreover, ¥ is an
isometry due to the facts that

]| = sup{[(z¢, )] : € € H, €] <1}, @ € Ma,

and that the functional a — (a&, £) belongs to .#.s, and has norm at most ||£]|2.
It remains to show that ¥ is onto. So, let ¢ € (Aisq)*. By the Hahn-Banach
theorem it can be extended to a continuous real-valued real-linear functional
w1 on A,. Then there is a complex linear functional ps on .Z, such that
©1(w) = Repa(w) for w € A,. Since the dual to A, is .#, 2 is represented
by some a € .#. Then a = x + iy for x,y € MHs,. Then for any w € M,sq We
have
p(w) = ¢1(w) = Repz(w) = Rew(a) = w(x),
in other words ¢ = ¥(x).
Further, recall that

Miso = {w € M : w(x) € R for each x € M.}

It follows from Proposition 3.6 that
Mysq = {w € M, :w(qrq) € R for each x € Ay,

3
®) and each o-finite projection g € .#}.

Let D be the 1-norming Y¥-subspace of .# = (.#.)* described in Proposi-
tion 4.1. Let (.#,)r denote the Banach space .Z, considered as a real space
and let (.#.)%, denote its dual. Let

Dp ={w+— Rew(x): x € D}.

Then Dp, is a 1-norming 3-subspace of (.#, )% by [9, Proposition 3.4]. Moreover,
if we M, v € Ms, and q is a projection, then w(gzrq) € R if and only if
Rew(iqrq) = 0. Thus

Myse = {w € M, :Rew(igrq) = 0 for each x € M,
and each o-finite projection ¢ € #}.
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Since iqrq = q(iz)g € D for each x € .# and each o-finite projection ¢ € .#,
the functional w — Rew(igzq) belongs in this case to Dg. It follows that .Z..s,
is a 0(Mysa, Dr)-closed linear subspace of (A, )g. (0(Misa, Dr) denotes the
weak topology on .#,s, induced by Dg.) It follows from [7, Theorem 4.38] that

Do ={¢|.4... : v € Dr}

is a 1-norming X-subspace of (Asq)*. It remains to verify that Dy = U(Dy,).
Let © € Dgy. Then z € D N Ms,. In particular, for any w € #,s, we have

Rew(r) = w(z) = ¥(x)(w),

hence ¥(z) € Dy. Conversely, let ¢ € Dy. Then there is ¢1 € Dpg with
© = ¢1|.4..,. Further, there is a € D such that ¢;(w) = Rew(a) for w € A,.
Then a = x+iy with z,y € #,,. Since a* € D as well, clearly x,y € D. Hence
z,y € Ds,. Moreover, for w € #,s, we have

p(w) = Rew(a) = w(z) = ¥(z)(w),
hence ¢ € U(Ds,). This completes the proof.

Proof of Theorem 1.4. The space s, is 1-Plichko by Proposition 4.2. Fur-
ther, if .# is o-finite, #, is WCG by Theorem 1.1. Moreover, .#,s, is the
image of ., by the real-linear projection S, hence .., is WCG by Proposi-
tion 2.2(iii).

Finally, suppose that .# is not o-finite. Let (wy)xea be the uncountable
family in .#, constructed at the end of the proof of Theorem 1.1. It is clear
that wy € A.s, for any A € A and that the closed linear span of this family in
the real Banach space .#,, is isometric to the real version of the space ¢1(A)
and hence .4, is not WLD.

Remark 4.3: (1) We proved that .#, is 1-Plichko since it is the 1-unconditional
sum of WCG subspaces. To get the result we used the classical but highly non-
trivial assertion (v) of Proposition 2.2. It is possible to give a more elementary
proof using Proposition 2.3. Indeed, by the proof of Lemma 3.3 the spaces
L,, M and R, #, satisfy the assumptions of Proposition 2.3 in place of Y/,
hence it easily follows that they are WLD.

(2) Proposition 4.1 shows that there is a canonical 1-norming X-subspace of
M = (M.)*. However, there can be many different (non-canonical) 1-norming
Y-subspaces, cf. [7, Example 6.9] where this is studied for the space ¢1(T").
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However, there is a unique 1-norming »-subspace which is a two-sided ideal.
This is proved in the following proposition.

PROPOSITION 4.4: Let S be a 1-norming 3-subspace of .4 = (#)* which is
a two-sided ideal in .#. Then S = D where D is the X-subspace described in
Proposition 4.1.

Proof. Being a Y-subspace, S is countably weak*-closed, i.e.,
(4) A" € S for each A C S countable.

Indeed, it easily follows from the condition (1) of Theorem A. In particular, S
is norm-closed, hence it is a C*-subalgebra of .# [6, Corollary 4.2.10]. In par-
ticular, the continuous functional calculus works in S, i.e., f(z) € S whenever
x € S is self-adjoint and f : R — R is a continuous function with f(0) = 0.
Further, we even have

f(z) € S whenever x € SN .#s, and f: R — R is a bounded function

5
) of the first Baire class with f(0) = 0.

Indeed, let f be such a function. Then there is a uniformly bounded sequence
of continuous functions f, : R — R with f,(0) = 0 pointwise converging to
f. Given any self-adjoint € S, we have f,(z) € S as well and, moreover,
fa(x) = f(x) in the weak operator topology. This topology coincides with the
weak*-one on bounded sets, hence f,,(x) — f(z) in the weak* topology, hence
f(z) € S as well by (4).

We continue by showing that any cyclic projection belongs to S. So, let
p € M be a cyclic projection and £ € H a generating vector for p of norm one.
Set w(x) = (x€,€) for € 4. Then w is a normal state on .#. In particular,
W € Mysq and |Jw|| = 1. Since S is 1-norming and S N B, 4 is weak* countably
compact (by (4)), there is some a € SN B 4 with w(a) = 1. Since w is self-
adjoint, we have w(a*) = 1 as well, hence b = %(a—i— a*) is a self-adjoint element
of SN B4 with w(b) = 1.

Set ¢ = xm\{o}(b). Since xgr\{o} is of the first Baire class, ¢ € S by (5).
Further, q is clearly a projection. It follows from the properties of the function
calculus that ¢ commutes with b and that

qb = XR\{0} (b) id(b) = (X]R\{o} 'id)(b) = id(b) =1b,
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hence b = gbg. Since
1 =w(b) = (b8, §),

necessarily b¢ = £, hence £ belongs to the range of b and so also to the range
of g. Thus ¢ = &, hence (1 — ¢)§ =0, so (1 — ¢)p = 0 by Lemma 3.2, hence
p = gp and we conclude p € S (since S is an ideal).

It follows that S contains all cyclic projections and hence all o-finite projec-
tions (by (4) and Proposition 3.4). Since S is an ideal, it follows from the de-
scription of D in Proposition 4.1 that D C.S. Hence D =S by [8, Lemma 2].
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